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FOREWORD 


Exact solutions of differential equations play an important role in the proper understanding of 
qualitative features of many phenomena and processes in various areas of natural science. These 
solutions can be used to verify the consistencies and estimate errors of various numerical, asymptotic, 
and approximate analytical methods. 

This book contains nearly 6200 ordinary differential equations and their solutions. A number 
of new solutions to nonlinear equations are described. In some sections of this book, asymptotic 
solutions to some classes of equations are also given. 

When selecting the material, the authors gave preference to the following two types of equations: 


e Equations that have traditionally attracted the attention of many researchers: those of the 
simplest appearance but involving the most difficulties for integration (Abel equations, Emden— 
Fowler equations, Painlevé equations, etc.) 

e Equations that are encountered in various applications (in the theory of heat and mass transfer, 
nonlinear mechanics, elasticity, hydrodynamics, theory of nonlinear oscillations, combustion theory, 
chemical engineering science, etc.) 


Special attention is paid to equations that depend on arbitrary functions. All other equations 
contain one or more arbitrary parameters (in fact, this book deals with whole families of ordinary 
differential equations), which can be fixed by a reader at will. In total, the handbook contains many 
more equations than any other book currently available (for example, the number of nonlinear 
equations of the second and higher order is ten times more than in the well-known E. Kamke’s 
Handbook on Ordinary Differential Equations). 

For the reader’s convenience, the introductory chapter of the book outlines basic definitions, 
useful formulas, and some transformations. In a concise form, it also presents exact, asymptotic, 
and approximate analytical methods for solving linear and nonlinear differential equations. Specific 
examples of utilization of these methods are considered. Formulations of existence and uniqueness 
theorems are also given. Boundary-value problems and eigenvalue problems are described. 

The handbook consists of chapters, sections, subsections, and paragraphs. Equations and for- 
mulas are numbered separately in each subsection. The equations within subsections and paragraphs 
are arranged in increasing order of complexity. The extensive table of contents provides rapid access 
to the desired equations. 

The main material is followed by some supplements, where basic properties of elementary and 
special functions (Bessel, modified Bessel, hypergeometric, Legendre, etc.) are described. 


Here are three main distinguishing features of the second edition vs. the first edition: 


e 1200 nonlinear equations with solutions have been added. 

e An introductory chapter that outlines exact, asymptotic, and approximate analytical methods 
for solving ordinary differential equations has been included. 

e The overwhelming majority of subsections are organized into paragraphs. As a result, the table 
of contents has been increased threefold to help the readers get faster access to desired equations. 


We would like to express our deep gratitude to Alexei Zhurov for fruitful discussions and 
valuable remarks. We are very grateful to Alain Moussiaux who tested a number of solutions, which 
allowed us to remove some inaccuracies and misprints. 

The authors hope that this book will be helpful for a wide range of scientists, university teachers, 
engineers, and students engaged in the fields of mathematics, physics, mechanics, control, chemistry, 
and engineering sciences. 


Andrei D. Polyanin 
Valentin F. Zaitsev 
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NOTATIONS AND SOME REMARKS 


1. Throughout this book, in the original equations the independent variable is denoted by z, 
and the dependent one is denoted by y. In the given solutions, the symbols C, Co, Ci, C2, ... 
stand for arbitrary integration constants. Solutions are often represented in parametric form (e.g., 
see Subsections 1.3.1 and 2.3.1). 


2. Notation for derivatives: 


d & a d+ d” 
Yea. ule= To thee = Ui = Y= TE with nes, 
dx dx? dx3 dx* dx” 


3. Brief notation for partial derivatives: 


Of Of Of 
fe == fy== fox = > fou = Bray" 


f where f = f(z,y). 
Oy 


: ar ne 
4. In some cases, we use the operator notation ( f —) g, which is defined by the recurrence 
L 


relation 


(f<)"ow = fo [(f@£)" 9]. 
7) 7) 


5. Brief operator notation corresponding to partial derivatives: 0, = Ba’ Oy = cme 
x y 
6. In some sections of the book (e.g., see 1.3, 2.3-2.6, 3.2—3.3), for the sake of brevity, solutions 
are represented as several formulas containing the terms with the signs “+” and “¥.” Two formulas 
are meant—one corresponds to the upper sign and the other to the lower sign. For example, the 


solution of equation 1.3.1.6 can be written in the parametric form: 
x=af lexpGr’), y=af? [exp(#r’) + 27 , Where f= [experr?) dr-C, A=F2d’. 
This is equivalent so that the solutions of equation 1.3.1.6 are given by the two formulas: 
x=af expr’), y=af? [exp(-r’) + os Al , where f= expr) dr—-C, A=-2d? 
(for the upper signs) and 

x=afexp(t’), y=af? [exp(r?) - 27 F | ,» where f= Jexp(r?) dr—-C, A=2d? 
(for the lower signs). 


7. If arelation contains an expression like F@) it is often not stated that the assumption a # 2 
= 


: 2 
is adopted. 


a”! can usually be defined so as to cover the 


8. In solutions, expressions like yp(xz) = 
case n = —1 in accordance with the rule y_;(x) = In|z|. This is accounted for by the fact that such 
expressions arise from the integration of the power-law function y,,() = i x” dx. 

9. The order symbol O is used to compare two functions f = f(€) and g = g(e), where € is a 


small parameter. So f = O(g) means that |f/g| is bounded as ¢ — 0, or f and g are of the same 
order of magnitude as ce > 0. 
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10. When referencing a particular equation, a notation like “4.1.2.5” stands for “equation 5 in 
Subsection 4.1.2.” 


11. The handbooks by Kamke (1977), Murphy (1960), Zaitsev and Polyanin (1993, 2001), 
Polyanin and Zaitsev (1995) were extensively used in compiling this book; references to these 
sources are frequently omitted. 

12. To highlight portions of the text, the following symbols are used throughout the book: 
> indicates important information pertaining to a group of equations (Chapters 1-5); 

@ indicates the literature used in the preparation of the text in subsections, paragraphs, and specific 
equations. 
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Introduction 


Some Definitions, Formulas, 
Methods, and Transformations 


0.1. First-Order Differential Equations 


0.1.1. General Concepts. The Cauchy Problem. Uniqueness and 
Existence Theorems 


0.1.1-1. Equations solved for the derivative. General solution. 


A first-order ordinary differential equation* solved for the derivative has the form 


Yo = f(x,y). (1) 


Sometimes it is represented in terms of differentials as dy = f(x, y) da. 

A solution of a differential equation is a function y(x) that, when substituted into the equation, 
turns it into an identity. The general solution of a differential equation is the set of all its solutions. 
In some cases, the general solution can be represented as a function y = y(x, C) that depends on 
one arbitrary constant C’; specific values of C’ define specific solutions of the equation (particular 
solutions). In practice, the general solution more frequently appears in implicit form, &(a, y, C) =0, 
or parametric form, x = x(t,C), y = y(t, C). 

Geometrically, the general solution (also called the general integral) of an equation is a family 
of curves in the zy-plane depending on a single parameter C’; these curves are called integral curves 
of the equation. To each particular solution (particular integral) there corresponds a single curve 
that passes through a given point in the plane. 

For each point (x,y), the equation y’, = f(x,y) defines a value of y/,, i.e., the slope of the 
integral curve that passes through this point. In other words, the equation generates a field of 
directions in the zy-plane. From the geometrical point of view, the problem of solving a first-order 
differential equation involves finding the curves, the slopes of which at each point coincide with the 
direction of the field at this point. 


0.1.1-2. The Cauchy problem. The uniqueness and existence theorems. 


1°. The Cauchy problem: find a solution of equation (1) that satisfies the initial condition 
y=Yyo at L=Xo, (2) 


where yo and 2 are some numbers. 

Geometrical meaning of the Cauchy problem: find an integral curve of equation (1) that passes 
through the point (o, yo). 

Condition (2) is alternatively written y(%o) = yo OF Yla=x5 = Yo- 


* In what follows, we often call an ordinary differential equation a “differential equation” or even shorter an “equation.” 
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2°. Existence theorem (Peano). Let the function f(x, y) be continuous in an open domain D of the 
xy-plane. Then there is at least one integral curve of equation (1) that passes through each point 
(x0, yo) € D; each of these curves can be extended at both ends up to the boundary of any closed 
domain Dy C D such that (0, yo) belongs to the interior of Do. 


3°. Uniqueness theorem. Let the function f(x, y) be continuous in an open domain D and have in D 
a bounded partial derivative with respect to y (or the Lipschitz condition holds: |f(x, y)— f(a, z)| < 
M\y — z|, where M is some positive number). Then there is a unique solution of equation (1) 
satisfying condition (2). 


0.1.1-3. Equations not solved for the derivative. The existence theorem. 


A first-order differential equation not solved for the derivative can generally be written as 
F(x, y,y;,) = 0. (3) 


Existence and uniqueness theorem. There exists a unique solution y = y(x) of equation (3) 
satisfying the conditions y|z=2,=Yyo and y',|z=2,=to, where to is one of the real roots of the equation 
F(Zo, yo, to) = 0, if the following conditions hold in a neighborhood of the point (<0, yo, to): 


1. The function F(a, y, ¢) is continuous in each of the three arguments. 
2. The partial derivative F;, exists and is nonzero. 
3. There is a bounded partial derivative with respect to y, |Fy| < MJ. 


The solution exists for |z — xo| < a, where a is a (sufficiently small) positive number. 


0.1.1-4. Singular solutions. 


1°. A point (a, y) at which the uniqueness of the solution to equation (3) is violated is called a 
singular point. If conditions | and 3 of the existence and uniqueness theorem hold, then 


F(a,y,)=0, Fi(a,y,t)=0 (4) 


simultaneously at each singular point. Relations (4) define a t-discriminant curve in parametric 
form. In some cases, the parameter ¢ can be eliminated from (4) to give an equation of this curve 
in implicit form, V(a, y) = 0. Ifa branch y = yx) of the curve U(a, y) =0 consists of singular 
points and, at the same time, is an integral curve, then this branch is called a singular integral curve 
and the function y = ¢(a) is a singular solution of equation (3). 


2°. The singular solutions can be found by identifying the envelope of the family of integral curves, 
®(x, y,C) =0, of equation (3). The envelope is part of the C-discriminant curve, which is defined 
by the equations 

O(z,y,C)=0, P&c(a,y,C)=0. 


The branch of the C’-discriminant curve at which 


(a) there exist bounded partial derivatives, |®,| <M, and |®,| < Ad, and 
(b) |®z|+|®,| #0 


is the envelope. 


0.1.1-5. Point transformations. 


In the general case, a point transformation is defined by 


ct=F(X,Y), y=G(X,Y), (5) 
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where X is the new independent variable, Y = Y(X) is the new dependent variable, and F' and G 
are some (prescribed or unknown) functions. 

The derivative y’, under the point transformation (5) is calculated by 

, G S aes GyYx 
Be Bye 

where the subscripts X and Y denote the corresponding partial derivatives. 

Transformation (5) is invertible if Fy Gy — Fy Gy #0. 

Point transformations are used to simplify equations and reduce them to known equations. 
Sometimes a point transformation allows the reduction of a nonlinear equation to a linear one. 
Examples of point transformations can be found in Subsections 0.1.2 and 0.1.4—0.1.6. 


‘O) References for Subsection 0.1.1: G. M. Murphy (1960), G. A. Korn and T. M. Korn (1968), E. Kamke (1977), 
A.N. Tikhonov, A. B. Vasil’eva, and A. G. Sveshnikov (1980), D. Zwillinger (1998). 


0.1.2. Equations Solved for the Derivative. Simplest Techniques of 
Integration 


0.1.2-1. Equations with separated or separable variables. 
1°. An equation with separated variables (a separated equation) has the form 
fy = g(@). 


Equivalently, the equation can be rewritten as f(y) dy = g(a) dz (the right-hand side depends 
on x alone and the left-hand side on y alone). The general solution can be obtained by termwise 
integration: 


[ feray= [ 9@)ar+e, 
where C' is an arbitrary constant. 


2°. An equation with separable variables (a separable equation) is generally represented by 


AiWau@)yr = fa(y)g2(2). 
Dividing the equation by f2(y)gi(x), one obtains a separated equation. Integrating yields: 


AW gy [ LO 
faly) g(a) 


Remark. In termwise division of the equation by f2(y)gi(x), solutions corresponding to 
fa(y) = 0 can be lost. 


dx+C. 


0.1.2-2. Equation of the form y/, = f(ax + by). 


The substitution z = ax + by brings the equation to a separable equation, z/, = bf(z)+ a; see 
Paragraph 0.1.2-1. 


0.1.2-3. Homogeneous equations and equations reducible to them. 


1°. A homogeneous equation remains the same under simultaneous scaling (dilatation) of the 
independent and dependent variables in accordance with the rule 7 + ax, y — ay, where a is an 
arbitrary constant (a # 0). Such equations can be represented in the form 


The substitution u = y/2z brings a homogeneous equation to a separable one, xu’, = f(u)—u; see 
Paragraph 0.1.2-1. 
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2°. The equations of the form 


zx 


ie (actos a) 
agz + boy +c) 

can be reduced to a homogeneous equation. To this end, for a,2+ bjy # k(a.xz + boy), one should 
use the change of variables € = x— Xo, 7 = y— yo, where the constants x9 and yo are determined 
by solving the linear algebraic system 

Qa,%o + biyo +c, =0, 

argXo + boyo +O = 0. 
As a result, one arrives at the following equation for 7 = 7(&): 

pee (as + bin ) 
Ne=J\—~ ez Yd 
ang + bo) 

Dividing the argument of f by €, one obtains a homogeneous equation whose right-hand side 


depends on the ratio 7/€ only. 
For a,2 + biy = k(aox + b2y), see the equation of Paragraph 0.1.2-2. 


0.1.2-4. Generalized homogeneous equations and equations reducible to them. 


1°. A generalized homogeneous equation (a homogeneous equation in the generalized sense) re- 
mains the same under simultaneous scaling of the independent and dependent variables in accordance 
with the rule x > ax, y > a*y, where a # 0 is an arbitrary constant and k is some number. Such 
equations can be represented in the form 


y=" fya), 
The substitution u = yx" brings a generalized homogeneous equation to a separable equation, 
cu!, = f(u)—ku; see Paragraph 0.1.2-1. 


2°. The equations of the form 

yr = f(y) 
can be reduced to a generalized homogeneous equation. To this end, one should use the change of 
variable z = e* and set A\=-k. 


0.1.2-5. Linear equation. 


A first-order linear equation is written as 

Yo + f(x)y = g(@). 
The solution is sought in the product form y = wv, where v = v(x) is any function that satisfies 
the “truncated” equation v!, + f(x)v =0 [as u(x) one takes the particular solution v = e, where 


F= f f(x) dz]. Asa result, one obtains the following separable equation for u=u(x): v(a)ul, =g(a). 
Integrating it yields the general solution: 


y(2) = ef i ef g(x) dx+C), where F = [t@ dx. 


0.1.2-6. Bernoulli equation. 


A Bernoulli equation has the form 
yt fay =g(a)yy*,  a#0,1. 


The substitution z= ai brings it to a linear equation, z/, + (1 — a)f(a)z = (1—)g(x), which is 
discussed in Paragraph 0.1.2-5. With this in view, one can obtain the general integral: 


yi? =CeF +(1 -ae? [ eF ga) dx, where F=(1 -a) f f(a) de. 
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0.1.2-7. Equation of the form zy!,=y+ f(a)g(y/2). 


2 


ee 7 : ; ‘ fo : 
The substitution uw = y/z brings the equation to a separable equation, 2*u’, = f(x)g(u); see 


Paragraph 0.1.2-1. 


0.1.2-8. Darboux equation. 


A Darboux equation can be represented as 


(2) +24(2)]pe=o(£) +02 4(2) 


Using the substitution y=2z(x) and taking z to be the independent variable, one obtains a Bernoulli 
equation, which is considered in Paragraph 0.1.2-6: 


[9(2) - 2f()] x, = f(z) +2°"h(z). 


‘O) References for Subsection 0.1.2: G. M. Murphy (1960), E. Kamke (1977), A. N. Tikhonov, A. B. Vasil’eva, and 
A. G. Sveshnikov (1980), A. Moussiaux (1996), D. Zwillinger (1998). 


0.1.3. Exact Differential Equations. Integrating Factor 


0.1.3-1. Exact differential equations. 


An exact differential equation has the form 


) O 
f(a, y) dx + g(a, y)dy =0, where oF ee 
Oy Ox 
The left-hand side of the equation is the total differential of a function of two variables U(a, y). 
The general integral, U(x, y) = C’, where the function U is determined from the system: 


OU OU 

——== f, —_— = g. 

Ox Oy 
Integrating the first equation yields U = f f(x, y)dx + U(y) (while integrating, the variable y is 
treated as a parameter). On substituting this expression into the second equation, one identifies the 


function © (and hence, U). As a result, the general integral of an exact differential equation can be 
represented in the form: 


ad y 
[tenes [" aeo.man=C, 


where Xo and yo are arbitrary numbers. 


0.1.3-2. Integrating factor. 


An integrating factor for the equation 


f(a, y) dx + g(x,y) dy = 0 


is a function s(x, y) #0 such that the left-hand side of the equation, when multiplied by pu(z, y), 
becomes a total differential, and the equation itself becomes an exact differential equation. 
An integrating factor satisfies the first-order partial differential equation: 


which is not generally easier to solve than the original equation. 
Table | lists some special cases where an integrating factor can be found in explicit form. 


© References for Subsection 0.1.3: G. M. Murphy (1960), N. M. Matveev (1967), E. Kamke (1977), A. N. Tikhonov, 
A. B. Vasil’eva, and A. G. Sveshnikov (1980), A. Moussiaux (1996), D. Zwillinger (1998). 
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TABLE 1 
An integrating factor 4 = (a2, y) for some types of ordinary differential 
equations f dx +gdy =0, where f = f(a,y) and g = g(z,y) 


Conditions for Ps a ak Me and g (aa Sa factor 
| a f-ygt0; yg #0; 
f a f +7%g is an analytic function 
a ae Pag 9 of the complex variable x + iy 
ite a = 9(2) = exp [/ p(x) da] tay isany fumetion | is any tay isany fumetion | 
Sy-Ge = = yy) = = exp[- Soy) dy| p(y) is any function 


fy a = (a +y) pu = exp [f y(2) dz], zZ=at+y 


fds = (ry) w=exp[f pz) dz], z=2y 


“th = (2) w=exp[-fy(2)dz], z=4 


a =a’ +y")  |p=exp[z J y(e)dz], z= 0744? 


— 92 = p(x)g-—W(y)f | w= exp [/ yp(a) da + f wy) dy| p(x) and w(y) are any functions 
0.1.4. Riccati Equation 


0.1.4-1. General Riccati equation. Simplest integrable cases. 


A Riccati equation has the general form 


= fx(x)y? + filx)y + fola). (1) 


If f2 =0, we have a linear equation (see Paragraph 0.1.2-5), and if fo =0, we have a Bernoulli 
equation (see Paragraph 0.1.2-6 for a = 2), whose solutions were given previously. For arbitrary 
fo, fi, and fo, the Riccati equation is not integrable by quadrature. 

Listed below are some special cases where the Riccati equation (1) is integrable by quadrature. 


1°. The functions f, f;, and fo are proportional, i.e., 
= p(a)(ay? + by +0), 


where a, b, and ¢ are constants. This equation is a separable equation; see Paragraph 0.1.2-1. 


2°. The Riccati equation is homogeneous: 
2 
’ y y 
=a—>+b—+e. 
Ya 2 m 


See Paragraph 0.1.2-3. 
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3°. The Riccati equation is generalized homogeneous: 


b aff 
yi, =ar"y? + —yt+or”. 
£ 


See Paragraph 0.1.2-4 (with k =—n—1). The substitution z = x”*!y brings it to a separable 
equation: xz! = az*+(b+n+Dzte. 
4°. The Riccati equation has the form 


m-n 


yi, = ary? + ytour™, 


—n—M ~! 


By the substitution y = x’"""z, the equation is reduced to a separable equation: x zi=az*+e. 


i 


For other Riccati equations integrable by quadrature, see Section 1.2. 


0.1.4-2. Polynomial solutions of the Riccati equation. 


Let f2=1, fi(x), and fo(x) be polynomials. If the degree of the polynomial A = f 7 —2(f1), -4 fo 
is odd, the Riccati equation cannot possess a polynomial solution. If the degree of A is even, the 
equation involved may possess only the following polynomial solutions: 


y=-3(fit[VA]), 


where [Vv A] denotes an integer rational part of the expansion of A in decreasing powers of x 


(for example, [Vv x? —2e+ 3] =ax-1). 


0.1.4-3. Use of particular solutions to construct the general solution. 


1°. Given a particular solution yo = yo(x) of the Riccati equation (1), the general solution can be 
written as: 


-1 
y=yola)+ (a) [C- f Ba) fla) de], 
where 
d(x) = expf [ [2fole)yola) + filw)] de}. 
To the particular solution yo(a) there corresponds C' = oo. 


2°. Let yj = y1(@) and yz = y2(x) be two different particular solutions of equation (1). Then the 
general solution can be calculated by: 


7 Cy, +U(a)yo 


Cau -" where U(x) =exp [/ fly — yp) dz. 


To the particular solution y;(x), there corresponds C' = 00; and to y(a), there corresponds C' =0. 


3°. Let yi =yi(@), yo = y2(x), and y3 = y3(x) be three distinct particular solutions of equation (1). 
Then the general solution can be found without quadrature: 


Y7¥2 yay _ 
Y-VY ¥3— Y2 


This means that the Riccati equation has a fundamental system of solutions. 
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0.1.4-4. Some transformations. 


1°. The transformation (y, W, 2, w3, and w4 are arbitrary functions) 
rev@, y= LiQurvs 
; o2(E)u + Yi(§) 


reduces the Riccati equation (1) to a Riccati equation for u = u(&). 


2°. Let yo = yo(%) be a particular solution of equation (1). Then the substitution y = yo + 1/w 
leads to a linear equation for w = w(x): 


wy + [2frle)yo(x) + fil@)]w + fra) = 0. 
For solution of linear equations, see Paragraph 0.1.2-5. 


0.1.4-5. Reduction of the Riccati equation to a second-order linear equation. 


The substitution 
u(x) = exp (- / toy dx) 


reduces the general Riccati equation (1) to a second-order linear equation: 


fits [(f2)4, +fifr|ui, + foffu =0, 


which often may be easier to solve than the original Riccati equation. 


0.1.4-6. Reduction of the Riccati equation to the canonical form. 


1°. The general Riccati equation (1) can be reduced with the aid of the transformation 


1 ees Br a 
1 
BOO), I= oe ty Gr where F(é) = file, (2) 
to the canonical form: 
we =w + UE). (3) 


Here, the function W is defined by the formula: 


1 Oe a Ge 2 go 
W(8)= AP -—F?+—-F'- FSI per ae 
Qa tela git tae (3 ier 


the prime denotes differentiation with respect to €. 

Transformation (2) depends on a function vy = y(€) that can be arbitrary. For a specific original 
Riccati equation, different functions y in (2) will generate different functions Y in equation (3). 
[In practice, transformation (2) is most frequently used with y(&) = €]. 
2°. In the special case where the original equation has the canonical form 

yp =y + f@), 
transformation (2) is written as 
1 1 Lee 
C=O). Y= Us 
. Ye 2 (pe)? 
and the transformed equation (3) is determined by the function 
3 yl 2 1 wall 
we) = (i Rn (ean Pee og 
() = f(y) 4 ( 2 Yh 

If the original Riccati equation is integrable by quadrature, one may obtain, specifying different 
functions ¢, a variety of different integrable equations of the form (3). In Subsection 1.2.9, some 
useful transformations are given for specific functions yp. 


‘O) References for Subsection 0.1.4: G. M. Murphy (1960), E. L. Ince (1964), W. T. Reid (1972), E. Kamke (1977), 
W. E. Boyce and R. C. DiPrima (1986), A. D. Polyanin and V. F. Zaitsev (1995). 
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0.1.5. Abel Equations of the First Kind 


0.1.5-1. General form of Abel equations of the first kind. Simplest integrable cases. 


An Abel equation of the first kind has the general form 
= falay? + fray’ + fil@)y + fox), f(a) #0. (1) 


In the degenerate case f(x) = fo(x) = 0, we have a Bernoulli equation (see Paragraph 0.1.2-6 
with a = 3). The Abel equation (1) is not integrable for arbitrary f,,(x). 

Listed below are some special cases where the Abel equation of the first kind is integrable by 
quadrature. 
1°. If the functions f,,(%) (n = 0, 1, 2, 3) are proportional, ie., f(x) = ang(x), then (1) is a 
separable equation (see Paragraph 0.1.2-1). 


2°. The Abel equation is homogeneous: 


3 2 
y.. =a5+p5+ceF+¢ 
x x x 
See Paragraph 0.1.2-3. 


3°. The Abel equation is generalized homogeneous: 


c na 
yi, = ary + bay? + —yt+dxr 
£ 


n+l 


See Paragraph 0.1.2-4 for k =—n —1. The substitution w = x 
cw!, =aw> + bw? +(ctntlwt+d. 


4°. The Abel equation 


y leads to a separable equation: 


2n, 2 


a =n 
y,, = arr My? + bx? y gal y+dx?™ 


can be reduced with the substitution y = x™"z to a separable equation: #-""" z!, = az3 +627 +c. 


5°. Let fo=0, f1 =0, and (f3/f2)i, =afy for some constant a. Then the substitution y = fofzlu 
leads to a separable equation: u!, = f? f;!(u3 + u? + au). 
6°. If 

fifp 2ff ld fr 


acy ey Pay Te fn = fn(@), 


then the solution of equation (1) is given by: 


y(a) = B(c- 2 / f3E° av) £. where E = exp / (4: = £) ae]. 


For other solvable Abel equations of the first kind, see Subsection 1.4.1. 


0.1.5-2. Reduction to the canonical form. Reduction to an Abel equation of the second kind. 


1°. The transformation 


y= U(ayn) — 5 f €= [pw dx, where U(e)=ex| f (f- £ ) ae}, 


brings equation (1) to the canonical (normal) form: 


ne = + OO. 
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Here, the function (€) is defined parametrically (x is the parameter) by the relations: 


ore Af 2B ld f\ o_ fag 
= so (fe BE et ee), E= ff de 


2°. Let yo = yo(@) be a particular solution of equation (1). Then the substitution 


E 
y=yot Bey, where E(x) = exp| [ Bhys +2 foyot fi) dx| ‘ 
ZL 


leads to an Abel equation of the second kind: 
zz), =—(3fsyo+ fo)Ez — fsE’. 


For equations of this type, see Subsection 0.1.6. 
© References for Subsection 0.1.5: E. Kamke (1977), G. M. Murphy (1960). 


0.1.6. Abel Equations of the Second Kind 


0.1.6-1. General form of Abel equations of the second kind. Simplest integrable cases. 


An Abel equation of the second kind has the general form 
[y+ g@)lye = fry” + fly + fox), g(a) #0. (1) 


The Abel equation (1) is not integrable for arbitrary f(x). Given below are some special cases 
where the Abel equation of the second kind is integrable by quadrature. 


1°. If g(x) = const and the functions f,(a) (n = 0, 1, 2) are proportional, i.e., f,(%) = ang(2), 
then (1) is a separable equation (see Paragraph 0.1.2-1). 


2°. The Abel equation is homogeneous: 
(y+sx)y), = oY + by +x. 
x 
See Paragraph 0.1.2-3. 


3°. The Abel equation is generalized homogeneous: 


a 
(ytsa")y! = —y? +ba™ ly t+ca", 
r 


See Paragraph 0.1.2-4 for k = n. The substitution w = ya” leads to a separable equation: 
r(w+s)w!, =(a—n)w? + (b-ns)w +c. 
4°. The general solution of the Abel equation 

Ytou,=hy+fhythg-he, — fr=frlx), 9=9(2), 


is given by: 
y =-9+CE+E [(f, +g,-2frg)E ‘dx, where E= exp( frdz). 


5°. If f1 =2f2g—g/,, the general solution of the Abel equation (1) has the form: 


1/2 
oe 


y=-gik [2 [oho +9g),- fy )E? dx + c| where E= exp( h dz). 


For other solvable Abel equations of the second kind, see Section 1.3. 
© References for Paragraph 0.1.6-1: G. M. Murphy (1960), E. Kamke (1977). 
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0.1.6-2. Reduction to the canonical form. Reduction to an Abel equation of the first kind. 


1°. The substitution 
w=(yt+g)E, where E=exp (- / h dx) : (2) 
brings equation (1) to the simpler form: 
wu), = Fi(x)w + Fo(2), (3) 


where 
Fr=(fi-2fhg+ gE, Fo=(fo-fig+ hg dE’. 


2°. In turn, equation (3) can be reduced, by the introduction of the new independent variable 


z= [ F@dz, (4) 
to the canonical form: 
wu, -—w=R(z). (5) 
Here, the function R(z) is defined parametrically (x is the parameter) by the relations 
Fo(a) / 
= = F; d . 
han (a) da 


Substitutions (2) and (4), which take the Abel equation to the canonical form, are called canonical. 
Remark 1. The transformation w = aw, z=aZ+b brings (5) to a similar equation, ww; —w = 
a! R(a2 +b). Therefore the function R(z) in the right-hand side of the Abel equation (5) can be 


identified with the two-parameter family of functions a7! R(az + b). 


Remark 2. Any Abel equations of the second kind related by linear (in y) transformations 
= (x), Y = Y2(xL)y + y3(x) have identical canonical forms (up to the two-parameter family of 
functions specified in Remark 1). 


3°. The substitution y+ g = 1/u leads to an Abel equation of the first kind: 
uw, + (fo- fig + fry yw + (fi -2frg +g), uw? + fru =0. 


For equations of this type, see Subsection 0.1.5. 
© References for Paragraph 0.1.6-2: G. M. Murphy (1960), E. Kamke (1977), V. F. Zaitsev and A. D. Polyanin (1994). 


0.1.6-3. Use of particular solutions to construct self-transformations. 


1°. Suppose a particular solution yo = yo(x) of an Abel equation of the second kind (1) is known. 
Then the substitution U = 1/(y— yo) leads to a similar Abel equation: 


1 h—fi—-2 
(+ \u = Yo = fi =2 foo p72 _ hog (6) 
Yotg Yotg Yotg 


If fo =0, equation (1) has the trivial particular solution yo = 0. In this case, the change of 
variable U = 1/y leads to an Abel equation of the form (6) with yo = 0. 


2°. Given a particular solution yo = yo(x) of the Abel equation of the second kind 


yy’, = fi(x)y + fox), (7) 


the substitution 
A(x)y 


= a fi 
= PGs: where A(x) =exp (/ ae az) ; (8) 
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brings (7) to another, similar Abel equation: 
ww), = Fy(x)w + Fo(2). (9) 


Here, the functions 7; = F,(a) and Fo = Fo(x) are defined by 


+3fo)H H? 
Fiz (fiyo =o) Fe iat 
Yo Yo 


It is not difficult to verify by direct substitution that equation (9) has a particular solution: 


(10) 


The transformation based on the particular solution (10) brings the Abel equation (9) to the original 
equation (7) with f; having the opposite sign. 

Remark 3. In general, the canonical forms of equations (1) and (6) and also those of equations 
(7) and (9) are different. See Paragraph 0.1.6-2. 

Remark 4. Given k distinct particular solutions y; of equation (7), & distinct Abel equations 
of the second kind related to (7) by known substitutions of the form (8) can be constructed. 


© References for Paragraph 0.1.6-3: T. A. Alexeeva, V. F. Zaitsev, and T. B. Shvets (1992), V. F. Zaitsev and A. D. Polyanin 
(1994). 


0.1.6-4. Use of particular solutions to construct the general solution. 


For some Abel equations of the second kind, the general solution can be found if n its distinct 
particular solutions y, = yz(z), k= 1,...,n, are known. 
Below we consider Abel equations of the canonical form 


Yn —y = Ra), (11) 


whose general solutions can be represented in the special form: 


[[w-y@r =c. (12) 


k=1 


Here, the particular solutions yz = yz,(x) correspond to C =0 (if mz >0) and C =00 (if mz <0). 
The logarithmization of (12), followed by the differentiation of the resulting expression and 
rearrangement, leads to the equation 


n n-1 n-1 


S- miu -v) Tu-vo| =y', 5) by + ¥- Vey =0, (13) 


j=l ia s=1 s=1 


where Yj = (Bees We require that equation (13) be equivalent to the Abel equation (11). To this 
end, we set: 


W,=-®,, WV,-,=—R(x)®, and equate the other ®; and WV; with zero. 


Selecting different values v = 1, 2, ...,2-—1, we obtain n — 1 systems of differential-algebraic 
equations; only one of the systems, corresponding to m,; #0 for all K=1,...,n and yj; # y; 
for 1 #7, leads to a nondegenerate solution of the form (12). Consider the Abel equations (11) 
corresponding to the simplest solutions of the form (12) in more detail. 
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1°. Case n= 2. The system of differential-algebraic equations has the form: 
my+m=M, 
Myr +My; = 0, 


(14) 
myy, tmays = M, 
mMiyiy2 + moyiy, =-MR(a), 
where © is an arbitrary constant. It follows from the second and third equations that 
m m 
yi=———(Me+N), y=-——(Ma+ 0), 
Ty Sig my — my 
where JN is an arbitrary constant. Introducing the new constants 
pe mym(m a) ie: B= mymy(mM1 an 
(m1 — mz) (m1 — mz) 
we find from the last relation in (14) that 
R(x) = Axr+ B, (15) 


which means that for n = 2 the right-hand side of the Abel equation is a linear function of x (see 
equation 1.3.1.2). 

The particular solutions y;, yo, and the corresponding exponents ™ , mz, in the general 
integral (12), are expressed in terms of the coefficients A, B on the right-hand side (15) of the 
Abel equation (11) as follows: 

14+V4A+4+1 
aa (Az +B), m, =2A4+14+V4A41, 
7 1+V4A+1 
o 2A4+1+V4A4+1 
2°. Case n= 3. Equation (13) with n = 3 leads to the Abel equation (11) with the right-hand side 


R(w)=-22+ A+ Ba? (16) 


(Arz+B), m.=2A. 


(see equation 1.3.1.3). 
The particular solutions and the exponents in the general integral (12) are expressed as: 


_2 2, 12, 3B _ 2A 
Ys = Zt ghee aS Ms = 302 = 3A)’ 
where the A; are roots of the cubic equation 
N-ZA\-3B=0, s=1, 2,3. 
3°. Case n= 4. Equation (13) with n = 4 leads to the Abel equation (11) with the right-hand side 
R(x) = -se + Ag 34 Bx 5/3 


(see equation 1.3.3.61). 
The particular solutions and the exponents in (12) are expressed as: 


yi2 = 404 1/34+3V-3B2'/3 4+ V-3B2 3, mi. =F(2A-V-3B), 
ys4 = 4at1/3A-3V-3Br'/3-V-3Br 3, m34=4+V4A2 + 3B, 


4°. Case n> 4. The equations for ys are algebraic equations of degree n and, in the general case, 
are not soluble in radicals. The right-hand of equation (11) is expressed as 


1 
——2 + Q(2), 


where the function Q(x) is bounded as x + co (Q can be specified in parametric form). 
© References for Paragraph 0.1.6-4: B. M. Koyalovich (1894), T. A. Alexeeva, V. F. Zaitsev, and T. B. Shvets (1992). 


n- 


R(x) =- 
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0.1.7. Equations Not Solved for the Derivative 


0.1.7-1. The method of “integration by differentiation.” 


In the general case, a first-order equation not solved for the derivative, 
F(£,Y, Yr) = 0, (1) 
can be rewritten in the equivalent form 
F(a,y,)=0, t=y,. (2) 


We look for a solution in parametric form: x = x(t), y = y(t). In accordance with the first relation 
in (2), the differential of F' is given by: 


F, da + Fy dy + Fy dt =0. (3) 


Using the relation dy =t dz, we eliminate successively dy and dz from (3). As a result, we obtain 
the system of two first-order ordinary differential equations: 


dx = pee oe dy = __ te (4) 
dt Pe pth > dt Fath 
By finding a solution of this system, one thereby obtains a solution of the original equation (1) in 
parametric form, xz = x(t), y = y(). 
Remark 1. The application of this method may lead to loss of individual solutions; this issue 
should be additionally investigated. 


0.1.7-2. Equations of the form y = f(y/,). 


This equation is a special case of equation (1), with F(z, y, t) = y — f(t). The procedure described 
in Paragraph 0.1.7-1 yields 
dx _ fi(t) 


a (9) 


Here, the original equation is used instead of the second equation in system (4); this is valid because 
the first equation in (4) does not depend on y explicitly. 
Integrating the first equation in (5) yields the solution in parametric form: 


_ ff 
“L= padi ails 
t 


0.1.7-3. Equations of the form x = f(y’,). 


This equation is a special case of equation (1), with F(a, y, t) = x — f(t). The procedure described 
in Paragraph 0.1.7-1 yields 


dt+C, y=fit). 


d 
a= f(t), + =tf'(t). (6) 


Here, the original equation is used instead of the first equation in system (4); this is valid because 
the second equation in (4) does not depend on z explicitly. 
Integrating the second equation in (5) yields the solution in parametric form: 


x= fd, y= [tfdt+C. 
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0.1.7-4. Clairaut’s equation y = xy! + f(y/,). 


Clairaut’s equation is a special case of equation (1), with F(a, y, t)=y—at—f(t). Itcan be rewritten 
as 


y=at+f@, t=y}. (7) 


Substituting dy and y/, in dy = y/, dx by their values in accordance with (7), we obtain 
[x+ f'()] dt = 0. 


This equation splits into dt =0 and x+ f'(t) = 0. The solution of the first equation is obvious: 
t= C’; it gives the general solution of Clairaut’s equation, 


y=Cxt f(C), (8) 
which is a family of straight lines. The second equation generates a solution in parametric form, 


c=-f'(), y=-tf'()+fO, 


which is a singular solution and is the envelope of the family of lines (8). 


0.1.7-5. Lagrange’s equation y = xf(y!,) + g(y’,). 
Lagrange’s equation is a special case of equation (1), with F(a, y, t)=y—axf(t)—g(t). In the special 
case f(t) =t, it coincides with Clairaut’s equation; see Paragraph 0.1.7-4. 

The procedure described in Paragraph 0.1.7-1 yields 
dx f@ 9h) 


dt F@Q=t" t= FO 
Here, the original equation is used instead of the second equation in system (4); this is valid because 
the first equation in (4) does not depend on y explicitly. 

The first equation of system (9) is linear. Its general solution has the form x = y(t)C' + w(); 
the functions y and w are defined in Paragraph 0.1.2-5. Substituting this solution into the second 
equation in (9), we obtain the general solution of Lagrange’s equation in parametric form: 


r=yh)C+v(t), y=[~POC+YVO|fO+ 9. 


y=axf(t)+g(t). (9) 


Remark 2. With the above method, solutions of the form y = t,2 + g(t), where the tx are 
roots of the equation f(t)—t=0, may be lost. These solutions can be particular or singular solutions 
of Lagrange’s equation. 
© References for Subsection 0.1.7: G. M. Murphy (1960), E. Kamke (1977). 


0.1.8. Contact Transformations 


0.1.8-1. General form of contact transformations. 


A contact transformation has the form 
= F(X,Y,Yx), 


1 (1) 
y= G(X,Y,Yx), 


where the functions F(X,Y,U) and G(X,Y,U) are chosen so that the derivative y!, does not 
depend on Y3/y: 


/ G G y! G yl 
! Yx xtGyl¥y +Guiryx ! 
=o = = CZ(X,Y,Yy). 2 
eg By hy Ve REY! Aare) 2) 
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The subscripts X, Y, and U after F and G denote the respective partial derivatives (it is assumed 
that Fy #0 and Gu # 0). 
It follows from (2) that the relation 


OG (OF OF OF (0G OG 
ag (ax *U ar) ~ ag lax *¥ar) =° @) 
holds; the derivative is calculated by 
fe Gu 


where Gy / Fu # const. 
The application of contact transformations preserves the order of differential equations. The 
inverse of a contact transformation can be obtained by solving system (1) and (4) for X, Y, Yx. 


© References for Paragraph 0.1.8-1: D. Zwillinger (1989). 


0.1.8-2. A method for the construction of contact transformations. 


Suppose the function F= F(X, Y,U) in the contact transformation (1) is specified. Then relation (3) 
can be viewed as a linear partial differential equation for the second function G'. The corresponding 
characteristic system of ordinary differential equations (see A. D. Polyanin, V. F. Zaitsev, and 


A. Moussiaux, 2002), 
dX  dY Fy dU 


1 U Fy+Ur 
admits the obvious first integral: 
BUX. Y, US S45 (5) 


where C’ is an arbitrary constant. It follows that, to obtain the general representation of the function 
G=G(X,Y,U), one has to deal with the ordinary differential equation 


Yau, (6) 


whose right-hand side is defined in implicit form by (5). Let the first integral of equation (6) has the 
form 
OX, Y,C1) =C>. 


Then the general representation of G = G(X, Y, U) in transformation (1) is given by: 
G= UF, >), 
where U(F, ©) is an arbitrary function of two variables, F = F(X ,Y,U), and = O(X,Y,F). 


0.1.8-3. Examples of contact transformations linear in the derivative. 


Example 1. Legendre transformation (E. Kamke, 1977): 


x Y%, y XYx ¥; Yi X (direct transformation); 


X= Yrs Y= xy’, -Y, YR = (inverse transformation). 


Example 2. Contact transformation (a # 0): 
-y! — petX yl! y _ pax : : . 
w=YytaY, y=be*Yx, Yy = be (direct transformation); 


1 / 
=—In He sf ale (« # a Yx = us (inverse transformation). 
a b a yl, 


x 


Remark. It is apparent from this example that a contact transformation that is linear in the derivative can have a 
nonlinear inverse, which is also a contact transformation. 
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Example 3. Contact transformation (a # —1): 


c=Yxt By y= xely. aXty.. yi, = oy oF! (direct transformation); 
LL a toy 
X=), Y= (cy, —yy,) @T, YR= Pee (inverse transformation). 
a+] (a+ ly}, 


Example 4. Contact transformation: 


y 
— dx, 
f 


w=f¥itoV, y Uvx+av) [ Zax oY, en f 


where f = f(X) and g = g(X) are arbitrary functions, y = exp( : dx). 


Example 5. Contact transformation: 


g=Yh4+fY¥ tg, y=lIYy +(fl-e* Y +g] [seP ax, y,, =I, 


where f = f(X) and g = g(X) are arbitrary functions, F = f tax, I -[¢ dX. 


0.1.8-4. Examples of contact transformations nonlinear in the derivative. 


Example 1. Contact transformation: 


w=V¥y+aX, y=h(¥xP+ay, y,, =Yx (direct transformation); 


1 1 
xX (« Yr)s Y= [2y (y,, yj, Yx =y', (inverse transformation). 
a a 


2 


Example 2. Contact transformation: 


1 
c=Y¥xt xy y= X?YEP-Y?, yl, =2X7YE (direct transformation); 
1 ry, —2y ; xy ’ 
X =t— zy’, fo ein » Yx= ; (inverse transformation). 
x 2 ty, —Y (ry, —Y) 


Example 3. Contact transformation 


cae (Yx -Y), y=(Vz y -Y’, y= 2e* Yx (direct transformation); 
tax 2y — ay’, xy! . . 
X= in( ) ae) goer ee Ce i (inverse transformation). 
VLYe —Y 2/2 —Y 2S LY, —Y 


Example 4. Contact transformation: 


12 2 U : U cosh X 
@=(Yx)-Y°, y=YxcoshX -YsinhX, y, = —— 
2Yy 
Example 5. Contact transformation: 
1 y2 2 U . U cos X 
@=(Yxy)+Y°, y=YxocosX+YsinX, y, = — 
2Yy 


Example 5. Contact transformation (ab # 0): 


c=alV¥x y — bX, y = 2a(Vx y — 3bY, y., =3Y% (direct transformation); 
a 1 2a 

X= Lye es iy 
9p Ya? Re 315 o? 


1 
3B yy XS ze (inverse transformation). 
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Example 7. Contact transformation (D. Zwillinger, 1989, p. 169): 


y! 
w=X-YYx, y=-Y\ [YX Y-1, yL,= x (direct transformation); 
(Wh Pr=1 
/ 
X=a2-yy,, Y=y/y.-1, Yx = casi (inverse transformation). 
Yer — 
Example 8. Contact transformation (D. Zwillinger, 1989, p. 169): 
y! 
c=X 22x >» y=Yt is ; Y, = Yx (direct transformation); 
YEP +1 YEP +1 
X=n2+ a Y=y- a, YE y’, (inverse transformation) 
GP HT Gye “eo 


Example 9. Contact transformation (ab # 0, k #—1): 


x= AYx yk -— bX, y = ak(Yx yet —bWk+DY, yl, =(K+DYx (direct transformation); 

1 \k ky! k+1 / 

_ 2s) iw : — aks) y Vee Yu (inverse transformation). 
bk+1*  b bik + 1k b(kK +1) k+l 


0.1.9. Approximate Analytic Methods for Solution of Equations 


0.1.9-1. The method of successive approximations (Picard method). 


The method of successive approximations consists of two stages. At the first stage, the Cauchy 
problem 


Yr = f(@,y) (equation), (1) 
y(Xo) = Yo (initial condition) (2) 


is reduced to the equivalent integral equation: 


yx) = yo | 


zx 


F(t, y(t) dt. (3) 
0 
Then a solution of equation (3) is sought using the formula of successive approximations: 
yn) = yor f fltsyn()dt; — n=0, 1,2... 
x0 


The initial approximation yo(#) can be chosen arbitrarily; the simplest way is to take yo to be a 
number. The iterative process converges as n — ov, provided the conditions of the theorems in 
Paragraph 0.1.1-2 are satisfied. 


0.1.9-2. The method of Taylor series expansion in the independent variable. 


A solution of the Cauchy problem (1)—-(2) can be sought in the form of the Taylor series in powers 
of (x - 20): 

i 

ra (£0) 

yl) = yleo) + yf (ao)(a ~ a0) + FE (a — a9) +> (4) 

The first coefficient y(%9) in solution (4) is prescribed by the initial condition (2). The values of 
the derivatives of y(a) at x = %q are determined from equation (1) and its derivative equations 
(obtained by successive differentiation), taking into account the initial condition (2). In particular, 


setting x= 2p in (1) and substituting (2), one obtains the value of the first derivative: 


Y1.(%0) = f (Xo, Yo). (5) 
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Further, differentiating equation (1) yields 


Yon = f2(@,y) + fy(, Wyz- (6) 


On substituting x = 2%, as well as the initial condition (2) and the first derivative (5), into the 
right-hand side of this equation, one calculates the value of the second derivative: 


Yea(X0) = fa(®0, Yo) + f(Xo. Yo) fy(Xo, Yo)- 


Likewise, one can determine the subsequent derivatives of y at x = Zo. 
Solution (4) obtained by this method can normally be used in only some sufficiently small 
neighborhood of the point x = 2. 


0.1.9-3. The method of regular expansion in the small parameter. 


Consider a general first-order ordinary differential equation with a small parameter ¢€: 


y), = f(&,y,€). (7) 


Suppose the function f is representable as a series in powers of ¢: 


f(@wy,e)= > e"fnla,y).- (8) 


n=0 


One looks for a solution of the Cauchy problem for equation (7) with the initial condition (2) as 
€ — 0 in the form of a regular expansion in powers of the small parameter: 


y= > e"Yn(2). (9) 
=0 


Relation (9) is substituted in equation (7) taking into account (8). Then one expands the functions f,, 
into a power series in € and matches the coefficients of like powers of € to obtain a system of 
equations for Y,,(a): 


Yo = fo(a, Yo), (10) 


0 
Y= g(x, YoY + fila, Yo), X,Y) = a (1) 


Only the first two equations are written out here. The prime denotes differentiation with respect 
to x. The initial conditions for Y,, can be obtained from (2) taking into account (9): 


Yo(Xo) = yo, Yi(ao) = 0. 


Success in the application of this method is primarily determined by the possibility of con- 
structing a solution of equation (10) for the leading term in the expansion of Yo. It is significant 
that the remaining terms of the expansion, Y,, with n = 1, are governed by linear equations with 
homogeneous initial conditions. 

Remark 1. Paragraph 0.3.3-2 gives an example of solving a Cauchy problem by the method 
of regular expansion for a second-order equation and also discusses characteristic features of the 
method. 


Remark 2. The methods of scaled coordinates, two-scale expansions, and matched asymptotic 
expansions are also used to solve problems defined by first-order differential equations with a small 
parameter. The basic ideas of these methods are given in Subsection 0.3.4. 


© References for Subsection 0.1.9: G.M. Murphy (1960), G. A. Korn and T. M. Korn (1968), E. Kamke (1977), D. Zwillinger 
(1998). 
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0.1.10. Numerical Integration of Differential Equations 


0.1.10-1. The method of Euler polygonal lines. 


Consider the Cauchy problem for the first-order differential equation 


y, = F(2,y) 


with the initial condition y(#o) = yo. Our aim is to construct an approximate solution y = y(x) of 
this equation on an interval [%o, 7x]. 


Ly — XO 
. We seek 


n 
approximate values ¥1, Yo, ..., Yn of the function y(x) at the partitioning points 71, %,...,%, =X. 

For a given initial value yo = y(%o) and a sufficiently small Az, the values of the unknown 
function yz = y(x,) at the other points x, = 2%) +kAz are calculated successively by the formula: 


Let us split the interval [2o,z,] into n equal segments of length Az = 


YRot =Uet+ f(eK, yYRIAL (Euler polygonal line), 


where /&=0, 1, ..., »—1. The Euler method is a single-step method of the first-order approximation 
(with respect to the step Az). 


0.1.10-2. Single-step methods of the second-order approximation. 


Two single-step methods for solving the Cauchy problem in the second-order approximation are 
specified by the recurrence formulas: 


Yar =Yrt f (eet zAx, yet 5 feAz)Az, 
Yer =Yet+5 [fet Gar, yet feAx)] Az, 


where f, = f(@x, ye); K=0,1,...,n—-1. 


0.1.10-3. Runge-Kutta method of the fourth-order approximation. 


This is one of the widely used methods. The unknown values yx, are successively found by the 
formulas: 


Yau = Yet efit 2fr+2fst faAc, 


where 
fi=Sf(ee, ye), fr =f (ae + 5 Ax, ye + $f Ax), 
fr=f(aet+ 5A, yxtzhAz),  fa=f(ae+Az, yet fpAz). 


Remark 1. All methods described in Subsection 0.1.10 are special cases of the Runge—Kutta 
method (a detailed description of this method can be found in the monographs listed below). 


Remark 2. In practice, calculations are performed on the basis of any of the above recurrence 
formulas with two different steps Az, zAxr and an arbitrarily chosen small Ax. Then one compares 
the results obtained at common points. If these results coincide within the given order of accuracy, 
one assumes that the chosen step Aa ensures the desired accuracy of calculations. Otherwise, the 
step is halved and the calculations are performed with the steps i Au and + Az, after which the 
results are compared again, etc. (Quite often, one compares the results of calculations with steps 
varying by ten or more times.) 


‘O) References for Subsection 0.1.10: G. A. Korn and T. M. Korn (1968), N. S. Bakhvalov (1973), E. Kamke (1977), 
D. Zwillinger (1998). 


© 2003 by Chapman & Hall/CRC 


0.2. Second-Order Linear Differential Equations 
0.2.1. Formulas for the General Solution. Some Transformations 


0.2.1-1. Homogeneous linear equations. Various representations of the general solution. 


1°. Consider a second-order homogeneous linear equation in the general form: 


fr(@yre + Ailayy:, + foxy = 0. (1) 
The trivial solution, y = 0, is a particular solution of the homogeneous linear equation. 
Let yi(), y2(x) be a fundamental system of solutions (nontrivial linearly independent particular 
solutions) of equation (1). Then the general solution is given by: 


y = Cyyi(x) + Cry2(x), (2) 
where C'; and C are arbitrary constants. 


2°. Let y; = y1(@) be any nontrivial particular solution of equation (1). Then its general solution 
can be represented as: 


a fi 
y= n(Cr +0 [ dz), where F = / — dx. (3) 

Yy fr 
3°. Consider the equation 

Vro + fay = 0, 
which is written in the canonical form; see Paragraph 0.2.1-3 for the reduction of equations to this 
form. Let y;(xz) be any nontrivial partial solution of this equation. The general solution can be 
constructed by formula (3) with F’'=0 or formula (2) in which 


=] 2 fail \2 ! 
pio)=y, f Cota 5 M91 CH dz + +, i <=: 
[yp + yy yy +p 
Here, y; = yi(@) and the prime denotes differentiation with respect to x. The last formula is suitable 
where y; vanishes at some points. 


0.2.1-2. Wronskian determinant and Liouville’s formula. 


The Wronskian determinant (or Wronskian) is defined by: 

Yi(z)  Yyo(x) 

yi(x) 5 (a) 

where yi(), y2(“) is a fundamental system of solutions of equation (1). 
Liouville’s formula: 


W(a2)= = yi(Yr)2 — Y2(Yi)e> 


= fi) | 
W (a) = W (a) exp|— dt]. 
(2) = W(20) P| 0 
0.2.1-3. Reduction to the canonical form. 
1°. The substitution Leff 
1 
=u(x)exp(-~ | —dz 4 
y = ula) o( ae ) (4) 
brings equation (1) to the canonical (or normal) form: 
PEN ARS | 
un. + f(xu=0, where f=—--—(—] --[—]. (5) 
f f fh 4X\h 2\ fr] » 
2°. The substitution (4) is a special case of the more general transformation (y is an arbitrary 
function) 
1 fily) 
T=(E), y=ulE)y/lp_(E)| ex (-5 dp }, 
PS), y= Uh) /leeOI exp | —5 nC 


which also brings the original equation to the canonical form. 
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0.2.1-4. Reduction to the Riccati equation. 


The substitution u = y',/y brings the second-order homogeneous linear equation (1) to the Riccati 
equation: 
frau, + frlayu’ + fi@yu+ fo(a) = 0, 


which is discussed in Subsection 0.1.4. 


0.2.1-5. Nonhomogeneous linear equations. The existence theorem. 


A second-order nonhomogeneous linear equation has the form 


fi@)yire + Ailey, + fol)y = g(x). (6) 
Existence and uniqueness theorem. On an open interval a < x < b, let the functions fo, fi, fo, 
and g be continuous and f, #0. Also let 


yao) =A, (a0) = B 
be arbitrary initial conditions, where xo is any point such that a < x9 <b, and A and B are arbitrary 


prescribed numbers. Then a solution of equation (6) exists and is unique. This solutions is defined 
for all x € (a,b). 


0.2.1-6. Nonhomogeneous linear equations. Various representations of the general solution. 


1°. The general solution of the nonhomogeneous linear equation (6) is the sum of the general solution 
of the corresponding homogeneous equation (1) and any particular solution of the nonhomogeneous 
equation (6). 

2°. Let yi; = yi(X), Yo = yo(x) be a fundamental system of solutions of the corresponding ho- 
mogeneous equation, with g = 0. Then the general solution of equation (6) can be represented 


as: 
g dz 


AW (7) 


y= CntCnen [nt W -n ft 


where W = yi(y2)!, — y2(y1)), is the Wronskian determinant. 
3°. Given a nontrivial particular solution y; = yi(x) of the homogeneous equation (with g = 0), a 
second particular solution y2 = y2(#) can be calculated from the formula: 


-F 
€ 
nan f Tae, where P= [ Sas, W=e?. (8) 


Then the general solution of equation (6) can be constructed by (7). 
Subsections 2.1.2—2.1.8 present only homogeneous equations; the solutions of the corresponding 
nonhomogeneous equations can be obtained using (7) and (8). 


4°. Let 4%, and % be respective solutions of the nonhomogeneous differential equations L [y;] = 
gi(a) and L[y2] = g2(a), which have the same left-hand side but different right-hand sides; where 
L[y] is the left-hand side of equation (6). Then the function ¥ = y1 +y2 is a solution of the equation 
L[y] = 91%) + 92(2). 


0.2.1-7. Reduction to a constant coefficient equation (a special case). 
Let fo =1, fo #0, and the condition 


1 fi 


fol + =a=const 


aE Viol 


be satisfied. Then the substitution € = / V|foldx leads to a constant coefficient linear equation, 


Yee + aye + Sign fo = 0 
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0.2.1-8. Kummer-—Liouville transformation. 


The transformation 
r=a(t), y=B)z+ 70), (9) 


where a(t), G(t), and y(t) are arbitrary sufficiently smooth functions (3 #0), takes any linear 
differential equation for y(z) to a linear equation for z = z(t). In the special case y = 0, a 
homogeneous equation is transformed to a homogeneous one. 

Special cases of transformation (9) are widely used to simplify second- and higher-order linear 
differential equations. 


‘O) References for Subsection 0.2.1: G. A. Korn and T. M. Korn (1968), E. Kamke (1977), A. D. Polyanin and V. F. Zaitsev 
(1995), S. Yu. Dobrokhotov (1998), D. Zwillinger (1998). 


0.2.2. Representation of Solutions as a Series in the Independent 
Variable 


0.2.2-1. Equation coefficients are representable in the ordinary power series form. 


Let us consider a homogeneous linear differential equation of the general form 


Ynw + f(x)y’, + g(a)y = 0. (1) 


Assume that the functions f(2) and g(x) are representable, in the vicinity of a point x = 0, 
in the power series form, 


f@) => An@—20)",  9@) =) Bale— 20)", (2) 


n=0 n=0 


on the interval |%—2z9|<R, where R stands for the minimum radius of convergence of the two series 
in (2). In this case, the point x = 9 is referred to as an ordinary point, and equation (1) possesses 
two linearly independent solutions of the form: 


y(t) = So an(w— 29)", ya(7) = Do bn (a — 200)”. (3) 
n=0 n=0 


The coefficients a,, and b,, are determined by substituting the series (2) into equation (1) followed 
by extracting the coefficients of like powers of (a — x%9).* 


0.2.2-2. Equation coefficients have poles at some point. 


Assume that the functions f(a) and g(x) are representable, in the vicinity of a point « = 0, in the 
form 


f@)= >> An@-20)",  g@)= SO Br(w- 20)", (4) 


n=-1 n=-2 


on the interval |x — x| < R. In this case, the point x = %o is referred to as a regular singular point. 
Let A; and Az be roots of the quadratic equation 


N+ (A4-1DA+ By =0. 
There are three cases, depending on the values of the exponents of the singularity. 


* Prior to that, the terms containing the same powers (a — xo)*, k=0,1,..., should be collected. 
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1. If Ay # Ay and A; — Az is not an integer, equation (1) has two linearly independent solutions 
of the form: 


ya) = |e aol 1+ Sana)", 
= (5) 
yr(e) = |e - aol [1+ So baw 20)". 


n=l 


2. If A; = Az = A, equation (1) possesses two linearly independent solutions: 


yr(a) = |e aol [1+ )> ana a0)"], 


n=l 


yr(a) = yx(a) In |x — aol + fe — 2ol* D> bn( — 20)”. 


n=0 


3. If A; = Ax +N, where N is a positive integer, equation (1) has two linearly independent 
solutions of the form: 


ya) = |e aro 1+ Sane a0)", 


n=l 


yr(a) = kyy(a) In x — aol + fe — 20l? S> bala — 20)”, 


n=0 
where k may be equal to zero. 


To construct the solution in each of the three cases, the following procedure should be performed: 
substitute the above expressions of y; and y2 into the original equation (1) and equate the coefficients 
of (—20)” and (x-— 20)” In|x — xo] for different values of n to obtain recurrence relations for the 
unknown coefficients. From these recurrence relations the solution sought can be found. 


© References for Subsection 0.2.2: G.M. Murphy (1960), G. A. Korn and T. M. Korn (1968), E. Kamke (1977), D. Zwillinger 
(1989). 


0.2.3. Asymptotic Solutions 


This subsection presents asymptotic solutions,as e—+0 (€>0), of some second-order linear ordinary 
differential equations containing arbitrary functions (sufficiently smooth), with the independent 
variable being real. 


0.2.3-1. Equations not containing y!,. Leading asymptotic terms. 


1°. Consider the equation 
eye — F(a)y =0 (1) 
on aclosed interval as x <b. 


Case 1. With the condition f #0, the leading terms of the asymptotic expansions of the 
fundamental system of solutions, as ¢ — 0, are given by the formulas: 


Yt = fexp(-= f Var), yo = f/4 exe(= [ VFar) if f >0, 
n=ChVseos(= f /=Far), n=Chrisin(S [ V=Faz) if f <0. 
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Case 2. Discuss the asymptotic solution of equation (1) in the vicinity of the point x = zo, 
where function f(x) vanishes, f(a) = 0 (such a point is referred to as a transition point). We 
assume that the function f can be presented in the form 


f(®) = (ao — 2)W(2), where ~@(ax)>0. 


In this case, the fundamental solutions, as ¢ — 0, are described by three different formulas: 


aa sins [ ViF@ dx+ -] if r-xp > 6, 


. Taman if |a— ao <6, 
aan ls LVI a] it wo-a25, 

1 1 pe eae. 
Fore le f, Vif@lar+ Z] if 2-202, 
Y2 rear Bi(z) if |e —2o| <0, 


[f(@ FoF exp|= s Via) dz] if rp-x>0, 


where Ai(z) and Bi(z) are the Airy functions of the first and second kind, respectively (see equation 
2.1.2.2), 2 =e ?2/3[h(aq)]!/3(a9 — 2), and 6 = O(e?/9). 


0.2.3-2. Equations not containing y!,. Two-term asymptotic expansions. 


The two-term asymptotic expansions of the solution of equation (1) with f >0, as e > 0, ona 
closed interval a < x <b, has the form: 


nro all ae) 
ma roro(t [! Vide) {1+ [° [5 Fe — a5 Ger] tee 00), 
where Zo is an arbitrary number satisfying the inequality a < x < b. 


The asymptotic expansions of the fundamental system of solutions of equation (1) with f <0 
are derived by separating the real and imaginary parts in either formula (2). 


(2) 


0.2.3-3. Equations of special form not containing y/,. 


Consider the equation 
e'Y ne 2” fay =0 (3) 


on a closed interval a < x < b, where a <0 and b >0, under the conditions that m is a positive 
integer and f(x) #0. In this case, the leading term of the asymptotic solution, as ¢ — 0, in 
the vicinity of the point z = 0 is expressed in terms of a simpler model equation, which results 
from substituting the function f(a) in equation (3) by the constant f(0) (the solution of the model 
equation is expressed in terms of the Bessel functions of order 1/m, see equation 2.1.2.7). 

We specify below formulas by which the leading terms of the asymptotic expansions of the 
fundamental system of solutions of equation (3) with a< «<0 and 0<2 <b are related (excluding 
a small vicinity of the point x = 0). Three different cases can be extracted. 
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1°. Let m be an even integer, and f(x) > 0. Then, 


1 x 
[f(ay4 exp|— I Ji@ dx| if «<0, 


y= . 
ef @ exp[— [ Vf (2) dx| if «>0, 
1 x 
Lf@r'/*exp|-= [ Vi@) da if «<0, 
y= 


kL f(@yi/4 exp[-= fi VI@) da if x>0, 
where f = f(x), k= sin(). 


2°. Let m be an even integer, and f(x) < 0. Then, 


If(x)F/4 cos [- Ke VJif@idx + =| if «<0, 


y= an 
k'Nf(@p/4 cos|— / JAf@\de- “| ao: 
1 se T 
-1/4 ee Sa 5 
ms If(w)| cos | - f J f@ldx | iP 20: 


ki f(a)l'/4 cos E f JM f@ldz + 4 if «>0, 


where f = f(x), k= tan( ="). 


3°. Let m be an odd integer. Then, 


Lf(x)F/4 cos [-= he JM f@ida + “| if r<0, 


a 1a -1/4 a Viwd if 0 
sh tr@r'exp[— f° VF@ae] if x >0, 
1 x T 
-1/4 wae 4 ; 
= Lf(a)| cos| - f Vif@ldx a Pe. 


kEf(@) 4 exp [- a JI@ dx| if 2>0, 
where f = f(x), k= sin(=). 


0.2.3-4. Equations not containing y/,. Equation coefficients are dependent on e. 


Consider an equation of the form 

e°Yne — f(a,e)y =0 (4) 
on a closed interval a < « <b under the condition that f #0. Assume that the following asymptotic 
relation holds: 

f@e= >) filzie*, € 30. 
k=0 

Then the leading terms of the asymptotic expansions of the fundamental system of solutions of 
equation (4) are given by the formulas: 


si 1 1 
y= fo “@) exp| | Vie@ dz +— Az) dz [1 + Of)], 


€ 2) Vi@) 
= 1 1 
n= fo'“wrexo[= [ Vh@de+ 5 [ > ar] [+06] 
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0.2.3-5. Equations containing y/,. 


1°. Consider an equation of the form 


EY ne + (ayy, + f(x)y =0 


on a closed interval 0 < x < 1. With g(x) > 0, the asymptotic solution of this equation, satisfying 
the boundary conditions y(0) = C and y(1) = C2, can be represented in the form: 


y = (C, — kC) exp [-<7'9(0)z] +C, exp| / = dz| + Ole), 
= 1 f(«) 
where k = exp| ere da. 
2°. Now let us take a look at an equation of the form 
Ye teg(@)yi, + f(a)y =0 (5) 


on aclosed interval a < x < b. Assume 
D(a) = (g(x)? —4f (2) #0. 


Then the leading terms of the asymptotic expansions of the fundamental system of solutions of 
equation (5), as € —> 0, are expressed by 


=|D(2)- V4 exp[-5- | VD@ Jd 5 fo da | [1 +00], 
y= D(a) 4 exp|s- [VB@ de 5 = ao dx| [1 + O(e)]. 


0.2.3-6. Equations of the general form. 


The more general equation 


ery! teg(a,e)y!, + f(a,e)y =0 


1 
is reducible, with the aid of the substitution y= w exp (-= i g dx) , to an equation of the form (4), 
€ 


ew, +(f -— 49° — Seg),w =0, 


to which the asymptotic formulas given above in Paragraph 0.2.3-4 are applicable. 


‘O) References for Subsection 0.2.3: W. Wasov (1965), F. W. J. Olver (1974), A. H. Nayfeh (1973, 1981), M. V. Fedoryuk 
(1993). 


0.2.4. Boundary Value Problems 


0.2.4-1. The first, second, third, and mixed boundary value problems (7; < x < %2). 


We consider the second-order nonhomogeneous linear differential equation 


Ynw + F (ayy, + g(a)y = h(a). (1) 


1°. The first boundary value problem: Find a solution of equation (1) satisfying the boundary 
conditions 
y=a, at ©=%, y=a, at L=2. (2) 


(The values of the unknown are prescribed at two distinct points x; and 22). 
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2°. The second boundary value problem: Find a solution of equation (1) satisfying the boundary 
conditions 

| oo y,=@, at L=2. (3) 
(The values of the derivative of the unknown are prescribed at two distinct points 7; and 22). 


3°. The third boundary value problem: Find a solution of equation (1) satisfying the boundary 


conditions ; 

Y, —kiy=a, at ©=%), 
; (4) 

y,+koy=a, at =". 
4°. The third boundary value problem: Find a solution of equation (1) satisfying the boundary 
conditions 

y=a, at x=), yp at a (5) 
(The unknown itself is prescribed at one point, and its derivative at another point.) 
Conditions (1), (2), (3), and (4) are called homogeneous if a, = ay = 0. 


0.2.4-2. Simplification of boundary conditions. Reduction of equation to the self-adjoint form. 


1°. Nonhomogeneous boundary conditions can be reduced to homogeneous ones by the change of 
variable z = Apx* + Aja +Aot+y (the constants Az, A;, and Ag are selected using the method 
of undetermined coefficients). In particular, the nonhomogeneous boundary conditions of the first 
kind (1) can be reduced to homogeneous boundary conditions by the linear change of variable 

a2z— ay, 


z= y- —(@#-2)- a. 
t.2— Ly 


2°. On multiplying by p(x) = exp / f(x) dz| , one reduces equation (1) to the self-adjoint form: 
[p(x)yi], + (@)y = r(2). (6) 


Without loss of generality, we further consider equation (6) instead of (1). We assume that the 
functions p, p’., q, and r are continuous on the interval 7, < x < 4, and p is positive. 


0.2.4-3. The Green’s function. Boundary value problems for nonhomogeneous equations. 


The Green’s function of the first boundary value problem for equation (6) with homogeneous 
boundary conditions (2) is a function of two variables G'(a, s) that satisfies the following conditions: 


1°. G(a,s) is continuous in x for fixed s, with x; <x <a and 4; <s< a. 

2°. G(a,s) is a solution of the homogeneous equation (6), with r=0, for all 7; <a <2 exclusive 
of the point x =s. 

3°. G(a, 8) satisfies the homogeneous boundary conditions G(x, 8) = G(a2, s) =0. 

4°. The derivative G',(a,s) has a jump of 1/p(s) at the point 7 =s, that is, 

1 


LS, L<S = p(s) y 


GQ) gp ang ~ Fel9) 


@—s, Z>s 


For the second, third, and mixed boundary value problems, the Green’s function is defined 
likewise except that in 3° the homogeneous boundary conditions (3), (4), and (5), with a; = az =0, 
are adopted, respectively. 

The solution of the nonhomogeneous equation (6) subject to appropriate homogeneous boundary 
conditions is expressed in terms of the Green’s function as follows:* 


y(2) = ih G(a, s)r(s) ds. 


* The homogeneous boundary value problem—with r(x) = 0 and a, = a2 = 0—is assumed to have only the trivial 
solution. 
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0.2.4-4. Representation of the Green’s function in terms of particular solutions. 


We consider the first boundary value problem. Let y; =y1(x) and y2=y2(x) be linearly independent 
particular solutions of the homogeneous equation (6), with r = 0, that satisfy the conditions 


yi(t1)=0, = yo(@2) = 0. 


(Each of the solutions satisfies one of the homogeneous boundary conditions.) 
The Green’s function is expressed in terms of solutions of the homogeneous equation as follows: 


yi(x)yo(s) 
ae for a) <a<s, 
len ee eae eiateadl (7) 
: Wyle)» send a 
p(s)W(s)  ., 


where W(x) = yi(%)y}(X) — y{(@)y2(x) is the Wronskian determinant. 

Remark. Formula (7) can also be used to construct the Green’s functions for the second, third, 
and mixed boundary value problems. To this end, one should find two linearly independent solutions, 
yi = yi(@) and yr = yo(x), of the homogeneous equation; the former satisfies the corresponding 
homogeneous boundary condition at x = x, and the latter satisfies the one at x = x2. 


@) References for Subsection 0.2.4: L. E. El’sgol’ts (1961), E. Kamke (1977), A. N. Tikhonov, A. B. Vasil’eva, and 
A. G. Sveshnikov (1980). 


0.2.5. Eigenvalue Problems 


0.2.5-1. The Sturm—Liouville problem. 


Consider the second-order homogeneous linear differential equation 


[f(x)yil2 + g(a) — h(z)ly = 0 (1) 
subject to linear boundary conditions of the general form 


ay,,t+by=0 at r=21, (2) 


any,,tboy=0 at r=2). 


It is assumed that the functions f, f/, g, and fh are continuous, and f and g are positive on an 
interval 7; < x < Zp. It is also assumed that |a,|+|b;| > 0 and |az| + |b2| > 0. 

The Sturm—Liouville problem: Find the values .,, of the parameter at which problem (1), (2) 
has a nontrivial solution. Such A,, are called eigenvalues and the corresponding solutions yn = Yyn(x) 
are called eigenfunctions of the Sturm—Liouville problem (1), (2). 


0.2.5-2. General properties of the Sturm—Liouville problem (1), (2). 


1°. There are infinitely (countably) many eigenvalues. All eigenvalues can be ordered so that 
ry < Ad < A3 < ---. Moreover, 7, — co as nm —> oo; hence, there can only be a finite number of 
negative eigenvalues. Each eigenvalue has multiplicity 1. 


2°. The eigenfunctions are defined up to a constant factor. Each eigenfunction y,,(x) has precisely 
mn — 1 zeros on the open interval (x1, £2). 


3°. Any two eigenfunctions y,,(z) and y (xz), n #_m, are orthogonal with weight g(x) on the 
interval 7; <x <M: 


[ 9@n@um(a) de=0 if nem. 
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4°. Anarbitrary function F(a) that has a continuous derivative and satisfies the boundary conditions 
of the Sturm—Liouville problem can be decomposed into an absolutely and uniformly convergent 
series in the eigenfunctions: 


F(®) = ¢ Fnyn(), 
n=1 


where the Fourier coefficients F,, of F(x) are calculated by 


1 pe = 
F, = wae g(a) F(x)yn(x) da, lyall? = [ g(x)y,(a) dee. 


5°. If the conditions 
h(a) 2 0, a,b; < 0, ayb 20 (3) 


hold true, there are no negative eigenvalues. If h =0 and b; = 67 =0, the least eigenvalue is A; =0, 
to which there corresponds an eigenfunction y; = const. In the other cases where conditions (3) are 
satisfied, all eigenvalues are positive. 


6°. The following asymptotic formula is valid for eigenvalues as n — oo: 


_ Wn — ft fF g(x) 
An = + OW), A= | Vw (4) 


Paragraphs 0.2.5-3 through 0.2.5-6 will describe special properties of the Sturm—Liouville 
problem which depend on the specific form of the boundary conditions. 


Remark 1. Equation (1) can be reduced to the case where f(2)=1 and g(x)=1 by the change 


of variables 
c=/ V > ae, uO = [Fa)g(a)] ya). 


In this case, the boundary conditions are transformed to boundary conditions of similar form. 


Remark 2. The second-order linear equation 
Pr(T)Yrx + Pi(@)yy + [A + polar) ]y = 0 


can be represented in the form of equation (1) where f(x), g(a), and h(x) are given by: 


o pil) ence pil) __ Pola) yi() 
f(a)=exp| Ge) dz, g(x)= a exp| es) dx| , A(x)= aC) ex oD) dx. 


0.2.5-3. Problems with boundary conditions of the first kind (case a, = az = 0 and b; = b) = 1). 


Let us note some special properties of the Sturm—Liouville problem that is the first boundary value 
problem for equation (1) with the boundary conditions 


y=0 at r=%, y=0 at ©=2%). (5) 


1°. For n — oo, the asymptotic relation (4) can be used to estimate the eigenvalues ,,. In this 
case, the asymptotic formula 


Yn(a@) — 4 V4 Tan pe [g(a) 1 per [ g(a) 
Tet [a7ane| sin Ef Fe] +O(5): A= Vi@® 


holds true for the eigenfunctions y,,(x). 
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TABLE 2 
Example estimates of the first eigenvalue A; in Sturm—Liouville problems 
with boundary conditions of the first kind y(0) = y(1) = 0 obtained 
using the Rayleigh-Ritz principle [the right-hand side of relation (6)] 


Yn trA(4—27)y=0 135.317 134.837 


(cay yley=0 7003 am 
iii 19956 = 


( 
z=sin mx 0.54105 72 0.54032 72 
” +1+ =0 
YeotAA+sin x)y z=2(1-2) 0.55204 12 0.54032 12 


2°. If h 20, the following upper estimate holds for the least eigenvalue (Rayleigh-Ritz principle): 


[Oey + hay] de 


om (6) 
) g(x)z? dx 


is 


where z= z(a) is any twice differentiable function that satisfies the conditions 2(#1) = 2(#2) = 0. 
The equality in (6) is attained if z = y;(@), where y;(«) is the eigenfunction corresponding to the 
eigenvalue ,. One can take z = (a—2)(@2 — 2%) or z=sin [see in (6) to obtain specific 
@2—- 2X 
estimates. 
It is significant to note that the left-hand side of (6) usually gives a fairly precise estimate of the 


first eigenvalue (see Table 2). 
3°. The extension of the interval [#,, 22] leads to decreasing in eigenvalues. 
4°. Let the inequalities 
0< fmin s f(x) Ss Smax; 0< Jmin s g(z) s Jmax> 0< Rmin < h(x) < Amax 
be satisfied. Then the following bilateral estimates hold: 
vee) 


Simin mn ; Amin < De < Simax ; ; 
Jmax (x2 = 21) Jmax Jmin (x2 a 21) Jmin 


mn Amax 


5°. In engineering calculations for eigenvalues, the approximate formula 


pe) 
mn 1 22 h(a) w [ g(x) 
An = + | — dr, Aas —— dr 7 
A* — a — 2 Ja, G(2) x f(z) ) 
may be quite useful. This formula provides an exact resultif f(x)g(a)=const and h(x) /g(x)=const 
(in particular, for constant equation coefficients, f = fo, h = ho, and g = go) and gives a correct 


asymptotic behavior of (4) for any f(z), h(x), and g(x). In addition, relation (7) gives two correct 
leading asymptotic terms as n + co if f(x)=const and g(x)=const [and also if f(«)g(x)=const]. 
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6°. Suppose f(x) = g(a) =1 and the function h = h(x) has a continuous derivative. The following 
asymptotic relations hold for eigenvalues ,, and eigenfunctions y,,(%) as n — oo: 


7m 1 1 
V/ An= ae +—H(a1,22)+0(—), 


— 2) 
Yn(X) = sin as aad) - a [@ — 2)H(a@, 22) + (4 —-x)A (x4, 2)| cos gia) +O (<). 
2 — Ly, Tm @2— 2X nm 
where 
A (u,v) = 5 ie A(x) dx. (8) 


7°. Let us consider the eigenvalue problem for the equation with a small parameter 
ye, +Ateh(a)y=0 (€>0) 


subject to the boundary conditions (5) with 7; =0 and x2 = 1. We assume that h(x) = h(-2). 
This problem has the following eigenvalues and eigenfunctions: 


A’, 1 
An = Wn? —€Ann paca = 7s = t Oe), Ane = 2f A(x) sin(anz) sin(rkx) dx; 


i @ ee aoe! Ank ‘ 2 
Yn(£) = v2 sin(7na) — € 7 ay 72 BE sin(akx) + O(e*). 


Here, the summation is carried out over k from 1 to oo. The next term in the expansion of y,, can 
be found in Nayfeh (1973). 


0.2.5-4. Problems with boundary conditions of the second kind (case a@;=a2=1 and b;=b)=0). 


Let us note some special properties of the Sturm—Liouville problem that is the second boundary 
value problem for equation (1) with the boundary conditions 


oO) cats Say, y=0 at w= 29, 


1°. If h > 0, the upper estimate (6) is valid for the least eigenvalue, with z = z(x) being any 
twice-differentiable function that satisfies the conditions z/,(a) = z/,(a2) = 0. The equality in (6) is 
attained if z = y;(x), where y (2) is the eigenfunction corresponding to the eigenvalue Aj. 


2°. Suppose f(x) = g(a) =1 and the function h = h(x) has a continuous derivative. The following 
asymptotic relations hold for eigenvalues X,, and eigenfunctions y,,(%) as n — oo: 


_ mn-1) 
Vn = 1-21 rae 1) 
m(n—1)(@- 21) 


1 
Yn(Z) = COS . ee + ——_ =D G — x) H(x, £7) 


H(01,22)+0( =), 


a(n — 1)(@— aan +0(-). 
nm 


+ (a. —-2)H (x, x)| sin ea 


where H(u,v) is given by (8). 
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0.2.5-5. Problems with boundary conditions of the third kind (case a; = a2 = 1 and 6,by #0). 


We consider the third boundary value problem for equation (1) subject to condition (2) with 
@, = @2 = 1. Weassume that f(x) = g(x) =1 and the function h = A(x) has a continuous derivative. 
The following asymptotic formulas hold for eigenvalues \,, eigenfunctions y,,(z) as n — oo: 


Bag a Ee H(01,22)- bi +62] +O(—3), 


2-2 m(n-—1) 


Yn(L) = COS n(n — I(e— 21) ape 1 ~{ (1 =f) [H(«, a) + b| 
v2 — 21 m(n—1) 
+ (r= 0) [H(n.2)~b,]} sin PE) 5 (2), 


where H(u,v) is defined by (8). 


0.2.5-6. Problems with mixed boundary conditions (case a; = b2 = 1 and az = b; = 0). 


Let us note some special properties of the Sturm—Liouville problem that is the a mixed boundary 
value problem for equation (1) with the boundary conditions 


a ate as y=O at r=. 


1°. If h 2 0, the upper estimate (6) is valid for the least eigenvalue, with z = z(#) being any 
twice-differentiable function that satisfies the conditions z/(a,) =0 and z(a#2) = 0. The equality 
in (6) is attained if z= y)(x), where y;(«) is the eigenfunction corresponding to the eigenvalue Aj. 


2°. Suppose f(x) = g(a) =1 and the function h = h(x) has a continuous derivative. The following 
asymptotic relations hold for eigenvalues ,, and eigenfunctions y,,(%) as n — oo: 


_ rQn-1) 3 1 
Vn = Wee) none 5 H(a1.22) + O(=5), 


nmQn — 1)(@- 2) 

~ e2-%) m@n—-1) [(e1 - 2) H(@, 22) 
m(2n — 1)(@—- #1) 1 
ee 


yn() = cos 
+ (a -2)H (x, 2)| sin 


where H(u,v) is defined by (8). 


‘O) References for Subsection 0.2.5: L. Collatz (1963), E. Kamke (1977), A. G. Kostyuchenko and I. S. Sargsyan (1979), 
V. A. Marchenko (1986), B. M. Levitan and I. S. Sargsyan (1988), V. A. Vinokurov and V. A. Sadovnichii (2000), 
A. D. Polyanin (2002). 


0.3. Second-Order Nonlinear Differential Equations 


0.3.1. Form of the General Solution. Cauchy Problem 


0.3.1-1. Equations solved for the derivative. General solution. 


A second-order ordinary differential equation solved for the highest derivative has the form 


Von = Se ysy))- (1) 


The general solution of this equation depends on two arbitrary constants, C'; and C’2. In some cases, 
the general solution can be written in explicit form, y = y(#,C 1, C2), but more often implicit or 
parametric forms of the general solution are encountered. 


© 2003 by Chapman & Hall/CRC 


0.3.1-2. Cauchy problem. The existence and uniqueness theorem. 


1°. Cauchy problem: Find a solution of equation (1) satisfying the initial conditions 
y(@o)=Yyo, (Lo) = yi. (2) 


(At a point x = Xo, the value of the unknown function, yo, and its derivative, y;, are prescribed.) 


2°. Existence and uniqueness theorem. Let f(a, y, Z) be a continuous function in all its arguments 
in a neighborhood of a point (xo, yo, y1) and let f have bounded partial derivatives fy and f, in 
this neighborhood, or the Lipschitz condition is satisfied: |f (a, y, z)-—f(#, 9, Z| <A (ly—gl+1z—2l) ; 
where A is some positive number. Then a solution of equation (1) satisfying the initial conditions (2) 
exists and is unique. 


‘O) References for Subsection 0.3.1: G. A. Korn and T. M. Korn (1968), I. G. Petrovskii (1970), E. Kamke (1977), 
A.N. Tikhonov, A. B. Vasil’eva, and A. G. Sveshnikov (1980). 


0.3.2. Equations Admitting Reduction of Order 


0.3.2-1. Equations not containing y explicitly. 


In the general case, an equation that does not contain y implicitly has the form 
F(2, Yq You) = 0. (1) 


Such equations remain unchanged under an arbitrary translation of the dependent variable: 
y > y+tconst. The substitution y! = z(x), y!, = 2/.(x), brings (1) to a first-order equation: 
F(a, z, 21) =0. 


0.3.2-2. Equations not containing x explicitly (autonomous equations). 


In the general case, an equation that does not contain x implicitly has the form 


Pay syle) =0. (2) 


Such equations remain unchanged under an arbitrary translation of the independent variable: 
x — x+const. Using the substitution y’, = w(y), where y plays the role of the independent 
variable, and taking into account the relations y//,, = w), = wyyi, = Ww, One can reduce (2) to a 
first-order equation: F(y,w, ww,,) = 0. 

Remark 1. The equation y”, = f(y+az* + bx +c) is reduced by the change of variable 
u=ytaz? + ba +c to an autonomous equation, wu”, = f(u) + 2a. 


0.3.2-3. Equations of the form F(az + by, y!., y/,) = 0. 


Such equations are invariant under simultaneous translations of the independent and dependent 
variables in accordance with the rule + «+bc, y > y-—ac, where c is an arbitrary constant. 

For 6 = 0, see equation (1). For b #0, the substitution bw = az + by leads to equation (2): 
F(bw, w!, — a/b, w',,,) = 0. 


0.3.2-4. Equations of the form F(a, ry/, —y, y/!,,) = 0. 


The substitution w(x) = xy, —y leads to a first-order equation: F(x, w, w!,/x) =0. 
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0.3.2-5. Homogeneous equations. 


1°. The equations homogeneous in the independent variable remain unchanged under scaling of the 
independent variable, x — az, where a is an arbitrary nonzero number. In the general case, such 
equations can be written in the form 


Fy, 2Y{,, 2° Yn) = 0. (3) 
The substitution z(y) = zy!, leads to a first-order equation: F'(y, z, 2ky —z)=0. 


2°. The equations homogeneous in the dependent variable remain unchanged under scaling of the 
variable sought, y — ay, where qa is an arbitrary nonzero number. In the general case, such 
equations can be written in the form 


F(&, Y/Y; Yeo! Y) = 0. (4) 
The substitution z(z) = y/,/y leads to a first-order equation: F(a, z, 2), + 2)=0. 


3°. The equations homogeneous in both variables are invariant under simultaneous scaling (dilata- 
tion) of the independent and dependent variables, x — ax and y — ay, where qa is an arbitrary 
nonzero number. In the general case, such equations can be written in the form 


F(y/z, y',, £Yn,) = 0. (5) 


The transformation ¢ = In|z|, w = y/x leads to an autonomous equation (see Paragraph 0.3.2-2): 
F(w,w, + w, wi, + wy) = 0. 


0.3.2-6. Generalized homogeneous equations. 


1°. The generalized homogeneous equations remain unchanged under simultaneous scaling of the 
independent and dependent variables in accordance with the rule z > ax and y > a*y, where a 
is an arbitrary nonzero number and k is some number. Such equations can be written in the form 


Beye 9.8 in) = 0. (6) 
The transformation t = Ina, w =a~*y leads to an autonomous equation (see Paragraph 0.3.2-2): 
F(w, w, + kw, wy + (2k - Dw; + kk - lw) =0. 
2°. The most general form of representation of generalized homogeneous equations is as follows: 
Fary™, cy, /Y,2°Yre/y) = 0. (7) 
The transformation z= «"y™, u=<xy/',/y brings this equation to the first-order equation 
F (z,u, z(mutn)ju, —utu’) =0. 


Remark 2. For m #0, equation (7) is equivalent to equation (6) in which k =-—n/m. To 
the particular values n = 0 and m = 0 there correspond equations (3) and (4) homogeneous in 
the independent and dependent variables, respectively. For n = —m #0, we have an equation 
homogeneous in both variables (5). 


0.3.2-7. Equations invariant under scaling—translation transformations. 


1°. The equations of the form 
FEM. yee yh) =0 8) 


remain unchanged under simultaneous translation and scaling of variables, z > x+a and y > Gy, 
where 3 = e~* and aq is an arbitrary number. The substitution w = e*”y brings (8) to an 
autonomous equation (see Paragraph 0.3.2-2): F(w, w!, — Aw, w'), —2Aw!, + 2w) = 0. 
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2°. The equation 

Fey", ¥',/9,Yeu/Yy) = 0 (9) 
is invariant under the simultaneous translation and scaling of variables, x > x+a and y > By, 
where 3 = exp(—aA/n) and a is an arbitrary number. The transformation z = e**y", w = y/,/y 
brings (9) to a first-order equation: F (z, w, 2(nw + AYw) + w?) =0. 
3°. The equation 

Fae, vy’, 2°y",) =0 (10) 
is invariant under the simultaneous scaling and translation of variables, « > ax and y > y+, 
where a = exp(—GA/n) and ( is an arbitrary number. The transformation z = ced, w= xy, 
brings (10) to a first-order equation: F' (z, w, 2Awt nw) — w) =0. 


0.3.2-8. Exact second-order equations. 


The second-order equation 
F@.Y. Yn» ra) = 0 (11) 
is said to be exact if it is the total differential of some function, F' = y',, where y = (a, y, y/,). If 
equation (11) is exact, then we have a first-order equation for ¢: 
P(®.Ys Yi) = C, (12) 
where C' is an arbitrary constant. 
If equation (11) is exact, then F(a, y, y!,, yi!) must have the form: 


FL, YY Vou) = [GY Veer + GL Ys Yo): (13) 
Here, f and g are expressed in terms of y by the formulas: 
) fs) ) 
feyi= so. gel) = Fe + ou. (14) 
OY: Oy 


By differentiating (14) with respect to x, y, and p=y!., we eliminate the variable y from the 
two formulas in (14). As a result, we have the following test relations for f and g: 


fox + 2pfaoy +P Fyy = Gop + PIup — Iu» 
Sep + Pfyp + 2fy = Ipp- 
Here, the subscripts denote the corresponding partial derivatives. 


If conditions (15) hold, then equation (11) with F' of (13) is exact. In this case, we can integrate 
the first equation in (14) with respect to p= y/, to determine y = y(z, y, y’,,): 


p= | f@ayp)dp+ vay), (16) 


where w(x, y) is an arbitrary function of integration. This function is determined by substituting 
(16) into the second equation in (14). 
Example. The left-hand side of the equation 


(15) 


Woe + Ye) +2aryy!, tay? =0 (17) 
can be represented in the form (13), where f =y and g = p? + 2aryp + ay”. It is easy to verify that conditions (15) are 
satisfied. Hence, equation (17) is exact. Using (16), we obtain 


p=yptv@,y). (18) 
Substituting this expression into the second equation in (14) and taking into account the relation g = p? + 2axyp + ay’, 
we find that 2aryp + ay* = vx + py. Since ~ = W(x, y), we have 2axy = wy and ay? = Wx. Integrating yields 
ap = axy? + const. Substituting this expression into (18) and taking into account relation (12), we find a first integral of 
equation (17): 


yptary* =C,, where p=y/,. (19) 


Setting w = y’, we arrive at the first-order linear equation w!, + 2aaw = 2C\, which is easy to integrate. Thus, we find the 
solution of the original equation in the form: 


y =2C; exp(-ax”) f exo(ax”) dz + Cy exp (-ax), 
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0.3.2-9. Reduction of quasilinear equations to the normal form. 


We consider the equation 

You + F(x)y, + gay = B(x, y) (20) 
with linear left-hand side and nonlinear right-hand side. Let y;(x) and y2(x) form a fundamental 
system of solutions of the truncated linear equation corresponding to ® = 0. The transformation 


_ y2(2) eee 


BENE Sa 21 
yi(@) yi(@) oD 


brings equation (20) to the normal form: 


yil@) Z) 


uge = U(E,u), where W(€,u)= We) 


®(z, yi(x)u) : 
Here, W(x) = y1y — yoy; is the Wronskian of the truncated equation; and the variable x must be 
expressed in terms of € using the first relation in (21). 

Transformation (21) is convenient for the simplification and classification of equations having 
the form (20) with ®(z,y) = h(x)y*, thus reducing the number of functions from three to one: 
{f,g,h} => {0, 0, hi}. 


© References for Subsection 0.3.2: G. M. Murphy (1960), E. Kamke (1977), V. F. Zaitsev and A. D. Polyanin (1993, 2001), 
A. D. Polyanin and V. F. Zaitsev (1995), D. Zwillinger (1998). 


0.3.3. Methods of Regular Series Expansions with Respect to the 
Independent Variable or Small Parameter 


0.3.3-1. Method of expansion in powers of the independent variable. 


A solution of the Cauchy problem 


Vea = SVG): (1) 
y(%o) = Yo, Ye(L0) = M1 (2) 


can be sought in the form of a Taylor series in powers of the difference («— 29), specifically: 


Vasla £0) Yewa (£0) 
3! 


y(x) = y(@o) + yi,(a@o)(a — 0) + S—(w — ao)? + = — ar) + (3) 
The first two coefficients y(xo) and y/,(xo) in solution (3) are defined by the initial conditions (2). 
The values of the subsequent derivatives of y at the point 7 = 29 are determined from equation (1) 
and its derivative equations (obtained by successive differentiation of the equation) taking into 
account the initial conditions (2). In particular, setting x = xo in (1) and substituting (2), we obtain 


the value of the second derivative: 


Yiru(X0) = f (£0, Yo, Y1)- (4) 
Further, differentiating (1) yields 
Your = F(t, Y,Yr) + fy(@.Y, Yee + fy, (GY Yo Vee (5) 


On substituting x = a, the initial conditions (2), and the expression of y/’,.(ao) of (4) into the 
right-hand side of equation (5), we calculate the value of the third derivative: 


wy 


Yoru(L0) = fu(Xo, Yo. ¥1) + Fy(@o, Yo. YiY1 + F (Xo; Yo. V1) Fy, (Lo; Yo. V1): 


The subsequent derivatives of the unknown are determined likewise. 
The thus obtained solution (3) can only be used in a small neighborhood of the point x = zo. 
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0.3.3-2. Method of regular (direct) expansion in powers of the small parameter. 


We consider an equation of general form with a parameter é: 


Vow + f@,Y Yr.€) = 0. (6) 
We assume that the function f can be represented as a series in powers of ¢: 


f@uyno=> 6" fale, Ys): (7) 
n=0 
Solutions of the Cauchy problem and various boundary value problems for equation (6) with 
€ — 0 are sought in the form of a power series expansion: 


y= > e"yn(2). (8) 
=0 


One substitutes expression (8) into equation (6) taking into account (7). Then the functions f,, are 
expanded into power series with respect to the small parameter, and the coefficient of like powers 
of € are collected. Equating the resulting expressions (the coefficient of like powers of €) to zero, 
one atrives at a system of equations for y,: 


Yo + fo(a, Yo, Yo) = 9, (9) 
" ty, ft ! Peo = Ofo = Ofo 
Yi + F(a, yo. YoY + G(2, Yo. YoN1 + f1(@, Yos Yo) = 9, F= By" G= aie (10) 


Here, only the first two equations are written out. The prime denotes differentiation with respect 
to x. To obtain the initial (or boundary) conditions for y,,, the expansion (8) is taken into account. 
The success in the application of this method is primarily determined by the possibility of 
constructing a solution of equation (9), for the leading term yo. It is significant to note that the other 
terms y,, with n = 1 are governed by linear equations with homogeneous initial conditions. 
Example. The Duffing equation with initial conditions 
Yeo tytey=0, yO)=a, y;,(0) =O, 


describes the motion of a cubic oscillator, i.e., oscillations of a point mass on a nonlinear spring. Here, y is the deviation of 
the point mass from the equilibrium and «x is dimensionless time. 

For ¢« — 0, an approximate solution of the problem is sought in the form of the asymptotic expansion (8). We 
substitute (8) into the equation and initial conditions and expand in powers of €. On equating the coefficients of like powers 
of the small parameter to zero, we obtain the following problems for yo and yj: 


yo + Yo =0, youd, yy =0; 
yi tm=—yo, yr =0, yi =0. 
The solution of the problem for yo is given by: 


Yo = Acosz. 


Substituting this expression into the equation for y; and taking into account the identity cos? x = t cos 3a + 3 cos x, we 
obtain 
yf ty = —ja5(cos 3a +3cos x), yi =0, yj, =0. 
Integrating yields 
Y= -Zara sing + 4a*(cos 3a —3cos x). 


Thus the two-term solution of the original problem is given by: 


y =acosz + ea | ca sina + + (cos 3x 3cosx)| + Olé"). 


Remark 1. The term x sinx causes y;/yo — 00 as x — oo. For this reason, the solution obtained is unsuitable at 
large times. It can only be used for ex < 1; this results from the condition of applicability of the expansion, yo >> ey}. 

This circumstance is typical of the method of regular series expansions with respect to the small parameter; in other 
words, the expansion becomes unsuitable at large values of the independent variable. This method is also inapplicable if 
the expansion (8) begins with negative powers of ¢. Methods that allow avoiding the above difficulties are discussed in 
Subsection 0.3.4. 


Remark 2. Growing terms as x — ov, like x sinz, that narrow down the domain of applicability of asymptotic 
expansions are called secular. 


© References for Paragraph 0.3.3-2: A. H. Nayfeh (1973, 1981). 
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0.3.3-3. Padé approximants. 


Suppose the &+1 leading coefficients in the Taylor series expansion of a differential equation about 
the point x = 0 are obtained by the method presented in Paragraph 0.3.3-1, so that 


Yrui(L) =ao+a,nt+---+a,z*. (11) 


The partial sum (11) pretty well approximates the solution at small x but is poor for intermediate 
and large values of x, since the series can be slowly convergent or even divergent. This is also 
related to the fact that yz —* co as x — ov, while the exact solution can well be bounded. 

In many cases, instead of the expansion (11), it is reasonable to consider a Padé approximant 
Pi‘ (2), which is the ratio of two polynomials of degree N and M, specifically, 

N 
PNX(a) = eee where N+M=k. (12) 

The coefficients A,,..., Ay and B,,..., Byy are selected so that the k +1 leading terms in the 
Taylor series expansion of (12) coincide with the respective terms of the expansion (11). In other 
words, the expansions (11) and (12) must be asymptotically equivalent as x — 0. 

In practice, one usually takes N =M (the diagonal sequence). It often turns out that formula (12) 
pretty well approximates the exact solution on the entire range of «x (for sufficiently large NV). 


Example 1. Consider the following Cauchy problem for a second-order nonlinear equation: 
Yoo =Yotys yO) =y,(0) = 1. (13) 


The Taylor series expansion of the solution about z = 0 has the form (see Paragraph 0.3.3-1): 


y l+atar tar tatty... (14) 


This geometric series is convergent only for |x| < 1. 
The diagonal sequence of Padé approximants corresponding to series (14) is: 


1 1 1 
P@ye i 3) = 5, ea (15) 


1 
It is not difficult to verify that the function y(x) = i is the exact solution of the Cauchy problem (13). Hence, in 


this case, the diagonal sequence of Padé approximants recovers the exact solution from only a few terms in the Taylor series. 


Example 2. Consider the Cauchy problem for a second-order nonlinear equation: 
Yeo =2yyes yO) =0, yO) =1. (16) 


Following the method presented in Paragraph 0.3.3-1, we obtain the Taylor series expansion of the solution to prob- 


lem (16) in the form: 


yx) =a 4 ta + <0 pth? 4... (17) 


The exact solution of problem (16) is given by: y(x) = tan x. Hence it has singularities at 7 = +3(2n +1). However, 
any finite segment of the Taylor series (17) does not have any singularities. 
With series (17), we construct the diagonal sequence of Padé approximants: 


x(a? — 15) 
3(2a? — 5)’ 


5a(21 — 2a?) 
at — 45a? + 105° 


P}(a) = P3(a) = Pi (a) = (18) 


0 
3-0?’ 


These Padé approximants have singularities (at the points where the denominators vanish): 


x ~ £1.732 for P}(x), 
x © £1,581 for P3(x), 
a ~ +1.571 and « ~ +6.522 for Pi(a). 


It is apparent that the Padé approximants are attempting to recover the singularities of the exact solution at x =+7/2 and 
a =437/2. The Padé approximant Pi (a) gives an accurate numerical approximation of the exact solution on the interval 
|x| < 2 (the error is everywhere less than 1%, except for a very small neighborhood of the point « = +7/2). 


‘O) References for Paragraph 0.3.3-3: G. A. Baker (Jr.) and P. Graves—Morris (1981), D. Zwillinger (1989, pp. 450-453). 
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0.3.4. Perturbation Methods of Mechanics and Physics 


0.3.4-1. Preliminary remarks. A summary table of basic methods. 


Perturbation methods are widely used in nonlinear mechanics and theoretical physics for solving 
problems that are described by differential equations with a small parameter ¢. The primary purpose 
of these methods is to obtain an approximate solution that would be equally suitable at all (small, 
intermediate, and large) values of the independent variable as e — 0. 

Equations with a small parameter can be classified according to the following: 


(i) the order of the equation remains the same at € = 0; 
(ii) the order of the equation reduces at € = 0. 


For the first type of equations, solutions of related problems* are sufficiently smooth (little varying 
as € decreases). The second type of equation is said to be degenerate at « = 0, or singularly 
perturbed. In related problems, thin boundary layers usually arise whose thickness is significantly 
dependent on ¢; such boundary layers are characterized by high gradients of the unknown. 

All perturbation methods have a limited domain of applicability; the possibility of using one or 
another method depends on the type of equations or problems involved. The most commonly used 
methods are summarized in Table 3 (the method of regular series expansions is set out in Paragraph 
0.3.3-2). In subsequent paragraphs, additional remarks and specific examples are given for some 
of the methods. In practice, one usually confines oneself to few leading terms of the asymptotic 
expansion. 

In many problems of nonlinear mechanics and theoretical physics, the independent variable is 
dimensionless time ¢. Therefore, in this subsection we use the conventional t, 0 < t < oo instead 
of x. 


0.3.4-2. The method of scaled parameters (Lindstedt—Poincaré method). 


We illustrate the characteristic features of the method of scaled parameters with a specific example 
(the transformation of the independent variable we use here as well as the form of the expansion are 
specified in the first row of Table 3). 


Example 1. Consider the Duffing equation: 
vie ty tey? =0. (1) 


On performing the change of variable ¢ = z(1 + €w,+---), we have 


yl, +A teu, ++» Py + ey) =0. (2) 

The solution is sought in the series form y = yo(z) + eyi(z) +--+. Substituting it into equation (2) and matching the 
coefficients of like powers of €, we arrive at the following system of equation for two leading terms of the series: 

yo + yo =0, (3) 

Yt +41 =p — wiyo, (4) 


where the prime denotes differentiation with respect to z. 
The general solution of equation (3) is given by: 


yo = acos(z + b), (5) 
where a and 6 are constants of integration. Taking into account (5) and rearranging terms, we reduce equation (4) to 


yy ty= -ta? cos [3(z + b)] - 2a(2a? + w1) cos(z + b). (6) 
For w, # -2a?, the particular solution of equation (6) contains a secular term proportional to z cos(z + 6). In this case, 
the condition of applicability of the expansion y;/yo = O(1) (see the first row and the last column of Table 3) cannot be 


satisfied at sufficiently large z. For this condition to be met, one should set 
3.2 
wy =-Fa’. (7) 


* Further on, we assume that the initial and/or boundary conditions are independent of the parameter «. 
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TABLE 3 
Perturbation methods of nonlinear mechanics and theoretical physics 


(the third column gives n leading asymptotic terms with respect to the small parameter €) 


Method Examples of problems Form of the solution Additional 
name solved by the method sought conditions and remarks 


Method 
of scaled 
parameters 
(O<t<oo) 


Method 
of strained 
coordinates 
(O<t<oo) 


Averaging 
method 
(O<t<oo) 


Krylov— 


Bogolyubov— 


Mitropolskii 
method 
(O<t<oo) 


Method 
of two-scale 
expansions 

(O<t<oo) 


Multiple 
scales 
method 
(O<t<oo) 


Method of 
matched 
asymptotic 
expansions 
(O<a <b) 


Method of 
composite 

expansions 
(O<x <b) 


Unknowns: yx and wx; 
Yrui/yr=O(1); 
secular terms are 
eliminated through 
selection of the constants w, 


One looks for periodic 
solutions of the equation 
yutwoy=ef(y. yi); 
see also Paragraph 0.3.4-2 


n-l1 
yt)= >> e*yn(z), 
k=0 


n-1 
t=z (+5 ctw) 
k=l 
Cauchy problem: 
y=ft.y,2); y(to)=yo 
(f is of a special form); 
see also the problem in the 
method of scaled parameters 


n-1 
y(t)=>- e* yn(z), Unknowns: y; and yp; 
b=0 yr+i/Yr=O(1), 


n-1 
t=24+ > e*pr(z) pru/pr=OQ) 
k=l 


y=a(t) cos y(t), 
the amplitude a and phase y 
are governed by the equations 


Cauchy problem: 
vrtwoy=e f(y. Ye), 
yO=yo, ye(O)=y1; 

for more general problems, 
see Paragraph 0.3.4-3, Item 2° 


Unknowns: a and ¢; 
fs= > oe sin yF dy, 
f= x cos pF dy, 

F=f (acos y,—awy sin y) 


n-1 
y=acos y+), e* yn (a, ~)s 
k=l 


a and ~ are determined 
by the equations 


n 
d k 
Gt =D, € An(a), 
kot 


One looks for periodic 
solutions of the equation 
yortwoy=ef(y, yb); 
Cauchy problem for this 
and other equations 


Unknowns: yz, Ax, ®e; 
Yk are 27-periodic 
functions of »; 
the yx are assumed 
2 not to contain cos py 

oe Bae e*@, (a) 


Cauchy problem: 
yutwoy=e f(y. Ye), 
yO)=yo, wO=ys 

for boundary value problems, 


Unknowns: yx and wx; 
Yyrei/yr=O(1); 
secular terms are 
eliminated through 
selection of w, 


n-1 
y=). e*yn(E,m), where 
k=0 


n-1 
€=et, n=t (44> ctwr) ; 
k=2 


see Paragraph 0.3.4-4, Item 2° LacZ +(1teunrt- . ye 


One looks for periodic 
solutions of the equation 
yutwoy=et ly, yi); 
Cauchy problem for this 
and other equations 


Unknowns: yz; 
Yrui/yr=O(1); 
for n=1, this method 
is equivalent to 
the averaging method 


n-1 
y= >> e*yx, where 
k=O 


yr=yx(To,T1,.--»Tn), Te=e"t 


a= 20 8 vig eens O 
0m eon TE OT 


Outer expansion: 
n-l 
Y=>_oK(E)yn(L), O(€) S280. 
k=0 
Inner expansion (z=2/e): 


n-1 
Y=>_on(E)yn(Z), OS eSOCE) 
k=0 


Boundary value problem: 
EYrat f(©,Y)Yn=G(@,Y)> 
yO)=yo, y(b)=Yo 
(f assumed positive); 
for other problems, see 
Paragraph 0.3.4-5, Item 2° 


Unknowns: yk , Yk, Ck, Ok; 
yrui/yr=O(), 
Gru /Yr=O(1); 
the procedure of 
matching expansions is used: 
y(a@ + 0)=y(z 00) 


Unknowns: Y%, Yx, on, Ok; 
Y(6,€)=Yyo, 
Y(0,e)+Y (0, €)=yo; 
two forms of representation 
of the equation 
(in terms of «x and z) 
are used to obtain solutions 


y=Y(z,6)+¥(z, ©), 
n-l1 


Y=) on(€)¥4(a), 


k=0 
a. Gtel s ab x 
Y=)0 on(e)¥u (2), 2=—. 
k=0 E 
Here, ¥; 30 as z— 00 


Boundary value problem: 
EYrat f(©, Y)Yn=9G(@.Y)> 
yO)=yo, y(b)=Yyo 
(f assumed positive); 
boundary value problems 
for other equations 
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In this case, the solution of equation (6) is given by: 


Y= 4a cos [3(z + b)] : (8) 


Subsequent terms of the expansion can be found likewise. 
With (5), (7), and (8), we obtain a solution of the Duffing equation in the form: 


y = acos(wt + b) + pea cos [3(wt + b)] + Ole’), 


w= [1 zea + Oe?) =14 zea + O(e7). 


0.3.4-3. Averaging method (Van der Pol—Krylov—Bogolyubov scheme). 


1°. The averaging method involved two stages. First, the second-order nonlinear equation 
viet woy =e f(y Ye) (9) 
is reduced with the transformation 
y=acosy, Yy,=—woasiny, where a=a(t), y=~(t), 


to an equivalent system of two first-order differential equations: 
! € : : ! € - 
a, =-— f(acosy,—woasiny)siny, Y,=Wo- aan” COS /, —Woa Sin Y) COS Y. (10) 
W9 0 


The right-hand sides of equations (10) are periodic in y, with the amplitude a being a slow function 
of time ¢. The amplitude and the oscillation character are changing little during the time the phase ~ 
changes by 27. 

At the second stage, the right-hand sides of equations (10) are being averaged with respect to vy. 
This procedure results in an approximate system of equations: 


E E 
a,=-— f(a), Y, = wo - —f.(a), (11) 
Wo Woa 
where 


1 27 1 20 
f(@ = —| siny f(acosy,—woasiny)dy, f.(a)= —| cosy f(acos y, —woa sin y) dy. 
2n Jo 2m JO 


System (11) is substantially simpler than the original system (10)—the first equation in (11), for 
the oscillation amplitude a, is a separable equation and, hence, can readily be integrated; then the 
second equation in (11), which is linear in y, can also be integrated. 

Note that the Krylov-Bogolyubov—Mitropolskii method (see the fourth row in Table 3) gener- 
alizes the above approach and allows obtaining subsequent asymptotic terms as € — 0. 


2°. Below we outline the general scheme of the averaging method. We consider the second-order 
nonlinear equation with a small parameter: 


Yar + g(t, ys UE) = EF (LY, Yp)- (12) 
Equation (12) should first be transformed to the equivalent system of equations 
Y=U, urtgt.yu=ef(ty,w). (13) 
Suppose the general solution of the “truncated” system (13), with e = 0, is known: 


yo = p(t,C1,C2), uo = Wt, C1, C2), (14) 
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where C, and C are constants of integration. Taking advantage of the method of variation of 
constants, we pass from the variables y, wu in (13) to Lagrange’s variables x1, 22 according to the 
formulas 


y= pt, 21,22), w=Vt, 1,22), (15) 


where and w are the same functions that define the general solution of the “truncated” system (14). 
Transformation (15) allows the reduction of system (13) to the standard form: 


x, =eFi(t,21,22), 24 =eFi(t, 21, 22). (16) 
Here, the prime denotes differentiation with respect to ¢ and 


potty.) pif, p Y) Oy 
F; ees F. a rere, = 2, = 
‘path — pro : yoy1 — Y1Y2 ee OX, Pe rk 


p=ot, 21,22) W=W(t, 21,22). 


It is significant to note that system (16) is equivalent to the original equation (12). The unknowns 
2, and 2x are slow functions of time. 
As a result of averaging, system (16) is replaced by a simpler, approximate autonomous system 
of equations: 
g, =eFi(a1,02), £5 =eF2(x1, 22), (17) 


where 
1 T 
F(X}, £2) = al Fy (t, £1, £2) dt, if F, isa T’-periodic function of ¢; 
0 
1 i ks 
Fx(21, 22) = lim al F(t, £1, 22) dt, if F, is not periodic in t. 
To>0 T 0 


Remark 1. The averaging method is applicable to equations (9) and (12) with nonsmooth 
right-hand sides. 


Remark 2. The averaging method has rigorous mathematical substantiation. There is also a 
procedure that allows finding subsequent asymptotic terms. For this procedure, e.g., see the books 
by Bogolyubov and Mitropolskii (1974), Zhuravlev and Klimov (1988), and Arnold, Kozlov, and 
Neishtadt (1993). 


0.3.4-4. Method of two-scale expansions (Cole—Kevorkian scheme). 


1°. We illustrate the characteristic features of the method of two-scale expansions with a specific 
example. Thereafter we outline possible generalizations and modifications of the method. 


Example 2. Consider the Van der Pol equation: 


yi ty =e —ydy}. (18) 


The solution is sought in the form (see the fifth row in Table 3): 


y = yolE.n) + eyi(E.) + Er yr(Em 00°, 


19 
€E=et, (L+e7w. +-+-)t. es 


On substituting (19) into (18) and on matching the coefficients of like powers of €, we obtain the following system for two 
leading terms: 


ayo 
+ yo =0, (20) 
On* 
2. 2: 
OU gp i igh, (21) 
On? O£0n On 
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The general solution of equation (20) is given by: 
yo = A(é) cosy + B(6) sinn. (22) 
The dependence of A and B on the slow variable € is not being established at this stage. 
We substitute (22) into the right-hand side of equation (21) and perform elementary manipulations to obtain 
oy 
On? 


ty: = [-2B¢ + 4 B(4- A’ - B’)] cosn + [2A¢ - 4.AG - A? - B*)] sinn 
+ 4(B? - 3A’ B) cos 3 + ¢(A® - 3AB”) sin 3n. (23) 


The solution of this equation must not contain unbounded terms as 7 —> co; otherwise the necessary condition y; /yo = O(1) 
is not satisfied. Therefore the coefficients of cos and sin7 must be set equal to zero: 


2By + ¢B(4—- A’ - B*) =0, 


(24) 
2A), - 4.A(4- A? - B?) =0. 


Equations (24) serve to determine A = A(€) and B = B(€). We multiply the first equation in (24) by —B and the second 
by A and add them together to obtain 


re - ar(4 —r’*)=0, where 1? = A> +B?. (25) 
The integration by separation of variables yields: 


2 
, a (26) 
ro +(4-rajes 


where 7 is the initial oscillation amplitude. 

Onexpressing A and B interms of the amplitude r and phase y, we have A=rcosy and B=-r sin y. Substituting 
these expressions into either of the two equations in (24) and using (25), we find that Le =0 or y= Yo = const. Therefore 
the leading asymptotic term can be represented as: 


Yo = 7(§) cos(n + Yo), 
where € = et and 7 = t, and the function r(€) is determined by (26). 


2°. The method of two-scale expansions can also be used for solving boundary value problems 
where the small parameter appears together with the highest derivative as a factor (such problems 
for 0 < x <a are indicated in the seventh row of Table 3 and in Paragraph 0.3.4-5). In the case 
where a boundary layer arises near the point x = O (and its thickness has an order of magnitude 
of €), the solution is sought in the form: 


y = yol€,n) tey(E,m) +e yrlE,m) +---, 
f=2, n=e'[gol(x)t+egi(x)+e°go(x) +--+], 


where the functions y, = yx(€,7) and gx = 9% (x) are to be determined. The derivative with respect 
to x is calculated in accordance with the rule: 


d 0 ,@ @ 


—= 7+ RLS Cray re een ae 
dx  0€ Te Bp dE « : On 


Additional conditions are imposed on the asymptotic terms in the domain under consideration; 
namely, Yyrai/yx = O(1) and grai/gr = O(1) for k=0, 1, ..., and go(z) 9 @ as & > 0. 

Remark. The two-scale method is also used to solve problems that arise in mechanics and 
physics and are described by partial differential equations. 


0.3.4-5. Method of matched asymptotic expansions. 


1°. We illustrate the characteristic features of the method of matched asymptotic expansions with a 
specific example (the form of the expansions is specified in the seventh row of Table 3). Thereafter 
we outline possible generalizations and modifications of the method. 
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Example 3. Consider the linear boundary value problem 


Yue + Yn + f(a)y = 0, (27) 
yO)=a, yd)=6, (28) 


where 0 < f(0) < oo. 
At € =0 equation (27) degenerates; the solution of the resulting first-order equation 


yi, + f@y =0 (29) 


cannot meet the two boundary conditions (28) simultaneously. It can be shown that the condition at 7 = 0 has to be omitted 
in this case (a boundary layer arises near this point). 

The leading asymptotic term of the outer expansion, y = yo(x) + O(€), is determined by equation (29). The solution 
of (29) that satisfies the second boundary condition in (28) is given by: 


i 
yon) =bexp| [feds]. (30) 


We seek the leading term of the inner expansion, in the boundary layer adjacent to the left boundary, in the following 
form (see the seventh row and third column in Table 3): 


Y=Yolz)+Ole), z=2/e, (31) 
where z is the extended variable. Substituting (31) into (27) and extracting the coefficient of e~!, we obtain 
W +H =0, (32) 


where the prime denotes differentiation with respect to z. The solution of equation (32) that satisfies the first boundary 
condition in (28) is given by: 
Jo =a-C+Ce™. (33) 


The constant of integration C' is determined from the condition of matching the leading terms of the outer and inner 
expansions: 
yo(z — 0) = Yo(z — ov). (34) 


Substituting (30) and (33) into condition (34) yields 


1 
C =a-be, where ne f f(a) dz. (35) 
0 


Taking into account relations (30), (31), (33), and (35), we represent the approximate solution in the form: 
bef? + (a - be) e-e/e for 0< a <Of€), 


; (36) 
vexp| [ fe ae] for O(e)<a@ <1. 


y= 


It is apparent that inside the thin boundary layer, whose thickness is proportional to ¢, the solution rapidly changes by a 
finite value, A = be'S) — a. 

To determine the function y on the entire interval x €[0, 1] using formula (36), one has to “switch” at some intermediate 
point « = Xo from one part of the solution to the other. Such switching is not convenient and, in practice, one often resorts 
to a composite solution instead of using the double formula (36). In similar cases, a composite solution is defined as: 


y=Yyo@)+9o(z)-A, A= lim yo(x)= lim Jo(z). 
x0 Zo 
In the problem under consideration, we have A = be‘! and hence the composite solution becomes: 
1 
y =(a- bef?) e-2/e + bexp Lf f© de] : 
xr 


For ¢ < x <1, this solution transforms to the outer solution yo(a) and for 0< x < «, to the inner solution, thus providing 
an approximate representation of the unknown over the entire domain. 


2°. We now consider an equation of the general form 
EVne = F(@, YY) (37) 


subject to boundary conditions (28). 
For the leading term of the outer expansion y = yo(x) + ---, we have the equation: 


F(z, yo, yo) = 0. 
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In the general case, when using the method of matched asymptotic expansions, the position of 
the boundary layer and the form of the inner (extended) variable have to be determined in the course 
of the solution of the problem. 

First we assume that the boundary layer is located near the left boundary. In (37), we make a 
change of variable z = 7 /d(€) and rewrite the equation as 


Yon = " P(6:, Ys <u). (38) 


The function 6 = d(€) is selected so that the right-hand side of equation (38) has a nonzero limit 
value as ¢ — 0, provided that z, y, and y’, are of the order of 1. 
Example 4. For F(z,y,y!,)=—ka>y!, +y, where 0 < A <1, the substitution z = «/5(e) brings equation (37) to 
lta 2: 


5 
yf, =-——kay), + —y. 
€ €. 


In order that the right-hand side of this equation has a nonzero limit value as ¢ — 0, one has to set 6! /e = 1 or 


gir /e =const, where const is any positive number. It follows that 6 = a, 

The leading asymptotic term of the inner expansion in the boundary layer, y = Yo(z)+- -- , is determined by the equation 
Uy +kz*y) =0, where the prime denotes differentiation with respect to z. 

If the position of the boundary layer is selected incorrectly, the outer amd inner expansions 
cannot be matched. In this situation, one should consider the case where an arbitrary boundary layer 
is located on the right (this case is reduced to the previous one with the change of variable x7 = 1-2). 
In example 4 above, the boundary layer is on the left if & > 0 and on the rightif k <0. 

There is a procedure for matching subsequent asymptotic terms of the expansion (see the seventh 
row and last column in Table 3). In its general form, this procedure can be represented as: 


inner expansion of the outer expansion (y-expansion for x —> 0) 


= outer expansion of the inner expansion (y-expansion for z —> 00). 


Remark 1. The method of matched asymptotic expansions can also be applied to construct 
periodic solutions of singularly perturbed equations (e.g., in the problem of relaxation oscillations 
of the Van der Pol oscillator). 


Remark 2. Two boundary layers can arise in some problems (e.g., in cases where the right-hand 
side of equation (37) does not explicitly depend on y/,). 


Remark 3. The method of matched asymptotic expansions is also used for solving equations 
(in semi-infinite domains) that do not degenerate at ¢ = 0. In such cases, there are no boundary 
layers; the original variable is used in the inner domain, and an extended coordinate is introduced in 
the outer domain. 


Remark 4. The method of matched asymptotic expansions is successfully applied for the 
solution of various problems in mathematical physics that are described by partial differential 
equations; in particular, it plays an important role in the theory of heat and mass transfer and in 
hydrodynamics. 


© References for Subsection 0.3.4: M. Van Dyke (1964), A. Blaquiere (1966), G. D. Cole (1968), G. E. O. Giacaglia (1972), 
A. H. Nayfeh (1973, 1981), N. N. Bogolyubov and Yu. A. Mitropolskii (1974) J. Kevorkian and J. D. Cole (1981, 1996), 
P. A. Lagerstrom (1988), V. Ph. Zhuravlev and D. M. Klimov (1988), V. I. Arnold, V. V. Kozlov, and A. I. Neishtadt (1993). 


0.3.5. Galerkin Method and Its Modifications (Projection Methods) 


0.3.5-1. General form of an approximate solution. 


Consider a boundary value problem for the equation 


sly] — f(@) =0 (1) 
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with linear homogeneous boundary conditions at the points x=, and x= (%,; <¥ <4). Here, 

® is a linear or nonlinear differential operator of the second order (or a higher order operator); 

y = y(a) is the unknown function and f = f(x) is a given function. It is assumed that ¥[0] = 0. 
Let us choose a sequence of linearly independent functions 


Y= YPn(2) (n=1,2,..., N) (2) 


satisfying the same boundary conditions as y=y(x). According to all methods that will be considered 
below, an approximate solution of equation (1) is sought as a linear combination 


N 
n=1 
with the unknown coefficients A,, to be found in the process of solving the problem. 
The finite sum (3) is called an approximation function. The remainder term Rj obtained after 
the finite sum has been substituted into the equation (1) has the form 


Rn = Slyn|-f. (4) 


If the remainder Ry is identically equal to zero, then the function yy is the exact solution of 
equation (1). In general, Ry #0. 


0.3.5-2. Galerkin method. 


In order to find the coefficients A, in (3), consider another sequence of linearly independent 
functions 

w = ,(2) (K=1,2,..., N). (5) 
Let us multiply both sides of (4) by ~, and integrate the resulting relation over the region 
V = {x,; < & < x}, in which we seek the solution of equation (1). Next, we equate the cor- 
responding integrals to zero (for the exact solutions, these integrals are equal to zero). Thus, we 
obtain the following system of linear algebraic equations for the unknown coefficients A: 


[ enRy dx =0 he Doe Ny: (6) 


Relations (6) mean that the approximation function (3) satisfies equation (1) “on the average” 
(i.e., in the integral sense) with weights ,. Introducing the scalar product (g, h) = a ghdx of 


arbitrary functions g and h, we can consider equations (6) as the condition of orthogonality of the 
remainder Ry to all weight functions wx. 

The Galerkin method can be applied not only to boundary value problems but also to eigen- 
value problems (in the latter case, one takes f = Ay and seeks eigenfunctions y,,, together with 
eigenvalues ,,). 

Mathematical justification of the Galerkin method for specific boundary value problems can be 
found in the literature listed at the end of Subsection 0.3.5. Below we describe some other methods, 
which are in fact special cases of the Galerkin method. 

Remark. As a rule, one takes suitable sequences of polynomials or trigonometric functions as 
Yn(Z) in the approximation function (3). 


0.3.5-3. The Bubnov—Galerkin method, the moment method, and the least squares method. 


1°. The sequences of functions (2) and (5) in the Galerkin method can be chosen arbitrarily. In the 
case of equal functions, 

pe(t)=Ue(t) (K=1,2,..., N), (7) 
the method is often called the Bubnov—Galerkin method. 
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2°. The moment method is the Galerkin method with the weight functions (5) being powers of x, 
De =a". (8) 
3°. Sometimes, the functions 7, are expressed in terms of y, by the relations 
Ve=Sler] (K=1,2,...), 


where & is the differential operator of equation (1). This version of the Galerkin method is called 
the least squares method. 


0.3.5-4. Collocation method. 


In the collocation method, one chooses a sequence of points x,%, k = 1,...,.N, and imposes the 
condition that the remainder (4) be zero at these points, 
Ry =O at vG=2z (k=1,...,N). (9) 


When solving a specific problem, the points 7,, at which the remainder Ry is set equal to zero, 
are regarded as most significant. The number of collocation points N is taken equal to the number 
of the terms of the series (3). This allows one to obtain a complete system of algebraic equations for 
the unknown coefficients A,, (for linear boundary value problems, this algebraic system is linear). 

Note that the collocation method is a special case of the Galerkin method with the sequence (5) 
consisting of the Dirac delta functions: 


We = O(@ — Xp). 


In the collocation method, there is no need to calculate integrals, and this essentially simplifies 
the procedure of solving nonlinear problems (although usually this method yields less accurate 
results than other modifications of the Galerkin method). 


0.3.5-5. The method of partitioning the domain. 


The domain V = {a,; <x < 2} is split into N subdomains: V;, = {v,) S$ 2S 2p}, K=1,...,N. 
In this method, the weight functions are chosen as follows: 


_ Jil for ceVz, 
vilo)={ 4 for 7 € Vp. 


The subdomains V; are chosen according to the specific properties of the problem under consider- 
ation and can generally be arbitrary (the union of all subdomains V; may differ from the domain 
V, andsome V; and V,, may overlap). 


0.3.5-6. The least squared error method. 


Sometimes, in order to find the coefficients A,, of the approximation function (3), one uses the least 
squared error method based on the minimization of the functional: 
Z2 2 7 
f= Ry dx > min. (10) 
cal 


For given functions y,, in (3), the integral @ is a quadratic polynomial with respect to the coeffi- 
cients A,,. In this case, the necessary conditions of minimum in (10) have the form: 


O® 
= =1,...,N). 
OAn 0 (n ? ? ) 
This is a system of linear algebraic equations for the coefficients A,,. 


© References for Subsection 0.3.5: L. V. Kantorovich and V. I. Krylov (1962), M. A. Krasnoselskii, G. M. Vainikko, 
P. P. Zabreiko et al. (1969), S. G. Mikhlin (1970), B. A. Finlayson (1972), D. Zwillinger (1989). 
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0.3.6. Iteration and Numerical Methods 


0.3.6-1. The method of successive approximations (Cauchy problem). 


The method of successive approximations is implemented in two steps. First, the Cauchy problem 


iC (equation), (1) 
y(Xo) = yo, (Lo) = Yh (boundary conditions) (2) 


is reduced to an equivalent system of integral equations by the introduction of the new variable 
u(x) = y!,. These integral equations have the form 


wa) =yh+ [F(t y,uO) dt, ylx)=yo+ [ w(tyat, 3) 


Then the solution of system (3) is sought by means of successive approximations defined by the 
following recurrence formulas: 


Unsi(Z) = yf) + / F(teyn(t), un(t)) dt, ynsi(z) = yo+ / un(t)dt;  n=0,1,2,... 


As the initial approximation, one can take yo(%) = yo, Uo(@) = Yo. 
© References for Paragraph 0.3.6-1: G. A. Korn and T. M. Korn (1968), N. S. Bakhvalov (1973), E. Kamke (1977). 


0.3.6-2. The Runge-Kutta method (Cauchy problem). 


For the numerical integration of the Cauchy problem (1)-(2), one often uses the Runge-Kutta 
method. 
Let Az be sufficiently small. We introduce the following notation: 


tp=totkAr, ye=y(te), YR=Vr(te), f= Flee. YRsYe)s  &=0,1,2,... 
The desired values y, and y;, are successively found by the formulas: 


Yeu = Yn +y,Av+ 2(fit fort fa(Azy, 
Your = Yet (fi +2f2+2f3t faAc, 


where ; 
haha a), 
hi = f (re “h zAz, Ut sy, Aa, Ve ae +fiAc), 
fr=f(aettAz, y+ sy, Avt+ Ft f(Azy, y+ 4+fAz), 


fa= flan t+ Az, yx ty, Av+ Ffr(Azy, y, + fpAz). 
In practice, the step Az is determined in the same way as for first-order equations (see Remark 2 
in Paragraph 0.1.10-3). 


© References for Paragraph 0.3.6-2: G. A. Korn and T. M. Korn (1968), N. S. Bakhvalov (1973), E. Kamke (1977), 
D. Zwillinger (1989). 


0.3.6-3. Shooting method (boundary value problems). 


In order to solve the boundary value problem for equation (1) with the boundary conditions 
y(@1) = Yi y(@2) = Yrs (4) 
one considers an auxiliary Cauchy problem for equation (1) with the initial conditions 


y@y=y1, Yi, (v1) =a. (5) 
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(The solution of this Cauchy problem can be obtained by the Runge-Kutta method or some other 
numerical method.) The parameter a is chosen so that the value of the solution y = y(a, a) at the 
point x = 2» coincides with the value required by the second boundary condition in (4): 


y(X2, a) = yr. 
In a similar way one constructs the solution of the boundary value problem with mixed boundary 
conditions 
YU1)=Y1, — Yx(@2) + ky(@2) = yp. (6) 
In this case, one also considers the auxiliary Cauchy problem (1), (5). The parameter a is chosen so 
that the solution y = y(x, a) satisfies the second boundary condition in (6) at the point x = x. 
© References for Paragraph 0.3.6-3: S. K. Godunov and V. S. Ryaben’kii (1973), N. N. Kalitkin (1978). 


0.3.6-4. Method of accelerated convergence in eigenvalue problems. 


Consider the Sturm—Liouville problem for the second-order nonhomogeneous linear equation 


[f(w)y li + Ag@) — h(@)ly = 0 (7) 
with linear homogeneous boundary conditions of the first kind 
y(0) = yl) =0. (8) 


It is assumed that the functions f, f/, g, h are continuous and f >0, g>0. 

First, using the Rayleigh—Ritz principle, one finds an upper estimate for the first eigenvalue x 
[this value is determined by the right-hand side of relation (6) from Paragraph 0.2.5-3]. Then, one 
solves numerically the Cauchy problem for the auxiliary equation 


[f@ynl, + Aig(@) — h@)ly = 0 (9) 

with the boundary conditions 
y(0)=0, y,(0) = 1. (10) 
The function y(z, dr?) satisfies the condition y(xo, Ay =0, where 2 < 1. The criterion of closeness 
of the exact and approximate solutions, A; and \°, has the form of the inequality |1 — zo] < 6, 


where 6 is a sufficiently small given constant. If this inequality does not hold, one constructs a 
refinement for the approximate eigenvalue on the basis of the formula: 


[yi DP 
lIyll* 


1 
where ||y||? = | g(x)y"(a) dx. Then the value \} is substituted for \° in the Cauchy problem 
0 


At =A? - eof (1) €9 =1-20, (11) 


(9)-(10). As a result, a new solution y anda new point 7; are found; and one has to check whether 
the criterion |1—2,|<6 holds. If this inequality is violated, one refines the approximate eigenvalue 
by means of the formula: 


[yi DP 
lIyll* 


A= At -e1 f(1) ev=1—m, (12) 
and repeat the above procedure. 

Remark 1. Formulas of the type (11) are obtained by a perturbation method based on a trans- 
formation of the independent variable x (see Paragraph 0.3.4-1). If 2, > 1, the functions f, g, 
and h are smoothly extended to the interval (1,€], where €>2,. 


Remark 2. The algorithm described above has the property of accelerated convergence 
Ent © Ee, which ensures that the relative error of the approximate solution becomes 10+ to 1078 
after two or three iterations for €9 ~ 0.1. This method is quite effective for high-precision calcula- 
tions, is fail-safe, and guarantees against accumulation of roundoff errors. 
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Remark 3. In a similar way, one can compute subsequent eigenvalues A,,, m= 2, 3,... (to 
that end, a suitable initial approximation A°, should be chosen). 


Remark 4. A similar computation scheme can also be used in the case of boundary conditions 
of the second and the third kinds, periodic boundary conditions, etc. (see the references below). 


Example 1. The eigenvalue problem for the equation 
ye tA +a°y?y =0 


with the boundary conditions (8) admits an exact analytic solution and has eigenvalues A, = 15, A? =63,..., An = 16n?-1. 

According the Rayleigh-Ritz principle, formula (6) of Paragraph 0.2.5-3 for z = sin(7ax) yields the approximate 
value ao = 15.33728. The solution of the Cauchy problem (9)-(10) with f(z) = 1, g(a) = A + 2?)~, h(x) = 0 yields 
xo = 0.983848, 1-29 = 0.016152, ||y||* = 0.024585, y’, (ao) = -0.70622822. 

The first iteration for the first eigenvalue is determined by (11) and results in the value Al = 14.99245 with the relative 
error AX/At = 5x 107. 

The second iteration results in xt = 14.999986 with the relative error AX/ Xt < 10°. 


Example 2. Consider the eigenvalue problem for the equation 
(V1+ay!), t+ Ay =0 


with the boundary conditions (8). 
The Rayleigh-Ritz principle yields ag = 11.995576. The next two iterations result in the values Al = 11.898578 and 


MN = 11.898458. For the relative error we have AN/AN < 10>. 
© References for Paragraph 0.3.6-4: L. D. Akulenko and S. V. Nesterov (1996, 1997). 


> For more details about finite-difference methods and other numerical methods, see, for instance, 
the books by Lambert (1973), Keller (1976), and Zwillinger (1998). 


0.4. Linear Equations of Arbitrary Order 
0.4.1. Linear Equations with Constant Coefficients 


0.4.1-1. Homogeneous linear equations. 


An nth-order homogeneous linear equation with constant coefficients has the general form 
yO + any? +--+ aryl, tagy = 0. (1) 
The general solution of this equation is determined by the roots of the characteristic equation: 
P(A) = 0, where P(A) =X" + ana") +--+ aA + a0. (2) 
The following cases are possible: 


1°. Allroots A;, A2,..-, An of the characteristic equation (2) are real and distinct. Then the general 
solution of the homogeneous linear differential equation (1) has the form: 


y = Cl, exp(\,2) + Cy exp(\2%) + +--+ Cp exp(An2). 


2°. There are m equal real roots Ay = Az = --- = Am (m <n), and the other roots are real and 
distinct. In this case, the general solution is given by: 


y =exp(A,2)(C + Coa +--+ + Cyn ty 
+ Cnt exp(Am+ 2) + C42 eXp(Ams22) + +++ + Ch exp(An2). 


3°. There are m equal complex conjugate roots A= a+ (2m <n), and the other roots are real 
and distinct. In this case, the general solution is: 


y = exp(ax) cos(3x)(A, + Ape +---+ Am2™) 
+ exp(az) sin(Gz)(B, + Boz +---+ Byz™) 
+ Cami EXPArm+12) + Coma EXPArm+22) + +++ + Cn exp(n2), 


where Aj,..., Am, Bi,..-, Bm, Comu,---, Cn are arbitrary constants. 
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4°. In the general case, where there are r different roots ,, A2,..., A, of multiplicities 
m1, M2, ..., Mr, respectively, the right-hand side of the characteristic equation (2) can be rep- 
resented as the product 


PA) = (A= AD A= Ag)? A= Av)™, 


where m,+m2+---+m, =n. The general solution of the original equation is given by the formula: 


y= os exp(Agt)(Cro + Cait t---+Crm,a0™), 
k=l 


where C,, are arbitrary constants. 
If the characteristic equation (2) has complex conjugate roots, then in the above solution, one 
should extract the real part on the basis of the relation exp(a +7) = e°(cos @ + isin (). 


0.4.1-2. Nonhomogeneous linear equations. 


An nth-order nonhomogeneous linear equation with constant coefficients has the general form 
(n) CS ae ! es 3 
Yo +OniYe '+---+ ary, + doy = f(x). (3) 


The general solution of this equation is the sum of the general solution of the corresponding 
homogeneous equation (see Paragraph 0.4.1-1) and any particular solution of the nonhomogeneous 
equation. 

If all the roots A, A2, ..., An of the characteristic equation (2) are different, equation (3) has 


the general solution: 
n 


me Apex 
_ Aps& e™” —A\pz 
y=) Cve + BOD [ feo dx 


(for complex roots, the real part should be taken). 

Table 4 lists the forms of particular solutions corresponding to some special forms of functions 
on the right-hand side of the linear nonhomogeneous equation. 

In the general case, a particular solution can be constructed on the basis of the formulas from 
Paragraph 0.4.2-3. 


‘O) References for Subsection 0.4.1: G. A. Korn and T. M. Korn (1968), E. Kamke (1977), A. N. Tikhonov, A. B. Vasil’ eva, 
and A. G. Sveshnikov (1980), D. Zwillinger (1989). 


0.4.2. Linear Equations with Variable Coefficients 


0.4.2-1. Homogeneous linear equations. Structure of the general solution. 


The general solution of the nth-order homogeneous linear differential equation 


fla ye? + fra(ay? +---+ fi@)y’, + fola)y = 0 (1) 
has the form: 
y = Ciyi(2) + Cayo(x) +--+ + Cryn(2). (2) 
Here, y(&), yo(%), .-., Yn(x) is a fundamental system of solutions (the y, are linearly independent 
particular solutions, yz #0); C1, Co, ..., C, are arbitrary constants. 
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TABLE 4 
Forms of particular solutions of the constant coefficient nonhomogeneous linear equation 
YO +an yO Y+---+aryl,+aoy = f(x) that correspond to some special forms of the function f(x) 


Form of the Roots of the characteristic equation Form of a particular 
function f(x) A” + Gna A" | +---+a;A+ a9 =0 solution y = y(x) 
Zero is not a root of the B 
characteristic equation (i.e., ag # 0) m(X) 
Ppl) 
Zero is a root of the rs 
characteristic equation (multiplicity r) 
a is not a root of the Be we 
P,,(x)e%* characteristic equation Fm (aye 
(q@ is a real constant) a is a root of the rp ae 
characteristic equation (multiplicity r) a" Fim (a)e 
iQ is not a root of the P,(x) cos Bx 
P(x) cos Bat characteristic equation + Q,(£) sin Ba 
+ Q,(2) sin Bx iQ is a root of the x" [P,(x) cos Bau 
characteristic equation (multiplicity r) + Q,(2) sin 32] 
a +i is not a root of the [P,(x) cos Ba 
[Pn(x) cos Bar characteristic equation + Q,(2) sin Bxje* 
. iz = 
+ Q(x) sin Bale a+i@ is aroot of the x" [P,(x) cos Bx 
characteristic equation (multiplicity r) + Q(z) sin Baje°* 


Notation: Py, and Q are polynomials of degrees m and n with given coefficients; P,,, Py, 
and Q,, are polynomials of degrees m and v whose coefficients are determined by substituting 
the particular solution into the basic equation; vy = max(m, n); and a and £ are real numbers, 
Py) 

w=-l. 


0.4.2-2. Utilization of particular solutions for reducing the order of the original equation. 


1°. Let y; = y:(@) be a nontrivial particular solution of equation (1). The substitution 


y=i(a) [ a)de 


results in a linear equation of order n — 1 for the function 2(2). 


2°. Let y; =y1(a) and yz = y2(x) be two nontrivial linearly independent solutions of equation (1). 
The substitution 


y= | ywde-m [ yw de 
results in a linear equation of order n — 2 for w(). 


3°. Suppose that m linearly independent solutions yi(x), y2(Z), ..., Ym(@) of equation (1) are 
known. Then one can reduce the order of the equation to n — m by successive application of the 


following procedure. The substitution y = y(x) | z(a)dz leads to an equation of order n — 1 for 
the function z(2) with known linearly independent solutions: 


=(#) =(#) = (=) 
21 = | — > Co aah ena > a 2m-1 = . 
Ym 7 & Ym 7 & Ym 7% 
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The substitution z = Zm-_1(2) i w(a) dx yields an equation of order n—2. Repeating this procedure 
m times, we arrive at a homogeneous linear equation of order n — m. 


0.4.2-3. Wronskian determinant and Liouville formula. 


The Wronskian determinant (or simply, Wronskian) is the function defined as: 


Yi(e) + Yn (@) 
a ee ae, @) 
i ae Bee) 
where y;(Z), .-., Yn(Z) is a fundamental system of solutions of the homogeneous equation (1); 
yl (2) = Uk m=1,....0-1; RaL.. yn 


The following Liouville formula holds: 


W (a) = W (a) exp - * fra) a : 


ro fr) 


0.4.2-4. Nonhomogeneous linear equations. Construction of the general solution. 


1°. The general nonhomogeneous nth-order linear differential equation has the form 


frlcyy + fray? +++ + Ail@yl, + folw)y = g(a). (4) 


The general solution of the nonhomogeneous equation (4) can be represented as the sum of its 
particular solution and the general solution of the corresponding homogeneous equation (1). 


2°. Let yi(Z), ..., Yn(x) be a fundamental system of solutions of the homogeneous equation (1), 
and let W(a) be the Wronskian determinant (3). Then the general solution of the nonhomogeneous 
linear equation (4) can be represented as: 


_< 3 W,(a) dx 
y= Ps Cyy (a) + 2D ule) f We 


where W,,(a) is the determinant obtained by replacing the vth column of the matrix (3) by the 
column vector with the elements 0, 0, ..., 0, g. 


‘0) References for Subsection 0.4.2: G. A. Korn and T. M. Korn (1968), E. Kamke (1977), A. N. Tikhonov, A. B. Vasil’ eva, 
and A. G. Sveshnikov (1980), D. Zwillinger (1989). 


0.4.3. Asymptotic Solutions of Linear Equations 


This subsection presents asymptotic solutions, as « + 0 (€>0), of some higher-order linear ordinary 
differential equations containing arbitrary functions (sufficiently smooth), with the independent 
variable being real. 


0.4.3-1. Fourth-order linear equations. 


1°. Consider the equation 
4,0 


E Vearx — f(y =0 
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on a closed interval a < x < b. With the condition f > 0, the leading terms of the asymptotic 
expansions of the fundamental system of solutions, as ¢ — 0, are given by the formulas: 


= [f@)] Mexp{-t [1700 1c} wo = [f(a)] exp 2 [ve acl, 


nw=or cos{ = : irae}, w=or sin 2 / ira/*ac}, 


2°. Now consider the “biquadratic” equation: 
4,0 


e ypeae ~ 2E° 9 (Ye — f(a)y = 0. (1) 
Introduce the notation: 
D(a) = [g(@)P + f(a). 
In the range where the conditions f(#) #0 and D(x) # 0 are satisfied, the leading terms of the 
asymptotic expansions of the fundamental system of solutions of equation (1) are described by the 
formulas: 


A 
Ye = Aco)? [Di@)y M4 expy 2 [cae ->/ ree da \ RE1g2 3.4, 


A(x) = Vga) + VD(@), Ax(x) =-V g(r) + VD(a), 
A3(x) = V g(a) - VD(a), Ag(x) =-V g(a) - VD(a). 


0.4.3-2. Higher-order linear equations. 


1°. Consider an equation of the form 


where 


ery — f(xy =0 
on a closed interval a < x < 6. Assume that f #0. Then the leading terms of the asymptotic 
expansions of the fundamental system a solutions, as € > y are given by: 


= [fy 2 * exp{ Se / hole ae} [I +0©)], 
where w}, W2,...,W,, are roots of the equation w” = 1: 
mY +isin(="*), Wal, Dees ese: 
2°. Now consider an equation of the form 


ery +e" fra(ayl ? +---+efi@y, + fol@y = 0 (2) 
ona closed interval ax x <b. Let Am = Am(2) (m= 1,2,...,n) be the roots of the characteristic 
equation: 


7 
Wm = COS 


P(a, A) =A" + fni(@)a” | +--+ + fi(a)r+ fo(a) = 0. 
Let all the roots of the characteristic equation be different on the interval a < x < b, ie., the 
conditions A,,(x) # Ax(x), m # k, are satisfied, which is equivalent to the fulfillment of the 
conditions P)(#, Am) #0. Then the leading terms of the asymptotic expansions of the fundamental 
system of solutions of equation (2), as « — 0, are given by: 


i exp{ + / An(a)de- 5 / am (ay eae Am@) a}, 


Py (a, Am) 
where 


Py(a, ) = am =n") +(n-Vfna(ayr"? +--+ + 2A f(x) + fila), 


2P 
Pyy(@, A) = ~ AE = n= DAV? + (n= = 2) fra@)A"S + ++ OAfa(H) + Zl). 


‘O) References for Subsection 0.4.3: W. Wasov (1965), M. V. Fedoryuk (1993). 
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0.5. Nonlinear Equations of Arbitrary Order 


0.5.1. Structure of the General Solution. Cauchy Problem 


0.5.1-1. Equations solved for the highest derivative. General solution. 


An nth-order differential equation solved for the highest derivative has the form 


1 

Ye” = L(@.Y, Yas)» (1) 

The general solution of this equation depends on n arbitrary constants C1,...,Cn. In some 
cases, the general solution can be written in explicit form as y = y(#,Cj,...,Cn). 


0.5.1-2. The Cauchy problem. The existence and uniqueness theorem. 


1°. The Cauchy problem: find a solution of equation (1) with the initial conditions 
y(%o) = yo, (0) = y, cece YP (a0) = yf 1) (2) 


(At a point xo, the values of the unknown function y(x) and all its derivatives of orders < n — 1 are 
prescribed.) 


2°. The existence and uniqueness theorem. Suppose the function f(x,y, 21,--.,2Zn-1) is contin- 
uous in all its arguments in a neighborhood of the point (Zo, yo, ee onal yor Dy and has bounded 
derivatives with respect to y, 21, ..., 2n—1 in this neighborhood. Then a solution of equation (1) 
satisfying the initial conditions (2) exists and is unique. 


‘O) References for Subsection 0.5.1: G. A. Korn and T. M. Korn (1968), I. G. Petrovskii (1970), E. Kamke (1977), 
A.N. Tikhonov, A. B. Vasil’eva, and A. G. Sveshnikov (1980). 


0.5.2. Equations Admitting Reduction of Order 


0.5.2-1. Equations not containing y,y/,,...,y explicitly. 


An equation that does not explicitly contain the unknown function and its derivatives up to order k 
inclusive can generally be written as 


Big 0): IS een), (1) 


Such equations are invariant under arbitrary translations of the unknown function, y — y+const (the 
form of such equations is also preserved under the transformation u(x) = y+ Gpu* +---+a,xz+a0, 
where the @, are arbitrary constants). The substitution z(a#) = yer) reduces (1) to an equation 
whose order is by & + 1 smaller than that of the original equation, F’ (a, A ee gore) =0. 


0.5.2-2. Equations not containing x explicitly (autonomous equations). 


An equation that does not explicitly contain x has in the general form 


Flyyyes aj) =O: (2) 


Such equations are invariant under arbitrary translations of the independent variable, « + x+const. 
The substitution y/, = w(y) (where y plays the role of the independent variable) reduces by one 
the order of an autonomous equation. Higher derivatives can be EADIE en in ena of w and its 


derivatives with respect to the new independent variable, y”,, = Ww, at a Wy ee ww, es 
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0.5.2-3. Equations of the form F(az + by, y/,,...,y™) =0. 


Such equations are invariant under simultaneous translations of the independent variable and the 
unknown function, z + x+bc and y > y-—ac, where c is an arbitrary constant. 

For b=0, see equation (1). For b#0, the substitution w(z) = y+(a/b)x leads to an autonomous 
equation of the form (2). 


0.5.2-4. Equations of the form F(a, LY Ys Yaseen y™) = 0 and its generalizations. 


The substitution w(x) = xy!, — y reduces the order of this equation by one. 
This equation is a special case of the equation 


(m1) (n) 


Pipe ees =H Oy where an 12 a 1. (3) 


The substitution w(x) = xy!, — my reduces by one the order of equation (3). 


0.5.2-5. Homogeneous equations. 


1°. Equations homogeneous in the independent variable are invariant under scaling of the indepen- 
dent variable,  —> ax, where a is an arbitrary constant (a #0). In general, such equations can be 
written in the form 
2 
Batis ee ge) 0. 


The substitution z(y) = xy!, reduces by one the order of this equation. 


2°. Equations homogeneous in the unknown function are invariant under scaling of the unknown 
function, y + ay, where a is an arbitrary constant (a # 0). Such equations can be written in the 
general form 


F (2.9/9. Yeo/¥.--¥2?/y) = 0. 
The substitution z(x) = y!,/y reduces by one the order of this equation. 


3°. Equations homogeneous in both variables are invariant under simultaneous scaling (dilatation) 
of the independent and dependent variables, x + ax and y — ay, where a is an arbitrary constant 
(a #0). Such equations can be written in the general form 


P (y/o yey" 1y) 20. 


The transformation t = In|a|, w = y/x leads to an autonomous equation considered in Para- 
graph 0.5.2-2. 


0.5.2-6. Generalized homogeneous equations. 


1°. Generalized homogeneous equations (equations homogeneous in the generalized sense) are 
invariant under simultaneous scaling of the independent variable and the unknown function, 7 > ax 
and y — a*y, where a #0 is an arbitrary constant and k is a given number. Such equations can 
be written in the general form 


Pio ye’ “ye an ua) =0. 


x 


The transformation t = Ina, w = x *y leads to an autonomous equation considered in Para- 
graph 0.5.2-2. 


2°. The most general form of generalized homogeneous equations is 


Flay” Oi) ssc Pye) =0. 


The transformation z= z"y™, u=xy',/y reduces the order of this equation by one. 
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0.5.2-7. Equations of the form F(e**y”, y/./y, yt. /y, ---, ¥/y) =0. 


? zx 


Such equations are invariant under simultaneous translation and scaling of variables, x + x +a and 
y > By, where 3 = exp(—aA/n), and a is an arbitrary constant. The transformation z = e**y”, 
w =y.,/y leads to an equation of order n — 1. 


2,0 


0.5.2-8. Equations of the form F (xe, xy’,, zy! ..., e?y™) =0. 


Such equations are invariant under simultaneous scaling and translation of variables, « — aa and 
y > y+, where a = exp(—GA/n), and is an arbitrary constant. The transformation z = x", 
w = zy, leads to an equation of order n — 1. 


0.5.2-9. Other equations. 


Consider the nonlinear differential equation 
F(a,Lilyl,---,Lelyl) =0, (4) 


where the L;[y] are linear homogeneous differential forms, 
Llg=> OO. salah 
=0 


Let yo = yo(x) be acommon particular solution of the linear equations: 
Ls[yo] = 0 (s=1,..., k). 


Then the substitution 
w =9(2)[yo(@y, — yo(@)y] (5) 
with an arbitrary function y(x) reduces by one the order of equation (4). 


Example 1. Consider the third-order equation 
LY von = FEY — 2y). 
It can be represented in the form (4) with 
k=2, F(,u,w)=su-fw), Lilyl=yere, Lalyl =2y, — 2. 
The linear equations L;[y] =0 are 
Your =9, ty, —2y =0. 


These equations have a common particular solution yo = 2”. Therefore, the substitution w = ay', —2y (see formula (5) 
with ~(x) = 1/2) leads to an autonomous second-order equation of the form 2.9.1.1: wi, = f(w). 


Example 2. The nth-order equation 
YO =f@yte—wty 


can be represented in the form (4) with 


k=2, F(a,u,w)=u-f(@,w), Lifyl=y-y, Lalyl=y',-y. 
The linear equations 
Lifyl=yf-y=0, Lolyl=yf.-y =0 


have a common particular solution, yo = e”. Therefore, the substitution w = y/, — y (see formula (5) with y(a) = e~”) 
leads to an (n — 1)st-order equation. 


‘O) References for Subsection 0.5.2: G. M. Murphy (1960), G. A. Korn and T. M. Korn (1968), E. Kamke (1977), V. F. Zaitsev 
and A. D. Polyanin (1993, 2001), A. D. Polyanin and V. F. Zaitsev (1995), D. Zwillinger (1998). 
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0.5.3. 4 Method for Construction of Solvable Equations of General 
orm 


0.5.3-1. Description of the method. 


Consider a function 
y = f(@, C1, C2,...,Cnst) (1) 


depending on n+1 free parameters C',. Differentiating relation (1) n times, we obtain the following 
sequence of equations: 


qo =i aC, Cr, ..., Crt), k= 1, 2, vee DN. (2) 
Treating relations (1), (2) as an algebraic (transcendental) system of equations for the parameters 
Ci, Co, ..., Cra and solving this system, we obtain 

C= lena de), k=1, 2, ...,n 41. (3) 


Consider a general nth-order equation of the form 


F(v1, P25+++5Pn+i) = 0, (4) 
where F' is an arbitrary function of (n+1) variables and y, =x, (a, YU sivsry y™) are the functions 
from (3). Equation (4) is satisfied by the function (1), where the (n + 1) arbitrary parameters 
Ci, Co, ..., Crs: are related by a single constraint: 


F(Ci, Ch, PR 9 Chat) = 0. 


Remark 1. Equation (4) may also have singular solutions depending on a smaller number of 
arbitrary constants. In order to examine these solutions, one should differentiate equation (4); see 
Example 1. 


Remark 2. Instead of (4), one can consider a more general equation 
FP), (2,---, Pn) =9, where Pe = Pe(Y1, P2,---5Pn+1)- 


Remark 3. The original expression (1) can be specified in an implicit form. 


Remark 4. The original expression (1) can be written as an mth-order differential equation 
(m <n) with n-m +1 free parameters C;. The solution of the nth-order differential equation 
obtained in this way can be expressed in terms of the solution of an mth-order differential equation 
(see Example 4). 


0.5.3-2. Examples. 


Example 1. Consider the function 
y=Cye"* +C). (5) 


By differentiation we obtain 
Yr =Cie™. (6) 


Let us solve equations (5)—(6) for the parameters C'; and C2. We have 
Cy=e"y,, Cr=yn ty. 
Using the above method, we construct an equation in accordance with (4): 
F(e* yy, ve +y) =0. (7) 


This equation admits a solution of the form (5) with constants C' and C} related by the constraint F'(C,, C2) = 0. 
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Singular solution. Differentiating equation (7) with respect to x, we get 
Yee +Yr(e" Fu + Fv) = 0, (8) 


where the subscripts u and v indicate the respective partial derivatives of the function F = F(u,v). Equating the first factor 
in (8) to zero, we obtain solution (5). Equating the second factor to zero, we obtain an expression which, combined with 
equation (7), yields a singular solution in parametric form: 


F(u,v)=0, e* Fy + Fy =0, where u=e*t, v=t+ty. 
One should eliminate t = y/, from these expressions. 


Example 2. Consider the function 
y = Ca? + Cox + C3. (9) 


Differentiating this function twice, we get 
Yn = 2C\a + Ch, 


Yon =2C}. 
Solving (9)-(10) for the parameters C;,, we find that 


(10) 


Low / ” y Ti02) ve 
C1 = FYze> C2 =Yx - LY x0> C3 =y-ay, + 5H Yeu: 


These relations lead to a second-order equation of general form: 
F(4Y ga Ye —2Y eas Y- VY, + F2' Ys) = 0, 
which has a solution of the type (9) with the three constants C', Cz, and C3 related by the constraint F'(C), Cz, C3) = 0. 


Example 3. In Example 2, one can choose the functions 7, of the form (see Remark 2) 


W1=291, tr=-~, 3 =49193- ¢3, 


where Y] = syns go =y), -—cy., G3 =y—zyl, + tary! As a result, we obtain the differential equation: 


F Vins ©Y.pe — Ys 2YYee — Vey) = 0. 
Its solution is given by (9) with three constants C';, Cz, and C3 related by a single constraint F(2C,,-—C2,4C1C3 -C}) =, 
Example 4. Consider the autonomous equation 
You =Ciy +C). (1) 


Its solution can be represented in implicit form (see 2.4.2.1 and 2.9.1.1). Differentiating (11), we obtain 


mw 


Youn = -aCyy "yf, (12) 
Let us solve equations (11)—(12) for the parameters C, and C2: 


1 yl yl 
at LLL ‘eae a LLL 
C1 =-y > C2 = Yee ty—. 


Taking #1 =—ay, and 7% = ay2 (see Remark 2), we obtain the equation: 

aw wa 
1¥. y 
F(u See y Heer 4 alte) =0. 


/ 


Ua Ux 


This equation is satisfied by the solutions of a second-order autonomous equation of the form (11), where the constants C, 
and C? are related by the constraint F'(—aC, aC2) = 0. 


0.6. Lie Group and Discrete-Group Methods 
0.6.1. Lie Group Method. Point Transformations 


0.6.1-1. Local one-parameter Lie group of transformations. Invariance condition. 


Here, we examine transformations of the ordinary differential equation 


See ai cose | Netra (1) 
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Consider the set of transformations 


= = p(x, YU, E), Fle=0 — x, 
T- = = = 2 
{ G=W(a,y,e), leo =, 2) 


where y, y are smooth functions of their arguments and ¢ is a real parameter. The set T; is called 
a continuous one-parameter Lie group of point transformations if, for any ¢,; and €2, the following 
relation holds: T;, oT-, =Te,+.,, 1-e., consecutive application of two transformations of the form (1) 
with parameters €; and €> is equivalent to a single transformation of the same form with parameter 
Se Beat che 4 

In what follows, we consider local continuous one-parameter Lie groups of point transformations 
(briefly called point groups) corresponding to an infinitesimal transformation (2) for ¢ + 0. Taylor’s 
expansion of £ and ¥ in (2) with respect to the parameter € about e = 0 yields: 


Eraet+&aye, yrytnayye, (3) 
where Deol ) Ow ) 
_ Delt. Ine) _ (4.8) 
6(@, 9) = OE e=0 ney) Oe e=0" 


At each point (a, y), the vector (€,7) is tangent to the curve described by the transformed points 
(@, 9). 
The first-order linear differential operator 


6) 6) 


corresponding to the infinitesimal transformation (3), is called the infinitesimal operator (or infinites- 
imal generator) of the group. 

By definition, the universal invariant (briefly, invariant) of the group (2) and the operator (4) is 
a function Jo(z, y), satisfying the condition Io(Z, y) = Io(x, y). Taylor’s expansion with respect to 
the small parameter € yields the following linear partial differential equation for Io: 


Ol Olp 
X1o = €(x, yy — + (a, y) — = 0. (5) 

Ox Oy 
Equation (1) will be treated as a relation for n+2 variables x, y, y!.,..-, y™ with the differential 

constraints fis 
d 
ye) = (6) 
By 


The space of these n + 2 variables is called the space of nth prolongation; and in order to work 
with differential equations, one has to define the action of operator (4) on the “new” variables 
Ves oars y™, taking into account the differential constraints (6). For example, let us calculate the 
infinitesimal transformation of the first derivative. We have 


dg _— Deytne) _ Yn + Me + NyYrE 
dz Dy(e@+ke) 1+. +byyhe 


(D, =0,+y),0y +--+ is the operator of total derivative). Expanding the right-hand side into a power 
series with respect to the parameter € and preserving the first-order terms, we obtain 


G2 Ue FOG HYyDs 


where 
C= Mx + (My — Ex)yl, — Ey(y,Y = Den) - y), Di (©). 


The action of the group on higher-order derivatives is determined by the recurrence formula: 


Gi = DAG) =a DAS). 
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To a prolonged group there corresponds a prolonged operator: 


6) 6) ” 6) 
X= Cava, neva + Mae!) ae (7) 
k=1 x 


The ordinary differential equation (1) admits the group (2) if 
X [ye - F(a, ay aia, yer) | | oar =0. (8) 


Relation (8) is called the invariance condition. 


Remark. The invariant Io, which is a solution of equation (5), also satisfies the equation 
XIo = 0. 


0.6.1-2. Group analysis of second-order equations. Structure of an admissible operator. 


For second-order nonlinear equations 


Vee =F Gays (9) 


the invariance condition (8) is written in the form 


Nex + Qnry +; Guo. ce (Nyy = 2Exy yi)” = Eyy (yl, 
= (26, — ny + 3£ yy), )F t+ Fa + Fy + (ne + (My — Eady), — Gy, Ey, 


where F = F (x,y, y/,). This condition is in fact a second-order partial differential equation for 
two unknown functions €(z,y) and 7(x,y). Since the unknown functions do not depend on the 
derivative y/,, this equation can be represented (after F’ has been expanded in a power series with 
respect to y/, unless it is already a polynomial) in the form 


So Sx(yi)* = 0, (10) 
k=0 


with the ®; independent of y/. In order to ensure that condition (10) holds identically, one should 
set ®, =0, k=0, 1, ... Thus, the invariance condition for a second-order equation can be “split” 
and represented as a system of equations (whose number can generally be infinite). 


Example 1. If F = F(z, y), i-e., the right-hand side of equation (9) does not depend on y/,, then the determining 
equation can be “split” and represented as the system: 
yy =90, 
Nyy — xy = 0, 
2nxy —bxa — 3F (a, wy =0, 
Nex + Ny — 2x) F(x, y) — Fe (@, y§ - Fy (av, y)n = 0. 


From the first two equations we find that 


E=a(z)y +(x), n=a'(a)y +e(x)y+d(c), 


where a(x), b(x), c(x), and d(x) are arbitrary functions. Substituting these expressions into the third and the fourth 
equations, we get 
3a"'y +2 -b" - 3F (a, y)a = 0, 


Mas Myst! 4 1 7 ee ae j (11) 
avy +c y4 + (c—2b')F — (ay + b)Fz -(ay? +cy+d)Fy =0. 


In what follows, it is assumed that the function F(a, y) is nonlinear with respect to the second argument. Then from the 


first equation in (11), we find that a = 0 and c= 40 +a, where a is an arbitrary constant. The second equation in (11) 
becomes 


by +d" + (a-30')F -bFy - [(40 +a)y+d] Fy =0. (12) 


Equation (12) allows us to solve two different problems. 
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1°. If the function F(x, y) is given, then, splitting equation (12) with respect to powers of y (the unknown functions b 
and d are independent of y), we obtain a new system, from which b, d, and a can be found; i.e., we ultimately obtain an 
admissible operator. 


2°. Assuming that the functions }, d and the constant a are known but arbitrary, one can regard relation (12) as an equation 


for the unknown function F'(z, y). Solving this equation, we obtain a class of equations admitting a point operator. 


Example 2. Let F(x, y)=Azx”"y™, i.e., we are dealing with the Emden—Fowler equation. Then equation (12) becomes 
40"y +d" +(a- 30) Aa'y™ —bnAa™ly™ — [(50" +a)y+d] mAagy™! =0. 


This relation must be satisfied identically by any function y = y(x), and therefore, the coefficients of different powers of y 
must be equal to zero. As a result, we obtain a new system whose structure essentially depends on the value of m. 


1°. It was assumed above that F'(x, y) is nonlinear in its second argument, and therefore, m #0 and m #1. Let m #2. 
Then the system has the form: 


d’ =0 
py” =0 
d=0, 


[a(1 m) 3 myo" |x nb =0. 
It follows that d= 0 and B(x) = bya? + bya + bo, and the last equation of the system can be written in the form 


(m+n + 3)boa° + [4(m + 2n + 3), + a(m — 1)] a + nb = 0. (13) 


To ensure relation (13), we equate all coefficients of this quadratic trinomial to zero to obtain 


(m+n+3)b,=0, F(m+2n+43)b) +a(m-1)=0, nby =0. (14) 


Analysis of system (14) yields solutions of the determining system corresponding to three different operators: 


X, =(m—1)t0z —(n+2)yOy if n and m are arbitrary, 

X2 = On if n =0, 

X3 =a7Oz + rydy if m+n+3=0. 
2°. Let m = 2. Then equation (12) becomes 

dl’ + (50” —2Ada”)y - [(S0 +a)x+nb] Aa” yy? =0. 
Equating the term d”’ and the coefficient of y in parentheses to zero, we get 
d(x) = d\x% +do, 
4ad,a™+ 4adgx™3 


(ae) = A ++ ti + by tp, 9 #-1,-2,-3,-4. 
(n+2)(n+3)n+4 (n+1)\(n+2)(n + 3) 


The expression in square brackets (the coefficient of y”) can be split with respect to powers of z and we obtain an algebraic 
system which, to within nonzero coefficients, has the form: 


(7n + 20)d; = 0, 
(7n + 15)dp = 0, 
(n+ 5)b2 = 0, 

(2n + 5)b; +2a@ =0, 
nbo = 0. 


The last three equations coincide with the corresponding equations of system (14), whose solutions are already known. 
The first two equations yield two cases of prolongation of the admissible group: 


X1 = 343Ar*/70, +4(49Aa/7y -30)dy if n =—22 
X) = 343Ar9/70, +3(49Aa/7y +4) d, if n =—48. 


0.6.1-3. Utilization of local groups for reducing the order of equations and their integration. 


Suppose that an ordinary differential equation (1) admits an infinitesimal operator X of the form 
(4). Then the order of the equation can be reduced by one. Below we describe two methods for 
reducing the order of an equation. 


1°. The first method. The transformation 


t=f(a%,y), u=g(a,y), (15) 


with f and g (g #0) being arbitrary particular solutions of the first-order linear partial differential 
equations 
of 


re) 
€(a, noe +2, Da, =k, 
# (16) 


Og Og 
’ aor ’ act = 0, 
&(x,y) Fe) om 
reduces equation (1) to an autonomous equation (the constant & #0 can be chosen arbitrarily). The 


function g = g(a, y) is a universal invariant of the operator X. 
Suppose that the general solution of the characteristic equation 


dx dy 
(x,y) (a, y) 


has the form 
U(z,y=C, 


where C’ is an arbitrary constant. Then the general solutions of equations (16) are given by (see 
A. D. Polyanin, V. F. Zaitsev, and A. Moussiaux, 2002): 


dx 
f=k [——+00), 
&(x, U) 

g=¥U), U=U(a,y), 
where W,(U) and W,(U) are arbitrary functions, F(z, U(a, y)) = €(x,y), and U in the integral is 
regarded as a parameter. 

Example 3. The Emden—Fowler equation y/’,, = Ag7}5/ 7y> admits the operator (cf. the operator X> in Item 2° of 
Example 2): 
X= gay tee. where &(%,y)= 343Aa°/7, (x,y) = 147Aa/7y +12. 
z y 


Equations (16) for k = 49.A admit the particular solutions 


6 
gage peggy ai gl. 


Solving (15) for z and y, we obtain the transformation 


e t’, y Bu 


which reduces the original equation to the autonomous equation 
ul, = 49Au?, 
which can easily be integrated by quadrature. 


2°. The second method. Suppose that we know two invariants of the admissible operator X: 


Io = Io(a, y) (universal invariant), (17) 
_ ! : iyi te : 
I,=l(2,y,y,) (first differential invariant*). (18) 
* By definition, an mth-order differential invariant of the operator X is a function Im = Im (z.y.y), dey ye”), 


satisfying the linear partial differential equation XI m = 0 with the operator x defined by (7). 
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Then the second differential invariant can be found by differentiation, 


dl, 


dy’ (19) 


h(a, ¥, its ee) = 
where dl, = (DzIm) dx. Using (18)-(19), let us eliminate the derivatives y’, and y”, from the 
original equation and take into account relation (17). Thus we obtain the first-order equation: 

dl, 


‘ate. = G(Lo, qh). 


Example 4. The Emden—Fowler equation y!!,, = Aa *y? (see 2.3.1.3, the special case m = 3) admits an operator 
whose first prolongation has the form: 


x =2 Ox + rydy + (y- ry’ )Oy! . 


This operator admits the invariants: 
Ip=y/t, T=2y,-y, (20) 


which form an integral basis of the first-order linear partial differential equation 


Using (19) and (20), we find the second invariant: 


dl Saibh: 
= G1 _ Yee . (21) 
dIg xy!, -y 


Let us express the unknown function and its derivatives from (20)—(21) to obtain 


uL+w ii a 
y=Uur, Yo = ——, Yor= a) where w=I19, w=],. 
x x 


Substituting these expressions into the original equation, we see that the variable x is canceled and the equation takes the 
form 
Lim, 3 
ww, = Au, 


i.e., it becomes a first-order separable equation. 


‘O) References for Subsection 0.6.1: G. W. Bluman and J. D. Cole (1974), L. V. Ovsiannikov (1982), J. M. Hill (1982), 
P. J. Olver (1986), G. W. Bluman and S. Kumei (1989), H. Stephani (1989), N. H. Ibragimov (1994). 


0.6.2. Contact Transformations. Backlund Transformations. 
Formal Operators. Factorization Principle 


0.6.2-1. Contact transformations. 


The set of transformations 


t= ple, Yy> Yrs E), Zle=0 =a, 
Te _ y _ Wa, yy yi E), Yle-0 = Yy (1) 
Ths = x(a, y Yrs é), Gele=0 = yi, 


(here, ~, 7, x are smooth functions of their arguments and ¢ is a real parameter) is called a 
continuous one-parameter Lie group of tangential transformations (or simply, a tangential or contact 
group) if T., oT, =Te,+.,, Le., if successive application of transformations (1) with parameters €1 
and € is equivalent to the same transformation with parameter ¢; + €2. The transformed derivative 
yi, depends only on the first derivative y!, and does not depend on the second derivative. Thus, the 
functions y and w in (1) cannot be arbitrary but are related by (see Paragraph 0.1.8-1): 


Be (Be ay Be) Be (Boy, BH) <0 
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where the function y is defined by 

_ Op / AY 

~ Oy! Oy!” 

Proceeding as in Paragraph 0.6.1-1, we consider the Taylor expansions of Z, g, and g% in (1) with 
respect to the parameter € about ¢ = 0, preserving only the first-order terms. We have 


x 


EYVCt+ELY YE, FLYAMYYIE, Ie VyYLt CGY YE, 


where 
OP(Z, Y, Yor E) OW(Z, Y, Yor €) OX(L,Y, Yor €) 
ro Us Vae> hy 2d Ia? EN Se ESE DEY : 
E(a, YYa2)=—— ex’ (L,Y, Yu) Oe py C(@, y, Yu) Oe «<0 
On the other hand, 
gf = WH _ Daly tne) Vet Me + Nye +My Vew® (2) 


Ye de Dat) 14+(G + Gy t Gye. 


x 


Expanding (2) with respect to « and requiring that ¢ be independent of y’"., we find that three the 


LL? 


functions €, 7, and ¢ are expressed in terms of a single function W(2, y, y/,) as follows: 


ws, aw, WwW, OW 


To an infinitesimal tangential transformation (1) there corresponds the infinitesimal operator: 


) 6) 6) 


Oy’, 
whose coordinates satisfy relations (3). 
The action of the group on higher derivatives is determined by the recurrence formula: 


Gu = DAG) Hye DO, 


where ¢; =¢. The invariance condition and the algorithm of finding tangential operators (4) admitted 
by ordinary differential equations are similar as those for point operators. The only difference is that 
the coordinates of the tangential operator depend on the first derivative; therefore, the determining 
equation can be split and reduced to a system only in the case of equations whose order is greater or 
equal to three. 

Remark. There are no tangential transformations of finite order k > 1 other than prolonged 
point transformations and contact transformations [these transformations are described by formulas 
similar to (1) and, in addition to y',, 74, contain higher derivatives of up to order k inclusive]. 


0.6.2-2. Backlund transformations. Formal operators and nonlocal variables. 


1°. If the coordinates of the infinitesimal operator are allowed to depend on the derivatives of 
arbitrary (up to infinity) orders, we obtain Lie—Backlund groups (of tangential transformations of 
infinite order). However, on the manifold determined by an ordinary differential equation, all higher 
derivatives are expressed through finitely many lower derivatives, as dictated by the structure of 
the equation itself and the differential relations obtained from the equation. The substitution of 
the right-hand side of equation (1) into an infinite series with derivatives usually results in very 
cumbersome formulas hardly suitable for practical calculations. For this reason, the Lie—Backlund 
groups are widely used only for the investigation of partial differential equations, whereas in the 
case of ordinary differential equations, a more effective approach is that based on the canonical form 
of an operator and the notion of a formal operator. 
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2°. The canonical form X is defined by the relation 
~ 6) 


where X = &(2, Ne + (a, De is the infinitesimal operator of the group [see formula (4) in 


Paragraph 0.6.1-1], and Dz is the operator of total derivative. The operators X and X are 
equivalent in the sense that if one of them is admissible for the equation, then the other is also 
admissible (the operator of total derivative is admissible for any ordinary differential equation). The 
function Jo(#, y) = & is an invariant of any operator in canonical form. 

The action of the group on higher order derivatives for an operator in canonical form is determined 
by the simple recurrence formula Care D elCed: The order of an equation that admits an operator 
in canonical form can be reduced on the basis of the algorithm described in Paragraph 0.6. 1-3 (see 
Item 2°, the second method). 


3°. By definition, a formal operator is an infinitesimal operator of the form 


X=, (5) 
where the function @ depends on 2, y, y’,, --., y) (with & smaller than the order of the equation 


under investigation) and auxiliary variables whose definition involves the symbol of indefinite 
integral, for instance, 


[S@u.ydae 


(the integration is with respect to the variable x which is involved both explicitly and implicitly, 
through the dependence of y on x). Such auxiliary variables are called nonlocal, in contrast to the 
coordinates of the prolonged space defined pointwise. The nonlocal variables depend on derivatives 
of arbitrarily high order, for instance, 


[ude=S-1" a nie 


m=0 


This formula is obtained by successive integration by parts of its left-hand side. Thus, a nonlocal 
variable can be represented as an infinite formal series; and this allows us to express the coordinates 
of the Lie—Backlund operator in concise form. 

A formal operator is a far-reaching generalization of an operator in canonical form. The function 
1o(z, y) = & is an invariant of the formal operator (5) for any ®. 

When solving the direct problem, one usually prescribes the nonlocal operator in the general 
form 


X= [m exp([ ax) +1] Oy or X= (m [ Cae +m) dy, (6) 


and then, in order to find an admissible operator, one uses a search algorithm similar to that 

described in Paragraph 0.6. 1-2. The coordinates of the prolonged operator are found by the formulas 

Cr = Dz(Cr-1), where Co = ®. In contrast to the method of finding a point operator, in the present 

case, there are three unknown functions (71,12, ¢); and the splitting procedure to obtain a system 

can be realized with respect to all “independent” variables, in particular, the nonlocal variables. 
Suppose that the differential equation 


yO = Flay l”) (7) 
can be written in new variables x = Io, z = I(a,y, y!,), 2, Zins ees 20). where Jp and J; are 


invariants of an admissible operator of the form (5). Then the coordinate ® of this operator satisfies 
the equation 
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which is an analogue of a linear ordinary differential equation for a function of several variables, 
since it involves the total derivative of the unknown function (exact differential equation). Its solution 
has the form: 


ol 1 / Oy 
b= (- oe” Ne 8 
PCS on ays . 
where the integral is taken with respect to x involved explicitly and implicitly (through the depen- 
dence of y, y’,,... on x), which means that this representation of an operator through a nonlocal 


variable is most universal. The function (8) generates a nonlocal exponential operator of the form (5) 
[the class of nonlocal exponential operators is specified by the first expression in (6) with 72 = 0]. 


Example 1. The equation 
Yaw =O 


admits two Lie-Backlund operators: 


a) 


co 
X= €@,y,y)De, X2= >> DE [yay -ayl.uh) + hy -eys.ye)| ae 
xz 


m=0 


where €, g, A are arbitrary functions of their variables. The first operator is trivial (the operator of total derivative is 
admissible for any differential equation), while the second operator determines the maximal group of contact transformations 
admitted by the equation under consideration. 


A Lie—Backlund operator admitted by an ordinary differential equation can by found by three 
methods: 


(i) in the form of an infinite formal series; 
(ii) by passing to an equivalent system of ordinary first-order differential equations: 


Y= Us Wye eee Y= Feist) 


and finding an admissible point group; 
(iii) by its representation as a formal operator whose coordinates depend on nonlocal variables 
(the general form of the operator is chosen by the investigator). 


In all cases, the search algorithm amounts to solving the determining system which is constructed by 
a procedure similar to that of Subsection 0.6.1. From the standpoint of simplicity and the possibility 
of integrating equations, the third method seems to be the most effective if one takes into account 
that an equation admitting an operator can be written in terms of new variables—invariants of the 
admissible operator—as a new ordinary differential equation whose order is by one less than that of 
the original equation. 


0.6.2-3. Factorization principle. 


The use of formal operators allows us to formulate universal principles for reducing the order of 
an equation, independently of the specific structure of the operator (it can be a point operator, a 
tangential or nonlocal operator, or a Lie—Backlund operator). 


Theorem 1. An arbitrary nth-order differential equation (7) can be factorized to a system of 
special form 


Bee OG 6 BD oa 25 a) ; (0) 
z= H(2,y,y;), 
if and only if equation (7) admits the nonlocal exponential operator: 
H, ) 
X=exp(- [ 4 dx) —. 10 
exp le 20) A (10) 
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The function H(z, y, y/,) is the first differential invariant of the operator (10). Therefore, having 
found an admissible operator (10) of the form 


K-85, & =exp| / Qw,y,y/) de]. (11) 


we can calculate H by solving the first-order linear partial differential equation H, +QH, =0. 
The function Q(z, y, y/,) is found as a solution of the determining system obtained by “splitting” 
the invariance condition for operator (11): 


XY — F (2.9, 9+. 9 ?)] | oop =O 


where 


= 0 = — —_ O t O W 
X= Spe Fe=DeFir, Fo=4, De= Gate gs tUeeg rt 


n 
k=0 Oye & 

Theorem | generalizes the classical Lie algorithm, whichis restricted to the case of unconditional 
solvability of the second equation of system (9). On the other hand, the introduction of the factor 
system (9) allows for two more cases, since the first equation is independent of y. These cases are 
the following: 

1. The first equation of system (9) allows for the reduction of the order or is solvable. 

2. The first equation of system (9) has some special properties, for instance, admits a fundamental 
system of solutions. 

Example 2. The equation 

Yow = fey + Ge(@)y' —[g@)Py (12) 


for arbitrary functions f(x) and g(x) is the only equation of the form (its uniqueness is to within a Kummer-Liouville 
equivalence transformation; see Paragraph 0.2.1-8) 


Yen =F (ey) 


admitting the nonlocal exponential operator: 


x=exp( f ¢de)n 2 =erp[ f (¢+ EM) ae). n=na,y), ¢=C(x,y). 


The second prolongation of the operator X has the form: 


X= exp( f Caz) {ndy + (Nx + NyYn + NOOy!, 


[new + 262 + be +O + Qney + 2ny +NGy yr, + Nyy YL + MyYite | Oy, }- 


Applying this operator to the equation y/!,, = F(x, y) and replacing all instances of y//,, by F = F (x,y), we obtain the 
invariance condition in the form: 


Nee +2¢ne +NGe + Cn + ny F - Fy + 2Qney +2Cny + ny Yl, + Nuy(yl,)” = 0. 


Splitting this relation with respect to powers of the “independent” variable y/,, we obtain the following system of three 
equations for the functions 7, ¢, and F’: 


Nyy = 9, 
2nry +2Cny +nCy =O, 
Nee + 2¢Nx +nGx + Cn + Hy — Fy = 0. 


From the first two equations it follows that 


n = a(a)y + d(x), 
¢ aa! y? + 2a! by + c(x) 
(ay +b) 
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where a = a(x), b = b(x), and c = c(x) are arbitrary functions. The third equation can be treated as a first-order linear 
differential equation for the unknown function F = F(a, y): 


dF 
Ny F 
dy 


1 
Ao + 2CNx +7Cx + nc). 


Substituting the above expressions of 7 and ¢ into this relation and integrating the result, we obtain 


[aa” —2(a’)?]b — (ab! —2a'b')a — [aa!’ — 3(a’)?]b* + 2aa! bb! — (ac! —2a'c)a_— (a! b? — ac)” 
F(x, y) = (ay+b)f(@)4 3 3 3 3” 
2a’ (ay +b) 4a’ (ay + b) 


a 


where f(x) is an arbitrary function. 
The differential invariant z of the operator X satisfies the linear partial differential equation 


Oz ] Oz 
1 +(e +Ny Yr 4 Oa 


/ 
x 


(obtained after the division by exp(f ¢ dx)). Substituting the above 7 and ¢ into this equation, we pass to the characteristic 
equation 


dw aw 2aa! y* + (3a! b + ab! jy + bb! +c 


dy aytb (ay + b) 


> 


where w = y/,. Integrating this equation, we find the differential invariant: 


yl a'b—ab' i ab? —ac 
ay+b ar ay+b) 2a%(ay+b)- 
Having calculated the derivative z/,, one can find y//,, and, taking into account the known structure of the function 
F (x,y), one obtains the factorization of the original equation: 
ze +az7 +(a'/a)z = f, 


(ay + b)y!, = (ay 4 b)°z t a?(a'b ab’ )(ay + b) ta (alo ac). 


An equivalence transformation of the form ay +b — y , combined with the corresponding transformation of the independent 
variable and changed notation, yields: 


Ze +22 = f(), (13) 
yl, = 2y + g(a)y. 


The first equation of system (13) is the Riccati equation. Its general solution can be represented in terms of a fundamental 
system of solutions of the “truncated” linear equation: 


Yew = Sey, (14) 


which coincides with (12) for g = 0. The second equation of system (13) is a Bernoulli equation. It can be integrated by 
quadrature for an arbitrary function z = z(x,C). Therefore, the general solution of equation (12) can be expressed in terms 
of a fundamental system of solutions of the linear equation (14). Note that in the general case, equation (12) admits no point 
groups. 

If an operator admitted by equation (1) has no differential invariants of the first-order, then it is 
possible to apply the general factorization principle. 


Theorem 2. An arbitrary nth-order differential equation (1) can be factorized to the system of 
special structure 
ODS G (ee o eee). 


: (15) 
22 Hoy eee.) Baur #0, 
provided that equation (7) admits a formal operator (5) for which H (a; Ysteveess ()) is a lower- 


order differential invariant on the manifold given by (7). The coordinate ® of this operator satisfies 
the linear equation with total derivatives: 
Oz Oz Oz 
4 D® 


(16) 


x 


Equation (16) plays a crucial role in both the direct and inverse problems. It can be regarded 
as an equation for the determination of the coordinate of the canonical operator (if one knows the 
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invariant z). It can also be regarded as an equation for the determination of an invariant (if one 
knows the coordinate ®). In the latter case, this is a first-order partial differential equation. 


Example 3. The third-order nonlinear equation 


2 
Were + Yea) —Ye¥ea — f@)y” =0 (17) 
admits two operators 


Xp=ydy, X= (u [v2 az) ay, (18) 


which can be found with the help of the direct algorithm, if the structure of the operator is specified by the second expression 
in (6). The first operator, X,, is the usual point operator of scaling (the original equation is homogeneous) and provides the 
usual reduction of order of equation (17) by one. The second operator, X2, is nonlocal. 

Let us construct differential invariants of the operator X2. To this end, we should solve the equations: 


I I 
ae pee" =0, ony f yar, 
oy Oy (19) 
I I I 
oe) . po 22 » D2 @) 22 =0. 
oy OY, OVex 


After differentiation with respect to ®, the first equation in (19) becomes 


(u fx dz) = + [y" + (vi [vr dx)| a =0. 


Let us show that this equation admits no solutions depending only on z, y, y',, and 01,/0y/, # 0, ie., there are no 
first-order differential invariants. The nonlocal expression [ y* da depends on derivatives of arbitrarily high orders and 
can be regarded as an independent quantity. Therefore, the first equation (19) can be split and we obtain the system: 


I I I 
oh +y), a 1 =0 a a 1 
oy OY, Oy 


> 


It follows that 01, /Oy!, = 0. 
Let us find a second-order differential invariant. After differentiation with respect to @, the second equation in (19) 


becomes 
(v fra) + Les oe fut) Se + te [vt ae) gee = 


Splitting this equation with respect to the nonlocal variable f y dz, we establish that OI,/dy!, = 0. In the remaining 
equation, the nonlocal variable is canceled, 


Hence, we find that I, = z =y/',,/y, and equation (17) is factorized to the system: 
%, +2" = f(a), 
Yew 7 YeS 0. 


© References for Subsection 0.6.2: R. L. Anderson and N. H. Ibragimov (1979), O. N. Pavlovskii and G. N. Yakovenko 
(1982), N. H. Ibragimov (1985), P. J. Olver (1986), V. F. Zaitsev (2001). 


0.6.3. First Integrals (Conservation Laws) 


A function P = P(x,y,y',...,y\")) is called a first integral (conservation law) of the ordinary 
differential equation 
yy? = F(a,y,-...92"”) (1) 
if the total derivative of the function P along the trajectories of equation (1) is zero or, equivalently, 
if 
DAP Mahioe de yO HF eye) = 0, (2) 


where M is an integrating factor. From this definition it is clear that MM = Gee 


The algorithm of finding a first integral is similar to that of finding an admissible operator. It 
is necessary to prescribe the desired structure of the first integral (or the integrating factor) and 
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substitute it into the determining equation (2). Subsequent splitting with respect to lower derivatives 
(assumed to be independent variables) leads to the determining system. 

Remark 1. An arbitrary function of first integrals is also a first integral of the same equation. 
Therefore, having found a first integral depending on (y/,)*, one has to make sure that it is nontrivial; 
ie., it cannot be represented as the product of first integrals depending on lower powers of the 
derivative. 


Remark 2. If the equation has & functionally independent first integrals, then its order can be 
reduced by & by successively excluding higher derivatives (see Example 3). 


For second-order equations 


Vou = F(£,Y, Yq), (3) 
the determining equation (2) can be written in the form 
OP ,O0OP OP 
—t+y,— + F(a, y, y', \— =0. 4 
da + Y* By (2, Y, Ya) Dyn (4) 


In this case, one can solve the direct problem (find P for the given equation), as well as the 
inverse problem (find possible F' for the given structure of the first integral). 


Example 1. Let us find all equations of the form 
Yuu = F(@,y) (5) 
admitting a first integral that is quadratic with respect to the first derivative: 
P= RE YYLY + S@.Yyr + QUe.y). 


Then the left-hand side of the determining equation (4) is a cubic polynomial with respect to y/,. The procedure of splitting 
with respect to powers of y/, yields the system of four equations: 


R, =0, 
Ry +Sy =0, 
Sp +Qy +2RF =0, 
Qz+SF =0. 


The solution of this system for F' is given by: 


1 1 
R?)y Rg’, 4 Ry), 


1 
= Rp 3/2 + p-2 1 
Fe.y)= ROP UR) + SR [ (RR. 5 


1 
2 R1W?y + 5 ‘ eR? dz, 


where UV = W(z), R= R(x), and y = v(x) are arbitrary functions. The first integral has the form: 


tas ine (ee 
P= Ry, -(Riy- ey) 4 ZR Ry — FRO Rey + qiiet-2 f wed. 


Example 2. Consider the equation 


Yo, = Any? 


Let us find its first integral, which is a cubic polynomial with respect to the first derivative: 


P=Ra, yy, + Se, yyy + Qa, yy), + Uy). 


In this case, the left-hand side of the determining equation (4) is a fourth-order polynomial in y/,, and hence the determining 
system consists of five equations: 

Ry =0, 

Re + Sy =0, 

Sy +Qy+3Aay/?R=0, 

Qu +Uy +2Ary"/?5 =0, 

Uz + Avy"/7Q =0. 
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Solving this system, we obtain the first integral in the form: 


P= (yi, P - 6Aay/y! +4Ay3/? +2A7a>. 


x 


Example 3. The equation 
mt LA y> /3 


LEE 


admits three first integrals: 


1 2,3 4,-2/3 
P, Yr Varn 5Yrx) ' 5 Ay / > 
Py =2P,- SuY lee +E SU Yas 


P3=a0P;-4a°P, + yy! - (yl). 


Equating these expressions to independent constants C), C2, C3 and eliminating y/!’., and y/!,,, we obtain a first-order 


equation (see 4.2.1.1). 
© References for Subsection 0.6.3: P. J. Olver (1986), A. D. Polyanin and V. F. Zaitsev (1995). 


0.6.4. Discrete-Group Method. Point Transformations 
Consider transformations of the class of ordinary differential equations 
po SE ete aw), (1) 


whose elements are uniquely defined by a vector of essential parameters a. 
Any set of invertible transformations 


r=f(tu), y=g9tu) (fgu- Fuge #9), (2) 
mapping each equation of class (1) into some (other) equation of the same class 
ue PG Mtheiesee ne b), (3) 


and containing the identical transformation is called a discrete point group of transformations 
admitted by the class (1). Transformation (2) maps any solution of equation (1) to a solution of 
equation (3). Therefore, knowing the discrete group of transformations for some class of equations 
and having a set of solvable equations of this class, one can construct new solvable cases. 

Point transformations (2) can be found by a direct method—namely, if one substitutes an 
arbitrary transformation of the form (2) into equation (1) and imposes condition (3), one arrives 
at a determining equation containing partial derivatives up to order n of the unknown functions f 
and g and having variable coefficients depending on 2, y, y’,, ..., ys. Since the functions f 
and g do not depend on the derivatives, the determining equation can be “split” with respect to the 
“independent” variables y/’,,..., es and we obtain an overdetermined system which is nonlinear, 


in contrast to that obtained by the Lie method (see Subsection 0.6.1). 


Example 1. For second-order equations 
You = F(,Y, Yr), (4) 
the substitution of (2) into (4) yields 


(figu gt fuuyy (fuguu gufuudury + feguu Ot fuut2fugut Qgufutuly? 


(fugit — gubtt + 2frgut — 2gefuruy + frgee —gefer = (fe 4 faut) F (fg, "* a). (5) 
fet fuuy 


Let us require that the transformed equation (5) belong to the class (4), i.e., 
ut, = F(t, u, uy, b). (6) 


Condition (6) imposed on the determining equation (5), i.e., the replacement of u//, by the right-hand side of equation (6), 
leads us to the relation 


(fegu — gt fu)F E, u, ut, b) + (fuguu —gufuuyuy) + (ftguu — Gt fuut2fugut 2gu fut (wy) 
+ guilt 


+ (fuget —Gufte t+ 2fegue —29¢fueuy + fegee —gefee = (Se 4 fut YF (f.g, 
fet fuuy 


a), (7) 
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which contains the “independent” variable uj. Expanding the function F’ into a series in powers of u/,, we can represent 
(7) in the form 


oo 


So Pe (a. y. Lf (gl) (ui)* = 0, (8) 


k=0 


where the symbols [f] and [g] indicate dependence on the functions f, g and their partial derivatives involved in (7). The 
sum in (8) is finite if F is a polynomial with respect to the third variable [for a polynomial of degree n = 4, both sides of 
the equation must be first multiplied by (f¢ + fuu’)”~> ]. Condition (8) is satisfied if the following equations hold: 


Py =0, k=0,1,2,... 


Example 2. Consider a special case of equation (4) with the right-hand side independent of the derivative y/,: 
Yuu = F (x,y, a). (9) 


Relation (7) has the form: 


(figu — gt fu)F (Ct, u,b) +r (fuguu —gufuuu,y t (ftguu Ot fuu + 2fugut 2gu fut uy 
(fuget — Guftt + 2frgut —2Gt furuy + frgee — ge fee = (fe + fu Pf. 9a). 


In this case, the sum (8) is finite and the determining system has the form: 


fuguu -Gufuu = fiF(f.g.a), 
StQuu — 9tfuu + 2fugut —29u fut Bf fuk (f.9.a), 


(10) 
fuget —Qufte + 2fegut — 2g fut = 3f¢ ful (f,9,), 
Segee — ge fet + (ftgu — gt fu) F(t u,b) = fi F(f.g.a). 
It can be shown that for fi fugtgu #0, solving system (10) is equivalent to solving the original equation (9). 
Consider the case fy, = 0. In this case, the first equation of the system holds identically and the system becomes 
fiGuu =0, 
Gu fit —2 ft gue = 9, (11) 
Seger — ge fee + feguF tub) = fF (f.9.a)- 
Since f} #0, the first two equations yield 
gt,u)=T(tu+O), f,=CITOP. (12) 


Substituting (12) into the last equation of system (11) and “splitting” the resulting relation with respect to powers of the 
“independent” variable u, we obtain a new system of (ordinary) differential equations. Solving this system, we find the 
unknown functions J’ and ©, and finally, the desired discrete group of transformations. In order to give calculation details, 
one has to know the specific structure of the function F(x, y), for in the general case it was only shown that any discrete 
point group of transformations of equation (9) for f~ =0 consists of Kummer—Liouville transformations (12). 


Example 3. Consider the generalized Emden—Fowler equation: 
Yon = Aty™(y,). (13) 


Here, a= {n, m, |} is the vector of essential parameters, and A is an unessential parameter (it can be made equal to unity 
by scaling the independent variable and the unknown function). 


1°. First, we note that equation (13) admits a discrete group of transformations determined by the hodograph transformation, 
i.e., by passing to the inverse function: 


c=u, y=t, where u=u/(t). (14) 
This transformation is a consequence of the invariance of equation (13) with respect to the transformation z<—> y, n<—> m, 
1 <-> 3-l, A<— -A (note that the hodograph transformation changes the sign of the unessential parameter A). Denoting 
the transformation (14) by ¥, let us schematically represent its action on the parameters of the equation as follows: 


{n,m I} «—--7- {m, n, 3-1} transformation F. (15) 


Double application of the transformation F yields the original equation. 
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2°. For | =0, equation (13) is of the class (8), and the last equation of system (11) becomes 


(TT, —2(Ty)° Ju + TOt, — 271 0}, + BT?t’ ut" = AC?(Tu+ 0) f”, (16) 
where v, ys, and B are the parameters of the transformed equation we, = Bt’ u", and 
fo=c [wepar. 
Let m, 4 #0, 1, 2. Then relation (16) is possible only if O(¢) = 0. Splitting with respect to powers of u leads us to 


the system: 
TT, — UT{y =0, 


BtY = ACCT™? Ff”, a 
By integration we find that T = ¢-!, f = ¢7! (to within unessential coefficients). Thus, we arrive at the transformation 
c=tl, y= tu, where u=u(t). (18) 
Denoting the transformation (18) by H, let us schematically represent its action on the parameters of the equation: 
{n, m, O} < > {-n-m-—3, m, 0} transformation H. (19) 


Double application of the transformation 1 yields the original equation. 

3°. Let 1=0 and m=2. Then, js =2 and the splitting procedure for equation (16) yields the system of three equations: 
TT) —- UTP =2AC°T°O f”, 
TO, -2T/ 0), = AC’T°O7 f”, 
BtY = AC?PT?f”. 

Its solution gives us the transformation 


k 


v=t’", y=t*utat® transformation of the variables, u = u(t); 


{n, 2, O} <————> _{v, 2, 0} _ transformation of the vector of essential parameters; 
where we use the notation: 


pol 
2 


(n+ 2)(n + 3) 
a= ———_.. 


r=(8n2+40n+49)1/2, k= 7 


ae 22 5tren+s) 5], s=-r(n +2), 


Example 4. Likewise, for the class of equations 


You = F(a)g(yhYyt) 
we find two transformations: 


F :{f.g, h} +---> {g, f,-y', Pai /y',)t transformation of the variables; see (14); 


H:{f.y™ Yo <———_-s so fe fe, y™, 1h transformation of the variables; see (18). 


© References for Subsection 0.6.4: V. F. Zaitsev and A. D. Polyanin (1994), A. D. Polyanin and V. F. Zaitsev (1995). 


0.6.5. Discrete-Group Method. The Method of RF-Pairs 


The direct method (see Subsection 0.6.4) is unsuitable for finding nonpoint transformations of 
second-order equations (i.e., transformations containing derivatives), since the determining equation 
cannot be split into equations forming an overdetermined system. Therefore, instead of searching 
for Backlund transformations in the form of arbitrary functions x = f(t, u,u}), y = g(t, u, u;), one 
uses the superposition of some “standard” transformation containing the derivative and a point trans- 
formation which can be found by the direct method. The “standard” dependence on the derivative 
can be introduced by means of an RF-pair, which amounts to a transformation of successively in- 
creasing and decreasing the order of the equation (this transformation is not equivalent to the identity 
transformation). An additional point-transformation is necessary, since the equation obtained by an 
RF-pair is usually outside the original class. 
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1°. Suppose that any equation of the original class can be solved for the independent variable zx: 
FY, Yo You) = 2. 
Termwise differentiation of this equation with respect to x yields the following autonomous equa- 


tion: 
OF , OF , OF 


whose order can be reduced with the substitution y’, = z(y). This pair of transformations is called 
a first RF-pair. 


= 1, 


2°. Suppose that any equation of the original class can be solved for the dependent variable y: 


Paani) =e. 


Then, termwise differentiation of this equation with respect to x brings us to the following equation 
which does not explicitly contain y: 


OF OF , OF ,, ; 
a 1 Yea 7] Year = Ye- 
Ox Oy! OYE 


The order of this equation can be reduced by means of the substitution y/, = z(x). This pair of 
transformations is called a second RF-pair. 


Example 1. Consider transformations of the class of generalized Emden—Fowler equations: 
tea Ae yg G). (1) 


This class will be briefly denoted by the vector of essential parameters {n, m, |}. Application of the first RF-pair transforms 
this equation to 


l-n-1 
nN 


n-1 
(2) ny (2) 


Now we have to find a point transformation that maps class (2) into class (1) (with another vector of parameters): 


1y,t\2 1 by a 
Zp =(l-1)z7 (z,) +my” zy +nAnynz 


uf, = Bt’ uli(ul,). (3) 


Note that in this case, the desired transformation does not map the given class into itself as in Subsection 0.6.4, but is a 
mapping of the equations classes (2) —> (1). Nevertheless, the method for finding transformations 


y=ft,u), z= gu) (ftgu—fuge #0) 


is completely the same and involves solving the determining equation: 


(ftgu ~ gt fu) Bt” ul (ui, + (fuguu — gu fuuy(u) + (ftguu — Gt fuut2fugut 2gu fut (wy) 


t-1 
(fuget —QGufte + 2fegue —29¢furyuy + fegee — ge See ; (fe + fuu (ge + gual)” 


m io: ; tom ,. 2mal oie s 
sty Fite + fut) (Gt tguu,)tnAnfrng n (fet fuuzy) ~ Getguuz) ™ . (4) 


Following the procedure set out in Subsection 0.6.4, we omit the general case ft fugtgu #0 and consider transformations 
for which at least one of the above partial derivatives is zero. 


1°. Case fu =0, gt =0. Equation (4) has the form 


1-1 
Bfigut’ ut (ui) oH feGuuluyy = Gu fev, = Peau ue? 


m 
+— 
f 


and for n #0, -1, A #1, 2 can easily be solved by splitting, 


y ‘ 1 m In-l 2n+1 n-1 n-1 
(fey guu,tnAn fing n (ft) 7 Gu) m (ut) nr. 
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As a result, using an RF-pair, we obtain: 


1 1 1 
c= (uy) > y=tm, yi =u2t transformation of the variables, u = u(t); 
m 1 n-1 . ; ; (5) 
{n, m, 1} H— {-—., —, ~—} transformation of the vector of essential parameters. 
mt+1 [-2 n 
2°. Case ft =0, gu =0. Similar calculations bring us to the formulas: 
ul in i 
c= (uh) nm, y=umet+, Yi, =t{2-1 transformation of the variables, u = u(t); 
(6) 


1 n 2m+1 


—, -—,, \ transformation of the vector of essential parameters. 
1-l ntl m 
Transformation (6) can be obtained by successive application of transformation (5) and the hodograph transformation - 
(see Subsection 0.6.4). 

The inverse transformations have a similar structure. For instance, the inverse of transformation (5) can be written (after 
changing notation) as follows: 


1 wall. LL 
c=untl, y=(u,) m, yl, =tTT, where w=u(t). (7) 
Denoting the transformation (7) by G, let us schematically represent its action on the parameters of the equation: 


1 n amet} 


me We Cas 


transformation G. (8) 
Applying the transformation G three times, we obtain the original equation. 

It can be shown that all transformations which can be found from equation (4), without additional restrictions on the 
parameters of the original and the transformed equations, are obtained by superposition of the transformations G and F 
(see Subsection 0.6.4, Example 3), which form a group of order 6. The parameters of these equations are given in Figure 1. 


Example 2. Suppose that / = 0 in equation (1). Then, on the class of Emden—Fowler equations 
Yon =Aary™ (briefly denoted by {n,m, 0}), (9) 


one can define the transformation H (see Subsection 0.6.4, Example 3). Therefore, in this case, the group considered in the 
previous example is prolonged to a group of order 12 (see Figure 2). 

This prolongation takes place each time the third component of the parameter vector becomes equal to zero. This 
happens, for instance, if n = 1 in equation (9). In this case, the order of the group is equal to 24 (see Figure 3). 


Example 3. The class of second-order equations 


Yin = f(@)g(yhly},) (10) 


admits a discrete group of transformations similar to that for the generalized Emden—Fowler equation. Most simply, this 
group can be obtained by inverting the transformation (6). Thus, we seek the parameters of the transformation as functions 
of a single variable, 

c= pu), y=Pu), yy =x) 
Introducing a point generator F (see Subsection 0.6.4), we find a discrete group of transformations relating the equations 
shown in Figure 4. The functions f;(x1), gi(y1), hi(y!, i determine the original equation, while the corresponding functions 
for the transformed equations, fx(z%), ge (YR), hey, -) with k = 2, 3, are determined by the parametric formulas: 


_ _ dw, 
fa(a2) = w1, w= f ot. 
1 
= . = dz, 11 
92(y2) Fie Yy2 [tue by (11) 
1 dg 1 
h : = 
=F P dy QD 
and 
f3(@3) = ; a= [ nena, 
gy) 
_ 1 _ w, dw, 
93(y3) = mi Y3 -/ aay’ (12) 
d 
h3(w3) = 2 w3 = fi (#1), 
Ly 


where wz = Yop k=, 2,3: 
The above example allows us to eliminate “singular points” of the group of transformations defined by (7) for n =-1, 
m=-1, | =1, 2. For these values of the parameters, the form (10) and the transformations (11), (12) should be used. 


© References for Subsection 0.6.5: V. F. Zaitsev and A. D. Polyanin (1994), A. D. Polyanin and V. F. Zaitsev (1995). 
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Chapter 1 
First-Order Differential Equations 


1.1. Simplest Equations with Arbitrary Functions 
Integrable in Closed Form* 


1.1.1. Equations of the Form y’ = f(z) 
Solution: ** y= fa)de+C. 


1.1.2. Equations of the Form y’ = f(y) 


Solution: © = / a +C, 
y 


Particular solutions: y = Ax, where A, are roots of the algebraic (transcendental) equation 


f(Ag) = 0. 


1.1.3. Separable Equations y’ = f(x)g(y) 


d 
Solution: lop ft@ dx+C. 
GY 
Particular solutions: y = Ax, where A, are roots of the algebraic (transcendental) equation 
g(Ax) = 0. 
Remark. The equation of the form f,(x)gi(y)y!, = f2(x)g2(y) is reduced to the form 1.1.3 by 
dividing both sides by fg). 


1.1.4. Linear Equation g(x)y’, = fi(x)y + fo(x) 


Solution: 


y= coh veh fer RO dx, where F(z) Sof a dx. 


1.1.5. Bernoulli Equation g(x)y’ = fi(x)y + fr(x)y” 


Here, n is an arbitrary number. The substitution w(x) = y'” leads to a linear equation: 
w, =(1-n)fi(aw t+ l-n)fr(2). 

Solution: 

fi(@) 
g() 


fn(2) 
g(«) 


dx. 


go CeP + (1-neP f oF dx, where F(x) =(1-n) [ 


* Special cases of equations 1.1.1—1.1.5 for specific functions f, fo, fi, fn, and g are not discussed 
in this book; such cases can readily be recognized by the appearance of equations investigated, and 
the solution can be obtained using the general formulas given in Section 1.1. 

** Hereinafter we shall often use the term “solution” to mean “general solution.” 
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1.1.6. Homogeneous Equation y’. = f(y/zx) 


The substitution u(x) = y/ax leads to a separable equation: wu!, = f(u)—u. 
du 


f(u)-u 


Particular solutions: y = Axx, where A, are roots of the algebraic (transcendental) equation 


Ax — f(Ag) = 9. 


Solution: =In|z]|+C. 


1.2. Riccati Equation g(x)y’, = f,(x)y? + filx)y + fo(x) 


1.2.1. Preliminary Remarks 


For f, = 0, we obtain a linear equation (see Subsection 1.1.4); and for fp = 0, we have a Bernoulli 
equation (see Subsection 1.1.5 with m = 2), whose solutions were given previously. Below we 
discuss equations with fo fo #0. 


1°. Given a particular solution yo = yo(x) of the Riccati equation, the general solution can be written 
as: 


-1 
— as| , Where ®&(x) = exp] [ BAe) + fia)| =}. 


janie le — [ %2) g@) 


To the particular solution yo(x) there corresponds C’' = oo. 

Often only particular solutions will be given for the specific equations presented below in 
Subsections 1.2.2—1.2.8. The general solutions of these equations can be obtained by the above 
formulas. 


2°. The substitution 
u(x) = exp (-/ By dx) 


reduces the Riccati equation to a second-order linear equation: 
Datt ! ! ! 2 
frog ute + 9[fo9% -— 922 — fifo] ul + fofyu = 0. 
The latter often may be easier to solve than the original Riccati equation. Specific second-order 


linear equations are outlined in Section 2.1. 


1.2.2. Equations Containing Power Functions 


1.2.2-1. Equations of the form g(x)y!, = fo(x)y* + fo(2). 


1 yl =ay’+brte. 
For b =0, we have a separable equation of the form 1.1.2. For 6 #0, the substitution bt =br+c 
leads to an equation of the form 1.2.2.4: y}; = ay? + bt. 

200 yf = y’-a7a* + 3a. 


Particular solution: yo =ar—-a!. 


3. yl ay tax*t+brte. 


This is a special case of equation 1.2.2.27 with a = 0 and 7 = 0. 
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10. 


11. 


12. 


13. 


yl, = ay” + bx”. 


Special Riccati equation, n is an arbitrary number. 


1 w! 1 1 
Solution: y = 22 ee where w(x) = x [on (<Vabic*) + CY, (—Vabac")], 
aw aR \K ap \K 
k= 4(n +2); Jm(z) and Y,,(z) are the Bessel functions, n # —2. For the case n = —2, see 


equation 1.2.2.13. 
y,=y tang”! -a?a™. 


Particular solution: yo =ax”. 


yl, = ay? + ba” +cx"". 
For the case n = —1, see equation 1.2.2.13. For n # —1, the transformation € = maT Ge 
n 
7 = yx” leads to an equation of the form 1.2.2.38: Ene + a&n? + ay =b&+ a 
n+1 nt+1 


yl, = ax"y? + ba”. 


d / +1 
Solution: Vabine= | raat to where u= = ant ly, B= TF 


yi, =ax"y’ + br™. 


1°. For n #-—1, the substitution € = x”*! leads to a Riccati equation of the form 1.2.2.4: 


a 2 b m—n 
= + ntl , 
Ye n+l u n+l é 
2°. For n =—1 and m #-1, the transformation ¢ = 2™*!, w =-1/y leads to a Riccati 
a 
tion of the form 1.2.2.4: wi! = _ ae 
equation of the form ee ar aapree ES 


3°. Forn = m =~, the original equation is a separable equation. In this case we have the 
d 
solution: In |a| = fi ae +C. 
ay* +b 
4,2 n —n-4 
y, =y +k(axr +b)" (cx + d) . 
axz+b 


cxt+d’ 
to an equation of the form 1.2.2.4: UE =u? +k €", 


The transformation € = 


Us <liex +d)’y+c(cx+d)], where A = ad -—bc, leads 


yl, = any’? + bma™! -ab’a"?™, 


Particular solution: yo = bx”. 


y,, = (ax?” + ba” )y? +. 


The substitution y=—1/w leads to an equation of the form 1.2.2.6: w!,=cw?+ax?"+bz2""!. 


(ara + b2)(y!, + Ay”) + aox + bo = 0. 
The substitution Ay = u/,/u leads to a second-order linear equation of the form 2.1.2.108: 
(aga + bo)ul. + A(aox + bo)u = 0. 


ay! =ax7y’ +b. 


ax 
2ar\ +1 


A 
Solution: y= —-— cael 
x 
av’ +r+b=0. 


-1 
geen 4 c) , where \ is a root of the quadratic equation 
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14. 


15. 


16. 


17. 


18. 


19, 


20. 


21. 


22. 


23. 


ay! = x*y* -—a7x* + a(1— 2b)x* - (b+ 1). 
Particular solution: yo =az+ba!. 
ay’ =azr’y’ + bx" +c. 


The substitution w = xy + A, where A is a root of the quadratic equation aA? — A+c=0, 
leads to an equation of the form 1.2.2.35: aw’, = aw? +(1—2aA)w + ba”. 


ay! = 2x*y* +ax?™(br™ +c)” + + -n’). 


1-m 


1-m ‘ 
yt x" leads to an equation of the 


1 
The transformation € = ba’ +c, w = —2z 
bm 2bm 


form 1.2.2.4: wh = w? +a(bm)€". 


(cpa + box + a2)(y,, + Ay’) + ao = 0. 
The substitution Ay = u!,/u leads to a second-order linear equation of the form 2.1.2.179: 
(cya? + bya +a)u",, + Aagu = 0. 


aty! = ~a4y? — a, 


1 
Solution: y= — +S tan(=+C). 
“LS x 


ax*(x -1)*(y!, + Ay?) + ba? + cx +5 =0. 


The substitution Ay = u!,/u leads to a second-order linear equation of the form 2.1.2.218: 
ax? (x —1)ull,. + \(ba? +ex +s)u=0. 


(ax* + br +c)(y, + y7)+A=0. 
The substitution y = u!,/u leads to a second-order linear equation of the form 2.1.2.234: 
(az? + ba t+c)ull,, + Au=0. 


aly sary? +cx™ +d. 


The substitution w = x"y + A, where A is a root of the quadratic equation aA? —-nA+d=0, 
leads to an equation of the form 1.2.2.35: rw!, =aw*+(n—2aA)w+ca™. 


(ax” + by’, = by* + ax”. 


Particular solution: yo =—1/z. 


(ax” + bz™ + c)(y!, - y’) +an(n - Da” + bm(m - 1)a™ = 0. 


ana” +bma™! 


Particular solution: yo =— 
ax" +ba™+e 


1.2.2-2. Other equations. 


24. 


25. 


yl, = ay’ + by+car +k. 
I 

The substitution y = —— leads to a second-order linear equation of the form 2.1.2.12: 
w 


wi, = bwi,—a(cx+k)w. 
y,=y tax"yt+axr”™". 


Particular solution: yo =—1/z. 
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26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


n-l 


y =y tax"y + bax 
The substitution y = —u',/u leads to a second-order linear equation of the form 2.1.2.45: 
ul, —ar”ul, + br” u = 0. 

yl =y’ +(axt By + ax? + br +c. 


The substitution y = —u!,/u leads to a second-order linear equation of the form 2.1.2.31: 
ull, —(aa + B)ul, + (ax? + br + cu =0. 


yl =y? +ax”y -— abs” - b’. 
Particular solution: yo = 0. 


yl = (nt Dory? +ar™™ ty —axr™. 


Particular solution: yo =a”). 


yl, = ax"y’ + bay + bex™ -ac?x”. 


Particular solution: yo =—c. 


yl, = ax"y’ —ax™(bx™ + c)y + bma™". 


Particular solution: yo = ba” +. 


yl, =-anx”y? + cx™(ax” + by —cx™. 


Particular solution: yo = (aa2”" + by}. 


yl, = ary’ + bay + cka* — ber™** — aca”, 


Particular solution: yo = ca". 


zy’, = ay? + by + cx”. 


The transformation t = x’, w= a~’y leads to a separable equation: bw} = aw’ +c. 


zy’, = ay’ + by + cx”. 

The transformation €=x?, 7 =yx~ leads to the special Riccati equation of the form 1.2.2.4: 
! aio, fem ut 

Ne = 57 Hee , where m= 572 

ry’, = ay” + (n+ ba”)y + cx. 


The substitution y = wx” leads to a separable equation: w', = 2""!(aw? + bw +c). 


zy’, = ry* +ay + bx”. 
The substitution y = —u/,/u leads to a second-order linear equation of the form 2.1.2.67: 
cul, —aul, + ba"u =0. 
, 2 = 
ry, + a3ry” + ary + a,x + ao = 0. 


The substitution a3y = u!,/u leads to a second-order linear equation of the form 2.1.2.64: 
cul, + azul, + a3(a1z + ap)u = 0. 


zy’, =ax"y’ +by+car™. 
The substitution w = yx” leads to a separable equation: xw!, =aw* +(b+n)w +c. 
zy, =ax"y? +my-—ab’a2"?™, 


Particular solution: yo = bx”. 
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41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


f/ _- On. 2 2m 
ry, = ry +(m-njyytar™. 
nt+m 


Solution: y=a"™” tan ( + c) . 
ntm 


zy, =ax"y’ + by+cx™. 


The transformation = 2"~°, 7 = yz? leads to a special Riccati equation of the form 1.2.2.4: 
m—n—2b 


+ b)n’. = an? +c&*, where k = 
(n+ bn, = an” + c&", where <a 


zy, =ax”"y’ + (bx" —n)y +e. 
For n = 0, this is a separable equation. For n # 0, the solution is: 


dw 
n [ _ =2" +, where w=yx”. 
aw*+bw+e 


zy, =arre™™y? + (ba™*™ — ny + cx™. 


The substitution w = yx” leads to a separable equation: w/, = 2" (aw? + bw +0). 


(azx + bo)(y!, + Ay?) + (az + bi)y + aox + bo = 0. 


The substitution Ay = u/,/u leads to a second-order linear equation of the form 2.1.2.108: 
(ayx + by)un,. + (a,x + by)ul, + A(aox + bo)u = 0. 


(ax + oy, = a(ay + ba) + B(ay + bx) — ba + 7. 
The substitution ¢ = ay + bz leads to a first-order linear equation with respect to x = x(t): 
(aat? + Bat +yat be)x, =arte. 


2a*y!, = 2y?+ ay -2a7e. 


Particular solution: yo = a2. 


2a*y!, = 2y? + 3xry -2a*x. 


Particular solution: yo = az — 4a. 


ay’ =axr’y’ + bry +c. 


The substitution w = zy leads to a separable equation: rw!, = aw? +(b+ lw+e. 


ay! = cay” + (ax* + bry + ax? + Bx +7. 
The substitution cy = —u!,/u leads to a second-order linear equation of the form 2.1.2.139: 
rull —x(ax + bul, +clazx? + Br+y)u=0. 


ay! =axr’y’ + bry t+cx” +8. 


The substitution ay = —u/,/u leads to a second-order linear equation of the form 2.1.2.132: 


rull, —bxu!, ta(cr" +s)u = 0. 


ay! =azr’y’* + bry + cx” +52”. 

The substitution ay = —u/,/u leads to a second-order linear equation of the form 2.1.2.133: 
veut, —brul, t+axr"(ca” +s)u =0. 

xy! = cay? + (ax” + b)xy + aa” + Ba" +7. 


The substitution cy =—u!,/u leads to a second-order linear equation of the form 2.1.2.146: 


veut, —(ax” + b)xul, + cax?” + Ba" +y)u =0. 
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54. ay! = (aa + Bx” + yy? + (ax” + bry + cx’. 
The substitution y = —1/w leads to an equation of the form 1.2.2.53: x? w!, = cxr?w? — 


(ax” + b)zw + ax?” + Ba" +7. 


55. (a*-Dy! + Ay? -2xy +1) =0. 


2-1 1-A 1 
The substitution y = rat + rar a leads to an equation of the same form: 
U(x 


(a? — 1)ul, +(A-1)(u? — 22u+ 1) =0. 
If A = n is a positive integer, then by using the above substitution, the original equation can 


be reduced to an equation of the same form in which 4 = 1, 1.e., to an equation of the form 
1.2.2.58 witha = 1, b=-1. 


b 

56. (ax? +b)y’ + ay? + Bry + —(a + B) =0. 
a 
a+ 


Particular solution: yo =— x. 


57. (az? +b)y’,, + ay? + Bry+y7=0. 
a+ 


The substitution y = ————z — 
a u(x 


(7- oF pu? + Qa+ Bru ta =0. 
a 


leads to an equation of the same form: (ax* + byul, + 


58. (ax? +b)y’ + y*-2ry+ (1-a)z?-b=0. 


Solution: y=x“+ (/ —_ #0). 


59. (az? +br+c)y! = y? + (2Aa + byy+ AMA-a)x? + pL. 


Particular solutions: yo =—-Aav+A, where A= 3(-b + /b? —4- 4c a 


60. (ax? + bx + oy’, =y’? + (ax + Ly - Nx? + A(b- pz + Ac. 


Particular solution: yo = Az. 


61. (ax? + bon + C2)", — y? + (aya + by)y —-AA+ ay - a)x? + (bz — b))a + AC. 


Particular solution: yo = Ax. 


62. (ax? + bon + C2)", = y? + (ayx + by)y + Aox? + box + Cp. 


Let » and ( be roots of the system of the quadratic equations 
N+ A(a, — a2) +49 =0, 8? + Bb, + cy - Aca =O, 
where the first equation is solved independently (in the general case there are four roots). If 


some roots satisfy the condition 2A3+ Ab; + Ba; +bo — Ab2 = 0, the original equation possesses 
a particular solution: yo = Ax + /. 
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63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


72. 


73. 


(x -a)(x— by +y? +k(y+x-aly+x—b)=0. 


To the case k = 0 there corresponds a separable equation. To k = —1 there corresponds a linear 
equation. For k #—1 and k #0, with the aid of the substitution ku(z) = y+k(y+<), we obtain 
the general solution: 


ytkyta-—a) sx—-ay\k : 

RNAS SESE = f b 

Eee Got EG, 
: : =C if a=b. 


—E EE 
ytk(yt+u-a) «w-a 


(cya? + box + ar)(y’, + Ay’) + (biz + ai)y + ay = 0. 
The substitution Ay = u/,/u leads to a second-order linear equation of the form 2.1.2.179: 
(cyx? + bya +ap)ull,, + (bx + a,)ul, + Aagu = 0. 


ay’, = any’ + (br? +c)y + sz. 


The substitution ay = —u!,/u leads to a second-order linear equation of the form 2.1.2.183: 


3,,1 2: ! = 
LUp, — (ba + c)u, +ascu = 0. 


ay! = ary’ + x(bx + c)yt+ax + 3. 


The substitution ay = —u!,/u leads to a second-order linear equation of the form 2.1.2.186: 


veut, — arb +c)ul, + a(ax + Bu =0. 


a(x? + aly, + Ay”) + (ba* + ly + sx = 0. 


The substitution Ay = wu/,/u leads to a second-order linear equation of the form 2.1.2.190: 
x(a +a)ul, + (bx? + cul, + Asxu = 0. 


x(a + a)(y!, + Ay’) + (ba +.c)y + ax + 3 =0. 


The substitution Ay = u!,/u leads to a second-order linear equation of the form 2.1.2.194: 
xr(xtaju,+a(bx+ oul, + Aart B)u =0. 


(ax? + ba + c\(xy!, -y)-y+27=0. 
wl. dx 
x =0+2f 


Solution: In — 
yr 
x(a? + a)(y’, + Ay’) + x(bu* + c)y + s = 0. 


The substitution Ay = wu/,/u leads to a second-order linear equation of the form 2.1.2.219: 
x?(a* +a)ul, + (bx? +.c)ul, + Asu = 0. 


a(x? —1)*(y’, + Ay”) + ba(a* - Dy + ca*+dx+s =0. 
The substitution Ay = u!,/u leads to a second-order linear equation of the form 2.1.2.227: 
a(x? —1)?ull, + ba(a? — 1)ul, + Mca? +dx+s)u=0. 


crtly! = any? + bx" y+cx™ +d. 


The substitution w=2x"y+A, where A isa root of the quadratic equation aA*—(b+n)A+d=0, 
leads to an equation of the form 1.2.2.35: rw, =aw*+(n+b-2aA)ywt+cr™. 


z(ax” + by’, = ax” y* + (B-anz®)y + ya. 


The transformation t = 2” y, z= x* leads toa separable equation: lat? +(6 + bn)t+ yz= 
—k(bz+a). 
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74. 


75. 


76. 


77. 


78. 


xv(ax” — 1)(y;, + Ay’) + (px" + gaytra” +s =0. 

The substitution Ay = u!,/u leads to a second-order linear equation of the form 2.1.2.254: 
x? (ax” —1)ull, + (px” + q)zul, + A(r2” + s)u = 0. 

(ax” + bx™ + c)y’, = cy? -ba™ y+ ax”. 


Particular solution: yo =—1/z. 


(ax” + ba™ +c)y’, = ax” y* + ba™ ty +. 
Particular solution: yo = 2. 

(ax” + ba™ + 0)y', = ax*y’ + Baty-ar*a* + BAz*. 
Particular solution: yo =—A. 

(ax” + bz™ + c)(xy!, -—y) + sax®(y? - Ax”) = 0. 


Particular solutions: yo = trJr. 


1.2.3. Equations Containing Exponential Functions 


1.2.3-1. Equations with exponential functions. 


1. 


y!, = ay’ + be. 

The substitution t = e** leads to an equation of the form 1.2.2.35: Aty) = ay? + bt. 
yl, = y? + are” — a*e*. 
Particular solution: yo = ae>*. 


yl, = oy" +a+ ber” +ce*, 


The substitution oy = —u!,/u leads to a second-order linear equation of the form 2.1.3.5: 
ull +o(a+ be + ce” )u = 0. 

yl, = oy’ + ay +t be +c. 

The substitution oy =—w/,/u leads to a second-order linear equation of the form 2.1.3.10: 
ul, — au, +a(be* +c)u=0. 

yl, = y* + by + a(A - bye” - a’e*, 


Particular solution: yo = ae>*. 


yl, =y’ + ae*”y — abe” - b’. 


Particular solution: yo = b. 

y’, = y? + ae*(er* +b)” - Fd. 

The transformation € = e** +b, w = (ey - Ae) leads to an equation of the form 
1.2.2.4: we = w? +ar7&”, 

yl, =y? + ae + be + ce?” — d?. 


1 
The transformation € = e””, w = e?** (+ - 5) leads to an equation of the form 1.2.2.3: 


We =w + (2A)?(a€? + bE +0). 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19, 


20. 


21. 


y!, = ae**y* + be, k #0. 

The substitution ¢ = e** leads to an equation of the form 1.2.2.4: ky} = ay? + bt**. 
yl, = bey? + are — a*beh?)”, 

Particular solution: yo = ae™, 


yl, = aer*y? + by + ce”. 


The substitution z = e*”y leads to a separable equation: z/,=az*+(b+A)z+e. 


yl, = ael®y? + Ay —ab*e#, 
Particular solution: yo = be>”. 


/ 


yl, = er y* + aet*y + areH”®. 


Particular solution: yo =—Ae**. 


/ 


yl, = Ary’ + aet*y — ae”, 


Particular solution: yo =e~**. 


yl, = ael®y? + abe) y — bre”. 
Particular solution: yo = —be>*. 


yl, = ae**y* + by + ce’ +de**. 


The substitution ¢ = e** leads to an equation of the form 1.2.2.51: kt?y} = at?y? + bty + 
ct Ft/k + d, 

ys = aePMH® y? 4 [be tH” — Aly + ceh”. 

The substitution w = e**y leads to a separable equation: w!, = e+” (aw? + bw +c). 


knaz kQn+Dx 


y!, = ae**y* + by + ce*”® + de 


The substitution ¢ = e** leads to an equation of the form 1.2.2.52: kt?y) = at?y? + bty + 
ct"! + dt2™D, 
yl, = e*(y — be*”)* + bre”. 


Particular solution: yo = be*”. 


(ae** + be + c)y’, = y* + ke’*y —m? + kme”*. 


Particular solution: yo =—m. 


(ae*” + be#® + cyl, - y’) + ade” + bye = 0. 
ade” + bue#* 


Particular solution: yg =—-———_—. 
y aer* + be#® +6 


1.2.3-2. Equations with power and exponential functions. 


22. 


yl, =y’ +axe>*y + ae. 


Particular solution: yo =—1/z. 
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233: y= ae**y? + be”. 


dz AL 


Solution: — =2+C, where z=e%*y. 


24. y! =ae**y’* + bnaz™! -ab’e** x”. 
Particular solution: yo = bx”. 
2. yi =e*y+ar"y+ard(gr"e*. 


Particular solution: yo =—Ae**. 


26. yf =-Ae**y? + ax"e**y - ax”. 
Particular solution: yo =e~**. 


Aw 


27. yy’, =ae**y’ -abz : 


rer®y 4 bna™!, 


Particular solution: yo = bx”. 

28. y! =ax"y? + br\e** — ab?ae””. 
Particular solution: yo = be*”, 

29. y! =ax"y? + Ay-ab’a"e*, 
Particular solution: yo = be*”, 

30. yf, =ax"y?- abr" ey + bre”. 
Particular solution: yo = be*”, 

k+l Aw dw 


31. yy =-(k + Da*y’ + ax**e*y - ae 


Particular solution: yo =a *!. 


32. y!) =ax"y?-ax”(be®* +c)y + bre”. 
Particular solution: yo = be*” +0. 
33. yf, =axe*y? + (bre — Ay + cx”. 
The substitution w = e**y leads to a separable equation: w!, = x"e**(aw* + bw +c). 


34. y!, =ae**(y- ba” —c)* + bna™". 


Particular solution: yo = ba” +c. 
35. cy!) =ae*y +ky +aba2*e”. 


Solution: y = ba* tan (ab / ger? da + Cc). 


36. xy! = axe y? + (bre — ny + ce. 
dw 
Solution: —_— = ee dz+C, where w=2"y. 
aw? +bwt+c 


2 2 
37, y! =y’+2ad\re™* —a’*e”*. 


. é 2 
Particular solution: yo = ae. 
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38. 


39. 


40. 


i= ae?” y? + \cy + ab’. 


Solution: y= be®”/? tan (ad | ere)? dar + c). 


2 
yl, =ax"y’ + Acy+ab*x"e* . 


Solution: y= be®*/? tan (ad if rer” 2 da + C). 
a'(y! —y*) =a + bexp(k/x) +c exp(2k /z). 


The transformations € = 1/2, w =—a*y— x leads to a Riccati equation of the form 1.2.3.3: 
We = w> +a + be* + ce?*é, 


1.2.4. Equations Containing Hyperbolic Functions 


1.2.4-1. Equations with hyperbolic sine and cosine. 


1. 


10. 


11. 


yl, = y’ - a? + aAsinh(Az) - a” sinh?(Az). 
Particular solution: yo =acosh(Az). 

yl, = y’ + asinh(Gx)y + ab sinh(Gz) - b”. 
Particular solution: yo =—b. 

yl, = y’ + ax sinh (bx)y + a sinh” (bz). 
Particular solution: yo =—1/z. 

y!, = Asinh(Ax)y? — A sinh*(Az). 

Particular solution: yo = cosh(Ax). 

y!, = [a sinh?(Ax) - Aly? - asinh?(Ax) + A- a. 
Particular solution: yo = coth(A). 

[asinh(Ax) + bly’, = y? + csinh(yx) y — d* + cd sinh(ux). 
Particular solution: yo =—d. 

[a sinh(Ax) + b](y’, — y?) + ad? sinh(Az) = 0. 


aX cosh(Ax) 


Particul lution: =-—_—____.. 
articular solution: yo FEO ES 


yl, = ay’? + B+ycoshz. 


The transformation x = 2t, ay =—w!,/u leads to the modified Mathieu equation 2.1.4.9: 
uz, — (a — 2q cosh 2t)u = 0, where a =—4a8, g = 27. 


yl, = y’* + acosh(Bx)y + ab cosh(3x) — b?. 


Particular solution: yo = —b. 


yl, = y* + ax cosh™(bx)y + a cosh” (bx). 
Particular solution: yo =—1/z. 
y!, = [acosh?(Ax) - Aly? + a + A- a cosh(Az). 


Particular solution: yo = tanh(Az). 
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12. 2y/ =[a-A+ acosh(Az)]y? +a + A-acosh(Az). 


Particular solution: yo = tanh($Az). 
13. yf = y*-? + acosh”(Az) sinh” “(Az). 
1 
The transformation €=coth(Ax), w=- zc sinh?(Ax)y—sinh(Az) cosh(A2z) leads to an equation 
of the form 1.2.2.4: We =w7t+r7E", 
14. y! = asinh(Ax)y’ + b sinh(Ax) cosh”(Az). 
The transformation € = cosh(Az), w = sy leads to an equation of the form 1.2.2.4: 
We = w? +abr7E”, 
15. y!, = acosh(Ax)y” + bcosh(Az) sinh” (Ax). 
The transformation € = sinh(Az), w = sy leads to an equation of the form 1.2.2.4: 
We = w? +abr7E”, 
16. [acosh(Ax) + bly’, = y? + ccosh(ux) y — d? + cd cosh(uz). 
Particular solution: yo =—d. 


17. [acosh(Ax) + b](y’, — y*) + aX? cosh(Ax) = 0. 
aA sinh(A2x) 
acosh(Az) + 6° 


1.2.4-2. Equations with hyperbolic tangent and cotangent. 


18. y! =y*+ad-a(a+ A) tanh*(Az). 


Particular solution: yo =— 


Particular solution: yo = a tanh(Ax). 


19. yl = y? +3ad- 7 - a(a + A) tanh?(Az). 


Particular solution: yo =a tanh(Ax) — A coth(Az). 


20. y! = y* + ax tanh”’(bx)y + a tanh” (bz). 


Particular solution: yo =—1/z. 


21. [atanh(Ax) + bly’, = y? + ctanh(wx) y - d? + cd tanh(wz). 


Particular solution: yo =—d. 


22, yf =y’+ar-al(a+t A) coth*(Az). 


Particular solution: yo = acoth(Ax). 


23. yf =y?-r* + 3aA-ala+t A) coth*(Az). 


Particular solution: yo = acoth(Ax) — A tanh(Ax). 


24. y! = y+ ax coth™(bx)y + a coth” (bz). 


Particular solution: yo =—1/z. 
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25. [acoth(Ax) + bly), = y? + ccoth(ux) y — d? + cd coth(uz). 
Particular solution: yo =—d. 

26. yf, = y® -2)? tanh*(Az) - 27 coth*(Az). 
Particular solution: yo = Atanh(Ax) + A coth(Az). 

27. yl = y? +aX+ bd - 2ab — a(a + A) tanh*(Az) — b(b + A) coth*(Az). 
Particular solution: yo =a tanh(Ax) + bcoth(Az). 


1.2.5. Equations Containing Logarithmic Functions 


1.2.5-1. Equations of the form g(x)y!, = fo(x)y? + fo(2). 


lL oy) =allna)"y? + bma2™" - ab’2?™(Inz)”. 
Particular solution: yo = ba”. 
2 «ay, =ay*?+bmnet+e. 
The substitution x =e! leads to an equation of the form 1.2.2.1: y; =ay*+bt+c. 
3. zy’, = ay’ + bIn* x +cln”* zg, 
The substitution ¢ = Ing leads to an equation of the form 1.2.2.6 with k = n — 1: 
yt = ay? + bt* + ct?*?, 
4. wy’ =2y?-a’?x (Gz) +a. 
Particular solution: yo = alIn(Gz). 
5. avy’ = ay? -a7xIn**(Bx) + ak In* (Bz). 
Particular solution: yo =a In* (Gx). 
6 ry’, =ax"y’ + b- ab?” In’ x. 
Particular solution: yo = bina. 
7. wy! =27y+al’x+bmnz+e. 


The transformation € = Inz, w = zy + + leads to an equation of the form 1.2.2.3: 
We =w tal? +b&+e- +. 
8 ay! = a7y? +a(bnx+c)" + 4. 
1 
The transformation € = bInz+c, w= a + oy leads to an equation of the form 1.2.2.4: 


We = w? +ab7&”. 


9 a*In(ax)(y’, -— y*) = 1. 


Particular solution: yo =—[x In(ax)]}. 


1.2.5-2. Equations of the form g(x)y!, = fo(x)y* + fi(x)y!, + fo(2). 


10. y) =y? + aln(Bzx)y - abIn(Bz) - b?. 


Particular solution: yo = b. 
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1 yl =y+arln™(bx)y + aln™(bz). 


Particular solution: yo =—1/z. 


12. yl =aa"y’?-abz™ nz y+bmnx+b. 
Particular solution: yo = bxIn<z. 


13. yi =-(n+ Day? + ac” dn x)”y - a(ina)”™. 


Particular solution: yo =a"). 


14. y! =a(lna)"y? -abe(inz)”*"y + bInx +b. 
Particular solution: yo = bx Inz. 

15. y! =a(lnaz)*(y - bx” — c)* + bna™". 
Particular solution: yo = ba” +c. 

16. y! =a(lnz)"y? + b(inz)”’y + be(nz)™ - ac*(Inz)”. 
Particular solution: yo =—c. 


17. xy), =(ay+bInz)’. 


d 
Solution: Inv= { — +0, where z=ay+bInz. 
az*+b 


18. xy’), =aln™(Az)y? + ky + ab’ax* In™(Az). 
Solution: y= ba* tan [ab / ok In™ (Ax) dx + c| : 


19. xy’, =ax"(y+bInz) -b. 
1 
Solution: ————— + ou" =C, 
y+bInx n 
20. ay! =axz?"(Inz)y? +(be” na —n)y+clnz. 
dw 


Solution: / = = if aes Inadx+C, where w=a2"y. 
aw? +bwt+e 


2.0 ay! =a?a*y* -xy+b'In” x. 


The substitution a*y = —u!,/u leads to a second-order linear equation of the form 2.1.5.27: 


ru +cul,+(ab) In” ru =0. 


22, (ana +b)y’, = y*+c(na)"y — 7 + Ac(Inz)”. 


Particular solution: yo =—A. 


23. (ana +b)y’, = (Ina)"y? + cy- NV (Inz)” + cd. 


Particular solution: yo =—A. 


1.2.6. Equations Containing Trigonometric Functions 


1.2.6-1. Equations with sine. 


lL yl =ay’?+ B+ 7sin(Az). 
The substitution 2t=2Ax+7 leads to an equation of the form 1.2.6.14: Ay} =ay?++y cos t. 
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10. 


11. 


12. 


13. 


y, = y’ -a@? +aXsin(Ax) + a? sin?(Ax). 


Particular solution: yo =—acos(A2). 
yl, =y? +d? +esin™(Ax + a) sin” “(Az + b). 


sin(Ax + a) 7 sin?(Ax +b) ry F 
sinOe+by' w= Ck [5 +cot(Ar+ »)| leads to an equation 


of the form 1.2.2.4: We =w* + AE”, where A = c[Asin(b—a)]~. 


The transformation € = 


yl, =y’ + asin(Bx)y + absin(Bx) - b’. 


Particular solution: yo = —b. 


yl, =y’ + ax sin™ (bxr)y + asin™ (bz). 


Particular solution: yo =—1/z. 


y!, = Asin(Ax)y” + Asin*(Az). 


Particular solution: yo =—cos(Az). 


2y’, = [A+a-asin(Ax)]y? + A-a-asin(Az). 


Particular solution: yo = tan(}Ax + 47) . 


yl, = [A+ asin*(Az)]y* + A-a + asin?(Az). 
Particular solution: yo =—cot(Ax). 

yl, =k + Da*y* + ax**(sin x)” y - a(sinz)”™. 
Particular solution: yo =a". 


y!, = asin*(Ax + p(y — ba” - c)? + bnxz™", 


Particular solution: yo = ba” +c. 


zy’, =asin™(Ax)y? + ky + ab?” sin™(Az). 


Solution: y = ba* tan [ab / a sin™ (Ax) da + c| F 


[asin(Ax) + bly’, = y? + csin(ux) y - d? + cdsin(uz). 


Particular solution: yo =—d. 


[a sin(Ax) + b](y’, -— y?) — aX’ sin(Az) = 0. 
ad cos(Ax) 


Particular solution: = —-—______.. 
ue asin(Az) +b 


1.2.6-2. Equations with cosine. 


14. 


15. 


yl, = ay? + 3+ycosa. 
The transformation x = 2t, ay =—u!,/u leads to a Mathieu equation of the form 2.1.6.29: 
uz, + (a —2qcos 2t)u = 0, where a = 408, ¢ =-2ay. 


yl, = y* - a? + arcos(Az) + a” cos*(Az). 


Particular solution: yo =asin(Ax). 
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16. yl = y? + A727 4+ ccos™(Ax + a) cos” “(Az + 5). 


The substitution Ax = Az — F leads to an equation of the form 1.2.6.3: y! = yt + 


esin™(Az +a) sin’ 4(Az + 0). 


17. y= y* + acos(3x)y + ab cos(3x) — b’. 
Particular solution: yo =—b. 

18. y! = y? + ax cos™(bx)y + a cos” (bz). 
Particular solution: yo =—1/z. 

19. y! = Acos(Ax)y” + Acos*(Az). 


Particular solution: yo = sin(Az). 


20. 2y) =[Ata+a cos(Ax)]y? + A-a + acos(Ax). 


Particular solution: yo = tan(}Az). 


2.0 yf = [A+ acos*(Ax)]y? + A\- a + acos*(Az). 
Particular solution: yo = tan(Az). 

22, yf =-(k+ Day? + ax**! (cos x)” y — a(cos x)”. 
Particular solution: yo = ane, 


23. yL=a cos”(Ax + p(y - ba” — cc)? + bnx”™, 
Particular solution: yo = 62" +c. 
24. xy’ =acos™(Ax)y’ + ky + ab?x”** cos™ (Az). 


Solution: y = ba* tan [ab if a cos” (Ax) dx + c| : 


25. [acos(Ax) + bly’, = y’ + ccos(ux) y — d* + cd cos(ux). 


Particular solution: yo =—d. 


26. [acos(Ax) + b](y’, — y?) — ad’ cos(Ax) = 0. 
ad sin(A2) 
acos(Az) +b” 


1.2.6-3. Equations with tangent. 


27. yy =y*+ar+a(A-a) tan*(Az). 


Particular solution: yo =a tan(Az). 


Particular solution: yo = 


28. yf =? +d? 4+3aXA+ a(A-a) tan*(Az). 


Particular solution: yo =a tan(Ax) — A cot(Az). 


29. y! =ay?+btanzy+e. 
The substitution ay = —u!,/u leads to a second-order linear equation of the form 2.1.6.53: 
un, —btanzu!,+acu=0. 


30. y!, = ay? +2ab tanz y + b(ab - 1) tan’ x. 


The substitution u=y+btana leads to a separable equation of the form 1.1.2: u!, =au?+b. 
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31. 


32. 


33. 


34. 


35. 


36. 


37. 


yl, =y’ + atan(Bx)y + ab tan(Bx) - b’. 
Particular solution: yo =—b. 

yl, = y’ + ax tan” (bz)y + a tan” (bz). 
Particular solution: yo =—1/z. 

k+l (tan x)" y — a(tanx)”. 
-h-1 


yl, =k + Da*y* + ax 
Particular solution: yo = 
y/, = atan”(Ax)y? - ab? tan”*?(Ax) + bd tan?(Ax) + bA. 
Particular solution: yo = 6 tan(Az). 


y!, = atan*(A\x + wy — bx” — c)* + bna™". 
Particular solution: yo = 62” +c. 
zy’, =atan™(Ax)y* + ky + ab’x”* tan™ (Az). 


Solution: y = ba* tan [ab y x tan™ (Ax)dax + Cc] F 


[a tan(Ax) + bly’, = y* + k tan(ux) y - d* + kd tan(uz). 


Particular solution: yo =—d. 


1.2.6-4. Equations with cotangent. 


38. 


39. 


40. 


41. 


42. 


43. 


44, 


45. 


46. 


yl, =y* +aXr\+a(A-a)cot(Az). 

Particular solution: yo =—acot(Az). 

yl, = y? + 7 +3ad + a(A- a) cot?(Az). 
Particular solution: yo = A tan(Ax) — acot(Az). 

yl, = y’ -2acot(ax)y + b* - a’. 

Particular solution: yo = acot(az) — bcot(bz). 

yl, = y’ + acot(Bx)y + ab cot(Bx) - b’. 

Particular solution: yo =—b. 

yl, = y’ + ax cot” (bx)y + a cot” (bz). 

Particular solution: yo =—1/z. 

yl, =-(k+ Da*y? + ax** (cot x)” y -— a(cot x)”. 
Particular solution: yo =a *!. 


y,, =a cot® (Aa + L(y — bx” - c+ bna™|, 
Particular solution: yo = bx” +c. 
zy’, =acot™(Ar)y’ + ky + ab’x”* cot™ (Az). 


Solution: y = ba* tan [ab if a cot (Ax) dx + cl. 


[a cot(Ax) + bly’, = y* + ccot(ua) y — d? + cdcot(px). 


Particular solution: yo =—d. 
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1.2.6-5. Equations containing combinations of trigonometric functions. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


yl, = y? + 2 + csin™(Ax) cos” “(Az). 

This is a special case of equation 1.2.6.3 with a = 0 and b=7/2. 

y!, = asin(Ax)y” + b sin(Ax) cos” (Ax). 

The transformation € = cos(Az), w = Sy leads to an equation of the form 1.2.2.4: 
We = w? +abr7E”, 

y!, = Asin(Ax)y* + acos”(Ax)y — a cos” (Ax). 

Particular solution: yo = 1/cos(Az). 

yl, = acos(Ax)y? + bcos(Ax) sin” (Az). 

The transformation € = sin(Az), w = sy leads to an equation of the form 1.2.2.4: 
We = w? +abr7E”. 

y!, = Asin(Ax)y* + ax” cos(Ax)y - ax”. 

Particular solution: yo = 1/ cos(Az). 


sin”*"(2x)y’, = ay” sin” x + bcos” x. 


The substitution z= y tan” x leads to a separable equation: 2” sin(2x)z/,=az7+n2™! z+. 


y, =y’-ytanz + a(1-a) cot’ z. 
Particular solution: yo =—acotz. 
yl, = y*—my tana + b* cos”™ z. 


Solution: y= —bcos” «cot (0 / cos” «dx + Cc) : 


yl, =y’+my cot x + b(sinz)”™. 


Solution: y =—bsin”™ x cot (0 / sin” «dx + c) F 


yl, = y? - 2 tan*(Ax) — 22? cot?(Az). 

Particular solution: yo = Acot(Az) — A tan(AZz). 

yl, = y* + Aa+ Ab + 2ab + a(A - a) tan*(Ax) + (A — b) cot?(Az). 
Particular solution: yo =a tan(Ax) — bcot(Ax). 

y,=y- 4» - 3)? tan?(Az) + a cos?(Aa) sin” (Az). 


y sin(Ax) 


The transformation € = sin(Ar), w = REO) Bs oy cosX(Az) 


form 1.2.2.4: We =w? +ar7é”, 


leads to an equation of the 


y!, = Asin(Ax)y* + asin(Ar)y — a tan(Az). 


Particular solution: yo = 1/ cos(Az). 
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1.2.7. Equations Containing Inverse Trigonometric Functions 


1.2.7-1. Equations containing arcsine. 


1 oy, =y? + Aaresinz)”y — a? + aX(arcsinz)”. 


Particular solution: yo =—a. 
2. y,, = y? + Ax(arcsin z)"y + A(aresin x)”. 
Particular solution: yo =—1/z. 


3.0 yf =—-(k + Da*y? + Aarcsinz)"(a**ly — 1). 


Particular solution: yo = pee 


4. y!, = A(aresin x)" y* + ay + ab—b*Xarcsin x)”. 
Particular solution: yo =—b. 


5. yy! = Xaresina)”y? - bAx™ (aresin z)"y + bma™", 


Particular solution: yo = bx”. 

6 -y!, = Xaresina)”y? + Bma2™" - AB?x?"™(aresin x)”. 
Particular solution: yo = Bx”. 

7. yf, = Naresina)"(y —axz™ - bY? +ama™", 
Particular solution: yo =ax™ +b. 

8. xy! = Xaresinz)"y* + ky + Ab*a**(arcsin x)”. 


Solution: y = ba* tan [2 J x’ (arcsin x)" dx + c] . 


9 xy! = (ary + bx” y + c)(arcsinz)™ — ny. 


The substitution z =x"y leads to a separable equation: z/, = a” (aresin 2) (az* + bz +0). 


1.2.7-2. Equations containing arccosine. 


10. y!, = y? + A(arccos x)” y — a? + aX(arccos x)”. 


Particular solution: yo =—a. 


11. yl = y? + Ax(arccos x)” y + A(arccos x)”. 
Particular solution: yo =—1/z. 


12. yf =-(k+Da*y? + Aarccos x)” (x**!y — 1). 


Particular solution: yo = ane, 


13. y, = A(arecos x)" y* + ay + ab—b*Xarccos x)”. 
Particular solution: yo =—b. 


14. y!, = Xarccos x)" y” — bAx”™(arccos x)" y + bm2™". 


Particular solution: yo = bx”. 
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15. y! = XA(arccosz)"y” + Bma™" — A?x?™(arccos x)”. 
Particular solution: yo = Ba”. 


16. y!, = A(arccos z)"(y —ax™ — bP +ama™". 


Particular solution: yo =axz”” + 0. 


17. xy’, = Narccosx)”y? + ky + Ab?x*(arccos x)”. 


Solution: y = ba* tan [»o i, x’ (arccos x)" dx + Cc] : 


18. xy’, = (ax*"y? + br” y + c)(arccosx)” — ny. 


, 


The substitution z= a2” y leads to a separable equation: z,, = 2” (arccos 2) (az? + bz +0). 


1.2.7-3. Equations containing arctangent. 


19. yi = y” + Marctanz)”y - a? + ad(arctanz)”. 


Particular solution: yo =—a. 


20. yf = y+ Aa(arctanz)”y + A(arctan x)”. 
Particular solution: yo =—1/z. 


21. y., = -(k + Da*y? + (arctan x) (aktly _ 1). 


Particular solution: yo =a". 


22, y!, = A(arctanz)”y* + ay + ab— b*A(arctan x)”. 
Particular solution: yo =—b. 


23. y!, = Xarctanz)”y* — bAx”(arctanz)”y + bma™", 


Particular solution: yo = bx”. 

24. y!, = Xarctana)”y* + bma2™" - Ab?a2?™ (arctan x)”. 
Particular solution: yo = bx”. 

25. y!, = A(arctanz)"(y -ax™ -b) +ama2™". 
Particular solution: yo =ax™ +b. 

26. xy! = X(arctanx)”y? + ky + Ab?x* (arctan x)”. 


Solution: y = ba* tan [2 / x’ (arctan x)” da + Cc] : 


27. ay! = (ax y* + bx” y + c)(arctanx)” — ny. 


The substitution z= x”y leads to a separable equation: 2’, = «”— (arctan x)(az? +bz+0c). 
y P q x 


1.2.7-4. Equations containing arccotangent. 


28. yf = y+ Aarccot xz)” y — a? + aX(arccot x)”. 


Particular solution: yo =—a. 
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29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


yl, = y’ + Ax(arccot x)” y + A(arccot x)”. 
Particular solution: yo =—1/z. 


yl, =-(k + Da*y* + Aarceot z)"(a**ly — 1). 


Particular solution: yo =a *!. 


y!, = A(arccot x)" y? + ay + ab— b?Aarccot x)”. 
Particular solution: yo = —b. 


y!, = A(arccot x)” y? — bAx™(arccot x)” y + bma”™™. 


Particular solution: yo = ba”. 

y!, = Aarccot x)" y? + bma™"! — Aba?” (arccot x)”. 
Particular solution: yo = bx”. 

y!, = A(arccot x)"(y - axz™ - by +ama™". 
Particular solution: yo =az”™ +b. 

ry’, = A(arccot x)"y? + ky + Ab’a** (arccot x)”. 


Solution: y = ba* tan [2 / x’ (arccot x)” dx + c| ; 


zy’, = (ax y? + bry + c)(arccotxz)™ — ny. 


The substitution z= 2”y leads to a separable equation: z/, = 2” "(arccot 2)" (az? +bz +0). 


1.2.8. Equations with Arbitrary Functions 


> Notation: f = f(x) and g = g(x) are arbitrary functions; a, b, n, and X are arbitrary parameters. 


1.2.8-1. Equations containing arbitrary functions (but not containing their derivatives). 


1. 


y,=y'+ fy-a-af. 


Particular solution: yo =a. 


y,, = fy’ +ay-ab-b’f. 


Particular solution: yo = 0. 


Ye =y tafyt f. 
Particular solution: yo =—1/z. 


y= fy -ax"fyt+anz™", 


Particular solution: yo =ax”. 


y= fy +anz™ -a’x f. 


Particular solution: yo =ax”. 


y, =(n+ Day? +a"! fy - f. 


Particular solution: yo =a ”?. 
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7. acyl =fy+ny+axr”"f. 
Vax" tan( Va f 2"! fdx+C) if a>0, 
Jala” tanh(—Jlal f 2"! fax +C) if a<0. 


8 zy, =a fy? + (arf —n)y + Of. 


The substitution z = x" y leads to a separable equation: z/, = x”! f(a)(2* +az 4+). 


Solution: y= 


9 y= fy +gy-a'f —ag. 
Particular solution: yo =a. 


10. yi = fy +gytanz”™! -ax"g-a fx”. 


Particular solution: yo =az”. 
ll. yl = fy -ax"gy+anz™! + a7x"(g - f). 
Particular solution: yo = ax”. 


12. yl =ae*y?+ae* fy+Af. 


: DS cs 
Particular solution: yo =—-—e*. 
a 


13. y! = fy?-ae** fy + are”. 


Particular solution: yo = ae, 


14. y! = fy? + are - ae f. 


Particular solution: yo = ae>*. 


15. yl = fy? +rAyt+ ae” f. 
Vae™ tan(Va fe fdr +C) if a>0, 


Jlale** tanh(— Vial fe” f de +C’) if a<0. 


16. yl = fy’? - f(ae” + b)y + are*. 


Particular solution: yo = ae” +b. 


Solution: y= 


17. yl =e** fy? + (af —rAy + be’ f. 


The substitution z = erty leads to a separable equation: z/, = f(xy(z? +az+0). 


18. y! = fy’? +gy + are - ae**g - ae f. 
Particular solution: yo = ae”. 

19. y! = fy? -ae**gy + are** + a2e”*(g - f). 
Particular solution: yo = ae, 

20. y!, = fy? + 2adr\re® - a? fe”, 


. é 2 
Particular solution: yo = ae. 
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2. yf = fy? +Aryt afe®’. 
ce A are if a>0, 
Solution: y= 
l Vv lal ere? tanh (—Vial [ef dx+ c) if a<0. 


22. yl = fy’ -atanh’(Az)(af +A) +02. 
Particular solution: yo = a tanh(Az). 

23. yl = fy’ -acoth’(Ax)(af + A) +a. 
Particular solution: yo = acoth(Az). 

24. y! = fy’ -a’f + aXsinh(Az) -a’f sinh?(Az). 
Particular solution: yo = acosh(Az). 

25. «yl =fy+a-a’*f(nz). 


Particular solution: yo =alnz. 
26. wy! = f(yt+alnz)*-a. 


Solution: 1, (Owe. 
yt+alnz x 


27. yi = fy’ -arinefy+alnz +a. 


Particular solution: yo =azlnz. 


28. yl =-alnzy*+af(elng -x)y -f. 
1 


Particular solution: yo = ———————. 
a(x In x — x) 


29. y! =Asin(Ax)y? + f cos(Ax)y - f. 


Particular solution: yo = 1/ cos(Az). 


30. yf! = fy*-a’f + aAsin(Az) + a’ f sin?(Az). 


Particular solution: yo =—acos(Ax). 


31. y! = fy*-a’f + arcos(Ax) + af cos*(Az). 


Particular solution: yo = a@sin(Az). 


32. y! = fy*-atan*(Az)(af —-A)+ ad. 


Particular solution: yo =a tan(Az). 


33. y! = fy* -—acot*(Ax)(af - A) + ad. 


Particular solution: yo =—acot(Az). 


1.2.8-2. Equations containing arbitrary functions and their derivatives. 


34. yl =y’-f?t fi. 
Particular solution: yo = f. 


35. yl = fy’-foytg.. 
Particular solution: yo = g. 
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36. yi, =-fiy + foy-g.- 
Particular solution: yo =1/f. 


37. -y, =9-f) + fi. 
Particular solution: yo = f. 


38. oy’, fe 2_ Ge 
cee f 


Particular solution: yo =—g/f. 
39. fy, - fay’ + gy- f) =0. 
Particular solution: yo = f. 
40. y! = fly’ +ae fy + ae. 
Particular solution: yo =—1/f. 
aN. yi =fyt+gyt+afes. 
Vae! tan( va [ fe! dx +C) if a>0, 
Viale! tanh(—Jlal fe’ dz+C) if a<0. 


Solution: y= 


2 Fe 
f 


Particular solution: yo =—f)./f. 


4. yl=y 


1.2.9. Some Transformations 
> Notation: f, g, and h are arbitrary composite functions of their argument, which is written in 
parentheses following the function name (the argument is a function of x). 
De p52 
lL yl=yta*f(axr +b). 


The transformation €=ax+b, u=y/a leads to the equation UE =u? + f(®. 
2 yisyt+a‘*f(l/z). 
The transformation = 1/2, w =—a7y — x leads to the equation We =w* + f(&. 


1 ax +b 
3. ag = -— F( 
eal =e cai ed) 


The transformation 


ax+b es 1 
cx+d’ A 


(cx +d)y+c(cx+d)], where A=ad-—bec, 


leads to a simpler equation: We =w? +A f(s. 
4. xy! =a'f(x)y? +1. 


Rae 1 : 
The substitution u = Ta leads to the equation wu’, = uw + f(a). 
uy £ 
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10. 


11. 


12. 


13. 


14. 


ay! = 2*y? +a" f(ax” + b) + +1 -n’). 


: ae 
The transformation € = ax” +b, w = —a!"y + 
an 


we = w +(any’ f(€). 


nm _ : : 
x” leads to a simpler equation: 
n 


yl, = f(a)y? + g(a)y + h(a). 


The substitution y=—1/w leads to an equation of the same form: w/, = h(x)w*—9(a)wt f (2). 
y), = y’ os er fie**) = td’. 


1 1 
The transformation =e”, u= SO agee leads to a simpler equation: Ue =wW4r7 f(&. 


En eee ean | (aaa 
* 4 (cer* + d)4* \cer® +d 
The transformation 
AL AL 2 2 LAL 2. 
ae** +b (ce** + d) ce" —d 
' gag ae! ones ee Reale 


leads to a simpler equation: We =w + (Ad)? f(8. 


yl, = y? —-» + sinh 4(Ax) f (coth(Az)). 


The transformation € = coth(Ax), w = —A7! sinh?(Ax)y - + sinh(2A2) leads to a simpler 
equation: we = wet+r7f(. 


yl, = y? —* + cosh “(Ax) f (tanh(Az)). 


The transformation € = tanh(Az), w = 7 cosh?(Ax)y + + sinh(2Az) leads to a simpler 
equation: we = we +r? f(€). 


ay’ =x*y* + fialna +b)+ i. 
1 1 

The transformation €=alnz+b, w= Psa leads to a simpler equation: We =w’ta’ f(&). 
a Ga 


y, = y+’ +sin-“(Ax) f(cot(Ax)). 

The transformation € = cot(Ax), w =—sin?(Ax) [5 + cot(Ax)| leads to a simpler equation: 
We =w* +r? f(). 

yl, = y+? + cos *(Azx) f (tan(Az)). 


The transformation € = tan(Ax), w = cos?(Az) [5 = tan(Ax)| leads to a simpler equation: 


We =w* +r? f(. 


, er eee sin(Ax + a) 
=y +X +sin “(Ax + b)f | ——_ }. 
ea Qe + OF ( sin(az + 6) ) 
in(r in?(Ax +b 
The transformation £ = teTaTiE w= a [+ +cot(Ar + »)| leads to a simpler 


equation: wy = w* +[Asin(b— a)J°f(€). 
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1.3. Abel Equations of the Second Kind 
1.3.1. Equations of the Form yy’ -y = f(x) 


1.3.1-1. Preliminary remarks. Classification tables. 


For the sake of convenience, listed in Tables 5—8 are all the Abel equations discussed in Section 1.3. 
Tables 5-7 classify Abel equations in which the functions f are of the same form; Table 8 gives 
other Abel equations. In Table 5, equations are arranged in accordance with the growth of the 
parameter m. In Table 6, equations are arranged in accordance with the growth of the parameter p. 
In Table 7, equations are arranged in accordance with the growth of the parameter s. The rightmost 
column of the tables indicates the equation numbers where the corresponding solutions are written 
out. 


TABLE 5 
Solvable Abel equations of the form yy!,—y =sa+Aa™, A is an arbitrary parameter 


a 


2(m+ 1) 
~ (m+3y 
-7 15/4 
4 
5/2 12 


arbitrary 


s 
= 
50 
5/4 
5/2 
“3/5 


Solvable Abel equations of the form yy! — 


arbitrary 
2m+1 
4m? 
0 
5/36 
—33/196 


3/16 
3/16 
3/16 
15/4 
~10/49 
~2/9 
4/9 
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TABLE 6 
y =sx+aAz? + BA*x!, A is an arbitrary parameter 


1 


1 
arbitrary 
2864/3 
arbitrary 


13.4/5 
arbitrary 
2 


2/9 
—4/25 
0 
20 
arbitrary 
0 
12/49 
6/25 
6/25 


arbitrary 

-710A/9 

arbitrary 
-12 
-12 
-3 

-7A/20 

arbitrary 

2 


TABLE 7 
Solvable Abel equations of the form yy!, — y = s2+oA(ar/? + 8A+ yA2a7'/?), 
A is an arbitrary parameter 


oe 


arbitrary #0 | arbitrary arbitrary 
2(m—1) 2 
(m—3) (m—3)? 
-1/4 1/4 3 
—30/121 3/242 6 
-12/49 arbitrary i 0 
—12/49 1/98 0 
—12/49 6/49 5 
—12/49 2/49 15 
—12/49 4/49 10 
—12/49 1/49 65 
—-12/49 6/49 12 
—12/49 2/49 55 
-12/49 1 3/49+3B | 12/49-15B/2 | 15/196+75B/16 
6/25 2/25 19 
6/25 6/25 7 
28/121 2/121 106 
2/9 arbitrary arbitrary arbitrary 
-2/9 arbitrary 0 arbitrary 
2/9 6 2 
-10/49 2/49 12 
—4/25 arbitrary arbitrary 
—4/25 1/50 6 
0 arbitrary arbitrary 
arbitrary 
2(n+2) (n+1)(n+3) 
2(n+2) 2n+3 
2 
4 
arbitrary arbitrary 
2 19 
2 31 
arbitrary 0 arbitrary 


4m?+3m4+9 3m(m+3) 


2 
2 
5 
0 
0 
0 
4 
0 
7 
0 
1 
1 
1 


NYNNODODWTOAOCOCC SO 


N 
oO 


Given below in this section are all solvable Abel equations known so far. The equations are 
arranged into groups, in which all solutions are expressed in terms of the same functions. Notation 
is given before each group. 

In most cases the solutions are presented in parametric form: 


t=F(7,C) y= Fo7,0), 


where 7 is the parameter and C’ is an arbitrary constant. 
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TABLE 8 
Other solvable Abel equations of the form yy’, —y = f(x) 


1.3.1.6 
k-1 k 2, 2k-1 
Ag“ —kBa"+kB*« (particular solution) 
2 9 4-l 


da = 3 Ag + 3 Arg V3 - Ae Ate /8 1.3.1.66 


-fLataz'B+btcer'B+dx-? 
(coefficients a, b, c, and d are related by an equality) 
= Bhan + LA? (1230717 +280 Aa! — 400 4229/7) 
k 
A 
3 9a? — 627 
3 6x7 + 5a? 
627 +9A 
9 30x? + 33A 


1.3.1.73 
2\,2An AL 
a’ Ae — aba + le +6 (particular solution) 
1.3.1.74 
2X p2N0 AL AL 
are + advxe™ + be (particular solution) 
ee 1.3.1.75 
2a° A sin(2Az) + 2a sin(Az) (particular solution) 


1.3.1-2. Solvable equations and their solutions. 


1 yy, -y=A. 
Solution: «=y-—Aln|y+ Al+C. 
2, yy -y=Aar+t+ B, A+0. 


Solution in parametric form: 
escun(-[ta)-4. yecren(-[5) 
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3. yy -y= -in +A+Ba'/?, 
1°. Solution in parametric form with A > 0: 


2 


(2k—-1)Cr* —(k-2)r-k-1 wag (ESI ODUCT ae 
ae = Crkt+r4+1 


r) 


Crkt+7+1 y 

where A= 4a(k?-k+1), B= 4a9/°(2k-1)(k—-2)(k+ 1). 
2°. Solution in parametric form with A < 0: 

x = €[2Ae** — (CA — 3Cqw) sinwt — (3C\w + CA) coswr]’, 

y= 6€{(C} + C3)? =—[C\(? —w) — 2CpwAler’ sin wr 

=[20wA+ Oi? =e) |e" cos wr}, 
where € = a(e7 + C; sinwr + Cp coswr)?, A= 5a(3w? -)\), B= Haru" +57). 
3°. For the case A = 0, see equation 1.3.1.26. 
4. yy —y =2A@N?24+4A4+3A72 01?) 


Solution in parametric form: 


w= 4a(3t2rli), y=tali(Rils+7), A= -za'?, 


where d 
l= 3 = arctant —C, R,=V14+7?, 
oa dtr 1 T-1 
faa=smt|-co BeVvPA1 
m—-1 2 Ir+l1 
1 1+ 
foe = 5 In| “|-¢, R=vI-?. 


1-7? 2 |1-7 
5. yy -y= Ar+ Ba! - Br. 


Solution in parametric form: 


Here, 
2 27 +1 
247-4 exo( arctan ) if A <0, 
ea Oe oT 
2 _ 7 : = 
vad (tr A)exp( <a} if A=0, 


1 
IPR aA. Ve 
eee () if A> 0, 
ee L Gaerein : 
2 27+1 
C+2B | ex arctan ——— ] dr if A<0O, 
/ ar 7) . 
2 : 
We C428 [ exp(-sa>) er if A=0, 
1 
Ir+1—-VA\ VA 
C+2B —_—_— d if A>0, 
Ce : : 


where A=4A+1. 
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6 yy, -y= Av! -kBa* +kB?x**", 


A 
Particular solution: yo = «— Ba’ — —. 
articular solution: yo =a— Ba" — 7 
7 yy, -y = Av - A*x, 
Solution in parametric form: 
1+ 1 
a =ar'(r-In[l+7|-C)', =a| * (r-In|1+7|-C)'/2 5m Infl+r|-Cy "7, 
T 


where A =a?/2. 
8 - yy, -y= At Be*/A, 
Solution in parametric form: 
V7*+AB | 
Aln|r+ V724+ ABI +O) 
9 yy’, -y = A(e?*/4 - 1). 


Solution in parametric form: 


Aln|r+V7? + AB] +C a 
: - 
V7727+AB 


= Aln| 


741 
T 


L= Aln| (arctant—-C)], y= aa ee 1)(arctant — C)]. 
T 


p> In the solutions of equations 10-15, the following notation is used: 


1 
Emi = {tr™)Edr-C, — Em=Emo= [try dr-C, 
Rm =Vltr™, Fin = Rm Lm —T- 
2m +1) 


10. yy,-y= Tae + Ax™. 


Solution in parametric form: 


2 2 
eo fii 2 
m+3 ER, y=0ne (2mEm+——r), 
1 m—1 


i 


where A=+ 


= m+ 
enya 
i. yy -y=-22+6A°(1+2Ax/?), A>0. 
Solution in parametric form: 
t= AR*E(RE+6r 7, y=-12A47R*E? (RE -2r), 
where B= F423, R= R42. 
2(m - 1) 2A 


(m-3)  (m-3) 
Solution in parametric form: 


12. yy, -Y= [m(m+3)x!/?+(4m2+3m+9)A+3m(m+3) A720!) 


i=, a 
*" (mn —3y 


a 


—3 


7 Em [t(m—1)r™"! Ey, —2Em +27 Rm), 


T?*[(m-3)RmEmt3tP, y= 
m 


1/2 
where A =-— 
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13. yy,-y= 
Solution in parametric form: 
EN? 7—[1F(Qm+1)r™ | RE 


2 = 2 = 
ae Damn ERE Bi? , where a° =-2mA, E= En 3/2. 


ar !/2R2,’ 
14. yy, -y= sa +2Aa?+2A?x?, 


Solution in parametric form: 


gL= ares oe SIT EMT Rs — By 1B). 


15. yy,-y= -ia + 5Aa 3 —12A47a5/3, 


Solution in parametric form: 
esate sp y= Lag? B38)? p12 pe ~OrF 72/3 B), 
where A = ya, B= Bs /3,. F=f 5)5. 


p> In the solutions of equations 16-18, the following notation is used: 
f= fexpeer’)dr-C, — g=2r| f expcer*ydr-C] + expr’). 


16. yy, -y= Act. 
Solution in parametric form: 
x=af expr’), y=af? [exp(#r’) + 2rf] , where A=¥2a’. 
17. yy, -y=—fe+ fA? +5A4+3A70/?), 


Solution in parametric form: 


z= 4a[3+8rf exp(tr)] >. y=af exp(tr’) [(27?+1)f exp(tr’?)+7], where A=4V/a. 


2a? 
Vv a2 + 8a? : 


Solution in parametric form: 


t=ta(fg) (9 F2f), y=al(fg)‘lexpFr?)g -2f71. 


18. yy,-y=t 


p> In the solutions of equations 19-21, the following notation is used: 


Pe. Peis 2 leGewra1), 
T 


E= 


T+1 


19. yy -y=2a+ Ar”. 


Solution in parametric form: 
= taEP Ar, y = =ab7/3(2 ST — RE), where A= —7Ba 3 


20. yy, -y=—-fat+ ZAQc? +19A+6A72x/?), 


Solution in ete form: 


g=at?(SRE-3r), y=Sar°E[2r+3)E-2r’°R], where A=-vVa. 


© 2003 by Chapman & Hall/CRC 


2 


, 3 3 a 
21. yy, -y = Uv + —V a? + a? - —___., 
8 8 16V a? + a? 
Solution in parametric form: 
a E?-27°F a 4rF?- EF? 


ey — ee — a =.= —————————__, 
1 Cidr 2 4 ae 


p> In the solutions of equations 22-25, the following notation is used: 


Py=+(7?-1),  Py=7?-37+0, Py=t(r*-677 4407-3). 
22. yy. -y= -ta + Aa!/?, 
Solution in parametric form: 


4/3 


e25ar Po; y =4aP,‘/° 


(P} — TP), where A=tia Sa. 


23. yy -y= oa + Aa /3, 
Solution in parametric form: 


3 


a= 10aP; P28, y=9aP,'P3(P?- P,P), where A =+9a?(10a)*/3, 


24. yy -y=-Ba+ ZASa/? + 34A 4 15A7x'/”), 

Solution in parametric form: 

x =aP;{(147P3;-9PZ)Y, y=28aP;*P3(47°P;- 37 P+ P,P3), where A=-3/a. 
25. yy, -y=-tat+ A250? +41A + 10A7a'/), 

Solution in parametric form: 


x = aP;4(21P)Py-16P3), y=21aP;*P,9P;Py¥ Pi -8P,P3), where A=-8V/a. 


> In the solutions of equations 26-29, the following notation is used: 
S,= exp(V37) +Csint, S)= 2 exp(V3 7) —Csint + V3 C cosr, 
S3= 2 exp(V37) —C sint — V3C cos T, §4=45)S3- ae 
26. yy -y= -ia + Aa !/?, 
Solution in parametric form: 
x = 3aS/°S3,  y=2aS;7(S}-25,53), where A= 16(3a)°/?. 
27. yy -y= -ia + Aa7/>, 


Solution in parametric form: 
r= 480535094, y= 58) /75,°/"(85} —$)Ss), where A= (48a)?/5a?. 


28. YY pet! ee -fa + £A(-321/? +23A 4+ 12.A22!/2), 
Solution in parametric form: 


x = a$5"(75,83—253)?,  y =—-7aS,$5*(4575) — 45,53 +5553), where A= V/a/2. 
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29. yy, - Y= - a + 3 A(21x1/? +3544 6A2a71/2), 
Solution in parametric form: 


x = aS7°(1152S4-645})?,  y =—11a$7°S4(S7 —5S3.54+ 325752), where A=—32/a. 


p> In the solutions of equations 30 and 31, the following notation is used: 
T, =tanh(7+C)+tanr, J =tanh(7 + C)-—tanr, 
6, =coshr—sin(r+C), 62 =sinhr+cos(r+C), 63 = sinht —cos(r + C). 
30. yy, -y=-fa+ Aa /3, 
1°. Solution in parametric form with A < 0: 
r= Bar. y= 3aT (2 —T,T), where A=—12a/?, 
2°. Solution in parametric form with A > 0: 
L= 406,659”, y= 300,705" (02 —6:63), where A= 3a?(4a)/?. 
31. yy’, -y=-tat+ ZAC10c'/? + 27A + 10A?2-"/?), 
1°. Solution in parametric form with A < 0: 
x=a(l10—-711), y= 7aT,(T} + 37,73 —4T,), where A=-2V/a. 
2°. Solution in parametric form with A > 0: 
x = a0,*(70203 —50;), y =—7a0,*0(63 — 30.03 + 20703), where A=vVa. 


> In the solutions of equations 32-43, the following notation is used: 
z= { Ci JL(7) + O2Y,(7) _ for the upper sign, 
- Cil,(7) + Ci K(7) _ for the lower sign, 
fu=TA),+vZ,, Z=2j3, Ui=7Z,+4Z, Ur=UptrZ, U3=+37°Z? -2UUd, 
where J,(r) and Y,(r) are the Bessel functions, and I(r) and K,(7) are the modified Bessel 
functions. 
Remark. The solutions of equations 32-43 contain only the ratio Z'!./Z, where the prime 


denotes differentiation with respect to T. Therefore, for symmetry, function Z is defined in terms of 
two “arbitrary” constants C'; and C’ (instead, we can set, for instance, C'; = 1 and Cy = C). 


32. yy -y= Ac”, 
Solution in parametric form: 
= GEA Ue. y= yi eee SE where A=+F 
33. yy, -y= Ax. 
Solution in parametric form: 
a rE Z-US y= +3ar2/3ZU51U3, where A= —36a°. 
34. yy) -y = A(n + 2)[fa'/? +2n+2At (n+ I(n+3)A7a/). 
Solution in parametric form: 


1 
t=aZ,[f,-Vt+ DZ), y=aZ7(f2-WwZ,f,trZ2), where A=vJa, v= ao 


35. yy, —y = A(n+2)[al/? +2(n +2)A + (2n 4 3)A2a 7], 
Solution in parametric form: 
e=affrZ,+Q-wf), y=tarflf2+2d-vZft7Z2), 
1 


here A=F = : 
where vVrifa, Vv =o) 
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36. yy -y = Av/?4+2A*+ Bal”, 


Solution in parametric form: 
g=AZ (Zi -Z), y= AZ irZly-WwFtr)Z7I, 
where B = (1—v*)A? and the prime denotes differentiation with respect to T. 
37. yy -y =2A?- Ag!/?, 
Solution in parametric form: 
B=a(ZQ) (TZ £224), y= tar(Z)Ur(Zyy +2Z0Zj+7ZGl, 
where A = ,/a and the prime denotes differentiation with respect to rT. 


ez, 12 6 1/2 2-1/2 
38. yy’, -y=-Bat+ SA(e?4+8A45A72'/?), 


Solution in parametric form: 
g = 3a 4(5U7-717° 2’, y= 2807 Z?U (37°27 — ZU, - 3U9), 


where A = 2\/3a; Z and Uj are expressed in term of modified Bessel functions. 


39. yy, — Y= -La + £AQaxl/? +7A4+4A2a71/2), 


Solution in parametric form: 
z=at'Z (UU, -2U3),  y=Sat*Z°U,(U; —U,U3), where A=—/a/2. 


40. Yn -y= -ia@ +3Aa/3 — 12 A2979/3, 


Solution in parametric form: 


3/2 
fal a fz 3a fi 2Zaphypr-T Zp 
z 3/2? 7 3/2 pl/2 3 
PZ) : PPL fain 


where Z3/2 and f3/2 are expressed in term of modified Bessel functions; A = za’! 3. 


; 3 3 3b? 
4. yy, -y = e+ —V 27 +b? + —__., 
8 68 16Vx? +0 
Solution in parametric form: 
 =-har'Z3U7? U7 127° 23U) F 3UD), 
y = Far Z3?U Us| BU? - 1270) +47 BU), 
where b* = 3a’. 


: 9 5 —_ 3b” 
42. yy, -y = a + —V a? FD? F —.. 
32 32 64/22 + b2 
Solution in parametric form: 
a =—Lar! 23033? U5? (27? Z3U3 + 3U3), 
y = thar! Z3?U SPU; (33 F 7° Z3U3 — 3U3), 


where b* = 6a2. 
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Solution in parametric form: 


3/2 3/2 


z= 5aU,'°U;'(U3-U3), y= ya, Us' BU3 - 120} + 47°27U5). 


p> In the solutions of equations 44-52, the following notation is used: 


By=P /t4e-)+3reFl, E=reFl, 
B3= /+4@-+2re’, E,=7V4(43-1) +29. 


Here, the function ¢ = ¢(T) is given implicitly as follows: —C. The upper 


ay eee 


sign in this formula corresponds to the classical elliptic Weierstrass function 9 = (7 + C2, 0, 1). 


44. yy) -y= Ax? aAt. 


Solution in parametric form: 


al 2 6-1 
e=sae g¥+), y=at Ey, where A=+ 77a". 


45. yy -y= -£a + Aa’. 


Solution in parametric form: 


2 2 eth 26 
t=Satpg, y=art Es, where A=+ 75a". 


ny 


46. yy -y= xa + Ax’. 


Solution in parametric form: 


x=S5aE,, y=at’Es,, where A= +S.a7. 


47. yy! -y =12a+ Aa?/?, 
Solution in parametric form: 
xL= ag SE, y= ag SB!" (14g?Ea —3), where A=¥147a7/. 
48. yy -y= Sy + Ag /3, 


Solution in parametric form: 
r= TT ae ae y= aby? E(B} F16E{), where A= -18 (2a), 


49. yy’ —y = 2% +2A(10x!/? + 31A + 30A72x71/”), 


Solution in parametric form: 


t=ag’[rV+(4¢3 - 1)- 39], y =-2ate” [pV +(4—3 -1)+2r—? +7], 


where A = /a. 
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50. yy, -y = 2a +2A(-102'/? +19A + 3047271”), 


Solution in parametric form: 
xL= -6E))Y, y=-2aE;(46E}-E]+7E\Ex), where A=-vVa. 


51. yy’, -y=-Bat+ ZAGe? + 106A + 15472"), 


Solution in eens form: 
L= es —5)Y, y=+44ap°E3(79E3F 27), where A=+2V/a. 


52. yy’, -y=-Ba+ PAGSa'/? + 262A + 65A7x'/”), 


Solution in amen form: 


x =ab;'(289E,415E3), y=56aE;'E}(6—E,+E,), where A=F3V/a. 


> In the solutions of equations 53-60, the following notation is used: 


TdT 
= | ————!.$s_ (incomplete elliptic integral of the second kind), 
/ V+(4r3 - 1) 


R= V+(473-1), I, =7Q2¥7'R+C), b=7 (RI, -1), b=47 FF. 


53. yy. -Yy= -fa a: Axi/?, 
Solution in parametric form: 
g=Tar(I+C)*, y=-2a(I+C)*UIR+CR-2r’), where A=+2V7a. 


54. yy) -y=6r+ Ax, 


Solution in parametric form: 


L= ar Oi, y= ar TPO SRI —2), where A=¥150a°. 
55. yy! -y =20r+ Aa'/?, 


Solution in parametric form: 
r= ar Or, y= 4ar* 33 ¥9rI?), where A=+108a7/?, 


56. yy, -y= By + Axm’. 


Solution in parametric form: 
a =a? 7,8, =tare?r , bE=31), where A=+ia’. 


57. yy’, -y=—-a+ ZAGe? + 61A + 12A7x'/”), 


Solution in Sees form: 
z=a(7RI,-3)Y, y=14al,[t0077-1)1,-R], where A=Va. 


58. yy’, -y=-Ba+ ZA(c'/? + 166A + 55A7x'/”), 


Solution in ae form: 


v=aly{(4271, $5), y=F84al{ 37 +h F 12771), where A=+ Va. 
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59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


yy, -Yy= xa + ZATx'/? +49A + 6A?a71/?), 


Solution in en form: 
real {\(5hk-16)y, y=—Saly*i(4355 - 13+ 8I7]3), where A=8yVa. 


yy, -Y = Be + 6Aa/3 —3A?a 5/3, 

Solution in parametric form: 

r= yeas Sa Balas y= ar OTA] 5 OrB +1h- 3r°E?), where A= -ta(2a)!/3, 
yy, -y =-pat+ Ac + Bal, 


The substitution x = 7~°/? leads to an equation 


yy, = -37%y + ar —3 Ar? — 3B, 
coincident with equation 1.3.3.13 when n = -1/2,c =0, b = 3/4,d =3A/2, a? =-3B. 
yy, -Yy= -ia + Ag/5 — Ba7/5, B>o0. 


The transformation « = (w— 4/7 + A/B) pee = 3n+ (3B)? ral leads to an 
equation of the form 1.3.1.3: 


ww) —w + 4( 2 al ! 
Fe PSB AWB) fr 
yy’, -y = k(Aa? + Ba + Cy”, 
A(bow? +b b A(bow? +b b 
The transformation x = soy) y=E+ Hay Ebay) where parameters 
4A —w? 4A —w? 


by, b;, and bo are found from the relations B = 4.Ab,—bg and C = bi —A4bobo, leads to a Riccati 
equation: 
tkwe = (-Z6 + bow? + byw + AE + bo. 


For C > 0, we can set b> = 0, b; = VC, and bp = —B. 

In books by Zaitsev & Polyanin (1993, 1994) it is shown that the original equation is 
reducible to the degenerate hypergeometric equation. 
yy, -y =-Ba +3A(4 + Boa? +3A(2-3B)+ BAR +i Ba”. 
The substitution «= (€7+ +84) leads to an equation of the form 1.3.3.13 withn =3,a=4/7, 
c=0,b=A, andd= 12.A(2 - B): 


yye = (467 + SAlEy— [Ber + 12A(2- BE +3471. 


yy, -y =-§a+ AB [2- Ae’? -2BQA+1) + BI-3A)e' - AB 2?/), 
B’°B- aay ( 1 


2 
“5w(Buw +1) + —) w leads to a Riccati 


The transformation x = w, y = E + 3 


equation: 
(2¢°- 2B°é+ 4 AB®)w; = Béw* + (€- 2B?)w+ 2B’. 


’ 3 3 1/3 , 3 42,,-1/3 27 44,,-5/3 
yy, -y =3a-3Aal/ + 7Au / - GA we is, 
The transformation 


ra AP P32, y=3H(EP—ApP—FF+4)f, where f=w(é- fe)" 


leads to an equation of the form 1.3.1.46: wwe, -We KE — €, 
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67. yy, -Y = -La + TAal? + 2A eV = 100 Ate, 


Denote A = We and perform the transformation 
3/2 7 8¢_ 3 7 )2¢-1 3 
ga 8/7, y= (wt $€-2a-Za’°é ) VE, where €=z2- 94. 


As a result we obtain an equation of the form 1.3.4.30 with n = z, c= —sa: 


[(2- ga)wt $2? - 2az4 4a?|w! =-fw* +22u. 


68. yy, -y=—-ta t+ BAS - FA, 
Denote A = 8a. The transformation 
V7 = 0B (3523/5 - Lye), ae ty 4g 8/5 — Bq? 
leads to an equation of the form 1.3.1.64 with B = -1/49: 


1 hy = By 4 BQ AGT? 
WW, —W=-aBT t+ a — agar”. 


, 33 286 42,.-5/11 770 43,,-13/11 
69. YY, —~Y = je r+ ZAar bs -7Aer / . 
Denote A = Sa?. The transformation 


Me Te ae Oe ah 233 8/11 _ 39 2 
VT = age (x qyr/"), warts 560 


leads to an equation of the form 1.3.1.64 with B = -1/49: 


hg eB 4 BQ? B31 
WW, -W=-aBT t+ ga —agqaT . 


70. yy, -y =—dha + $A2(12307"7 + 280Ax*/7 — 400 A227), 


Denote A = 1/a. The transformation 


Se. ye Ba (w +4€+ La + SaPONEM, where €=z2- aha, 


leads to an equation of the form 1.3.4.30 with n = 3, c=—=a: 
[(2- Ha)w + 42° -7az +307] w) = 2w? + 22w. 


71. yy, -y=ar+be™. 
1°. For m # 3, the transformation 
2 


w= 2¢m —3)B? (bx - - + 2 +a) 


r= Blom 4 41), 


leads to an equation 


ww,-w= 2teh) {7-mBr!/? + [2m-3-a(m—3)"]B* +[2—m+a(m—3)P BV}, 
(m-3) 
2°. Letm #1 anda >~-1/4. Denote 
(n+2)\n+m+1) 1 m-1 
xa h = = +-—___ — i" 
a Oatmaese where n=11,2 = ( aaa m 3) 


Then the transformation 


fs m1 ent (< 1, n+2 ) 
i m-l Ww = TT W Ww n=n 
> on tm+s3 f° m-1 /° vr 
reduce the original equation to the classical Emden—Fowler equation w te = AE"w™, where 
2n+mM+3\% 1... : ; 
A=b (-——==) , which is discussed below in Section 2.3. 
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72. 


73. 


74. 


75. 


76. 


m+t+l1 


YY, —Y = ee a + Ag?! + Baim, 
m+ 
2 

am m ‘ 
Denote A= Dom + 22 B= “Fon PODE: The transformation 

+2) +2 Am+1 +2 

(pe ye ee w= Ae) egies eh 

m m m+2 

leads to the equation 
2 +1 
ww, —w= —s +a+br i? 


(see Table 7 with a = 0 in Subsection 1.3.1). 


yy’, —y = a7 de* — a(br + Ne** + b. 


Particular solution: yo = ae*” — b. 


yy, —y =a"de”* + arxe + ber”. 


: ; : b 
Particular solution: yo = ae*” +2 + ec 
a 


yy’, —y = 2a7Xsin(2Az) + 2a sin(Az). 


Particular solution: yo =—2a sin(Az). 


(f +b” 
yy, -y=af, fi, “Gs fee f= f(a). 
+b +b 
Particular solutions: y; = af), + i. yo =-af,. + — : 


1.3.2. Equations of the Form yy’, = f(x)y+1 


1. 


yy, = (ax + by +1. 

The substitution € = y — yax — ba leads to a Riccati equation with respect to x = x(&): 
ry = saa? + ba +€ 

yy’, = (ax+b)y*y +1. 

The substitution a€ =—(az+b)! leads to an equation of the form 1.3.1.33: Ye =y+(aé)~. 


; 1 
yy, = (a- —)y +1. 
ax 
The substitution € = y—az leads to a Bernoulli equation: fre + aka +a?x* = 0. 


yy), = (ax + by /27y +1. 


2 
The substitution z = —(aa + b)'/? leads to an equation of the form 1.3.1.2: yyl =y+ 5az. 
a 


yy!, = 3(ax?/? + 8x) '/7y +1. 


The substitution z= 12a" (ax'/?+ gy? leads to an equation of the form 1.3.1.10 with m= 3: 


r 2 12,3 
Ys =Y- G24 wgqa 2. 
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6 yy! = (ar/3 - Zata yy +1. 

The transformation x = a?/2w>, y = € — w? leads to a Riccati equation: 303 Ewe =€-w 
7 yy, = aer*y +1. 

The substitution € = se leads to an equation of the form 1.3.1.16: Ye =yt Oey. 


8. - yy’, = (aer* + be” )y + 1. 


3 = a ‘ : 
The transformation € = y + rte Ae _ 6A” w =e» leads to a Riccati equation: We = 
aw? + Ew —b. 


9 -yy!, = aycosh x + 1. 
This is a special case of equation 1.3.3.75 with b =0 andc=1. 


10. yy’, = aysinh « + 1. 
This is a special case of equation 1.3.3.76 with b =0 andc=1. 


11. yy!, = acos(Ax) y +1. 


: 2 4u 8au yas : 
The transformation x = =o arctan —, y=T leads to a Riccati equation: 


a 
A 16u2 + 2 
us —2ru* +au- ar. 


12. yy), =asin(Ax) y +1. 


The substitution x = €+ x leads to an equation of the form 1.3.2.11: We =acos(Af)y+1. 


1.3.3. Equations of the Form yy’, = fi(x)y + fo(x) 


1.3.3-1. Preliminary remarks. 


With the aid of the substitution € = j f(x) da, these equations are reducible to the form: 
yye =yt F (8), where f(£) = fo(x)/fi(a), (1) 
and by means of the substitution z = / fo(x) dx they can be reduced to the form: 


yy, =g(2)yt+1, where g(z)= fi(a)/fo(a). (2) 


Specific equations of the form (1) and (2) are outlined in Subsection 1.3.1 and 1.3.2, respectively. 


1.3.3-2. Solvable equations and their solutions. 


1. yy! = (ax +3b)y + cx - abs? - 20’x. 
The substitution y=2x*t+bz leads toa linear equation with respect to x=2(t): (-2t?-+at+c)2x} = 
ta + b. 


2. yy! = Bax + b)y —a?x? - aba? + cx. 
The substitution y = zw + az” leads to a Bernoulli equation with respect to 2 = 2(w): 
(-w? + bw +o)z!,, = wx +a2?. 
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3. 2yy!, = (Jax + 5b)y — 3727 - 2cx” - 36x. 
This is a special case of equation 1.3.3.11 with m = 3/2, k =1/2. 


4. yy’, =[(3-m)a - lly + (m- (a? - 2? - az). 
The transformation x= w/z, y=—-2™!+2?-—2~-a leads to an equation ww), =wt+az+z2™ 
whose solvable cases are outlined in Subsection 1.3.1 (see Table 5). 


5. yy! + a(ax* + byyt+ a =0. 
The substitution z= —$2? leads to an equation of the form 1.3.2.1 with respect to y = y(z): 
yy! = (-2az+ by +1. 

6 yy, t+a(l—-a")y =a’. 
Solution in parametric form: 


et dr oc 


g=-(trte’E1+inE), y=-a(r+ e7E}), where E= / 


T 


7. -yy!, -a(1-ba")y = ab. 


Solution in parametric form: 


r= xb exp(t7’)f', y= Fzabf Pee | = exp(Fr’)] , Where f= exper?) a +C. 
T 


8 yy, = a "[(1 + 2n)ax + anly — nx" (x +4). 
1 
The transformation x= ~, y=—-—+a""!+ax" leads toa separable equation: w!, =w-"—a. 
z 2m 
9. yy), = a(x - nb)ya” ly + cla? — (2n + Iba + n(n + 1)b7Ja?"". 


The substitution € = ax" (— - b) leads to an Abel equation of the form 1.3.1.2: 
n 
Ye =yt(n+ l)ca€. 


2. 2n-1 


10. yy. =[aQ2n+k)a” + bla” "y + (-a?na* - abs* + cx 


The substitution y = x”(w + az*) leads to a Bernoulli equation with respect to x = x(w): 
(nw? — bw —c)z!,, =—wa -azx*, 


11. yy’, =[aQm+k)ax™* + b2m—-k)a™* ly - (ama + ca** + Bm)? 


The transformation z= x*, y = 2 (t+aa* + ba*) leads to a Riccati equation with respect 


to z= 2(t): 
(-mt? + 2abm — c)z} = akz? + ktz + bk. (1) 
72 ai / 
The substitution z= — aa where co = c— 2abm, reduces equation (1) to a second- 
a w 
order linear equation: 
(mt? +.¢9)’ wi, + (2m + k)t(mt? + co)w} + abk>w = 0. (2) 
t +k 
The transformation € = ——————., u = (1 - £?)“/2w, ~where ps = Prclatiea brings 
ft? + (co/m) 2m 


equation (2) to the Legendre equation 2.1.2.226: 
(1 © )uge — 2€ug + Yt 1) - wd - LY Ju =0, 


2_ 22 2 

‘ : : m-—k* — abk 

where v is a root of the quadratic equation v? + v + oo =0 
4m mMmCo 
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12. 


13. 


14. 


15. 


16. 


17. 


18. 


yy’, =[(m + 21-3)a +n -21 +3) y +[(m +1 - Dax? + (n-m-21 +3)a-n +1-2)a'™, 


n-l42, ymtl-l = 


The transformation x = Sus, y = AE x’! +421" leads to the generalized 
w 


Emden—Fowler equation Wee = AE"w™ (we), which is discussed in Section 2.5. 


yy, = [a(n + 1a?+ ca + b(n - Da” y - (na*a*+ aca>+ dx*+ bex + nb*)x?" 
Here, a, b, c, d, and n are arbitrary numbers. 

The substitution y=2"t+ar"*!+ba""! leads to a Riccati equation with respect to x= 2(t): 
(—nt? + ct —d+2nab)x), = ar? + tx +b. 


yy’, = [a(n - Dax + b2A + n))a* "(ax + b)*7y - [ane + (A + nla "(ax + by, 
1 1 
The substitution y = |-- 


w ‘ x” (ax +b) 
1.3.4.5: (wtaa"! + ba”)! = [anz” + b(A+n)a”" Jw. 


]2*"(ax + by leads to an equation of the form 


yy, — a[(m - la + jaty = aa "(mz + 1)(a - 1). 
Solution in parametric form: 
(m—1)(r™*! +1) 
L = ——————_ 
Zz 


mt 

b+in(—**), y=all+(mr™—-7 JE], 
T 

where n= f +0. 


yy’, -a(1-ba/?)y = a? ba/?, 
Solution in parametric form: 
e=FerZ (ZY, y=tab?P’Z?[(Zy +2], 

where 

_ J Ci Jo(r) + C2Yo(r) — for the upper sign, 
~ | Cylo(r) + C2Ko(r) — for the lower sign, 
Jo(r) and Yo(7) are the Bessel functions, and Jo(7) and Ko(7) are the modified Bessel 
functions. 


yy’, = 3(ax + bya S/3y + 3(aa +b)? a7, 


ae 1 lraxt+b 
The substitution w = — + =( 
x 


3 
wi, = a Bar + by?/3(ta-3w?). 


1/3 
) leads to a separable equation for w = w(x): 
x 


3yy’, = (-7Ax + 6s — 2A)a3y + 6(Asax — Dax ?/3 
+2(Ax + 5A)(-Az + 3s + 4A)r!/3, A = As(3s + 4A). 


The transformation x = (€ + As)!, y = (w+ 4A +4 3s — Az)x?/3 Jeads to an equation of the 
form 1.3.4.10 with a=1/3: [(€+As)w + (4A + 3s)E]we = fu? +2(3A4+ s)w + 2€. 


p> In the solutions of equations 19 and 20, the following notation is used: 


19, 


f=Vrr+)-WnlC(Vr+v7r41)|, g=1-4f InjC(vr+v7+1)|. 


yy, + 4a(6a -Darty = -41a%(x - (4a - Dat 


Solution in parametric form: 


eSrf 9s yeadarg ati 9): 
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20. yy’, —Fa(1+ 2be)y = £a7(3a + 4ba"). 


Solution in parametric a 


weer fg? y=—zaer' fig (pf —4rg), b=-. 


p> In the solutions of equations 21-23, the following notation is used: 


E=exp(3r), S;=E+C sin(V37), $2 =2E-C sin(V37) + V3C cos(V37), 
S3 = 2S1(S2), —($1),S2—- S152, $4 = 251053), — 5(S1),S3 + S183. 


21. yyl, + qa(13a - 20)0°/y = - a(x - Iw - 8)”, 


Solution | in parametric form: 
a = 64535955, y = a(45,)°/755°/7951°/7(.53 — 6453S) + 7:53.53). 


22. yy! + La(23a - 16)29°/y = aa -1)(25a - 32.017 


Solution | in parametric form: 
= ~286.539535,, y= a(288.935,) ~/75;'5/7(53 +753 + 252.5354). 


1 -18/13,, _ 3 2 —23/13 
23. yy’, + fa(l9x + 85)a78/¥y = -—Sa(x - I(a + 25)a-/ 


Solution in parametric form: 


a =-25535;2, y= a(2553)9/85,1°/3(52 +2553 - 208,935,). 


p> In the solutions of equations 24-27, the following notation is used: 
T,;=cosh(r+C)cosr, Th=tanh(7+C)+tanr, T3=tanh(r+C)-tanr, T4=37 573, 


6,;=coshr-sin(r+C), 62.=sinhr+cos(r+C), 63=sinhr-cos(T+C), 64= 30203—20%. 


24. yy’, + -a(I3a - 18)a-7/*y = Aaa - I(x - 6a”. 


ie Solution in parametric form with A < 0: 
e=-12T3T, y= a(12T) 27, 9(T} - 57,7? +127). 
2°. Solution in parametric form with A > 0: 
2 = 602003, y= a(60203) 7/50," (03 + 50203 — 66703). 


25. yy! + ta(Sx + Daly = (1-2). 


Solution in parametric form: 
z=T7T;*, y=-aT (13 -T,T? +47). 


26. yy, + fa(19x - 14)x7/Fy = -—La(x - 1)(9x - 14)x?/*. 


1°. Solution in parametric form with A < 0: 
-2/5 
2°. Solution in parametric form with A > 0: 


x= $6203, y= ($0704) "(05 + $63 - “0 70s). 
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27. yy! + daa + Da/My = -La(a -1(a + 9a’, 


ioe Sino in parametric form with A<0: 
a =9T4T;?, yy =a(9T 3/7," (72 - 207; - 9T). 
2°. Solution in parametric form with A > 0: 


-3/10 ,— 
=-26492,  y=—4a(04) 9,7! (03 — 50204 + 204). 


> In the solutions of equations 28-30, the following notation is used: 


Pi=t(7?-D, Ps=7?-3r+C, Py=t(r*- 61? +407 - 3), 
Po = 4(r° — 151* +2007? — 4577 + 12Cr — 8C* + 27). 


28. -yy!, + pa(7ax - 12)a7"/*y = —L a(x - 1)(a - 16)a?*~ 


Solution i in parametric form: 
gt =+16P,P?P,;*,  y =a(16P)P?P})*/(P? + 15 P? Py F 16P)P?2). 


29. yy’, + pa(13x - 8)x7"/Sy = —L a(x - 1)(272 - 32)a°/*. 


Solution i in parametric form: 


=U PPO, y=taBPy PP, PPP (SP) eePire 2! Pi), 


30. yy! + faGBe + Waly = -La (a -ID(@- 27a’. 
Ssittiba in parametric form: 
a =F27P3P2, y= Fa(3P,) 9/7 P,*/"(P2 F 28P? Ps + 27 P32). 


p> In the solutions of equations 31-38, the following notation is used: 


TdT 
= | ————. (incomplete elliptic integral of the second kind), 
/ ede 3 aT p Pp gral of 
R=Vt47-D, Nh=7QIFC'R+C), h=7r'(Ri-D, 
Ih =471, FE, I, = hx -8If, I5=2R(I+C)-7’. 
31. yy’, - tala + Day = tea - Ga + 5)a%/?, 


Solution in parametric form: 


e=2r3'R, y= ta(irr) “74 [ar -2)h - 4B]. 
The lower sign is taken in the notation adopted. 


1 -1/4,, 1.2 -5/2 
32. yy! - za(xzt+ Dax /4y= 1a (a — (a + 5)a9/?, 


Solution in parametric form: 
e=-tr° Ph, y=—to(rhy?(4b) “rb +b - 377). 


The lower sign is taken in the notation adopted. 
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33. yy! - falda + 3)a*/"y = Law - 1)(16x + 5)a/”. 
Solution in parametric form: 


1/7 


eateries, y= sally be) * GBR L7G F167). 


34. yy, + ta(13a -3)a7/3y = -4 2(@ —1)(5a — 1a7!/3, 


Solution in parametric form: 
e=FRIP, y=-0bl {+R +4071). 


35. -yy!, — a(8a -Da*/y = La(x - 1)(32a + 3)x°/”. 


Solution in parametric form: 
e=F RI, y=-ha(S iP Rr) BR +707 £32071). 
36. yy’, —a(Sx —4)a“ty = a*(x -1)3a - Da’. 
Solution in parametric form: 
c=tir (+C)'R, y=36a+CYR [+270 +C)-7°R). 


37. -yy!, — 2a(3a -10)a4y = ta(a - 1)(8a - 5)x7”. 


Solution in parametric form: 


e=tdrI+Cy7ls, y=ttal+ OIG +577 Is Fr +Cy). 


38. yl, + a39u - 4a ly = -fa7 (a - 1)(9a - 16)a"/”. 


Solution i in parametric form: 


e=tlor(I+Cyls?, y= 4tallor(1+Cy iy!" [312 + 777 ls F 48751 + CY. 


p> In the solutions of equations 39-41, the following notation is used: 
f= exper?) dr+C, g=2rf +exp(tr’). 


39. yy. + a(x — Q)amly = 2a7(x = Da. 


Solution in parametric form: 


L= Tr exp(t7’)f, y= a1 Se a exp(+7 a) ele 


40. yy. + a(3a - Qa ly = -2a?(x = 1°21. 


Solution in parametric form: 
w= zexpFr fg, y= 7a[2—expFr) fg F fg]. 
4. yy! +a(l—be)y = aba". 


Solution in parametric form: 


ae ao fg" [9 expr’) -2f7]. 


1 
~ JF2b 
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> Inthe solutions of equations 42-52, the following notation is used: 


E,=PVt43-1+3rpFl, B=rpFl, B= Vt4e3-DY+2r¢’, 
Ex = TV 4493-1) +29, Es=r?Vt(4p3-1)-477pt6, Ep =tV4(493-1)- 9. 


Here, the function (= (7) is defined implicitly as follows: T= —C. The upper sign 


do 
! Fxg 


in the above relations corresponds to the classical Weierstrass elliptic function 9 = o(7 +C, 0, 1). 
42. yy’, - tae -4)a/?y = ta*(x -1(a + 2)a. 

Solution in parametric form: 

CS 37 9 Ee, y= —Lar (23) /"(E? +20E6 - 377 9°). 

The upper sign is taken in the notation adopted. 
43. yy’, + pa(33e + 2a Sy = -La(x - 9a - 4a. 

Solution in parametric form: 

c=4r'p Ee, y= t4a(4r? gr BB) 5 (3Ee + SpE ¥ 12779). 

44. yy’ - ta(a-8)ay = -ta*(a - YBa -4)a7. 


Solution in parametric form: 


_ -1/2 
e=4E, ES, y= 4a(4B3) (6? -4E,E)+3E)). 


The lower sign is taken in the notation adopted. 


45. yy’, + pa(I7x + 18)a7-?7/By = Lae -D(e+ 4)-29/15 


Solution in parametric form: 
a=t4E?E3,  y=+aE)'!?(4Eyy/5(E} —5E\ Ey F4E3). 
46. yy’, - fal6a - 13)a*y = -La(a - 1)(a - 13). 
Solution in parametric form: 


1? 0B? + 13B)Es — 6E3). 


n= REP Bs, y=—ha( 2%) 
The upper sign is taken in the notation adopted. 


1 27/20,, _ Dt? -17/10 
47. yy’, + pa(24x + Wa?” /y = Lara - Ox + Dal. 


Solution in parametric form: 
a =4E3E3*, y= 4a(4E3)7/ES'9/ 3B? + 20E)Es — 123). 


The upper sign is taken in the notation adopted. 
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48. yy’, - 2a(3a + 2)a*/%y = Lea - 18a + Dal. 

Solution in parametric form: 

e=Fig' EYE,  y=Fa3pE}) 2B, (3pE} F gE} + Ey). 

49. yy’, - $a(4a + Day = ta?(a - I Q7x + 8)z?"*. 

Solution in parametric form: 

a=-E)E3Ef, y =a, By! E(B} + E)E} - 10E}). 

50. yy’, + Pa(13a -3)a4/5y = ee 1272 - 7 

Solution ; in parametric form: 

t=2E3ES, y=a(4Ey) ER)? (QE} - SE) Es +4E?). 

51. yy - ta(a +4)a8/Sy = ta(x -DBa + 7a", 

Solution in parametric form: 


t= 483! 9% /+(493- D), 
7 -3/5 
y=-1aEy!° [40° Vea Z D| [140°Es +2/4(4 93 — D| 
52. yy’, -aQe-DaS/y = tea -1Ge+ Dar. 
Solution in parametric form: 
r= tr lg? 493-1, y=-a [67 (V/ 463-1 me ? (6/493 -14+2rp? —2r). 


The upper sign is taken in the notation adopted. 


> Inthe solutions of equations 53-55, the following notation is used: 
Qi=4r°+Cr-1, Qa? tl, Q3=7°43T+C. 
53. yy! + ta(ax -6)a77/Fy = 2a7(x -1)(@+ 4)ax°/*, 
Solution in parametric form: 
e=437Q3Q3, y= a(37Q3)Q3" [1 £577)Q3 F 37Q3]. 
54. yy’, + tala + 19)2"/*y = -2a(@ - 19x - 4x’. 
Solution in parametric form: 
r=4QiQ3Q3, y= taQ7??Qz'?Q3(Q3F Q1Q5 + Q). 
55. yy, - 3aa7/4y = ta(x -I(a -9)a7/?, 
Solution in parametric form: 
@=QPQ y= —aQy'Q3°7(Q3 + O13 - QD. 


The lower sign is taken in the notation adopted. 
p> In the solutions of equations 56 and 57, the following notation is used: 
k 
hp= [re exp(+17) dr +C. 


56. yy! -al(k+ Da-1aty = @(k+ D(e-De. 


Solution in parametric form: 


2 k+1 2. 
= Tr FT expltr’yhig, y= a| =r FT expCFr?yhgl £(k + Dr? = 1], 
k-1 
where 3 = ee 
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57. yy’, —al(k -2)@ + 2k -3)a“*y = a2(k -2)(@ -1)°a"*. 
Solution in parametric form: 


2 


2(1-k) y) 
G=F27 2k exp(tr7)hg, y=a(F2h,)) * exp [F(k-2)r7] [7 2-k exp(#77)+ (447) hy]. 
1 -k,_ 1,2 2,,1-2k 
58. yy. — 7al(4k —7)x —- 4k + 5)a“y = 5a°(2k -3)(a- Ira. 
Solution in parametric form: 


e=(tZYU7, y= fa(rZy3SU" QU? +5ZU - 772"), 


1-k 
where Z = Cil,(7)+ Qi K,(7), U=7Z) + Z, v= BOK I(r) and K,(7) are the 
modified Bessel functions. 


p> In the solutions of equations 59 and 60, the following notation is used: 


Nees) as +C. 


T’ +a 


-2n 


59. yy’, - [(2n- Da - analy = n(x -a)x 

1°. Solution in parametric form: 
g=TN7!, y=r ON? ["+aNn-TI. 

2°. Particular solution: yo =(a-—x)x”. 

60. yy) - [(n +1)x- an| aa —a)yy = na?” (a - a)?" , 
1°. Solution in parametric form: 

r=TN7, y=(t-aN,)y™ [7 -(7" + Nn]. 

2°. Particular solution: yo =—2"(2-—ay"!. 

61. yy! -al(2k-3)a + Ia*y = a(k-2)[(k- Da + ae, 
Solution in parametric form: 


- T+1 
“= G-bQ-h) 


 [re-U-byre DFF], 


BE [a _~WQk-3)(r +1) FF +Q- k)E] 


y= 
1 1 

where B= [<7+)TF dr+C. 
T 


> In the solutions of equations 62-66, the following notation is used: 


1 
Ra=Vier™, Epa flere) dr+C, Fy=RnEn—1, Ene = f (ltr) #2 drt. 


62. yy! -al(n+ 2k —3)a+3-2kla*y = a? [(n+k-Iaz?-(n+2k—-3)e+k-2]a'*. 
Solution in parametric form: 


2 rte 2(1-k) 
Ser hehe <yeer oh (s BT Ene — Eng Ry +7 Rn? ) 
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63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


a n+l a” 3n+2 
yy, - —|(n+2)a-2]a7 n y= —|(n+ Da? -2a-n+4 1am n 
n n 
Solution in parametric form: 

1 n+l 


ntl ae Vek eee 
Pahl Ry yas) ~ abe Rh, © (et 2k,). 


2n4+1 a” 3n+2 
w-2)a° nm y= ————_[2ar? + (n?2+n-4)x-(n-Iin+2)]a7 7" 
n(n + 2) 


Solution in parametric form: 


1 2 lim 1 
a=2br "EF, y=a2b)n EP, ® (- F-7F,+ —r"lEe), 
n+2 bn 
where pe 
n+l 
; a (= +5 n-1 ) 2H 
+ —— | ——-r + x n+ 
Te ka 2 n+ sf 
a? f La? n2+2n4+5 4 mS 
= -——_ | (n + I) ax* —- —————4 + xr n+ 
2(m + 3) n+1 n+1 
Solution in parametric form: 
ne 2-2 Ant) 1 
parE, yaar ms BOR, MO [R21 B2 4 1) - : TF | 
n 
; n+2 a ;n+1 
yy’, ~ a +ba")y =-—a/( + ba”), 
n n 


Solution in parametric form: 
1 
L= crEN”, y= ack” (EnR + —r). 
n 


yy’, = (ae* + by + ce” — abe® - b’. 


The transformation z=Inw, y=tw+b leads to a linear equation: (-t? +at+ cw, = tw+od. 


yy! =[a(2p+ Aje*” + ble"*y + (-a7 we” - abe*® + c)e*#”. 
The substitution z=e* leads to an equation of the form 1.3.3.10: yy)=[a(2per\)2*+b] 24 ly + 
(-a? pz™ —abz* +0271, 


yy’, = (ae** + b)y + cla7e® + ab(Ax + 1e*” + B*Ag]. 


The substitution € = see + ba leads to an equation of the form 1.3.1.2: Ye =ytcr€. 


yy’, = e*?(2aXr\x +at b)y = e?* (a7 a” + aba + c). 


The substitution y = e"(€ + ax) leads to a linear equation with respect to x = 2(&): 
(-AL? + bE - cx, = art. 


yy’, = e°* (2ax” + 2x + b)y + e7**(-ax4 — ba” + €). 


The substitution y = e®*(€ + x*) leads to a Riccati equation with respect to x = 2x(€): 
(-aé* + bE + C)x_ = x +€. 
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72. 


73. 


74. 


75. 


76. 


77. 


78. 


79. 


80. 


yy’, + a(1 + 2bx)e®”y = -a7bx*e 


Solution in parametric form: 


2 
dee exp(tr’)f, y= at ce [21 > exp(tr’)f + 1] exp[2 exp(tr’) f], 
where f = / Tt exp(Fr7)dr +C. 
yy’, ~a[1+2n + 2n(n + Dale? y = -a?n(n + NA+ nx)xe2*, 


Solution in parametric form: 


t= (2nr"E + : i ) exp|(n + 1)r"E], y=at” i— +nE) exp[(n + Ir" E], 


n+ ] 7? 
where E = fa +7) ldr +4. 
yy’, + a(1 + 2bx'/*) exp(2bar'/”)y = -a?bax>/? exp(4bx'/”). 
Solution in parametric form: 
g=er{Z?U, y=-acr*Z7(U? + 7° Z’) exp(—2br° ZU). 
Here, 


Ci Ji(7)+C2¥i(7) _ for the upper sign, 


genie _77! = 
b (¥c) ’ U TL, + Z, Z { Ci (T) + CK i (rT) for the lower sign, 


where J,(7) and Y\(7) are the Bessel functions, and /;(7) and K,(r) are the modified Bessel 
functions. 


yy. = (acosh x + b)y - absinh x + c. 


The transformation t=y—a sinhx, =e” leads toa Riccati equation: 2(bt+c)£;=ak?+2té—-a. 


yy! = (asinh x + b)y - ab cosh x + c. 


The transformation t=y—acoshz, =e” leads toa Riccati equation: 2(bt+c)é{=a?+2té+a. 


yy, = (2inz +a+1)y+2(-In’ x -alnz +b). 


The transformation x =e”, y=(€+w)e™ leads to a linear equation: (6° +a +b)w; =Wwteé. 


yy’, = (2In* x + 2iIng +a)y + x(-In* x -aln’ z +b). 


The transformation =e", y= (z+w7)e” leads to a Riccati equation: (-z?+az+b)w!, =w'4+z. 


yy’, = ax cos(Ax”) y + x. 


The substitution z= $a? leads to an Abel equation of the form 1.3.2.11: yy! =acos(2Az)y+1. 


yy’, = ax sin(Ax’) y + x. 


The substitution z= 40° leads to an Abel equation of the form 1.3.2.12: yy! =a sin(2Az)y+1. 
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1.3.4. Equations of the Form [gi(x)y+go0(x)ly/, = fo(a)y?+ fila)y+ fo(x) 


1.3.4-1. Preliminary remarks. 


With the aid of the substitution 
w= (y+ )z, where B= exp(- f Zar), (1) 
1 1 


these equations are reducible to a simpler form: 


ww, = F\(x)w + Fo(x), (2) 


2 
= (2(2) +4288 |0, ry (Lh wih) we 
dx 91 1 gy gi gi gi 


Specific Abel equations of the form (2) are outlined in 1.3.1-1.3.3. In the degenerate cases with 
Fo =0 or F{ =0, the variables in equation (2) are separable. 


1.3.4-2. Solvable equations and their solutions. 


1 §=(Ay+ Bata)y, + Byt+kx+b=0. 
Solution: Ay? +ka2? +2(Bry+ayt+bx)=C. 


where 


2 (ytar+ by =ayt+ Barty. 


The substitution y = u— az — 6 leads to the equation 
uul, =(at+a)jut(B-aa)r+y-ba 


which is separable with a=—a. For a #—a, the substitution u = (a+a)w leads to an equation 
of the form 1.3.1.1 or 1.3.1.2: 


ww, =w+X?(B-aa)r+A*(7- ba), where A=a+a. 


3. (y + aka? + ba + oy’, = -ay’ + 2akavy+my+k(k+b-m)x +5. 


The substitution y = z+ kz leads to a Riccati equation with respect to x = x(z): 
[-az?+(m-—k)z+s-—ck]z! =aka*+(b+h)at+zte. 


4. (y+Aa”+a)y, +nAc”!y+ke™ +b=0. 


2k 
Solution: y* + = ™ 4 (Ary + ay + bx) =C. 


+1 


5. (ytax™! + ba™)y’, = (anx” + cx™")y. 
The substitution y = «”(w — b) leads to a Bernoulli equation with respect to x = x(w): 
[-nw? + (bn + cw — bclz),, = wa + az. 

6. «yy! =ay?+by+cx” +s. 

a 


The transformation € = a7 


Az=-ab~’s, B=-ab*c, m=(a-—n)/a (see Subsection 1.3.1). 


a 
we “3 y leads to an equation wwe =wt+Aé+Bé™, where 


7. LyYy,, = -ny’” + a(2n + Day + by - a?nx? - abs +c. 
The substitution y = w + az leads to a Bernoulli equation with respect to x = z(w): 
(—nw* + bw +c)a), = wa +az’. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19, 


2ryy,, =(1- n)y” + [a(2n + 1x + 2n- ly - a?na? - ba - 1. 

The transformation x = £7, y = €t+a&* +1 leads to a Riccati equation: (—nt* + 2an—b)£} = 
aé? +t€ +1. 

(Avy - Aky + Bx - Bk)y!, = Cy’ + Dry + (B- Dk)y. 

The transformation  =w+k, y = €w leads to a linear equation with respect to w = w(a): 
[(C — A)é* + Dé\w; = A€w+ B. 

[(3ax + As)y + (4A + 3s)a ly’, = 2ay” +2(3A4+s)y + 2a. 

The substitution w = ay? + (3\+s)y+~ leads to an Abel equation of the form 1.3.3.3: 
2wwy = (Jay + 5b)w — 3a*y? — 2cy* — 3b’y, where b=s+2A, c= Za(13r + 6s). 

[(4ax + As)y + (4A + 3s)arly’, = Say? + 23A + s)y + 2a. 


The substitution w = day? + (3A + s)y + leads to an Abel equation of the form 1.3.3.3: 
2wwy = (Jay + 5b)w — 3a*y? — 2cy* — 3b’y, where b=s+2A, c= 7a(60A + 25s). 


(2ZAry+ay + ba +c)y’ = Ay’ + Ak’x*+my+k(ak+b-m)x +s. 


The substitution y = z+ kz leads to a Riccati equation with respect to x = x(z): 


[Az*+(m-ak)z+s- Ckls,= 2Aka’* + (2Azt+ak+b)atazte. 


2(m + 1) ,  1l-m , m-1 
[2ey + (1 -m)Ay - ——— = y+ ytr 
+3 2 m +3 
ee 1-m , m-1 . 
The substitution w = zy + 3 y+ leads to an equation of the form 1.3.3.4: 
m 


ww = [3-m)y -1jw+(m-Dyr-y’-ay), where a=A-2(m+1)(m+3)”. 


m+2 
. 


a(2ay + bx)y!, = a(2-m)y? + b1- m)xy + ca” + Ax 
The transformation z = y/z, w =—Az™ +amz* + bmz-—c leads to a separable equation: 
ww), = m(2az + b\(amz7+ bmz —c). 

(cy+a*+a)y, =y+xyrb. 

Solution: («+y)*+a+b=C(bz- ay)’. 

(2Ary + Ba? + b)y’, = Ay? +k(Ak + B)a* +c. 

The substitution y = z+ ka leads to a Riccati equation with respect to x = 2(z): 
(Az*+ce-—bk)al, = (2Ak + B)a? +2Aza td. 

(Avy + Ba*+ka)y) = Dy? + Exy+ Fu’ +ky. 


The substitution y = xz leads to a linear equation with respect to x = x(z): 
[((D— A)z* +(E-B)z+ Fle’ =(Az+B)rt+k 
(Avy + Ba*+ka)y’, = Ay? + Bry +(Ab+k)y + Boba + bk. 


This is a special case of equation 1.3.4.22. Solutions: y=C'a—b and Ay+Ba+k=0. 


(2Ary+ Ba? +ka)y! = Ay*+ Cary + Dx* + ky -CBx - AB’ -kp. 
The substitution y = 4 + @ leads to a linear equation with respect to x = 2(€): 
[-Aé?+(C- B)€+ Dx, = (2AE + B)x + 2AB +k. 
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20. 


21. 


22. 


23. 


24. 


25. 


26. 


(Avy + Bu* +ka)y’, = Ay? + Cay + Dx? +(k- AB)y - CBx -kB. 
The substitution y=£x+/ leads toa linear equation with respect to r=2(): [(C-B)&+D] xz = 
(AE+B)r+ABt+k. 


(Avy + Aky+ Ba? + Bkax)y’, = Cy? + Dry + k(D - B)y. 
The transformation x = w-—k, y = €w leads to a linear equation with respect to w = w(€): 
\(C — A)é? +(D- B)f)w, = (AE + Byw- kB. 


(Any + Ba? + a,x + bry + cy, = Ay’ + Buy + a2x + boy + co. 
Jacobi equation. 


1°. With the help of the transformation x = +a, y=9+/3, where a and / are the parameters 
which are determined by solving the algebraic system 


AaB + Ba*? +aja+b)3 +c; =0, AB? + BaB+aratbh3 +c =0, 

we obtain the equation 
(Atg+ BP +a) 2+ big)y, = Ag’ + Brg + Gz + boy, 
where G; =2Ba+AG+a, G.=BG+a2, b= Aatb), bs: =2A3+Ba+by. The transformation 
z=49/%, ¢ =1/ leads to a linear equation: 
[by2? + (@, — by)z — Gy ]C, = (12 +)C + Az +B. 

2°. The original equation can be also rewritten in the form 

(xy! — y)(n3x + m3y + k3)- y), (m2 t+myy tk) +x + my t+ kp =0. 


The solution of this equation in parametric form can be obtained from the solution of the 
following system of constant coefficient linear differential equations: 


t 

(@1)y = 121 +22 + ky 23, 
t 

(@2)y = 2X1 + M2H%2 + k7x3, 


(a3)y = 3a, + M3a2 + kgxs, 
using the formulas x(t) = %1/a3 and y(t) = 2/23. 
(Avy + Ba? + ay + ba + oy, =kAcy+kBa?+my+k(ak+b-m)ats. 
The substitution y = z+ kz leads to a Riccati equation with respect to « = x(z): 
[(m—ak)z+s—ck]r), =(Ak+ B)a? +(Az+ak+b)r+azte. 
(2Any + Ba? +ay+ ba + oy. = Ay’? +k(Ak + B)x? + aky + bk +s. 
The substitution y = z+ kz leads to a Riccati equation with respect to 7 = 2(z): 
(Az? +s—ck)a’, =(2Ak + B)a* +(2Az+ak+b)r+az+e. 

(2Axy - Aka*+ ay + ba + oy, = Ay’+my +k(ak + b-m)« +s. 
The substitution y = z+ ka leads to a Riccati equation with respect to 7 = 2(z): 

[Az*+(m-ak)zts- ékic,.= Aka? +(2Az+ak+b)at+az +e. 
(2Avy + Ba? +ay-akx + b)y!, = Ay? +k(Ak + B)a? +my-mkz +s. 
The substitution y = z+ kz leads to a Riccati equation with respect to 2 = 2(z): 


[Az* + (m-—ak)z+s—bk]e’, = (2Ak+ B)a* +2Azet+azte. 
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27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


(2Axvy + Ba? +ay+ bx + ey, = Ay’? + k(Ak + B)x? + by + ak’x +5. 


The substitution y = z+ kz leads to a Riccati equation with respect to 2 = 2(z): 
[Az*+(b-ak)z+s-— ck]x!, = (2Ak + B)x’ +(2Az+ak+b)z+az+e. 

[Ary+ Bax? +(k-1)Aay-(Abk + Ba)zly,, = Ay’? + Bry-(Ab+ Bak)y+(k-1)Bbz. 

This is a special case of equation 1.3.4.22. Solution in parametric form: 


at + ACt* _ bt-BCt* 
t+C ” oe ae 


The solution can be presented in implicit form as well: 


C*(Ay+ Ba)* + [A(b-y) + B(a—x)|* "(ay — bx) = 0. 


[(ax + c)y + (1-n)a? + (2n- Da - ny, = 2ay’ + 2xy. 


The substitution w = ay + leads to an equation of the form 1.3.4.8: 


2yww, =(1—-n)w? +[a(2n+ 1)y+2n—-1]w any by-—n, where b=(2n-1)a-c. 


nm 
[(a +c)y + (n+ 1a? - a(2n + 1a + a’n}y!, = 3 - y? + xy. 
ue 
: n-11 3n-1 2 . 
The transformation z = -—,WweH —+ leads to an equation of the form 
n-ly n-ly n-1 


1.3.4.8: 


Deo 52 


-1 2n+1 
2zww!, =(1—n)w* + [a(2n + 1)z+2n lJw—a*nz* —bz-n, pa ete Dee 


n-1 


a(2axy + b)y!, = -a(m + 3)xry” — (mm + 2)y +ca™. 


The transformation z=2xy, w= —cr™! 4 a(m + 1)a7y? + b(m+ 1)zy leads to a separable 
equation: ww! =(m+ 1)7(2az + b)(az? + bz). 


[(arx” + ayx + ag)y + boa? + byx + boly’, = Cy? + cy + C%. 
2 / 
sy F : F , are Cc +cjytCco W 
This is a Riccati equation with respect to x = x(y). The substitution x = me) Se 
any t+ bo WwW 
leads to a second-order linear equation: 


" ! ! Diet. = ary + bi ae 
SrWyy — (fay + fifrlwy + fofgw=0, where fi = yee t= 1, 2, 3. 


[(12a7x? - Jax + ly + 4cx? - 5bx]y’, = -22(3a7y? + 2cy + 3b’). 


The substitution w = x(3a*y? + 2cy + 3b’) leads to an Abel equation of the form 1.3.3.3: 
2wwy, = (Jay + 5b)yw - 3a7y — 2cy* — 3b*y. 


x[(m -1)(Aa + B)y + m(Da? + Ex + F)ly', 
= [AQ - n)x - Bnly? +[DQ- n)a? + FA -n)x- Fnly. 
Solution: Avy+Da*+Ex+By+F=Cr"y™. 


z(2axry + b)y’, = 4ax7y* - 3bry + cx? +k. 


The transformation z = xy, w = 2ax*y* + 2bxy — cx* — k leads to a separable equation: 
ww, = 2(2az + b)\2az? + 2bz —k). 
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36. (cyt+ax” + ba)y! = y? + cx” + bry. 

The transformation t=y/az, z= a2” leads toa linear equation: (c—at)z;=(n—2)(az+t+). 
37. a(2ax”y + b)y’, = -a(3n + myx” y* — b(2n + m)y + Av™ + cx”. 

The transformation z = «”y, w =—Ax™™” + (n+ m)(az? + bz)—c leads to a separable 


: Cc 
equation: ww), = (n+ m)*(2az +b) (a2 +bz———-}. 
n+m 


2x 


38. yy’, = —ny* + a(2n + le*y + by - a’ne* — abe® +c. 


The transformation x=In&, y=w+aé€ leads to a Bernoulli equation with respect to € =&(w): 
(—nw* + bw +o, = w+ ak’. 


1.3.5. Some Types of First- and Second-Order Equations Reducible 
to Abel Equations of the Second Kind 


> Notation: f,g, h, p, p, vw, ®, F, and G are arbitrary functions of their arguments. 


1.3.5-1. Quasi-homogeneous equations. 


1°. Let us consider a quasi-homogeneous equation of the form 
f(a’ ya’ ly), + g(a’y) + Az* = 0. 


In the special case A = 0 this equation is homogeneous. 
The transformation z= 2”y, w= Ax + g(z) — vz f(z) leads to an Abel equation: 


ww, = (At) f +9, —vzfilwt Af(g—vzf). 
2°. A quasi-homogeneous equation of the form 
farya”y, + g(a’y) + 2 [h(ary)a”"y, + ple” y)] = 0 
can be reduced by the transformation z = 2”y, ¢ = x to an Abel equation: 


{[g(z)—v2f(2)l6 +p) —vzh(@}Cl = AFDC + AMC. 


1.3.5-2. Equations of the theory of chemical reactors and the combustion theory. 


In the theory of chemical reactors and the combustion theory, one encounters equations of the form 


Vw ~ Wr = F(Yy)- 
The substitution w(y) = y/,/a leads to the Abel equation ww 
are given in Subsection 1.3.1. 


1.3.5-3. Equations of the theory of nonlinear oscillations. 


1°. Let us consider equations of the theory of nonlinear oscillations of the form 


De 


y= a~* f(y), whose solvable cases 


View + PY)Ys, + y = 0. 
The substitution z(y) = y/, leads to the Abel equation 

22+ ply)z+y =0, (1) 
which is reduced, with the aid of the substitution 7 = (a —y’), to the following form: 
7) (+ a-27 ) 


: 2 
Va-—2r (2) 


zz_=g(r)z+1, where g(r)=+ 


Specific cases of equation (2) are outlined in Subsection 1.3.2. 
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2°. An equation of the theory of nonlinear oscillations of the form 
Ww t 
You t PYY2) + y = 0 
can be reduced by the transformation z = y!,, w =—y— ®(y/,) to an Abel equation of the form (1): 


ww, + ®(zjw+z=0. 


1.3.5-4. Second-order homogeneous equations of various types. 


1°. A homogeneous equation with respect to the independent variable has the form 
x yl, = tg(yyi, + f(y) 


The substitution w(y) = xy/, leads to an Abel equation: WWy =[g(y)+1]w + f(y). 


2°. A generalized homogeneous equation 
Cyr = Gye" )y, +2" f(yx") 
can be reduced by the transformation t = yx", u = x*(ay', + ky) to an Abel equation: 
uu, = [g(t) + 2k + ljut f()—ktg(t)—k(k+ Dt. 


To the Emden—Fowler equation, discussed in Section 2.3, there correspond g(t) = 0, f(t) = At™, 


and k = 2. 
m-1 


3°. A generalized homogeneous equation 
x x 
Yeu = oy F (ur) at yr?G (a) 


at+2 


x 
can be reduced by the transformation 1 = —y/,, w = 2**?y9! to an Abel equation: 
y 


[F(nw + Gq) +n 17 Woy, = (GB - Dn ta +2 Jw. 


To the generalized Emden—Fowler equation, discussed in Section 2.5, there correspond a =n —1, 
B=m-+4l, F(n) = An!, and G(n) =0. 


1.3.5-5. Second-order equations invariant under some transformations. 


1°. An equation invariant under “dilatation—translation” transformation has the form 
Wo na By ! —2 ! 
The transformation ¢ = zy’, w= 2%*7e%Y leads to an Abel equation: 


[f(Cyu + 9(G) + Clue = (BC +a + 2)u. 


2°. An equation invariant under “translation—dilatation” transformation has the form 


/ I 
Vow = evry f(*) +y9(%). 
y y 


The transformation € = y/,/y, w= e%*y-! leads to an Abel equation: 


[f (Ew + g(f) — Ewe = [(8 - DE+ aw. 
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1.4. Equations Containing Polynomial Functions of y 


1.4.1. Abel Equations of the First Kind 
yt, = fa(a)y? + fa(x)y? + filx)y + fox) 


1.4.1-1. Preliminary remarks. 


1°. If yo = yo(«) is a particular solution of the equation in question, the substitution y — yo = 1/w 
reduces it to an Abel equation of the second kind: 


ww, =-Bfsy5 + 2fryo + fiw? — Bfsyo + frdw — fa, 


which is discussed in Section 1.3. For fo(x) = 0, we can choose yo = 0 as a particular solution. 


2°. The transformation 


brings the original equation to the normal form: 


1 
Ug = ue +(£), where ®= 7B [fo + 


Six: Dif: 


3 
1G) 


1.4.1-2. Solvable equations and their solutions. 


1 yf =ay>+ br”, 


This is a special case of equation 1.4.1.9 with n =—1/2. 
20 yf =-y> +3a*x’y - 20527 +4. 
The substitution y= 1/u+az leads to an Abel equation of the form 1.3.2.1: uu!, =3axut+1. 


3. yf =-y> + (ax + b)y*. 
The substitution y=—1/w leads to an Abel equation of the form 1.3.2.1: uu!,=(az+b)u+1. 


4. y! =-y>+(axr+b)*y’. 
The substitution y=—1/wu leads to an Abel equation of the form 1.3.2.2: uu!,=(ar+b) ut. 


5. yf =-y+(axr+ by /2y?, 


1/2 


The substitution y=—1/u leads to an Abel equation of the form 1.3.2.4: wu!,=(aa+b)'/*u+1. 


6 -y!, = ay? + 3abry? - b - 2ab%x°. 


This is a special case of equation 1.4.1.10 with n = 0 and m = 1. 


7. -y’, = ary? + by’. 


The substitution u = xy leads to a separable equation: ru’, = au? +bu* +u. 


8 -’, = ary’ + 3abz*y? - b - 2ab5x*. 


This is a special case of equation 1.4.1.10 withn =m = 1. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19, 


20. 


2n+41, 3 —n-2 
y . 


y,, = ax + bx 
The substitution w = yx"*! leads to a separable equation: rw!, = aw? +(n+1l)w+b. 


For a= -F(n + 1A? and b= 2A(n +1), the solution is written in parametric form: 


1 
x = exp(——), y=-A(1+—) exp), where F=7r-4In|r+4|+C. 


yl, = ax"y? + 3abr™"™ y” — bma™ | — 2abba”™™™. 
The substitution w = y + ba™ leads to a Bernoulli equation: w’, = ax" w? — 3ab2a"?"" w, 


1 


mtk _ bma™ 


nim, 2 


yl, = ax”y? + 3abr™™ y” + cx*y - 2ab?a”?™ 


+ bex 
The substitution w=y+ba™ leads toa Bernoulli equation: w/,=ax"w>+(cx*—3ab2x”"™ yw. 
Sy’, = -a™(aalh™ + by? — a? (9a +24 9bma™")\(aah™ + by. 

1 3 1 
For \ = —————- , the substitution y = (= 


3a(1 —m) w axt+bar™ 
equation ww!, = w+az+ba™, which is discussed in Subsection 1.3.1. 


) (ax! +b) ™ Jeads to the Abel 


zy’, =ax'y? + (bx? - ly + cx. 


The substitution w = xy leads to a separable equation: w/, = 1(aw? + bw +c). 


zy’, = ay? + 3abr"y* — bnx” — 2ab*x™. 
The substitution w = y+ ba” leads to a Bernoulli equation: w!, = ax! w? — 3ab’a?""!w. 


2n+1, 3 
y 


ry, = ax + (ba —n)y +cx'™. 


The substitution w = yx” leads to a separable equation: w', = aw? + bw +e. 


cy, =ax”y> + (bx -1y tex". 

The substitution w = xy leads to a separable equation: w’, = 2""!(aw? + bw +c). 

ay! = y° -3a7ax*y + 2a%x° +2az°. 

The transformation « = 1/€, y = az? + 1/w leads to an equation of the form 1.3.2.2: 
Wwe = 3a&w + 1. 


yl, = (ax + br™)y? + y*. 
The substitution y =—1/w leads to an equation ww!, = w+ax+bx™, which is discussed in 
Subsection 1.3.1. 


y= (Aa? + Ba + Cy'/7y3 + y?. 
The substitution y = —1/w leads to an Abel equation of the form 1.3.1.63: ww!, = w- 
(Az? + Br +Cy 3/2, 
— _»-16/9 6 \34/9, 3, 2 2.) ,-11/18 6 \~61/18 
y, =a (ax - £) y+ 3 (9ax - = )a i (ax - ) : 
Solution in parametric form: 


6 5 _125a 
= +—_ = 
ace a ae a): 


(aE) 2/8779 6/8 EAE (18 6B, + 5E)), 


where 
E,=r’pFl, Ey =7/+(4p3-1) +29. 
dg 
Jt(4p3 - 1 
the formulas corresponds to the classical Weierstrass elliptic function 9 = g(7 + C, 0, 1). 


The function ¢ = g(r) is defined implicitly by 7 = / —C’. The upper sign in 
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21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


a 3 Aw, 2 
Un, =-Y +ae yy. 


The substitution y=—1/w leads to an Abel equation of the form 1.3.2.7: ww/, =ae**w +1. 


2 2An 2a3e 3Ax 


yl, = -y? + 3a7e*y - + arer* 


1 
The substitution y = — + ae*” leads to an Abel equation of the form 1.3.2.7: ww, = 
w 


3ae**w + 1. 
yl, = ae re Ee, 
Solution in parametric form: 
F 1 
L=—, = y=-A(1+ =e, where F=r-4in[rt+4l+C. 
r a3 
yl, = ae? y? + ber*y” + cy + der” 


—Ax 


The substitution y = ue leads to a separable equation: u/, = au? + bu*+(c+A)utd. 


/ 


Ye = ae” y? + 3abe®*y” 


+cy -2ab*e*® + be. 


The substitution u = y+ leads to a Bernoulli equation: u/, = ae**u> + (c— 3ab*e** Ju. 


y., = ae y? + 3abe)® y” — 2abbeO 34” — byrer”. 


The substitution u = y+ be”* leads to a Bernoulli equation: u!, = ae**u> — 3ab72eOP*y, 


y,, = aed *y? + 3abeH)? y? + 2ab2ePH) y — bye. 


The substitution u = y+ be”* leads to a Bernoulli equation: wu’, = ae** 


u — ab2eAtwey, 


, (Atp)x, 2 


y!, = ae” y? + 3abe y? + py —2abeOSH®, 


The substitution u=y+be"* leads to a Bernoulli equation: wu’, =ae**u3+ [u—3ab*e? | u. 


y= ae** y> +3abe? y? + [(3ab7 4+ che?” +5 ]y + b(ab? + c)eO4)” + b(s — pet”. 


The substitution u = y + be“* leads to a Bernoulli equation: u!, = = ae**u? + [ce + su. 


= [a + bexp(2x/a)]y* + y”. 
The substitution y=—1/w leads to an equation of the form 1.3.1.8: wu!, =u—a—bexp(2x/a). 


y., =-2ar! exp(2aa”)y? +(1- <ax”) exp(-ax’). 


1 
The substitution y = (= + x) exp(—az”) leads to an equation of the form 1.3.1.16: 
au 


uul,=ut(6az)1. 
y!, = -a exp(2ax3)y? + (1 - 2ax%) exp(-ax’). 


2 
The transformation € = 27, y = (— + r) exp(—ax) leads to an equation of the form 


3au 
1.3.1.32: wul = ut 29a EW, 


y!, = -ax™ exp(2ax4)y? + 2x(1 - ax) exp(-az*). 


1 
The substitution y = (— + x) exp(—a2" ) leads to an equation of the form 1.3.1.33: 
au 


uul, =ut(9ay'2. 


© 2003 by Chapman & Hall/CRC 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


y., = tata? exp(2ax>/?)y3 + saa? Qaa>/? -1) exp(-ax*/?), 


Solution in parametric form: 
1 
w= br PZ°U?, y=—er ZU; (1° 2? F Ua) exp(437Z Uj), 
were a=F2p9?, Uy=rZ+1Z, U=Up42?, 


C1 J,/3(7) + C2Y1/3(7) for the upper sign, 
C111 /3(7) + CK 1/3(7) for the lower sign, 


J) /3(7) and Yj /3(7) are the Bessel functions, and J; /3(7) and 4’; /3(7) are the modified Bessel 
functions. 


2 


2 1 x 
lg e392 4/3 7 3 24.2 _ 4)-13/6(9.4.4_ 2 2 ia 
Y,, =-ax~(x"-a) exp(=— \y + Wat x(x" -a) (22° -9ax*+27a exp( ra 3 


Solution in parametric form: 


_ Vif v2F det ae ae (- : 
OO? ES 3@RPBOF—PyT Ort foe PNB) 


where f =7—-In|1+7|+C. 


y!, = ay’ + beosh(Ax)y’. 


AL 


1 b 
The transformation t = — + ~ sinh(Az), w = e** leads to a Riccati equation: 2aw), = 
y 


bw? —2Atw —b. 


yl, = ay? + bsinh(Az)y”. 


AL 


1 0b 
The transformation ¢ = — + x cosh), w =e" leads to a Riccati equation: 2aw), = 
y 


bw? —2Atw +b. 


yl, = -y* + 3a? cosh’ x y - 2a cosh’ x + a sinh x. 
The substitution y = acoshz + 1/w leads to an Abel equation of the form 1.3.2.9: 
ww), = 3acoshzw +1. 


yl, = -y? + 3a’ sinh’ x y — 2a? sinh? « + a cosh x. 
The substitution y = asinha + 1/w leads to an Abel equation of the form 1.3.2.10: 
ww), = 3asinhew +1. 


yl, =-y> + acos(Ar)y’. 
The substitution y=—1/u leads to an Abel equation of the form 1.3.2.11: wu‘,=acos(Ax)utl1. 


yl, =-y' +asin(Ar)y’. 
The substitution y=—1/u leads to an Abel equation of the form 1.3.2.12: wu!,=a sin(Ar)ut1. 


yl, = -y? + 3a? cos*(Ax)y + aA sin(Ax) + 2a3 cos*(Az). 
The substitution y = —acos(\z) + 1/w leads to an Abel equation of the form 1.3.2.11: 
ww, =—3acos(Ar)w + 1. 


yl, = -y? + 3a? sin*(Ax)y + ad cos(Ax) — 203 sin*(Az). 
The substitution y = asin(A\x) + 1/w leads to an Abel equation of the form 1.3.2.12: 
ww, = 3a sin(Ar)w + 1. 
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p> In equations 44-47, the following notation is used: f = f(x), g = g(x), h = h(x). 


/ 
44. y' =afy?+ (of 9° + wey +cfg. 
9g 
The substitution y = gw leads to a separable equation: w!, = fg’(aw? + bw +c). 


45. yl, = fy t+3fhy’ +(g+3fh)y+ fh’ +gh—-hi,. 
The substitution w = y + h(x) leads to a Bernoulli equation: w!, = g(a)w + f(z)w?. 


g ; f! 
46. y! = ———_ y+ — y+ fg’. 
Ye" Pagsop © fetta 
ey dw _ 1 = y 
Solution: [sort C= eile +84, where Flag +b) 
af + bg y-9 uns 
47. y!, = (y- fly-9)(y- ——* )h + ff) + 9, 
+b f-g g- 
af +bg \-«-> ab > 
Solution: |y—f|*ly—-4g| ‘ly = Cex »|— — fi g) hde]. 


at+b 


1.4.2. Equations of the Form 
(Any? + Apry + Aya? + Ap)y’, = Byy* + Bory + By x* + Bo 


1.4.2-1. Preliminary remarks. Some transformations. 


1°. For A. =0, this is an Abel equation (see Subsection 1.3.4). For By; =0, this is an Abel equation 
with respect to x = x(y). 


2°. The transformation z= y/z, ¢ =z leads to an Abel equation of the second kind: 
[(Aoz — Bo)¢ + Ar2z? + (Ai2 — Bay) 2? + (Ar — By)z - Bul, = 2400? + 2(An2? + Anz + Arye. 


3°. The transformation «=Z+a, y=%+ 3, where a and / are parameters, which are determined 
by solving the second-order algebraic system 


Any 3” oe ApaZ oe Ayo" aE Ao = 0, By? oh ByaB + By,0? ae Bo = 0, 
leads to the equation 


[Ang + Antgt Anz + (2An8 + Apaygt 2Anat AnB)z)|9; 
= Boy + Boty+ Byz + (2By3+ Boady+ (2Buat Bye. 


The transformation € = 4/Z, w =1/Z reduces this equation to an Abel equation of the second kind: 


{[ao€" + (ay — ba)E — bi Jw + An€? + (Arn — By) + (Au — Bu) - Bu}ur 
= (ar +a,)w* + (An€? + Ap€t An)w, 


where a; = 2A a0 Sd App, 6b, =2Byat By, an= 2A b Apa, and b> = 2By3 +Bpa. 


4°. The substitution y =¢+ez, where parameter € is determined by solving the cubic equation 
(Ane? + Ane t+ Ani) -— Bue* - Bye - By =0, 
leads to an Abel equation of the second kind with respect to x = x(t): 
[Qta + (By — Ane)t? + Bo - Ave] 2; = (Ane? + Ape + Ays)a* + (2Arne + Aqn)ta + Ant? + Ao, 
where Q = 2Bye+ By —e(2Ane + Ay). 
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1.4.2-2. Solvable equations and their solutions. 


1. (Ay? +a%y!, =-2xy + Ba? +a. 
Solution: Ay? — Ba? + 3(a*y-—azx)=C. 


2. (Ay*?+ Ba?-a’B)y!, = Cy? +2Bxy. 
The transformation x = w+ta, y = €w leads to a linear equation: (-A€? + Cé* + Bé)w; 
(A€? + Byw +2aB. 


3. (Ay? + Bry + Cax”)y’, = Dy? + Exy + Fx’. 
Homogeneous equation. The substitution z = y/x leads to a separable equation: xz/, 
(Az? + Bz+Cy![-Az4+(D-B)2?4+(E-C)z+ FI. 


4. (Ay’®-2Akxy + Bka?)y! =-By? +2Bkary - Ak*x? +a. 
The substitution y = z+ ka leads to a Riccati equation with respect to x = x(z): 
[-(Ak + B)z’ +a]z!, = k(B- Ak)a? + Az’. 
5. (Ay*+2Bary + Ak*2”)y’, = By* + 2Ak*xy + Bk?x* +a. 
The substitution y = z+ kz leads to a Riccati equation with respect to x = x(z): 
[(B — Ak)z? + ala’, = 2k(Ak+ B)a* +2(Ak + B)zx + Az’. 


6. (Ay*+ Bary+Cz?+a)y’, = Aky* + Bkry + Cka* +b. 


The substitution y = z+ ka leads to a Riccati equation with respect to x = x(z): 
(b—ak)z’, = (Ak? + Bk+C)a* +(2Ak+ B)zr+ Az? +a. 
7. (Ay? +2Bary + Da? +a)y’, = -By’ -2Dxy + Ex’ + b. 
Solution: Ay? — Ex? + 3(Bay? + Da*y+ay— bx) =C. 
8. (Ay? -2Ary + Bx* + A- B)y’, =-Ay’* + 2Bry- Ba*+ A-B. 
This is a special case of equation 1.4.2.21 witha = 1 andb=1. 


9, (Ay?+2Ary+ Ba? +A-B)y! = Ay’ +2Bry+ Bu*-A+B. 


This is a special case of equation 1.4.2.21 with a = 1 andb =-1. 


10. (Ay?-4Ary+ Ba? +4A- B)y! =-2Ay’ + 2Bry -2Bx?+8A-2B. 
This is a special case of equation 1.4.2.21 with a = 1 and b =2. 


11. (Ay? +4Azy + Bu*+4A-B)y! = 2Ay?+2Bary + 2Ba?-8A+2B. 
This is a special case of equation 1.4.2.21 with a = 1 and b =-2. 


12. (Ay?-6Ary+ Br? +9A- B)y!, =-3Ay’ + 2Bry -3Ba? +27A-3B. 
This is a special case of equation 1.4.2.21 with a = 1 and b = 3. 


13. (Ay? +6Axry+ Ba? +9A- B)y’, = 3Ay’? + 2Bry + 3Bx* -27A+3B. 
This is a special case of equation 1.4.2.21 with a = 1 and b =-3. 


14. 2(Ay*- Ary+ Ba? +A-4B)y’, =-Ay’+4Bry- Ba*+A-4B. 
This is a special case of equation 1.4.2.21 with a = 2 andb=1. 
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15. 2(Ay*+ Ary + Ba?+ A-4B)y’ = Ay’+4Bay + Bxu*-A+4B. 
This is a special case of equation 1.4.2.21 with a = 2 and b =-1. 

16. (ay?-2bxy + ax*+ ab?- a*)y’, = -by?+ 2axy — bx? + b°- ab. 
This is a special case of equation 1.4.2.21 with A = 1 and B =1. 

17. (ay’-2bxy — ax?+ ab?+ a*)y’, = -by?-2axy + ba*+ b°+ ab. 
This is a special case of equation 1.4.2.21 with A = 1 and B =-1. 

18. (ay? -2bry + 2axz? + ab* -2a3)y’ = -by? + dary - 2bx” + b* — 2070. 
This is a special case of equation 1.4.2.21 with A = 1 and B =2. 

19. (ay? -2bry — 2ax? + ab? + 2a3)y’ = -by? - dary + 2bx” + b* + 207d. 
This is a special case of equation 1.4.2.21 with A = 1 and B =-2. 

20. (Ay’?+ Bry+ Ca? +a)y’, = Dy? +k(2Ak + B-2D)xy + k(-Ak* + Dk + C)x’ + b. 


The substitution y = z+ kz leads to a Riccati equation with respect to x = x(z): 
[(D — Ak)z? +b-ak]z!, = (Ak? + Bk +C)2? + (2Ak + B)zx+ Az* +a. 


21. (aAy?-2bAzxy + aBz’+ ab’ A-a*B)y!, = -bAy’+ 2aBry - bBx*+ b°A-a7bB. 


The transformation  =w+a, y= €w +6 leads to a linear equation: 


(a Ag? + DA? + aBE - bB)wy = (a Ag? — 2bAE + aByw + 2a°B - 20° A. 


1.4.3. Equations of the Form (Any? + Apxy + Aisa? + Ary + Aix)y’, 
= Bry? + Bypxry + By x? + Boy + Bix 


1.4.3-1. Preliminary remarks. 


1°. For A. =0, this is an Abel equation (see Subsection 1.3.4). For B,; =0 this is an Abel equation 
with respect to % = x(y). 


2°. The transformation € = y/x, w = 1/2 leads to an Abel equation of the second kind: 


{[Ao€7 + (Ai — Br)E- Bilw + An€* + (Av — Bn)" + (Au — Bia) - Bu}wg 

= (Ag+ Ayw? + (An€? + Arné+ Aru. 
3°. In Item 3° of Subsection 1.4.4, another transformation is given which reduces the original 
equation to an Abel equation of the second kind. 


4°. Dynamical systems of the second-order 


dx dy _ 
dt = P(a, y), dt = Q(z, y)s (1) 


which describe the behavior of simplest Lagrangian and Hamiltonian systems in mechanics, are 
often reduced to equations of the type in question if 


P(x, y) = f(a, y(Any? + Avty+ Anz + Ary t A12), 


(2) 
Qa, y) = f(a, y)\(Buy* + Bory + Byaz* + Boy + Bia), 


where f = f(a, y) is an arbitrary function. 
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In particular, dynamical systems (1) with functions (2) and f = 1 arise in analyzing complex 
equilibrium states. In this case, the functions P and Q are substituted by their Taylor-series 
expansions in the vicinity of the equilibrium state « = y = 0 with the first and second order terms 
retained. 

Whenever a solution of the ordinary differential equation 


(Any* + Apry + Aya? + Aoy + Ax)y!, = Byy* + Byxy + Byx* + Boy + Bix 


is obtained in parametric form, x = x(u, C)), y = y(u, C)), the corresponding solution of system 
(1), (2) is determined by 


x) du 


r=x(u,Ci), y=y(u, C1), P(a(u,C)), y(u, P(a(u, C1), yu, Cy) 


+C. 


The last relation defines an implicit dependence of the parameter u ont, u = u(t, C1, C2), and makes 
it possible to establish, with the aid of the first two formulas, the dependence of x and y on ¢. 


1.4.3-2. Solvable equations and their solutions. 


lL (y’-2* +ay)y, =y’-2* +a. 
Solution in parametric form: 
g=att+Clttte™, y=-at+cCltt'te™. 
2.0 (y?-a? +ay)y!, = 2y* -2xy + ay. 
Solution in parametric form: 
e=t+Cte*, y=Ctet’*. 
3. (y* -a* + ay-ax)y’, =y’-2’*-ayt+az. 
Solution in parametric form: 
g=at+Ce*, y=-at+Ce”. 
4. (y* -a* +ay+ 2ax)y’, = y’ -a? + 2ay +a. 
Solution in parametric form: 
=-at+Clitpe*, y=at+Clipe”. 
5. (y*-a* +ay+ 2ax)y!, = 2xry - 2a +ay+2ax. 
Solution in parametric form: 
eateOt-e, -y=eeCr es”. 
6. (y* -a* +ay- 2ax)y’, = 4y? - 6xy + 2a + ay -2ax. 
Solution in parametric form: 
e=44+OePre!, y= 2t4+ Cees”. 
7. (y?-a? +ay+ 3ax)y’, = -y? + dy - 3x7 + ay + 3az. 


Solution in parametric form: 


r= st +Oltpte?/*, y= —3t 4On te. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


(y*-xyt+ayt+ax)y’, =xy-a*+ayt+az. 


Solution in parametric form: 
z=—t+Olitte’/*, y=t+Clete?/*. 
(y-avyt+ayt+ ax)y’, = y? - xy +2ay. 
Solution in parametric form: 
g=—at+CPe', y=Cte’. 
(y*-axy +ay- 2ax)y’, = 3y? -Saxy + 2a + ay -2az. 
Solution in parametric form: 


L= de4+ Cyc, y= t+C}e)/7e%/. 


(yy? +ay—-2a7? + ay + ax)y’, = y+ xy —2a? + 2an. 
Solution in parametric form: 


g=at+Cte”, y=-2at+Ct7e™. 


(y? + ary —-2a?+ay+azx)y’, =y*-avy-2’ +ayt+ax. 


Solution in parametric form: 
c=ttOltPe/*, y=t+C}tPe?/*. 


(y* + ay -207? + ay- ax)y’, = y? + xy — 2a? -2ay + 2ax. 


Solution in parametric form: 
g=at+Ce*, y=-2at+Ce*. 


(y? + ay —207 + ay - 2ax)y’, = Sy? -Txy + 2a + ay - 2ax. 


Solution in parametric form: 


r= xt + Ct? /4e%/*, y= it + Ct? /4e%/*. 


(y* -2ry +z? +ay)y’, = ay. 
a 
Solution: x =y+————_. 
o” Ga inyl 
(y* -2ay+a7? +ay+ ax)y’, = -y’ +2ay-2’ +ay+az. 
Solution in parametric form: 


a a 
Sena, Boe oe CR 
Zin] oT init 


(y? -2ay +a? + ay + 2ax)y’, = -2(y? -2xy + x”) + ay + 2a. 
Solution in parametric form: 


2a 


ein 


a 
=- +Ct 
SS Sin ee oe 


(y*? -2xy +27 + ay —- 2ax)y’, = 2(y? -2xy + x”) + ay -2an. 
Solution in parametric form: 


2a 


ane 
otal 


z= —+(Ct, 
In|] 
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19. (y?+2xy+a2"*+ay+ 2ax)y’, = -y’ -2xy -a* +2ayt+az. 


Solution in parametric form: 
41? 4t? 
w= C(t 42) +Ct, y=-C7(t3 4) + Ct, a#0. 
Sa Sa 


20. (yy +2ayt+a7? +ay- ax)y’, = -y* -2xy - a + ay -ax. 


Solution in parametric form: 


3 3 
n=Cy1- +07, y=-O 1-40, a0: 
a a 


21. (y +2ayt+a7? +ay- 2ax)y’, = -y’ -—2xy - a -2ay+ax. 


Solution in parametric form: 


r=0(8+) +4 y=-02(8 +) 0%, a#0. 


22. (y? +2axy-3a7 +ayt+ ax)y’, = 3y? -2xy-a7? +ay+az. 
Solution in parametric form: 
c=4t+CPe', y=—tt+Cte. 
23. (y? +2ay-3a7 +ayt+ ax)y’, = y? + 2xy - 3x7 - ay + 3an. 


Solution in parametric form: 
g=at+Clttte®, y=-3at+Cltpte™. 


24. (y? + 2xy - 3a? + ay + 2ax)y’, — y” + 2xy - 3a? + 30x. 


Solution in parametric form: 
g=at+Clt(eel™, y=-3at+Clt[ re. 


25. (y?-a? +ay+ba)y’ =y*-a? +byt+az. 


Solution in parametric form: 
ath 4, ath yy 
x=(a—b)t+Clt{ ete”, y=(b-a)t+Clt] ee, a#b. 
26. (y-ay+ay+ba)y’ = y*-ry +(atb)y. 
Solution in parametric form: 
ath , ath , 
x= —bt+Cli{e e, y=Clt| et e, b#0. 
27. (yy +ay—-2a7 + ay + bx)y’, = y? + xy — 2a? + (b-a)y + 2aa. 
Solution in parametric form: 
24d 9, _ 24) 94 
x =(2a—b)t+Cli[ 2abe", y=2(b-—2a)t+Clt| 2ate”, b#2a. 


28. (y’-2ay +a? + ay- abx)y’, = b(y? - 2xy + x”) + ay -— aba. 
Solution in parametric form: 


a 1 ab 1 
Se a Ct b#1. 
e 5-1 nil y 
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29. (y+ 2xwy - 307+ ay + bx)y’, = y+ 2xy —3x7+ (b-2a)y + 3ax. 
Solution in parametric form: 
atb 


atb 
x =(3a—b)t+Clt[ 3a el, yy = 3(-b- 3a)t + Cit] 3a-be!™, b# 3a. 
30. (y’-3ay + 207+ ay + bx)y’, = y’—3ay + 227+ (3a + b)y -2ax. 


Solution in parametric form: 
a+b 


+b 
2 =(2a+b)t+Cht\iete*, y=2(2a+d)t+Ch[etet, be-2a. 
31. (y7+ 3xy — da? + ay + bx)y’, = y+ 3ay — 4a? + (b-3a)y + 4ax. 


Solution in parametric form: 
Ast 55% sot os 
x =(4a—b)t+Clt[ 4ebe?", y=4(b-—4a)t+Clt| 4ave, b#4a. 
32. [y?+ Avy -(A + 1a? + by - 2baly’, = (A+ 4)y?-(A + Oxy + 2x? + by — 2ba. 
Solution in parametric form: 
AR 
+Olt[4e'/t, Ax-3. 


A+t2 
i + Olt] ae eb/* y= 


t 2 
A+3 A+3 
33. (y?-2Ary + A?x? + by -bax)y! = Ay*-2A*xy + Ada” + by - bz. 

Solution in parametric form: 


HA-1 HA-1 
n= O14 8 40%, y= Aor /1+ 43.0%, b +0. 


34. [y?-2Ary+ (2A —- Da? + by- Abzly!, = (2- Ay? -2xy + Ax? + by - Aba. 
Solution in parametric form: 
At 
=A TA 
35. (y?-2Ary+ A’x?+ay+ bry’, = A(y?-2Axy + A*x”) + (aAt+a+ bjy-aAz. 
Solution in parametric form: 
eC \ at + oa +Ct, y=AC? a # AeA +Ct, 


(2-A)a+b 
where a+b #0 and (2— A)a+b#0. 


2 4 Oe! y= ECP et, A#l. 


36. [y?-(A+2)ry+ (A+ Da? + by - Abrly!, =-Axry + Ax? + by - Abs. 
Solution in parametric form: 


At 
r= + Cte De/t, areer aol este Ad#l. 


1-A 
37. [Ay*+ay-(A+ Da’ + by + bry, = (A+ Dy?- xy — Ax? + by + be. 
Solution in parametric form: 
c=t+CePate*, y=-t+cpPatte?/?. 
38. (Ay? + Bry + Ca? +ka)y! = Dy*+ Exy + Fr? +ky. 
The substitution y = xz leads to a linear equation with respect to x = x(z): 
[-Az?+(D- B)z*+(E-C)z+ Fle! =(Az?+Bz+C)atk. 
39. (Ay? + Bry + Ca?-aBy- aCa)y’, = Dy? + Exy + a(C - E)y. 
The transformation z =w+a, y = €w leads to a linear equation: 
[-A€? + (D - B)&* + (E- C)éjwy = (AC? + BE+ Cow +a. 
40. (Ay? +2Bay + Ak?2” +ay+ bx)y!, = By’ + 2Ak*axy + Bk?x? + by + aka. 
This is a special case of equation 1.4.3.57 with C = Ak?. 
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4. (Ay? +2Bary + Ak*x? + ay + bx)y!, = By? +2Ak?xy + Bk?x? + aky + bke. 
This is a special case of equation 1.4.3.62 with C = Ak?. 

42. (Ay? +2Bay + Ak?x? + ay- akx)y’, = By’ +2Ak’xy + Bk?a? +my -—mkza. 
This is a special case of equation 1.4.3.61 with C = Ak?. 

43. (Ay? +2Bay- Bkax? +ay+ ba)y’, = By’ +2Ak’*xy -— Ak’x? + by + aka. 
This is a special case of equation 1.4.3.58 with m = b. 

44. (Ay*+2Bry - Bk? + ay + br)y’, = By’ + 2Ak?xy - Ak’x? + aky + bke. 
This is a special case of equation 1.4.3.62 with C =—Bk. 

45. (Ay? +2Bary - Bka* +ay- akx)y’, = By’ +2AR’ xy - Akja? + my - mkex. 
This is a special case of equation 1.4.3.61 with C =—Bk. 

46. (Ay? +2Akary + Ca? + ay + ba)y’, = Aky* + 2Ak*xy + Cha? + by + ak*x. 
This is a special case of equation 1.4.3.57 with B = Ak. 

47, (Ay? +2Akary + Ca? +ay+ ba)y’, = Aky* + 2Ak?xy + Cka’ + aky + bka. 
This is a special case of equation 1.4.3.62 with B = Ak. 

48. (Ay? +2Akary + Ca? +ay-akaz)y’, = Aky? +2Ak?ry + Ckx* +my-mkz. 
This is a special case of equation 1.4.3.61 with B = Ak. 

49. (Ay’-2Akay + Bka? + ay + ba)y’, = -By? +2Bkary - Ak3a” + by + ak*x. 
This is a special case of equation 1.4.3.59 with m = b. 

50. (Ay? -2Akaxy + Bkx? + ay + bar)y’, = -By’ + 2Bkaxy - Ak*a* + aky + bke. 
This is a special case of equation 1.4.3.59 with m = ak. 

51. [y?+2Aay + A*a? + (A-1)By -2ABz}y’, 

=-A(y? + 2Aaxy + A?a”)-(A? +1) By + A(A-DBa. 

Solution in parametric form (A #2, B #0): 


A+l1 
(A-2)B 


A+l1 


_ 72|,A Eee 
r=C ( + (A-DB 


e +Ct, y=—-AC? [+ + P| +Ct. 
52. [y?-2Ary+ A?a?+(B-lIky + (A-B)kzly’, 
= A(y* -2Aay + A?x”) + (AB-Dky - A(B - Ika. 


Solution in parametric form (B #2, k #0): 


(B—2k 


A- 


_ 72448 _ 2 = 214B_ 2 
o=0"|t aonrt| +t y = AC ( p]+ce 


53. [2y*-(A+3)ay+(A+Da?+ By-ABzly!, =(At+Dy?-3A+Dry+2Ac*+ By-ABz. 


Solution in parametric form: 


ae! -1,-B/t __At Bee 
CS joa TCA e€ > Y= 7-4 + Cll e€ : A#l1. 


© 2003 by Chapman & Hall/CRC 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


[2y?-(3A+)Day+(3A-1)2?+ By-ABzly’, = (3-A)y?-(A+3)ry+2Az?+ By-ABz. 
Solution in parametric form: 

t At 
1-A 1-A 
[A(y?—2xy+a7)—A(A-B)y+ B(A-B)zly/, = B(y*—2xy+x*)-A(A-B)y+B(A-B)z. 


Solution in parametric form: 


r= +CltPe®/t, y= HOU eR”. A#l. 


B 
x y = — +Ct. 


=— t 
in in [fl 
(Ay? + Bay + Ca* + ay + bx)y’, = Aky? + Bkay + Cka? + ny + (ak +b-n)a. 
The substitution y = z+ ka leads to a Riccati equation with respect to 2 = 2(z): 
(n—ak)za!, = (Ak? + Bk+C)a2’ + [(2Ak + B)z +ak+blr+ Az’ +az. 
(Ay?+2Bry+Caz?+ay+br)y’, = By?+2Ak?xy+k(-Ak* + Bk+C)x?+by+ak7x. 
The substitution y = z+ kz leads to a Riccati equation with respect to 2 = 7(z): 

[(B — Ak)z + b—-ak]za!, = (Ak? +2Bk+C)zx? + [2(Ak + B)z+ak+b]z + Az? +az. 
(Ay* +2Bay- Bka? +ay+ bx)y’, = By’ +2 Akay - Ak?a* +my+k(ak+b-m)ax. 
The substitution y = z+ kz leads to a Riccati equation with respect to 2 = (z): 

[(B -— Ak)z + m-—ak]zz!, = (Ak? + Bk)a’ + [2(Ak + B)z+ak + bla + Az’ +az. 
(Ay’?-2Akxy+ Bka* +ay+ bx)y!, = -By’ +2Bkay- Ak’x? +my+k(ak+b-m)x. 
The substitution y = z+ kz leads to a Riccati equation with respect to © = 2(z): 

[-(Ak+ B)z+m-—ak]z2', = k(B— Ak)2’ + (ak + b)a + Az +42. 
(Ay? +2Bay+ Ak’2* +ay+ bx)y’, = By’ +2AR’xy+ Bk? x”? +my+k(ak+b-m)ax. 
The substitution y = z+ kz leads to a Riccati equation with respect to 2 = x(z): 

[(B — Ak)z+m—ak] za’, = 2k(Ak+ B)x? + [2(Ak + B)z+ak+b]x+ Az* +az. 
(Ay*+2Bary+Ca2*+ay-akz)y!, = By? +2 Ak?xy+k(-Ak?+ Bk+C)a?4+my-mk«a. 
The substitution y = z+ ka leads to a Riccati equation with respect to 2 = 7(z): 

[(B — Ak)z? +m —ak]za!, = (Ak? +2Bk 4+ C)a’* +2(Ak + B)zx + Az? +az. 
(Ay? +2Bary+Cx*+ay+ba)y), = By? +2Ak? xy +k(-Ak? + Bk+C)x*+aky+bke. 
The substitution y = z+ ka leads to a Riccati equation with respect to x = 7(z): 
(B— Ak)z?2!, = (Ak? +2Bk+C)a* + [2(Ak+ B)z+ak + bla + Az’ +az. 
{(A-Dy? +[2-A(k + Dey + (Ak - 1a? + By - Bkx}y/, 
=(A-k)y? + [2k- A(k + Dey + (A-Dka* + By - Bka. 


Solution in parametric form: 


>t A.B/t __ kt ALB/t 
c=7 zt Clie ; y=5__ tole ; k#1. 
[A(ay? + Bry + yx”) + 2a - A’o)y + (B- ABa)zly’, 

+ B(ay’ + Bxy + yx”) + (B-ABo)y + 2y- B’o)x = 0. 
Solution: ay* + Bry +ya* — Aoy — Box +0 =C exp(—Ay — Bz). 
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65. (Any?+ Apryt+ Anz?+ Ary + Aiz)y’, = Byy*+k2Ank + An -2By)xry 
+ k(-Ank* + Buk + Ay)a? + Boy + k(A2k + Ay - Bo)x. 


The substitution y = z+ kz leads to a Riccati equation with respect to 2 = 2(z): 


[( By = Ank)z + B _ Ayk]zz', = (An k? + Apk + Aya? 
+ [(2Ank + Aj)z a Ajk + A|x a Anz” ae Adz. 


p> In equations 66-70, the following notation is used: A = Ab-aB #0, 6 = Ab+aB. 


66. (Aa*y* -2Aabry + Ab*x” - AAay + AaBz)y’, 
= a’ By’ -2aBbry + Bb’? - AAby + ABbzx. 
Solution in parametric form: 


B 
y = —— + bCt. 


x2 = — +aCt, = 
In {¢| In |¢| 


67. [kAa’y? - kéaxy + kaBba’ -lAay + (laB - A)zly’, 
= k Aaby? - kébxy + k Bb"? - (LAb + A)y +1 Bbzx. 


Solution in parametric form: 
z= At+aCjt|e"*, y= Bt+bC}ee*™*. 


68. [kAa’y? -a(ké- A)ry + b(kaB - A)? + lAay -laBzly’, 
= a(kBb+ A)y” - W(k6 + A)xy + KBb* a? + LAby -1Bbax. 


Solution in parametric form: 


z= At+aCle* exp( ), y = Bt+ocjt|**! exp(—). 


l 
At At 
69. (kA3y?-2k A? Baytk AB*x?-a7ytabax)y! =k A’ By -2kAB ryt+k Bix*-abytb'x. 


Solution in parametric form: 


r= AC?/3kAB+14+aC7t, y= BO?,\/FkAt3 +14 b07t. 


70. [kA3y?-2kA? Bry + kAB*ax* + lAay -(lAb+ A)zly’, 
=kA’By* -2kAB’xy + kB?2’ + (laB- A)y -Il Boba. 


Solution in parametric form (J # 1): 


z= AC? (Ce + “?) +aCt, y=BC? ae + 2) +bCt. 


1.4.4. Equations of the Form (Az2y7+Apry+Ayx?+Azyt+Air+Ao)y’, 
= Buy” + Byxry + By? + Boy + Byx + Bo 


1.4.4-1. Preliminary remarks. Some transformations. 


1°. With A») = 0, this is an Abel equation (see Subsection 1.3.4). With B,, = 0, this is an Abel 
equation with respect to x = x(y). 

See Subsection 1.4.2 for the case A, = A; = B, = B, =0. 

See Subsection 1.4.3 for the case Ap = Bo = 0. 
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2°. The transformation « =Z+a, y=i4+/3, where a and are parameters, which are determined 
by solving the second-order algebraic system 


An 3’ + Apa’ + A107 + Az + Aja + Ao = 0, 
By’ + Byap + By? + BoB + Bia + Bo = 0, 
leads to the equation 
(Ang? + Aptg+ Anz + arg +a2)9, = Bog’ + Byotyt By t+ hyt biz, (1) 


where 
a7, =2AnB+ Apart Ad, ay =2A);a+Ap3+ Al, 


bo = 2B28+ Bya+ Bo, by =2Bya+BypB+ By. 
The transformation € = 9/%, w = 1/ reduces equation (1) to an Abel equation of the second kind: 
{Laog* + (a1 — br)E — bi]w + Ang? + (Ara - B)&* + (Au ~ Bad - Bur }wg 
= (ang + a)w? + (Ane? + Ané + An). 
3°. The substitution y = z+¢z, where the parameter ¢ is determined by solving the cubic equation 
(Ane? + Ave + Arye — Bue” - Bye - By =0, 

leads to an Abel equation of the second kind with respect to 2 = x(2): 
[(Qz + R)x + (By = Ane)z? + (By = Ase)z + Bo = Aoe]x', 

= (Ane + Ape =P Ay)2? + [(2Ane + Ay)z a Ave ce A|@ + An 2” + Agz + Ao, 
where Q =2Bye+ By - e(2Ane + Aj), R= Bye+B,- e(Are a A}). 


1.4.4-2. Solvable equations and their solutions. 


1. (ax+by+c)’y!, = (ax + By +7)’. 
This is a special case of equation 1.7.1.6 with f(z) = 27. 
2. (Ay? + Bry -aBy+kx- ak)y’, = Cy? + Dry + (k-aD)y. 
The transformation z= w+a, y = w€ leads to a linear equation: 
[-Ag? + (C - Bg? + Délwe = (AE? + Bw + k. 
3. (Ay*+2Ary+ Ba? +A-B)y! = Ay®+2Bry+ Dz? +%AB-D)x+D-A. 
The transformation z= w+1, y =&€w-—1 leads to a linear equation: 
(-AG? - Af? + BE + Dywy = (AP +2A4E + Bw + 2(B - A). 
4. (Ay*-2Ary+ Ba?+ A- B)y’, =-Ay?+2Bay+C2?+2%4B+C)r+A+C. 
The transformation z = w-—1, y = €w-—1 leads to a linear equation: 
(AG? + AE? + BE + Cyw, = (AC? - 2.4E + Byw + 2(A - B). 
5. (Ay*+2Axy + Bu*+A-B)y! = Ay*+2Bay+ Ca*+2%™C- B)x-A+C. 
The transformation z= w-—1, y =€w +1 leads to a linear equation: 
(-AG? — AE? + BE + Cyw, = (AE? + 2.4€ + Byw + 2(A - B). 
6. (Ay’*-2Ary+ Ba?+ A- B)y’, = -Ay?+2Bay+C2?-A™B+C)x+A+C. 
The transformation  =w+1, y= €w+1 leads to a linear equation: 
(AE? + AC’ + BE + Clg = (AE? - 2.AE + Byw + 2(B - A). 
7. (Ay’-2Ary+Ba?+A-B)y!, =Cy?+2Bry+ Dx*-2(A+C)y-2(B+D)x+2A+C+D. 
The transformation z =w+1, y =€w+1 leads to a linear equation: 
[-A€? + (2A + C)E* + BE + D]wy = (AE - 2AE + Bw + 2(B - A). 
8. (2Ay?-2Axy+ Ba? +2A-4B)y! =-Ay’ + 2Bery + Dx* -2(B+2D)x+A+4D. 
This is a special case of equation 1.4.4.34 with a =2, 8 =1, and C =—A. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19, 


20. 


21. 


22. 


23. 


(Ay? +4Ary + Ba? +4A-B)y! = 2Ay’+2Bry + Cx? -2(C -2B)x +C-8A. 


The transformation z=w+1, y = €w—2 leads to a linear equation: 

(AG? - 246? + BE + Cw; = (AE +44€ + Bow + 2B -8A. 
(Ay? -4Ary+ Bx? +4A- B)y!, =-2Ay’ + 2Bry + Cz? -2022B+ C)r+8A+C. 
The transformation z= w+1, y =€w+2 leads to a linear equation: 

(AE? +246? + BE + C)u;, = (AE? -4AE + Bw + 2B -8A. 
(Ay? +4Axy+ Ba*+4A-B)y’ = Cy’+2Bary+2Ba? +4(C-2A)y+2B+4C-16A. 
The transformation z= w+1, y = €w-—2 leads to a linear equation: 

[-Ag? + (C —4A)&* + BE + 2Blw, = (AC? +4.AE + Byw + 2B-8A. 


(2Ay* + 2Acy + Ba?+2A-4B)y’ = Ay? +2Bary+ Dx* +2(B-2D)x+4D-A. 
This is a special case of equation 1.4.4.34 with a =2, 8 =—1l, andC'= A. 


(2Ay* + 2Ary - Ba? +2A+4B)y’, = Ay? -2Bry - Da? +2(B-2D)x - A-4D. 
This is a special case of equation 1.4.4.34 with a =—2, @ = 1, and C' =—A. 


(Ay* +2Bay + Ak’a? + ay + ba + m)y!, = By’ +2Akxy + Bk?x? + by + ak*a +5. 
This is a special case of equation 1.4.4.27 with C = Ak?. 


(Ay* +2Bay + Aka? + ay + ba + myy), = By’? +2Ak’xy + Bk?x? + aky + bka+s. 
This is a special case of equation 1.4.4.32 with C = Ak?. 


(Ay* +2Bay + Ak’ + ay-aka+ b)y!, = By’ +2AR’ xy + Bk’a? +my-mkex +s. 
This is a special case of equation 1.4.4.31 with C = Ak?. 


(Ay? + 2Bay - Bka? + ay + ba + oy’, = By’ +2Ak’xy — Aka? + by + ak?x +5. 


This is a special case of equation 1.4.4.28 with m = b. 


(Ay? +2Bay - Bka* +ay + bax + myy?, = By’ +2Ak*ay - Ak’a* + aky + bka +s. 
This is a special case of equation 1.4.4.32 with C =—Bk. 


(Ay? +2Bay—- Bka? +ay-akax + b)y!, = By’ +2AR xy - Ak’x? +my—-mkzax +s. 
This is a special case of equation 1.4.4.31 with C =—Bk. 


(Ay? +2Akaxy + Cx? + ay + ba + myy!, = Aky? +2Ak’xy + Cha? + by +ak’x +s. 
This is a special case of equation 1.4.4.27 with B = Ak. 


(Ay? +2Akay + Ca? + ay + ba + myy!, = Aky? +2Ak’axy + Cha” +aky + bkx +5. 
This is a special case of equation 1.4.4.32 with B = Ak. 


(Ay? +2Akay + Ca? +ay-akx + b)y!, = Aky? +2Ak?xy +Ckx?+my-mkx +s. 
This is a special case of equation 1.4.4.31 with B = Ak. 


(Ay? -2Akay + Bka? + ay + bax + oy’, = -By’ +2Bkay - Ak?a* + by + ak’x +s. 


This is a special case of equation 1.4.4.29 with m = b. 


© 2003 by Chapman & Hall/CRC 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


(Ay? -2Akay + Bkx? + ay + bx + oy’, = -By’ +2Bkay - Ak3x? + aky + bkax +s. 


This is a special case of equation 1.4.4.29 with m = ak. 


(Ay?+2Bay+Cz?-2AByt+kr+ AB’)y! = By?+Exyt+ Fr?+ky-EBx- BB’ -kp. 
The substitution w = y— 3 leads to an equation of the form 1.4.3.38: 


(Aw? +2Baw + C2 + kar)yw', = Bu’ +Eaw+Fe’+kw, where k=k+2BQ. 


(Ay? + Bry+Ca? +ay+be +m)y., = Aky’ + Bkxy+Cka?+ny+k(ak+b-n)x +s. 


The substitution y = z+ ka leads to a Riccati equation with respect to 7 = #(z): 
[(n-ak)z+s—mk]z', = (Ak + Bk+C)a* +[(2Ak+ B)z+ak+blat+Az?+az+m. 
(Ay?+2Bary+Ca*+ayt+be+m)y! = By’?+2 Ak’*xy+k(-Ak*+ Bk+C)x?+by+ak*x-+s. 

The substitution y = z+ kz leads to a Riccati equation with respect to 2 = 7(z): 


[(B — Ak)z? + (b-ak)z+s—mk]z!, 
= (Ak? +2Bk+C)a2? +[2(Ak+ B)z tak +b]a+ Az*+az+m. 


(Ay?+2Bay-Bka*+ay+b« +o)y) = By’ +2AR2y-Ak?a*+my+k(ak+b-m)x +s. 


The substitution y = z+ kz leads to a Riccati equation with respect to 2 = 2(z): 
[((B- Ak)z* +(m-ak)z+s- chit. = (Ak? + Bk)a? +[2(Ak+ B)zt+ak+b]a+Az?t+azte. 


(Ay?-2Akxy+ Bkx*+ay+br+o)y’, =-By?+2Bkay-Ak*2*+my+k(ak+b—-m)a+s. 


The substitution y = z+ kz leads to a Riccati equation with respect to 7 = x(z): 
[-(Ak + B)z* +(m-ak)z+s- ck]a!, = k(B- Ak)a* + (ak+b)a+ Az? t+azte. 


(Ay?+2Bary+Ak?27*+ay+br+e)y’, = By’ +2 Ak’ xy+ Bk’ 2? +myt+k(ak+b-m)a +s. 
The substitution y = z+ ka leads to a Riccati equation with respect to 7 = 2(z): 


[((B- Ak)z*+(m-ak)z+s-— ck] x! =2k(Ak+ B)a? +[2(Ak+ B)zt+ak+bla+Az*+azte. 


(Ay? +2Bay + Cx’ + ay -akz + b)y’, 
= By? +2Ak xy + k(-Ak? + Bk + C)a? + my-mkax +s. 


The substitution y = z+ kz leads to a Riccati equation with respect to x = 2(z): 
[(B — Ak)z? + (m-—ak)z+s—bk]a!, = (Ak? +2Bk4+C)a2’ +2(Ak+ B)zz + Az? +az+4+0. 


(Ay?+2Bayt+Ca2*+ay+br+m)y’, = By? +2Ak*xyt+k(-Ak*+Bk+C)x*+aky+bkers. 


The substitution y = z+ ka leads to a Riccati equation with respect to © = 2(z): 
[((B — Ak)z? +s—mk]a’, = (Ak* +2Bk + C)x? + [2(Ak+ B)z+ak+b]x2+Az*+az4+m. 


[A(ay? + Bary + yx") + (Ad + 2a)y + (Ae + B)x + Ao + dy), 
+ Blay’ + Bxy + yx”) + (Bo + By +(Be +2y)a+ Bore =0. 
Solution: ay? + Bry +ya* + by +ex +o = C exp(—Ay—- Bz). 
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34. (a@Ay?-2GAry+ Ba? +a0’?A-a’B)y’, = Cy*+2Bry 
+ Da? -28(8A + C)y -2(aD + BB)x + a’ D + 37(2GA + C). 
The transformation « =w+ta, y=€w-+/{ leads to a linear equation: 
[-a AG? + (28A+ C)E* + BE + Dlwy = (AE? — 28AE + Bw + 2(0B - 87 A). 
35. (Any? + Anxy+ Ana? + Ary + Ayx + Ao)y!, = Buy? +k2Ank + An -2By)xry 
+ k(-Ank? + Buk + Ay)a? + Boy + k(Ank + Ar - Ba)x + Bo. 
The substitution y = z+ kz leads to a Riccati equation with respect to © = 2(z): 
[( By - Ank)z* + (By - Ajk)z + Bo - Aok]a’, 
= (Ank? a Apk ae Ay,)x* + [(2Aok a Ap)z of Ajk a A|x + Ane” af Ajz oe Ao. 
36. (Any?+AprytAuz’+ Aryt Aiz+ Ao)y!, = Boy? +Byryt Bux’ + Byyt Bix+ Bo. 


Here, A;;, Bij, and A, are arbitrary parameters, and the other parameters are defined by the 


relations: 
A, =-Apa—2Anf, 


Ao = —A1107 + AaB” — Ara, 

By = (2A — By)at+ (Az —2Br)8 + At, 

B, =-2Bya- By, 

Bo = Biya? + (By — 2A11)a8 + (By — Ay2)8? — AB 


(a, 2 are arbitrary parameters). 
The transformation x =w+a, y= €w-+/ leads to a linear equation: 


[-An€? + (Bry — Aine + (Bir — Aé + Builwy = (An€* + An€+ Auyw +k, 
where k =2A);3@+Ap.(3+ Aj. 


1.4.5. Equations of the Form (A3y3+ Az,xry?+A;27y+ Apx?+ayytagx)y/, 
= B3y3 + Bory? + Byx*y + Box? + byy + box 


1. (ye -a?y+ayt bx)y’, = cy’ —-a> + by + az. 


Solution in parametric form (b # 0): 
a-b a-b a-b a—b 
c=Cl4t/%Met+ oC, Be’, y=C Ne! % et — LoClt Be’. 


2. Ge -avy*-a*yt+a>4+ ay)y!, = -pt+ay+a’y-a +an. 


Solution in parametric form: 
z=C!} signte !/t + taCltle'", y=C" signte !/t - dacttle/". 


3. (p+ay?-ay-a +ay+ bx)y’, = -yp -ay +a7y+a>+ by + ax. 


Solution in parametric form (a # —0): 
b-a 4t? bra 4t? 
=t+Clt|ora (-—), =t—Clt\ta (-—_). 
x |t] +a exp ee y |t] +a exp ee 


4. (y> + vy? -2x7y + 2ay + ax)y’, = -y + vy? + 4a7y - 423 - ay + daz. 


Solution in parametric form: 


p= Clete taCtel/", y= Cree 2aCtel/*. 
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5. (yi + ay? -S5a7’y+3a7+ay+ ax)y’, = -3y? - 3xy* + 15a7y - 9x7 - ay + 3a. 


Solution in parametric form: 
x=C!signt eg 4aCtle, y=C'signt ere JaCtle”. 

6. (y? + 2xy” -— xy -2a7 + 2ay + ax)y’, = xy? + 2a*y - 407 - ay + daz. 

Solution in parametric form: 

= Ctlt}e1/* - tat tel", y= Ctltje1/* + Zac|tt tel’. 

7. (y> —3a7y + 207 + 2ay + ax)y’, = -2y? + 6a7y - 423 - ay + 4ax. 

Solution in parametric form: 

zr=C! signte!/* + taCtle", y=C? signt ee 2aCtle". 


8. (y? + 3ay* -4a° + ay + bx)y’, = -2y° -6xy’ + 82> + (b-a)y + 2ax. 


Solution in parametric form (a # —0): 


b-2a | 27 2 


52a b-2a 27 
x=t+Clt| bt exp vera y=t—2C|t| ny exp|- F 


2(a + b) 
9. (y? + 3ay’ -a2’y -3a7° + ay + bx)y’, = -y> + vy? + 9x7y - 9a - (2a - b)y + 3ax. 
x“ 
Solution in parametric form (a # 6): 
__3a-b 3a-b __3a-b 3a-b 
a=C ltt) 26H e* — L(a-dyClt}2eHe!, y=Culet[ AH et + S(a-d)Clt/2eV e’. 
10. (yo +3ay* +3a7y +a -ay+ ax)y’, = -y? -3ay? -3a’7y - a> -ay+az. 
Solution in parametric form: 
CG? Si 
v= CttKv2t41, y=CtF K—v2i+1. 
Ja Ja 
1. (yi +3ay? +3a7y +a +ayt bax)y!, = -y? -3ay? -32’y -2° + by tam. 
Solution in parametric form (b # —2a): 


3 


2a+b 


3 
eB): 


b-a b-a 
r= Ct+C3(|tler +), y=Ct-C9 (Ita + 


12. (y>-4ay’ + 4a7y + ay- ax)y’, = 3y> - 14xry? + 20a7y - 823 + 2ay - 2a”. 


Solution in parametric form: 
g=t+Ct? exp(-35) » y=t+20r exp(-5). 
13. (y> -4axy? + 5a7y - 223 + 2ay - 3ax)y’, = 2y> - 8xy” + 10x7y - 407 + 3ay -4ax. 
Solution in parametric form: 
z=C! signte7!/*t +aCjtle\/“, G@=C" signte!/t +2aC}tle!/*. 


14.0 GQP-Sxy? +7a7y - 32° + ay - 2ax)y’, = 3y? - Say? + 21a7y - 923 + 2ay - 3a. 


Solution in parametric form: 


z=C! signte!/t + taCltle'/", y=C signt e7!/t + 2aCltle'/". 
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15. 


16. 


17. 


18. 


19, 


20. 


21. 


22. 


23. 


24. 


(y> -Sxy’ + 8a7y -4da3+ ay + bx)y’, = 2y> - 10axy? + 16x7y - 8x7 + (3a + b)y - 2a. 
Solution in parametric form (a # —b): 


2 


2 
ae | 


C 2a+b 
= b —_—— 
BS tele el aaapl: 


2a+b 
x=t+C\|t| a exp| 


(y> +5ay? +3a7*y -9a7 + ay + bx)y’, = -3y? - 15xy* -9a27y + 27x? + (b-2a)y + 3ax. 
Solution in parametric form (a # —0): 


32? 
a+b 


=) 


t 3C lt) oe 
=Tt- b+ — 
). y sees exp( a+b 


b-3a 
x=t+Clt| bra exp(- 


(y? -6axy? + 11x*y - 627 + ay + ba)y’, = 2y? - Way’ + 1827y - 92? + (4a + b)y -3ax. 
Solution in parametric form (a # -b): 

1 _ 3a+b t 3atb t 1 _ _3a+b t 3atb t 
x = Cl ttl 40320 e* — (a+ Zd)Clt|4ar2ve", y= Cl etl 40x20 e* — 3(a + 4b)C|t| 40420 e*. 
(y? -6xy? + 12x7y - 823 -ay+ ax)y,, = 2y? - day? + 2427y - 160° - ay + ax. 


Solution in parametric form (a > 0): 


2 2. 
eG 2t* +1, j= Ge =< one. 
Ja Ja 


(2y° - 3axy” + xy +ayt bx)y!, a y - xy” +(a + b)y. 


Solution in parametric form (a # —26): 


see oe Lee, es eee 
r=C ttl e260 + (a+2d)Clteree, = y=C ttl e2be™. 


(2y? + 3ay? -3a7y - 207+ ay + bx)y’, =-y> + 3ay’ + 6x7y - 82> - (a - b)y + 2ax. 
Solution in parametric form (a # 26): 


4 _2a-b =y 1 2a 
r= C tlt o-26 e — s5(a— 26)C|t| = 


=) Se ae ae) ae 
be, y=C Atl a2 e™ + H(a—2b)C|t[e-2 €’. 
(2y° -9xy’ + 1327y -627 + ay + bx)y’, = 3y> —13axy? + 1807y - 82> + (3a + b)y —2ax. 
Solution in parametric form (a # —3b): 


1 _ 2a+b t 2a+b t Tai 2a+b t 2a+b t 
x=C ttl 3026 e™ —(3a4+2b)C|t| 3026 e’, =oxy=C tt] 30426 €* —2(3a + 2b)C|t| 30726 €’. 


(By? - vy? -3a7y + a3 + ay)y,, = -y? + 3xy’ + ay -3a73 +a. 


Solution in parametric form: 
geC pelts taCtel/", g=C (re taCtel/*. 


(By? + xy? -3a7y - a + ay)y,, = y? + 3xy’ — xy - 3a + ax. 


Solution in parametric form: 
c=C ttle —tactte, y=C tle + tacttptel’. 


(ay? -2ka?y + ka? + ay —- ax)y’, = y? —2kay’ + k?x7y + kay -kax. 
Solution in parametric form (k # 1): 


a 
2(k — lye 


a 


x= t+Cltlexp|- Ee! 


F y= t+ kCltlexp|- 
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25. 


26. 


27. 


28. 


29. 


30. 


31. 


(y? -3kay? + 3k? 27y -k3a3 -ay+ ax)y’, = ky -3k° ay? +3k3x7y —k4a3 -ay+ ax. 


Solution in parametric form (a > 0, k # 1): 
k-1 k-1 
g=CttC?——v2P4+1, y= Ct+kC?——Vv2t4+1. 
Wa Wa 


(y? - 3kaxy* + 3k727y —kix* + ay + bx)y’, 
= ky? -3k’xy’ + 3k°x7y - k4x? + [(k + Da + bly -—kaz. 
Solution in parametric form (b # satk —3), k #1): 


(k-1)° 


(k-1)° 
(k —3)a— 2b 


CHC lor t 
= + atb + —_—_ 
ie [ | (k—3)a—26 


kat+b 
e], y=Ctt+kC? [it ae + 
[y? —(k + 2)ay? + (2k + Day — ka? + 2ay -(k + Daxly!, 
= ky? —k(k + 2)ay? + k(2k + Day - k?a? + (k + lay -2kax. 


Solution in parametric form (k # 1): 
C kc 
z=C! signte "+ lle”, y=C! signte "+ 7 ltle". 


[y? -—(k + 2)xy” —k(k —4)a*y + k(k -2)a? + ay -axly!, 
= (2k -Dy? - k(4k - Day? + k°(2k + Day - ka? + kay - kaw. 


Solution in parametric form (k #—1): 


x =t+Ct exp y=t+kCP exp[--——* 5. 


Ecsiza : 2k — 1)2#2 


[y? -(2k + Day? + k(k + 2)0?y - k?x3 + ay + bry’, 
=ky>-k(2k + lay? + k(k + 2)a7y — koa? + [(k + Da + bly —kax. 
Solution in parametric form (a #—b, k # 1): 


(k-1), 
Matby’ | 


=D 8) 


t+kClt ae —— 
— +b 
y ae ox sarh 


ka+b 
x=t+C\t| or exp| 


(Ay? + ay? - Av?y-a3 + ay + bax)y’, = y+ Any? - 27y — Ax? + by + ax. 
1°. Solution in parametric form with b 0: 
1 a-b bA-a 1 b-a a—bA 
x=C tlt] 26 fé+1[ 26° — zbCle] 26 t+ 1] 2, 
1 ab bA-a 1 b-a a-bA 
y= Ct] 26 E+ 1[ 2° + ZbC Ie] 20 [t+ 1] 25. 
2°. Solution in parametric form with b = 0: 
A-1 1A A-1 1-A 
e=C let = et — tac 2 eM, y=C ry? elt + sacle! 2 el”. 


(Azy? + Arxy” + Aya”y + Aga? + ax)y’, = B3y° + Boxy” + Bix”y + Box? + ay. 


This is a special case of equation 1.7.1.13 with Ry»(z, y) =a. The transformation t = y/2, 
u = 27 leads to a linear equation: 


[Pa(t) — tPa(t)]u;, = 2Pa(du + 2a, 


where P(t) = A3t3 + Apt? 7 Ait 7K Ao and Pp(t) = B3t3 + Bot? +B t+ Bo. 
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32. [Ay?+(A+t 2)ay? -(A-4)a7y -(A-2)a7> + ay - ax}y’, 
=-(A-2)y°-(A-4)xy* + (A + 2)a7y + Av? -ayt+ az. 


Solution in parametric form: 


= 1-A e - 1-A a 
r=t+Cltl exp(=5), y=t-Cle exp( <5). 


33. [Ay?+3(A+ Day’ + 12x*y - 4(A -3)a? + ay -azly!, 
=—-(2A -3)y°- 6(A —2)ay? + 12”y + 8A? - 2ay + 2ax. 


Solution in parametric form: 


g=t+Cle4 exp( 5). y=t—20|4'4 exp( >). 


1.5. Equations of the Form f(z, y)y’, = g(x, y) 
Containing Arbitrary Parameters 


1.5.1. Equations Containing Power Functions 


1.5.1-1. Equations of the form y/, = f(a, y). 


lL yl =AVyt Ba'/?, 
The substitution w = 2A1/¥ leads to an Abel equation of the form 1.3.1.32: wwi, = 
wt+2BAta 2, 


20 yl = AVy+ Bet. 
Let A =+2a!V/b, B = ¥4b (b > 0). Solution in parametric form: 


x=af(r), y=b.2r7+ fy), where f(r) =exp(Fr’) [/ exp(417) dr + Cc] 7 


3. yl = AVy+ Br”. 
The substitution w = 2A leads to an Abel equation of the form 1.3.1.33: ww, = 
wt+2BA?x?. 


4.0 yi =a/yt+brt+cxr™. 
The substitution w = 2a Vy leads to the Abel equation ww!, = w+2a*(ba+cx™), which 
is discussed in Subsection 1.3.1 (see Table 5). 


mr 
5. yl, =ay” +brin, 


: dw aon 
Solution: i a In|z|+C, where w = yan-T. 
aw” + wtb 


6. yf = Ay’ - Ba*. 


The transformation x= (wl )/*, y= Aw/2z)"/8, where A= (B/A)!s, leads to the generalized 


Emden—Fowler equation: 
1 i-s k-1 


Ak _L des fod 
uw Sp s (w) Rea 


Zz 


which is discussed in Section 2.5 (in the classification table, one should search for the equations 
satisfying the condition n +m +1=0). 
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10. 


11. 


12. 


y,, = (ax + by +c)”. 
This is a special case of equation 1.7.1.1 with f(€) = &”. 


y, =arrrnrmy™ + br™, 


Solution: 
| eI Carr Cre ee ae 


n-1, m+ nk-1, mk+1 


y,, = any” + bay 


This is a generalized homogeneous equation of the form 1.7.1.3 with f(€) = a& + bé*. 

yl, = ax’ y/y + br™y + cx /y. 

This is a special case of equation 1.7.1.4 with f (2) =ax*, g(a) =ba"™, h(x) =cax*, andn= 1/2. 
yl, =ax’y"” + ba™y + cary. 

This is a special case of equation 1.7.1.4 with f(x) = ax", g(x) = ba™, and h(x) = cx’. 

y), = erty ™(aar” + by™)*. 

This is a special case of equation 1.7.1.7 with f(€) = €*. 


1.5.1-2. Other equations. 


13. 


14. 


15. 


16. 


17. 


18. 


19, 


20. 


ry’, = ay + by/y? + cx. 
The substitution w = y/x leads to a separable equation: xw!, =(a—-1)w+bVw? +e. 


n—m,,.m -k,k 


ry, =yrtar™™y™ + bey 


The substitution y = zw leads to a separable equation: w/, = 2” (aw™ + bw*). 


(ay” + bx)y’, = 1. 
Solution: a =e (c +a / yre dy). 


xr(ry” +a)y’, + by = 0. 
Solution: nb-a=z (Cy*/* + y”). 


n(A-1),,mr _ 


a(ay™ + m)y’, = y [ba y n|. 
This is a special case of equation 1.7.1.16 with f(€) = a€, g(©) = 1, h(€) = bé, and k =n. 


(ax” + bx? + cay)y’, = kx” + bry + cy”. 


The transformation t = y/az, z = 2" leads to a linear equation with respect to z = z(t): 
(k— at)z, =(n-2)(az+b+ct). 


(ay” + ba? +cay)y’, = ky” + bry + cy’. 
The transformation t = y/z, z= x"~ leads to a linear equation with respect to z = z(t): 
t'(k —at)z} = (n-2)(at"z +b+ct). 


(ax” + by” + x)y’, = axky?* 4 Be™y”™ + y. 


The transformation t=y/x, z=x""! leads toa linear equation: (at”*+Gt"-"—bt""—-at)z} = 
(n-1)(bt? +a)z+n-1. 
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21. (ax” + by” + Aa? + Bay)y’, = arty” * + Bay” + Ary + By’. 
The transformation t=y/z, z=x"~ leads toa linear equation: (at”*+8t"-™—bt"*!—at)z} = 
(n —2)(bt" + a)z+(n—2)(Bt+ A). 

22. [(ax + by)” + br]y’, = c(ax + by)™ - ax. 
This is a special case of equation 1.7.1.14 with f(€) = €”, g(€) = 1, and h(é) = c&™. 


23. [(ax + by)” + by]y’, = c(ax + by)™ - ay. 
This is a special case of equation 1.7.1.15 with f(€) = €”, g(€) = 1, and h(é) = c&™. 


24. (ax+ By+y)"y,, = (ax t+ by+c)”. 
This is a special case of equation 1.7.1.6 with f(€) = &”. 


25. (ax” + by™ )y’, = gym, 
This is a special case of equation 1.7.1.7 with f(€) = 1/€. 
26. (ay™ + be” +s)y’,, tax* + bnx” y+ B= 0. 


Solution: 
ap(y) + aw(a2) + ba" y+ syt+ Px =C, 


m+ k+1 
where yy) = aL if m#-1, wW(a) = kel if k#-1, 
Inly| if m=-1, Injal if k=-1. 


27. (ax*y” + bay™ + cy*)y!, = ay? + Byl +7. 
This is a Riccati equation with respect to x = x(y). 


n+m-k 


28. (ax"y™ + x)y’, = ba*y +Y. 
The transformation t = y/z, z =x"! leads to a linear equation: t™(bt”* — at)z} = 
(n+m-—1)(at™z +1). 


29. x(ax"y™ + a)y!, + y(bx"y™ + 3) = 0. 
(y*x®)4A — (y*x)B mB -—na mb—na 


Solution: Ae ale a = C;" where A = “ap —ba”’ B= GB — ba” 


nt+k 


30. x(ana*y”** +s)y! + y(bma™**y* +5) = 0. 


Solution: aky" + bka™ — s(ay)* =C. 


31. (ax"y™ + Ax* + Bry)y’, = ba*y™*™* + Ary + By’. 


The transformation t = y/z, z= 2" Jeads to a linear equation: t’(bt”* — at)z} = 
(n+m—2)(at™z + Bt+ A). 
n,,m-1 -1,,m 


32, (ama”y™" + by*)y’, +ana™"y™ + cx = 0. 
This is a special case of equation 1.7.1.19 with f(y) = by* and g(x) = cx’*. 


33. (ax"y™ + bry”)y’, = ay® + B. 


This is a Bernoulli equation with respect to x = x(y) (see Subsection 1.1.5). 


34. a(ax”*y™ + m)y’, = y(ba?®” *y*™ — n). 
This is a special case of equation 1.7.1.16 with f(€) = a€, g(€) = 1, and h(€) = b&. 
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35. x(ax"y™* + m)y’, = y(ba?*” yy?” — n). 


This is a special case of equation 1.7.1.17 with f(€) = a€, g(€) = 1, and h(€) = b&. 
36. (aryl + barb ymbl yay! zs ca™y™, 
This is a special case of equation 1.7.1.3 with f(€) = cé*(a€ + b&*) 1. 
37. (az + by™)*y! = ca™ly™, 
This is a special case of equation 1.7.1.7 with f(€) = c&*. 
r+a r-a ; el e2 
38. C—O eS ee = 0, 
ry Ue) my 1 
where rt =(a+a)? + y's r3 = (a -a)* + y’. 


This is the equation of force lines corresponding to the Coulomb law in electricity. 
+a w—a 

+e) =C; 

ry up) 


: x 
Solution: e, 


39. «yl —-y=(azr" + by*)(yy! +2). 
This is a special case of equation 1.7.1.24 with f(u) = u*/? and g(v, w) = av® + bw*. 


40. «xy,-y= (ax* + by” (yy, —2). 
This is a special case of equation 1.7.1.25 with f(u) = u*/? and g(v, w) = av® + bw*. 


4. yy +a= (ax* + by* (xy), -y). 


-k/2 


This is a special case of equation 1.7.1.24 with f(u) =u and g(v, w) = (av* + bw*)!, 


1.5.2. Equations Containing Exponential Functions 


1.5.2-1. Equations with exponential functions. 


lL yf =aer%+b. 


1 
Solution: y= = In (Ce = >). 


2. yl, = ae¥ + be”. 
Solution: y = be* —In le -a / exp(be”) dx| F 


3. -y, = Ae¥**” — a, 


This is a special case of equation 1.7.1.2 with f(€) = Ae’, n = 1, and b =0. 


4, y,, = ae’®*>Y + be#®, 


This is a special case of equation 1.7.2.5 with f(a) = ae”® and g(x) = be". 
5. oy! = ae’®**Y 4 bet? 9, 

This is a special case of equation 1.7.2.8 with f(x) = ae””, g(x) = 0, and h(x) = be**. 
6 yf, = ae? PY + be + ce®? PY, 


This is a special case of equation 1.7.2.9 with f(€) =€ +c. 


7 yh = ae + be + cet? >rY, 


The substitution w =e” leads to a Riccati equation: w!, = ae w* + bre?" w + cre”. 
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10. 


11. 


12. 


(ae¥ + be”)y’, = 1. 


Solution: «x = ae¥—In le —b / exp(ae”) dy] . 


ax+by 


(be*¥ + c)y’, =e -ae®, 


This is a special case of equation 1.7.2.13 with f(€) =c, g() = 1, and h(€) =e. 


(aedtP® + b)y!, =. 


The substitution w(x) = y+ Ga leads to a separable equation: w!, =8+c(ae” + byt. 


(ae*® + be¥)y’, = e%* PY, 


This is a special case of equation 1.7.2.9 with f(€) = 1. 


(e074 + ayy’, + be”**P¥ + aa = 0. 


This is a special case of equation 1.7.2.15 with f(y) =e7Y and g(a) = be””. 


1.5.2-2. Equations with power and exponential functions. 


13. 


14. 


15. 


16. 


17. 


18. 


y,, = ae¥ + bx”. 


1°. Solution in parametric form with n 4-1: 


7 -n[o-—— [ra exp(—7_) dr]. 


2°. Solution in parametric form with n =—1, b#-1: 


1 
L=Tntl1, y= 


a 
= ie =] (c —bT _ ), 
r=e y n{ Ce Fad” 
3°. Solution in parametric form with n = —-1,b=-1: 
cw=e"', y=-r-In(C—-ar). 


7. = ay + be”. 


Solution in parametric form: 

c=In(AE')¥7°, y= B[2texpGr’)E", 
where a=72B?, b=+A'B, E= exper) dr+C. 
y, = ae’®*>Y + ba”. 
This is a special case of equation 1.7.2.5 with f(z) = ae”® and g(x) = bx”. 
y,, = ax” er” + be”. 
This is a special case of equation 1.7.2.5 with f(z) = ax” and g(x) = be’*. 
yl, = axe” + br™. 
This is a special case of equation 1.7.2.5 with f(a) = ax” and g(x) = ba™. 
yl, =ax"erY + ba™e,” 


This is a special case of equation 1.7.2.8 with f(x) =ax”, g(x) = 0, and h(x) = ba™. 
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19, 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


y!, = c(y + ae” +b)” — are”. 
This is a special case of equation 1.7.2.10 with f(€) = c&”. 


y,, = (ae¥ + ba*)'/*, 


Solution in parametric form: 


kdr 
ekryl/k + 1° 


1 
x=exp{r——[fir)+C]}, y=f(7)+C, — where 10> | mae 


yl, =(ay* + be®)'/*, 
Solution in parametric form: 


kdr 
ka + be-Pry/k— 1° 


1 
z= f(r+C, y=exp{r+ [fr +0]}, where f(T) = 


y,, = ax” !erY + ba™ 10°™, 


This is a special case of equation 1.7.2.2 with f(€) = a€""! + bé™|!. 
y), = ax” te2Y + bar™1eamy, 

This is a special case of equation 1.7.2.4 with f(€) = a& + bE™. 

y, = ae? yn + be 
This is a special case of equation 1.7.2.1 with f(€) = aé"*! +b. 


Aw 


az, m+l anz, nmt+l1 
. 


y,, = ae**y™" + be®?*y 
This is a special case of equation 1.7.2.3 with f(€) = a€ + bE”. 


Anz, n+l Amz, m+1 


y,, = aer*y”* + be y 
This is a special case of equation 1.7.2.1 with f(€) = a€"*! + béE™!. 


nN exe k+1 


y,, = ax” y® + bx yo —ay. 
This is a special case of equation 1.7.2.7 with f(z) =a”, g(6) =a+ b€, andm = 1. 


y!, = aer*ytn + bet y + ce’*y!™, 


This is a special case of equation 1.7.1.4 with f(a) = ae”, g(x) = be", and h(x) = ce”*. 


y', = ae ?yn + bet y + ca™y'™, 


This is a special case of equation 1.7.1.4 with f(x) = ae>*, g(x) = be", and h(x) = cx™ 


k, ltn m In. 


yl, =ax"y + be** ytcr™’y 
This is a special case of equation 1.7.1.4 with f(x) = ax", g(x) = be**, and h(x) = cx” 


Aw, 1l+n In, 


y,, =ae*y*” + bay + ce" y 
This is a special case of equation 1.7.1.4 with f(a) = ae®”, g(x) = ba™, and h(x) = ce". 


, Aw, 1l+n k In. 


y, = ae "y+ ba™y + cay 
This is a special case of equation 1.7.1.4 with f(a) = ae>*, © g(x) = bx™, and h(x) = cx*. 


ntk oy + bar™t*k emy 


ry’, = ax -n. 


This is a special case of equation 1.7.2.6 with f(x) = a*"! and g(€) = a€ + bE™. 


© 2003 by Chapman & Hall/CRC 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


ax+by 


(by + A)y!, = ce -ay. 
This is a special case of equation 1.7.1.15 with f(€) = A, g(©) = 1, and A(€) = ceé. 


ryy,, = axe — ny. 

This is a special case of equation 1.7.2.11 with f(€) =a€ and a = 1. 
zy’y’, =ax"eY — ny’. 

This is a special case of equation 1.7.2.12 with f(€) =a€ anda = 1. 
(ay” + be®*)y’, = 1. 


1°. Solution in parametric form with n # —-1: 


a b ait, at ole 
= = = n+l ee = ntl 
n+l nfo wat lt x exp(— 7) ar]. ea 


2°. Solution in parametric form with n = —-1,a 4-1: 


b 
p= -In(Ce” - 
at+1 


3°. Solution in parametric form with n = —-1, a =-1: 


e"), y=e’. 


x=-r—-In(C-br), y=e’. 
(ae¥ + bx)y’, = 1. 
Celt + —e if b¥1, 


Solution in implicit form: x = 
e*(C + ay) if b=1. 


(ae¥ + bx*)y’, = 1. 


Solutions in parametric form: 


1 
z=-sr(nZ),, y= in(=_), L2G I@LOVO 


and 
vy 


1 T 
r=-sr(InZ),, y=ln (-z). GSCI NLC RAG: 


where Jo(7) and Yo(7) are the Bessel functions, and [o(7) and Ko(r) are the modified Bessel 
functions. 


(ae¥ + ba")y’, = 1. 
Let a=+A/B, 6 =¥2A?. Solution in parametric form: 


a= A[21 +exp(Fr’)f(r)], y=In[Bf(r)] Fr’, where f(7T)= [/ exp(417) dr+C] 


(e074 + bar)y’, = ce®*Y — ax. 


This is a special case of equation 1.7.1.14 with f(€) = e§, g(€) = 1, and h(€) = ceé. 


(errtby + by)y’, = certtby -ay. 
This is a special case of equation 1.7.1.15 with f(€) = e§, g(€) = 1, and h(€) = ceé. 


(ae**y™ + by! = y. 
This is a special case of equation 1.7.2.3 with f(€) = (a€ +b)". 
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44. (e%*y” + aB)y!, + be”**9¥ + aa = 0. 


This is a special case of equation 1.7.2.15 with f(y) = y” and g(a) = be””. 


45. (e%*y” +aB)y’, + bx™e?¥ + aa = 0. 


This is a special case of equation 1.7.2.15 with f(y) = y” and g(x) = ba”. 


anzr, rm 
y 


46. (e%*y™ +mz)y’, = y(be - ax). 


This is a special case of equation 1.7.2.17 with f(€) = €, g(€) = 1, and A(€) = bE”. 


47, x(ax"e* + ay)y!, = ba” ™e*™ — ny. 
This is a special case of equation 1.7.2.16 with f(€) = €, g() = 1, and A(€) = bE™. 


48. (axe? + bre¥)y’, =e”, 


This is a Bernoulli equation with respect to x = x(y) (see Subsection 1.1.5). 


49. (ax"e” + bry™)y’, = eM, 


This is a Bernoulli equation with respect to x = x(y). 


50. (ax"y™ + bre™)y’ = y*. 


This is a Bernoulli equation with respect to x = x(y). 


51. (ax"y™ + bry*)y’ = er. 
This is a Bernoulli equation with respect to x = x(y). 


52. (ama”y™" + b)y’, +anz™!y™ + ce = 0. 


This is a special case of equation 1.7.1.19 with f(y) = 6 and g(a) = cer, 


m-1 n-1,,m 0 


53. (ama”y”™ | + be™)y, +anz™!y™ +c= 
This is a special case of equation 1.7.1.19 with f(y) = be*” and g(x) =c. 
n,, m-l1 n-1,,m 


54. (ama”y™" + by*)y’ +anz™1y™ + cer” = 0. 
This is a special case of equation 1.7.1.19 with f(y) =by* and g(x) = ce*”. 


55. [(ax + by)” + be**]y’, = c(ax + by)™ - ae. 
This is a special case of equation 1.7.2.14 with f(€) = €", g(x) = 1, and A(€) =c&™. 


56. [(ax + by)” + be*¥]y’, = c(ax + by)™ -ae*¥. 
This is a special case of equation 1.7.2.13 with f(€) = €", g(x) = 1, and A(€) =c&™. 
1.5.3. Equations Containing Hyperbolic Functions 


1. y,, = acosh(Ay) + b cosh(vx). 
This is a special case of equation 1.7.2.18 with f(z) = 0, g(a) =a, and h(x) = bcosh(vz). 


2. y!, = asinh(Ay) + b sinh(vz). 
This is a special case of equation 1.7.2.18 with f(z) = a, g(x) = 0, and h(x) = bsinh(vz). 


3. -y!, = ax” cosh(Ay) + bx™. 
This is a special case of equation 1.7.2.18 with f(z) = 0, g(a) = ax”, and h(x) = ba™. 
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4. y', = ax” sinh(Ay) + bx™. 
This is a special case of equation 1.7.2.18 with f(x) = ax”, g(x) = 0, and h(x) = ba™. 


5. yf =ay” + by + csinh(Az)y'™. 
This is a special case of equation 1.7.1.4 with f(«) =a, g(x) = b, and A(x) = csinh(Az). 


lin 


6 -y, = ay” + bsinh(Ax)y + cy”. 


This is a special case of equation 1.7.1.4 with f(z) =a, g(x) = bsinh(Az), and h(x) =c. 
7. yl = ycoshz (ay”™ sinh” « + by”). 
This is a special case of equation 1.7.2.22 with f(€) = a&" + bé. 
8. -y, = ysinhz (ay”” cosh” « + by”). 
This is a special case of equation 1.7.2.24 with f(€) = a&" + bE. 
9. xy’, = (ax” cosh y + b)cothy. 
This is a special case of equation 1.7.2.25 with f(€) =a& +b. 
10. xy! = (ax” sinh y + 6) tanh y. 
This is a special case of equation 1.7.2.23 with f(€) = a& + b. 


11. (ay™ cosh x + b)y!, = y™* sinh x. 
This is a special case of equation 1.7.2.24 with f (€) = €(a€ + 6). 


12. (ay™ sinh z + b)y!, = y™*! cosh x. 
This is a special case of equation 1.7.2.22 with f(€) = €(aé +b) 1. 


13. (ax” + bx cosh™ y)y’ = y*. 
This is a Bernoulli equation with respect to x = x(y) (see Subsection 1.1.5). 
14. (ax” + bx tanh” y)y’, = y*. 
This is a Bernoulli equation with respect to x = x(y). 
15. (ax” + bx cosh” y)y’, = cosh*(Ay). 
This is a Bernoulli equation with respect to x = x(y). 
16. (ax” + bx tanh™ y)y’, = tanh*(Ay). 
This is a Bernoulli equation with respect to x = x(y). 


n,,m-l1 


17. (ama”y™" + by, +anz™1y™ +c sinh” (Az) = 0. 
This is a special case of equation 1.7.1.19 with f(y) = 6 and g(x) =c sinh* (Az). 


18. (ama”y™" + by, +anz™1y™ +c tanh*(Ax) = 0. 
This is a special case of equation 1.7.1.19 with f(y) = 6 and g(a) = ctanh* (Az). 
19. (ax”y™ + bx)y’, = cosh*(Ay). 


This is a Bernoulli equation with respect to x = x(y). 


20. (ax"y™ + bx)y’, = tanh*(Ay). 


This is a Bernoulli equation with respect to x = x(y). 
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21. (ax” cosh” y + bx)y’, = sinh*(Ay). 

This is a Bernoulli equation with respect to x = x(y). 
22. (ax” tanh” y + bx)y’ = y*. 

This is a Bernoulli equation with respect to x = x(y). 


23. (ama”y™"! + bsinh* yy, tanz™"y™ +c=0. 
This is a special case of equation 1.7.1.19 with f(y) =b sinh* y and g(x) =c. 


n,, m-l1 n-1,,m 


24. (amax”y”™" + btanh* y)y’ +anz”™1"y™ +c = 0. 
This is a special case of equation 1.7.1.19 with f(y) = b tanh* y and g(a) = ¢. 


1.5.4. Equations Containing Logarithmic Functions 


lL yl. =y(axr+miny +f). 
This is a special case of equation 1.7.2.3 with f(€) =In€+ 8. 


2 yf =aakrty*™ (ning +miIny). 
This is a special case of equation 1.7.1.3 with f(€) = a€* In€. 


3. yl =ax"yln’ y+ be™ylny + ca*y, 
This is a special case of equation 1.7.3.1 with f(x) = ax”, g(z) = bx™, and h(x) = ca*. 
4. sy’, =(ay+ningz)™ + B. 
This is a special case of equation 1.7.2.4 with f(€) =In™ €+ . 


5. sy’, = y(nIng + miIny). 
This is a special case of equation 1.7.1.3 with f(€) = In€. 


6. may! =ary*(ninz+miny)—ny. 
This is a special case of equation 1.7.1.5 with f(a) = oye and g(&) = In€. 
m 


7. (a2 + b)y’, = yx?" + c(ny -Inz). 
This is a special case of equation 1.7.1.12 with f(€) = b, g(€) = cln€, and h(E) = 1. 


8 - x(ay + By), =nIn«+(a-n)y. 
This is a special case of equation 1.7.2.16 with f(€) = G, g(€) = 1, and h(€) = In €. 


9 a(at+me*)y’ = y(bning +bmIny -nz*). 
This is a special case of equation 1.7.1.16 with f(€) =a, g(€) = 1, and h(€) = bIn€. 


10. x(a+my")y! = ybnine + bmIny - ny*). 
This is a special case of equation 1.7.1.17 with f(€) =a, g(€) = 1, and h(€) = bIn€. 


11. (ama"y™" + by, + ana™!y™ + cln*(Az) = 0 
This is a special case of equation 1.7.1.19 with f(y) = 6 and g(a) = cln*(Az). 
12. (alny+bx)y! = 


1. 
Solution: «=e? iG [ay+c) -Siny. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


a(n y)y’, = y(ax”*y* + bx” y) —nyIny. 
This is a special case of equation 1.7.3.7 with f(€) = a€* + b€ and m = 1. 


r(a+mIny)y!, = y(bx"y™ —nIny +c). 
This is a special case of equation 1.7.3.9 with f(€) =a, g(€) = 1, and h(é) = bE +c. 


(ax” + bx In™ y)y’, = In* (Ay). 
This is a Bernoulli equation with respect to x = x(y). 


rary” +mina)y! = y(br™*y™ —nInz). 


This is a special case of equation 1.7.3.10 with f(€) = a€, g(€) = 1, and h(€) = bE*. 


a(ax"y™” +miny)y, = y(br™’y™ —niIny). 


This is a special case of equation 1.7.3.9 with f(€) = a€, g(€) = 1, and A(€) = bE*. 


(ama”"y™" + bIn® yy! +anz™!y™ +¢=0. 


This is a special case of equation 1.7.1.19 with f(y) = bIn* y and g(x) =c. 


(ax” In™ y + ba)y!, = In*(Ay). 
This is a Bernoulli equation with respect to x = x(y). 


Ss 


(ax In™ y + br In* y)y!, = y’. 


This is a Bernoulli equation with respect to x = x(y). 


1.5.5. Equations Containing Trigonometric Functions 


1. 


y,, = acos(ay) + G cos(bx). 
This is a special case of equation 1.7.4.11 with f(z) = a, g(x) = 0, and h(x) = 6 cos(bz). 


y,, = sin(ax) cos(by) + cos(ax) sin(by). 
This is a special case of equation 1.7.1.1 with f() = sin € andc =0. 


y,, = a tan(bxy). 


The solution is given by the relation: 


[ exp(4t’) cos(Vab xt) dt = Cexp(+aba’), where w=y _ 


y,, = ba” cos(ay) + cx™. 
This is a special case of equation 1.7.4.11 with f(x) = ba”, g(x) = 0, and h(a) =ca™. 


y,, = bx” sin(ay) + cx™. 
This is a special case of equation 1.7.4.11 with f(z) = 0, g(x) = bx”, and h(x) =ca™. 


yl, = ycosz (ay”™ sin” x + by™). 
This is a special case of equation 1.7.4.4 with f(€) = a€" + bE. 


yl, = ysin xz (ay”” cos”! x + by™). 
This is a special case of equation 1.7.4.3 with f(€) = a€" + bE. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19, 


20. 


21. 


22. 


23. 


sin? y cos” y 
+b 


y, =a - F 
i cos? x sin? x 


This is a special case of equation 1.7.4.14 with f(€) = aé+ bE". 


yl, = ay” + by + csin(Ax)y™™. 


This is a special case of equation 1.7.1.4 with f(z) =a, g(x) = b, and A(x) = csin(A2). 


yl, = ay” + bsin(Ax)y + cy™™. 


This is a special case of equation 1.7.1.4 with f(z) =a, g(x) = bsin(Az), and h(x) = c. 


ry’, + asin(bx + cy) = 0. 


Seer bat+e 
The substitution w = x tan y 


leads to a Riccati equation of the form 1.2.2.35 with 


n=2: 2aw!, — bw? +2(ac- 1)w - ba? =0. 


ry’, = ax* tan(by) + y. 


The substitution y = xw leads to an equation of the form 1.5.5.3: w/, = atan(baw). 


zy’, =ax” cos’ y + beosysiny. 
This is a special case of equation 1.7.4.8 with f(€) = $(aé +b). 


zy’, =ax” sin’ y + bcos y sin y. 
This is a special case of equation 1.7.4.7 with f(€) = $(aé +b). 


zy, =ax™ sin® y cos”* y — nsin 2y. 
This is a special case of equation 1.7.4.18 with f(z) = ax™2Pk-! and g(€) = at 


m+1 


(1+ tan’ yy’, = atan™*! y + btany + cx” tan’ y. 


This is a special case of equation 1.7.4.19 with f(z) = a, g(x) = b, and h(a) = ca”. 


n-1,,m 


+ b)y’,, tanx™"y™ + csin*(Ax) = 0. 


(ama"y™! 


This is a special case of equation 1.7.1.19 with f(y) = 6 and g(a) =c sin*(A2). 


(ama”y™" + by’, +anz”"y™ + ctan*(Ax) = 0. 


This is a special case of equation 1.7.1.19 with f(y) = 6 and g(a) = ctan*®(Az). 


(ax"y™ + bx)y!, = cos*(Ay). 


This is a Bernoulli equation with respect to x = x(y) (see Subsection 1.1.5). 


(ax"y™ + bx)y’, = tan’ (Ay). 


This is a Bernoulli equation with respect to x = x(y). 


(ay™ cos x + b)y’, = y™*! sin x. 
This is a special case of equation 1.7.4.3 with f(€) = €(a€ +b). 


(ay™ sin x + b)y’, = y™*! cos x. 
This is a special case of equation 1.7.4.4 with f(€) = €(a€ +b) 71. 


(ax” + bx cos™ yy’, = y*. 


This is a Bernoulli equation with respect to x = x(y). 
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24. 


25. 


26. 


27. 


28. 


29. 


30. 


(ax” + bx cos™ y)y’, = cos*(Ay). 
This is a Bernoulli equation with respect to x = x(y). 


(amz”y™" + beos* yy’, t+anz™"y™ +c = 0. 


This is a special case of equation 1.7.1.19 with f(y) =bcos* y and g(z) =c. 


(ax” cos” y + bx)y’, = cos*(Ay). 
This is a Bernoulli equation with respect to x = x(y). 


(ax” + bx tan™ y)y’ = y”. 


This is a Bernoulli equation with respect to x = x(y). 


(ax” + bx tan™ y)y’, = tan*(Ay). 
This is a Bernoulli equation with respect to x = x(y). 


n-1,,m 


+ btan* yy’ +anz”"y™ +c =0. 


(ama”y™! 


This is a special case of equation 1.7.1.19 with f(y) =btan* y and g(x) = ¢. 


(ax” tan™ y + bx)y’, = tan*(Ay). 


This is a Bernoulli equation with respect to x = x(y). 


1.5.6. Equations Containing Combinations of Exponential, 


Hyperbolic, Logarithmic, and Trigonometric Functions 
yl, = ax er’ +bIn™ z. 
This is a special case of equation 1.7.2.5 with f(x) = ax” and g(x) = bIn”™ z. 


y, =aln’(vx)e™ + bx™. 


This is a special case of equation 1.7.2.5 with f(z) =aIn”(vz) and g(x) = ba™. 


y/, = ae**(Ay +Inx)™. 
This is a special case of equation 1.7.2.2 with f(€) =aln™ €. 


yl, =ae*(A\x +Iny)™. 

This is a special case of equation 1.7.2.1 with f(€) =aln™ €. 

yl, = ayln’ y + byIny + ce**y. 

This is a special case of equation 1.7.3.1 with f(x) =a, g(x) = 6, and h(x) = ce*, 
yl, = ayn’ y + be*”ylny + cy. 

This is a special case of equation 1.7.3.1 with f(x) =a, g(x) = be**, and A(x) =. 


y,, = ae¥ sinx + btanz. 
This is a special case of equation 1.7.5.6 with f(€) =aé +b. 


y,, = (ae® sin y + 6) tany. 

This is a special case of equation 1.7.5.4 with f(€) =a€é +b. 

y!, = ae® sin’ y + be cos’ y. 

This is a special case of equation 1.7.5.8 with f(€) = $(a& +b/€). 
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10. y!, = acos”(ux)e*” + bx™. 

This is a special case of equation 1.7.2.5 with f(z) =acos"(x) and g(x) = ba™. 
1. yf = axe + bcos™ (px). 

This is a special case of equation 1.7.2.5 with f(z) = ax” and g(x) = bcos™ (uz). 
12. y! =ax"e* + btan™ (uz). 


This is a special case of equation 1.7.2.5 with f(z) = ax” and g(x) = btan™ (2). 
13. y! =atan”(ux)er¥ + br™. 
This is a special case of equation 1.7.2.5 with f(z) = a tan”(yx) and g(x) = ba™. 
14. y! = Ae** cos(ay) + Be" sin(ay) + Ae**. 
The substitution w = tan(Say) leads to a linear equation: w!, = aBe"*w + aAe. 
15. y!, = asin(wx) sinh(Ay) + b cos(ux) cosh(Ay). 
This is a special case of equation 1.7.2.18 with f(z)=a sin(wx), g(x) =b cos(wx), and h(x) =0. 
16. y! =ayln’y + byIny + csin”(Az)y. 
This is a special case of equation 1.7.3.1 with f(z) =a, g(x) = b, and h(a) = csin” (Az). 


lim 


17. (1+tan’ y)y’ = atan'*™” y + btany + ce** tan” y. 


This is a special case of equation 1.7.4.19 with f(x) = a, g(x) = b, and h(x) = ce**, 


18. (ae* cosy + b)y’, = cot y. 
This is a special case of equation 1.7.5.5 with f(€) = (a€ +b)". 


19. (ae” sin y + b)y’, = tany. 
This is a special case of equation 1.7.5.4 with f(©) = (a€+b)"!. 


20. (ae¥ cosx + b)y’, = tana. 


This is a special case of equation 1.7.5.6 with f(€) = (a€ +b)". 


21. (ae¥sinx + b)y’, = cot x. 


This is a special case of equation 1.7.5.7 with f(€) = (a€+)"!. 


22, (e**y” + aB)y’, + be? In™ x + aa =0. 


This is a special case of equation 1.7.2.15 with f(y) = y” and g(a) = bln” z. 


23. (e%*y” + a)y!, + be® cos” x + aa = 0. 


This is a special case of equation 1.7.2.15 with f(y) = y” and g(a) = bcos” «. 


24. (e%* cos” y + af)y!, + be®¥ cos™ (Ax) + aa = 0. 


This is a special case of equation 1.7.2.15 with f(y) = cos” y and g(x) = bcos™ (Az). 
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1.6. Equations of the Form F(z, y, y’,) = 0 Containing 


Arbitrary Parameters 


1.6.1. Equations of the Second Degree in y/, 


1.6.1-1. Equations of the form f(z, yyy = g(@, y). 


1. 


10. 


11. 


(y’,)? = ay + br’. 

See equation 1.6.3.43. 

(y, YP =ytaxr*+brte. 

The substitution w = 2,/y+aaz2+bx+c leads to an Abel equation of the form 1.3.1.2: 
ww, —w = 4ax + 2b. 

(y,,)? = ay? + by +e. 

Solution: «=C+ fo +by +c)? dy. 


(y!,)" = ay + bz. 
See equation 1.6.3.26. 


(yl =ay+b/x+e, a #0. 


The substitution aw = 2,/ay+b,/x+c leads to an Abel equation of the form 1.3.1.32: 
ww!, —w = bata "/?, 


mt+i1 7 


1_ a4 
2(m + 3) 


(yi)? =y +0 


+1 1/2 
The substitution w = 2 E sagm™t— Ty o| leads to an Abel equation of the 
2(m + 3)? 
2m-+1 
form 1.3.1.10: ww!, -w = ee + 2a(m+ 1). 


(y,,)? = Ay t+ aa* + ba™! +0. 


For A ¥ 0, the substitution Aw = 2(Ay + az? + bx*! + c)!/? leads to the Abel equation 
ww',- w= 4aX?a + 2b\ (m+ 1)x™, which is outlined in Subsection 1.3.1 (see Table 5). 
Special cases of the original equation are equations 1.6.1.1—1.6.1.6. 


ay’) = axy + b. 
See equation 1.6.3.32. 


ay) =aryt+ br+e, a #0. 

The substitution aw = 2,/ay+b+ca7! leads to an Abel equation of the form 1.3.1.33: 
ww, —w=-2ca*a?. 

yy.) = ax?y” + b. 

See equation 1.6.3.34. 

yy, = ax?/Sy? + b. 

See equation 1.6.3.28. 


© 2003 by Chapman & Hall/CRC 


12. (ay? +br)(y’,)* = 1. 
See equation 1.6.3.44. 


13. (ax* + by)(y!,)” = xy. 
See equation 1.6.3.46. 


14. (ary + by, = y. 
See equation 1.6.3.33. 


15. xy*(y’,)? = ay? + ba. 
See equation 1.6.3.45. 

16. (ax*y? + b)(y,)? = x. 
See equation 1.6.3.35. 


17. (av/y + bry!” = 1. 
See equation 1.6.3.27. 


18. (aa7y?/> + by)(y,,) = xy. 
See equation 1.6.3.29. 


19. (y/)? =ae¥% +b. 
See equation 1.6.3.3 with k = 2. 


20. (y/,) =a +t be*. 

See equation 1.6.3.4 with k = 2. 
21. (y/,)? = ay’ + be®. 

See equation 1.6.3.8 with k = 2. 
22, «*(y’)? = ax*e¥ +b. 

See equation 1.6.3.9 with k = 2. 
23. (ae¥ + bx? )(y/)? = 1. 

See equation 1.6.3.9 with k =—2. 
24. (ae*y’ + by(y,,) = y?. 

See equation 1.6.3.8 with k =—2. 


25. (y’,)? =ay+bInz. 
See equation 1.6.3.13. 


26. (yi)? =Ay+alnx+b, A+#0. 


The substitution Aw = 2\,/Ay+alnz+b leads to an Abel equation of the form 1.3.1.16: 
ww), —w=2ad*r1, 


27. (alny + bz)(y,) = 1. 
See equation 1.6.3.14. 
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1.6.1-2. Equations of the form f(a, y)(yi,)° = g(a, y)yi, + h(a, y). 


28. (y/,)’ + ay! + by = 0. 


Solution in parametric form: 
br=—2t-alnt+C, by =-t? -at. 


29. (yi) + ayy’, = br +e. 


We differentiate the equation with respect to x, take y as the independent variable, and assume 
€=y/, to obtain a linear equation with respect to y = y(€): (a€* — bye + aly + 2& =0. 


30. (y+ ary), + by +ca = 0. 


; : 2 
The transformation x =e’, y = xu leads to an autonomous equation: (ut +2u+ 3a) = 


za? —c—bu. Having extracted the root and carried over the terms 2u+ za from the left-hand 


side to the right-hand side, we obtain a separable equation of the form 1.1.2. 


31. y=ayl +axr?+ dy!) +cy!, +d, a #0. 
Differentiating with respect to x and changing to new variables t = y/, and w(t) = —2ax, we 
arrive at an Abel equation of the form 1.3.1.2: ww} —w =—4abt—2ac. 


32. (y/,)* + (ax + b)y’, -ay+c=0, a0. 
Solutions: y = (ax+b)C +aC?+ca™! and 4ay = 4c—(ax +b)’. 


33. (y/,)? + (ay + bx)y! + abry = 0. 


This equation can be factorized: (y/, + ay)(y!, + bx) = 0. Therefore, the solutions are: 
y =Ce and y =-5b2? +C. 


34. (y+ any! + bry = 0. 
The transformation z = Inz, u = yx? leads to an equation independent implicitly of z: 


(ul)? +(a+6u)u!, +(3a+b+9u)u=0. Rewriting the latter equation to solve for u/,, we obtain 
a separable equation of the form 1.1.2. 


35. aly, -yy, -a« =0. 
Solution in parametric form: 
t 


Vi+1 
36. «(yl -ayy,+b=0. 


— 


[C+aln(t+ vi? +1)], y=at—~. 


t 


1°. For a # 1, the solution in parametric form is written as: 


1 
v, aty = at? +b, where k = ——. 
1 a-1 


b 
=i0r + 
. 2a— 
2°. For a= 1, the solutionis: y=Ca+b/C. 


12 / e 
37. x(y,)° t+ayy, + bx = 0. 
1°. For a #—1, the solution in parametric form is written as: 


at2 


a= Ctla+De+o 260, y= —< +0). 
a 


There are two singular solutions: y = +a./—b/(a+ 1). 
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38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


2°. For a =—1, the solution in parametric form is written as: 


r=Ctexp(-), y=0(t+2). 


ay’) - yy, tay =0. 
Solution in parametric form: 


x =C(t—a)exp(-t/a), y= Ct exp(—t/a). 
There is a singular solution: y = 0. 


ay’) — yy’, +ax*y’, + by! +c =0, a#0. 


We divide the equation by y/, and differentiate with respect to x. Passing to the new variables 
t=y', and w(t) =—2az, we arrive at an Abel equation of the form 1.3.1.33: ww}—w =act”. 


yy’) +axy’ + by =0. 


Solution in parametric form: 
att+y(b+t?)=0, Cy(?+atoy™ =t/, where m= 


There two singular solutions y =+a/—a — b corresponding to the limit C' > oo. In addition, 
y = 0 is also a singular solution. 


ayy +(a—y)y, +b=0. 
Solutions: C(Cz-—y+a)+b=0 and (y—a) =4bz. 


ax(y,,)? + (bx -ay +k)y!, - by = 0. 


kC 
Solution: y=Ca+ Cae In addition, there is a singular solution which can be written in 
a 
parametric form as: 
_ bk em 
(at +b)’ ae at+b 


ax(y!,) -(ay + bx —a—b)y’, + by = 0. 

Differentiating with respect to x and factorizing, we obtain (2ary!,-—ay—bx+a+b)y",.=0. 
Equating both factors to zero and integrating, we arrive at the solutions: 

C(a+b) 


Cob and (ay +bx—a-—b) —4abzy = 0. 


y=Cr+ 


xy.) + ayy’, +br”y™ = 0. 
The substitution «=e* leads to an equation of the form 1.6.1.68: (y})* +ayy, tbe Dty™ =0. 


xy) -—(Qxey + a)y, + y= 0. 


Solutions: y=aC?x+aC and y= —far. 


ax*(y’) -2aryy!, + y? -a(a—- 1a? = 0. 
Solutions: y+ \/y?+ax2 =Ca'**, where k = \/(a-1)/a. 
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47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


(a? - Day’)? + 2xyy’!, -—y? +a72? = 0. 


Solution in parametric form: 
r=C(t + 1? (t+ Ve + 1 ee y=att+arve +1. 


xy!) + (axy? + b)y’ + aby? = 0. 
The equation can be factorized: (y/, + ay?)(27y!, + b) = 0. Equating each of the factors to 
zero, we obtain the solutions: y =+(2ax+C)!/? and y=b/a+C. 


(a? — a)(y’,)” - 2xyy’, — x? = 0. 


Solving for y, differentiating with respect to x, and setting w(x) = y/,, we obtain a factorized 
equation: (aw!, — w)(x*w + 2 — aw) = 0. Equating each of the factors to zero, we arrive 
at the solutions: 


y=zqte 4-0) andy’ +a" =a (y #0). 


(a? - a*\(y’,) + 2xyy’, + y? =0. 


The equation can be factorized: (xy/, + ay! + y)(ry!, — ay’, + y) = 0. Equating each of the 
factors to zero, we obtain the solutions: («+a)y=C and (1-a)y=C. 


(a? + ay.) —2xyy!) + y+b=0. 


Differentiating with respect to x, we obtain a factorized equation: [(a? + a)y', —xyly!, =0. 
Therefore, the solutions of the original equation are: 


y=C\2£+C,, where aC; + C3 +b=0; ba* +ay? +ab=0. 
ay) y+a’yy) +a=0. 
Solutions: Cry=C?x+a and xy? =4a. 


axy(y’,)* —(ay* + bx? + k)y’, + bry = 0. 


This differential equation represents an equation of curvature lines of a surface defined by the 
relation Az? + By? + Cz? = 1, where a= AB(C —B), b= AB(A-C), k =C(B-— A). 
Solutions: 


(aC — b)y? =C(aC —b)a*-kC and = ay* = ba* + 2aV-bk - k. 


yy) + 2axryy’, +(1-a)y* + ax? +(a-1)b=0. 
Solutions: 
y’ +ax*—-b=(a-1)(a+C)y and y*+ar*-b=0. 


(a - b)y?(y,,)? - 2bryy’, + ay? - bx* —ab = 0. 


Solutions: 


a) 
a? +y° =Ca+b-——C? and (a—b)y* — ba? =(a—b)b. 


(ay -27\(y!,) + 2ayy’, -y? = 0. 
Solution: (Cy +2)? = 4ay. 
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57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


(y? - a*x?)(y,)? + 2ryy’, +(1- a’)a? = 0. 
Solution in parametric form: 


. Ct aC C 

= 7 y = = 5 
Vve+1 al 

(ay - bx)*[a7(y,,)? +b7]- kay), +b) =0. 

We solve the equation for ay — bx and differentiate with respect to x. Setting w(x) = y/,, we 

obtain a factorized equation with respect to w(x): (aw — b)[(a*w* + b*)3/2 + abkw!,] = 0. 

Equating each of the factors to zero and integrating, we arrive at the solutions: 


(bx —C) + (ay — Cy =k? and ay —bxr = +kvV/2. 


(xy’, + a)* -2ay + x = 0, az0. 

The substitution 2ay—a? =u? leads to the equation xuu!,—a(u—a)+a*=0. Further assuming 
u-G@=xw(2), we obtain (cw +a)wi, + w?+1=0. Taking w to be the independent variable, 
we atrive at a linear equation whose solution is: x = (w? + ty [C —aln (w +Vw24+1 ae 


(zy, + ny +axr™1y’ +b=0. 
C’n? +b 
Solution: y= re 
an 


2 2n42/,,1 \2 
(xy’, + ny)” -ax°"*"(y’) —b = 0. 
Solutions: y= Ca" + VaC? +bn™. 


(yy, + 2)? = aa? + y?)*[(y,) + 1. 
This equation splits into two equations of the form 1.8.1.4 with f(u) = +au"/?: 


yy, ta = tae? ty)? VJ/(y!)? +1. 


ax?” (xy! + my) + ba? (ry, + ny) = 1. 

Solution: y=C\a°"+C,a2-™. Here, the constants C'; and C} are related by the constraint 
(aC; + bC3)(n — mj) = 1. 

(xy’, -y) = a(a" + y?)*(yy’, + x). 
This equation splits into two equations of the form 1.7.1.20 with f(u) =tau*/?: 


k/2 


ry), —y =ta(a’ +y’)*/*(yy!, +2). 


(yi, - y) = a(x" + y*)* (yi)? + 1 
This equation splits into two equations of the form 1.8.1.3 with f(u) = +au"/?: 


ry, —y =ta(a? +’? V(y!)? +1. 


(zy! + y +2ax) = (xy + ax’ + b). 
The substitution u = ry + ax? + leads to a separable equation: u!, = +2,/u. 


(azx + boy + ey’) + (ayx + bry + ci) y’, + agx + boy + co = 0. 


The Legendre transformation x =u}, y =tu;,—w (y/, = #) leads to a linear equation: 


[f(t) + tg(t)]u;, = gu + hd), 
where f(t) = at? +.a,t+ ao, g(t) = bot? +. bjt + bo, and A(t) = —ceot* — cyt — cp. 


© 2003 by Chapman & Hall/CRC 


68. 


69. 


70. 


71. 


72. 


73. 


74. 


75. 


76. 


77. 


78. 


79. 


80. 


(y!,)? + ayy!, + be**y™ = 0. 


1°. With m # 2, solving for y’, and performing the substitution w = e*”y"~, we arrive at a 


any (a + Va* —4bw )w (see Subsection 1.1.2). 


separable equation: w’, = Aw + 


2°. With m = 2, solving the original equation for y’,, we obtain a separable equation: 
2y!, = y(-at Va? —4be ). 


yi, ty =ae(y!, —y). 
wone a = La La,- 
Solution: y= 5aC*e* —5Ce™. 


y’, = (yi, —y’)(ae® + be™). 
This is a special case of equation 1.8.1.56 with f(w) = u. 


ae*(y’, + By)” + beP*(y’, + Ay)” = 1. 


Solution: y = Cie” + Cye8*. Here, the constants C, and C» are related by the 
constraint (aC? + bC3)(8 — A)? = 1. 


y!, = aly’? — y*) cosh x. 


This is a special case of equation 1.8.1.58 with f(u) = au. 


y!, = aly? — y*) sinh x. 


This is a special case of equation 1.8.1.59 with f(u) = au. 


a(y’, cosh x — y sinh x)? + b(y’, sinh x — y cosh x)* = 1. 


Solution: y = C, sinha + C,cosha. Here, the constants C and C are related by the 
constraint aC] + Cj = 1. 


(yi, - eyy’, + y” In(ay) = 0. 
Solutions: ay = exp(C'x — C”) and ay = exp(72”). 


yl, = aly? +’) cos x. 


This is a special case of equation 1.8.1.64 with f(u) = au. 


yl, = b(y? + y”) sin. 


This is a special case of equation 1.8.1.65 with f(u) =u and a=0. 


aly’, cosx + ysinx)? + b(y’, sinx — ycosx)” = 1. 

Solution: y=C sina+C cos x. Here, the constants C and C are related by the constraint 
aC? + bCs =1. 

a(y’, cosh x — y sinh x)? + B[(y’,)? -— y7]+¢ = 0. 


Solution: y = C; sinha + C,cosha. Here, the constants C and C} are related by the 
constraint aCz + (C7 — C3) +c=0. 


aly’, cosz + ysinz) + b[(y,)? + y7]+¢=0. 


Solution: y=C' sinz+C} cos x. Here, the constants C and C’ are related by the constraint 
aC? + (C2 + Cz) +c=0. 
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1.6.2. Equations of the Third Degree in y’. 


1.6.2-1. Equations of the form f(x, y)(y’,)° = g(a, y)yi, + h(a, y). 


1 (yl, P+art+by+c=0. 


This is a special case of equation 1.8.1.9 with f(w) = w°. 


2. (ax+ by+cyly,) = art By +7. 


Dividing both sides by az+by+c and raising to the power 1/3, we finally arrive at an equation 
of the form 1.7.1.6 with f(w) =w!/3. 


3. aly, + by’, =a. 


This is a special case of equation 1.8.1.7 with f(w) = aw? + bw. 


4. aly’,) + by’, = y. 
This is a special case of equation 1.8.1.8 with f(w) = aw? + bw. 


5. aly, pray, =y. 
This is a special case of equation 1.8.1.10 with f(w) =aw?. 


6 aly, > +bry!, = y. 


This is a special case of equation 1.8.1.11 with f(w) = bw and g(a) = aw?, 


7 =6(y, -axy’, + 2° = 0, a #0. 
Solution in parametric form: 


at a 4t3+1 


oe. ise 
agp 5 6 (B+1p 


8 (y, P-aryy’, + 2ay* = 0. 
Differentiating with respect to x and eliminating y, we obtain a factorized equation with 


respect to w(x) =y/.: [2(w!,)* —arw!, + aw](9w — ax’) = 0. Equating each of the factors to 


zero and integrating, we find the solutions: y = $aC (x-C) and y= ax? ; 


9 ax(y’)>+ by! =y. 


This is a special case of equation 1.8.1.11 with f(w) = aw? and g(w) = bw. 


10. ax7/*y’ ) +2ry’ = y. 
Solution: y =2C\/x+aC?. 


3 
11. ax"(y, Pp +ary!, =y. 


This is a special case of equation 1.8.1.15 with f(w) =aw?. 


12. ae (y+ diy, +y)t+c=0. 
Solution: y =Ce* + (aC? - ob. 


1.6.2-2. Equations of the form f(a, y)(y/,)° = g(a, yy.) + h(a, yy, +7 (a@, y)- 


13. aly)? + by)" =a. 


This is a special case of equation 1.8.1.7 with f(w) = aw? + bw”. 
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14. aly’, + Wy)" = y. 
This is a special case of equation 1.8.1.8 with f(w) = aw? + bw’. 


15. (yi, +aly,)?+by+abr+d=0. 
Solution in parametric form: 
2br =—31? + 2at—2a7 In(t+a)+C, by=—-abr—t —at* —d. 
In addition, there is a singular solution: y =—axz —d/b. 
16. aly )>+by,+cy, =y+d. 
Solution in parametric form: 
r=C+ sat? + 2bt+cln{dl, y =at?+bt? +ct—d. 


17. aly’)? + bay, = y. 
This is a special case of equation 1.8.1.11 with f(w) = bw and g(w) = aw?. 


18. aay!) + by) = y. 
This is a special case of equation 1.8.1.11 with f(w) = aw? and g(w) = bw. 

19. (a? -a)\(y,,)? + ba(a? — a*)\(y!,)* + y’, + bx = 0. 
The equation can be factorized: (y/, +bz)[(y!,)°(a-a)+ 1] =0, whence we find the solutions: 
y =—zba? +C and y =+arcsin(a/a)+C. 

20. aly, +y)> + bey, P+c=0. 
Solution: y = C; — Che. Here, the constants C; and C) are related by the constraint 
aC} + bC3+c=0. 

21. (xy, -y) +ay +t ba = 0. 
This is a special case of equation 1.8.1.16 with f(w) = 1, g(w) =a, h(w) = 5, and n = 3. 


22. (xy, -y)> + ayy’, + bx = 0. 
This is a special case of equation 1.8.1.16 with f(w) = 1, g(w) = aw, h(w) =}, and n = 3. 


23. (xy, -y)+azry’, + by = 0. 
This is a special case of equation 1.8.1.16 with f(w) = 1, g(w) = b, h(w) = aw, and n =3. 


24. a(y!, coshz — ysinh x)? + b(y’, sinh x — y cosh x)? +c = 0. 


Solution: y = C, sinha — C,cosha. Here, the constants C; and C are related by the 
constraint aC} + bC} +c=0. 


25. aly), cosh — ysinh x) + b(y? -—y”)+c=0. 
Solution: y = C, sinha + C,cosha. Here, the constants C and C are related by the 
constraint aC} + b(C? - C3) +c=0. 


26. y/,(y;, cosh x — y sinh a) = b(y!? - y*) cosh x. 


This is a special case of equation 1.6.4.21 with n = 3 and m = 1. 


27. -y) (y/, sinh x — y cosh x)? = b(y’? — y”) sinh x. 


This is a special case of equation 1.6.4.22 with n = 3 and m = 1. 
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28. aly, cosx + ysinz)* + b(y’ sina — ycosx)> +c = 0. 
Solution: y=C sinz—C} cos x. Here, the constants C and C’ are related by the constraint 
aC} + bC3+c=0. 

29. aly, cosx + ysinz)* + Dy? + y*) +c =0. 
This is a special case of equation 1.6.4.24 with n = 3 andk = 1. 


30. yi (y) cosx + ysinz)® = bly’? + y”) cos x. 


This is a special case of equation 1.6.4.25 with n = 3 and m = 1. 


31. y/,(y!, sine - y cosx)* = By’? + y) sinw. 


This is a special case of equation 1.6.4.26 with n = 3 and m = 1. 


1.6.3. Equations of the Form (y/)* = f(y) + g(x) 


1.6.3-1. Some transformations. 


1°. In the general case, the equation 
(¥)" = fy) +9@) (1) 


can be reduced with the aid of the transformation ¢ = [ig@" dz, u= fur@r* dy to the 


same form 
(ut)* = F(u)+G@), 


where functions F' = F'(u) and G = Git) are defined parametrically by the following formulas: 


1 
F(u) = ——~ = Rega 
(u) Foy’ u / [f(y] Ys 


a ee = Ik 
GO=T5 t= [ig@"!* de. 


2°. Taking y as the independent variable, we obtain from equation (1) an equation of the same class 
for x = x(y): 
(ay) "= g(a) + fy). 
3°. The equation 
Y, = a/y + g(2) (k=1, f=avy) 
can be reduced with the aid of the substitution w(z) = 2a1 /¥ to the Abel equation ww!, —w = 
2a~g(x), which is outlined in Subsection 1.3.1. 


4°. The equation 

yp =y +g) (k=1, fey") 
is an alternative form of representation of the Abel equation yy!, = g(x)y + 1, which is outlined in 
Subsection 1.3.2. 


5°. The equation 
y, =ayt+g(a)  (k=1, f=ay*) 


can be reduced, with the aid of the substitution aw = y — i g(x) dz followed by raising both sides 


of the equation to the power of 1/s, to an equation of the class in question: 


(w,)'/§ = aw + [ g(a) dz. 
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6°. The equation 
(YY =aytg(a) (k=2, f=ay, a#0) 
can be reduced with the aid of the substitution aw = 2,/ay + g(x) to an Abel equation of the second 
kind: 
ww, =wt (2), where y =2a g(x), 
which is outlined in Subsection 1.3.1. 


7°. The equation 
(Gi) =ay+g(e)  (k=1/2, f =ay) 
can be reduced by squaring both sides and performing the substitution z = ay + g(x) to the Riccati 
equation: 
zi =az’+gi. 
For some specific functions g = g(), the solutions of the latter equation are given in Section 1.2. 


8°. The equation 

Gi)? say? + g(a) (k=1/2, f say’) 
can be reduced by squaring both sides and performing the substitution y = exp(a*x)€* to an Abel 
equation of the second kind: 


EE, = aexp(—sa°n)g& + 5 exp(—a?a)g? 
(see Subsection 1.3.3). 


9°. The equation 

Gi)? = fy)tax  (k=-1/2, g=az) 
can be reduced by squaring both sides and performing the substitution v = f(y) +a to a Riccati 
equation: 
iors 
= 
For some specific functions f = f(y), the solutions of the latter equation are given in Section 1.2. 


1.6.3-2. Classification tables and exact solutions. 


For the sake of convenience, Tables 9-13 given below list all the equations outlined in Subsec- 
tion 1.6.3. The five tables classify the equations in which functions f and g are of the same form. 
The right-most column of a table indicates the numbers of the equations where the corresponding 
solutions are given. After the tables follow the equations—they are arranged into groups so that the 
solutions of the equations within each group are expressed in terms of the functions indicated before 
the groups as a notation list. 


vi =av?+ is 


1. (yl )* = Ay +B. 
Solution: «= [ay + By /* dy+C. 


2, (y,)*=A+ Ba". 
Solution: y= [a + Ba")'/* de+C. 


3. (yl) = AeY + B. 
Solution: x = [ae $By1/* dy+C. 


4. (yi)* = A+ Be”. 
Solution: y= [a + Be*)'/* dx +C. 
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TABLE 9 
Solvable equations of the form (y/,)* = Ay® + Ba" 


a | 


a 
1.6.3.17 
«|e ca eeu 


arbitrary 


Ne 
a 
N 


arbitrary 
(s#0) 

arbitrary 

(s#-2, 0) 


-1 


5. (y)* = Ay+ Ba. 


Solution in parametric form: 


om 
[er _| “a 
ced 
ee 
= 
=a 
ial 
iat 
a 
a 
cot | 
P= 
= 
a 


1 
Z 1/k | Oe eee 1/k Seg | 
a [ir +By'dr+C, y =|" Bf (Ar + By dr Bc]. 
1\k _ ake aoe 
6 §=(y,)" = Aylk + Br bk, |k| #1. 


Solution in parametric form: 


k-1 
dr ke dr ke 
enol famnecpt©) > 9=8(s- Pf aaareg-O°) © 


b(k-1) 7* 
ak + all 


ek = 
where A=a Tb TRGB, B=attk | 
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TABLE 10 TABLE 11 
Solvable equations of the form Solvable equations of the form 
(y',)* = Ae’ + Ba" (y),)* = Ay’ + Be? 


ainay [0 [1833] 


TABLE 13 


TABLE 12 Solvable equations containing 
logarithmic functions 


Solvable equations of the form 


1\k — y x 
ee net 


(yi)! = Alny+ Br 1.5.4.12 
(yl)? = Ay+ Bling 1.6.3.13 


ks 
7. (yl )* = Ay’ + Barks, k#s. 


Solution in parametric form: 


8. (y/,)* = Ay* + Be”. 
Solution in parametric form: 


17-1 
= -kr\l/k_ = 
x [ [Ar Be ) -| dr+C, 
= 1 cy ae Ali C 
y=exp{r+z | |(A+Be ) _| dr+ =}. 
9. (y)* = Ae’ + Ba. 
Solution in parametric form: 


r= exp{r— = [ [e+ det" + = drt — ay 


y= [ [B+ dete + =] “dr +C, 


10. (yi) 1 = Ay’ + Ba. 
Solution: « = e?¥ (4 / yre PY dyt+ C). 
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> Inthe solutions of equations 11-14, the following notation is used: 
-1 
F= [/ exp(#r’) dr+ c| : 


11. yf = Ay? 4+ Bat. 
Solution in parametric form: 
c=aF exp(47’), y=b[27r+ Fexp(r)], where A=+2a!b!/*, B=¥4b. 
12. (yl jl = Ay! + Br'/?, 
Solution in parametric form: 
w@=al2r+ Fexpr)], y =bF exp(41’), where A=74a, B=+2a!/?6"1. 
13. (yi) = Ay+Bing. 
Solution in parametric form: 
c=aF exp(477), y= b{[27 +F exp(tr2)] +4 In(aF) - 47°}, 
where A= 4ab, B=F4bA. 
14. (yi)? = AlIny+ Bz. 
Solution in parametric form: 
x =af{[2r + Fexpr)} +4InbF)- 412}, y = bF exp(#r’), 
where A =74aB, B= 4ab~. 


> In the solutions of equations 15-19, the following notation is used: 
a { Ci J) (7) + C2Y,(7) _ for the upper sign, 
Cil,(7) + C2K,(1) _ for the lower sign, 
where J,(r) and Y,(7) are the Bessel functions, and I,,(7) and K,(7r) are the modified Bessel 
junctions. 


Remark. The solutions of equations 15-19 contain only the ratio Z_/Z = (In Z)!.. Therefore, 
for the sake of symmetric appearance, two “arbitrary” constants C'; and Cy are indicated in the 
definition of function Z (instead, we can set, for instance, C'; = 1 and Cy =C). 


15. (yy 1 = Ay’ + Br’, s#2,5+0. 


Solution in parametric form: 


wear’ |rdnZ)+y), -ystr”, 


1 “ 
where vy = —~, A= 
St 


16. (yl)? = Ay+ Ba’, r#-1r#0. 


Solution in parametric form: 


+1 
g=ar”, y= br” [r(n ZY, +t —r'], 
r 


1 1)b9 1/2 1 
where v= ——, A=)! [oe , B= rests a’ bA. 
r 2a 2r 


+1 
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17. (y,)'/? = Ay’ + Ba, s#-l1,s +0. 


Solution in parametric form: 


+1 
x=ar [r(nZ),+vt 7], y= br, 
Ss 


ait ac) ere _ 4f (stay! 
where Uae ent 5s ab*B, B=a b : 


18. (y/)!/? = Ay + Be®. 


Solution in parametric form: 


=In(ar’), y=6[rdnZ)} + 47°], 


where vy =0, A=D™ (A tae B=F5a'bA. 


19. (yl) 1? = Ae” + Ba. 
Solution in parametric form: 
=al[r(nZ) +477], y=In(br’), 
where vy =0, A= F5ab'B, Bz=a! (-4a) ui 
> Inthe solutions of equations 20-35, the following notation is used: 
= C1 J1/3(7) + C2Y1/3(7) for the upper sign, 
C111 /3(7) + C21K1/3(7) for the lower sign, 


where J\/3(T) and Y/3(r) are the Bessel functions, and I, ;3(7) and K1/3(7) are the modified Bessel 
junctions; 


U, =7Z) +42, Ug? £47 2°, U3= +37°Z Z> -2U,Ud. 


Remark. The solutions of equations 20-35 contain only the ratio Z!/Z = (In Z)!.. Therefore, 
for the sake of symmetric appearance, two “arbitrary” constants C'; and Cy are indicated in the 
definition of function Z (instead, we can set, for instance, C'; = 1 and Cy = C). 


20. yf = Ay! + Ba”. 
Solution in parametric form: 
g=at 3 ZU, y= berg Us Us where A=2a'!b’, B= Fab. 
21. (y,)* = Ay? + Bat. 
Solution in parametric form: 
gaat? Z7U3U3, y=br44Z°U,, where A=F4ab, B=20’b". 
22, y! = Ay! + Ba. 
Solution in parametric form: 
eaat ZU, y=br*3Z°U,, where A=F4a'b’, B=2ab. 
23. (yi) = Ay+ Ba". 
Solution in parametric form: 


esat*3Z°U,, y=br?3Z7U,, where A=2a%b, B=¥4a°b" 
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24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


yl, = Ay? + Bal”, 


Solution in parametric form: 

L= ag ZA Us. y= aie ee Aad Oo where A=2a7!b!/?, B= F2a'/7b, 
(y,)) = Ay? + Ba'/*, 
Solution in parametric form: 

= are 7 Ue y= gla Aaa where A= Fiab?, B=2a!97, 
(y,,) = Ay+ Bal? 
Solution in parametric form: 

a=at*3Z7U?, y=br 8374 (U3t 47°Z7U)), where A=4a~’b, B=t4a A. 
(y’,)? = Ay’? + Ba. 
Solution in parametric form: 
gaat *BZA*Up+Gr ZU), y=br43Z°U?, 

where A = Ftab/B, B=4ab”. 


(y,,)? = Ay? + Ba/>, 
Solution in parametric form: 
garg sey? y= br 4A Z Urs te ZU), 
where A = F407 B, B= fa />p?. 
(y,)? = Ay?/5 + Ba. 


Solution in parametric form: 
2 =ar4BZ 202 44P BU) 2, y= br83Z52UN, 

where A= sab 8, B= Ft 07d 7A. 
yl, = Ay? + Ba”. 
Solution in parametric form: 

L= ane Lu, y= br POU Ue, where A= +4q 1p, B=-4ab. 
(y,,)1 = Ay? + Ba'/?, 
Solution in parametric form: 

g=at*BZ7Us U2, y=br/3Z?U;', where A=—4ab, B= +4751, 
(y,)? = Ay+ Bat. 
Solution in parametric form: 


e=arPZUs!, y=br43Z°U;*(U3-4U3), where A=+2a%b, B=4abA. 
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33. (yi)? = Ay! + Ba. 


Solution in parametric form: 
a =at4Z7U;(U3 -4U3),  y=br43Z7°U;!, where A=4abB, B= ab. 


34. (y!)? = Ay? + Ba’. 


Solution in parametric form: 
a=ar/3ZUuy'?, y=br*/3Z7U;\(U2 -4U3)/2, where A=4020?B, B= 18a-40?. 


35. (y,)? = Ay? + Ba”. 


Solution in parametric form: 


a =ar?/3Z7Us\(03-4U3)'?, -y=br?3ZU)', where A= 180?b4, B=402W?A. 


> In the solutions of equations 36-46, the following notation is used: 


Cyr’ + Cyr’ for the upper sign, 
R=< Cysinvint)+C,cos(vinr) _ for the lower sign, 
(Cine +Cy forv=0, 
(+v)Cir’ + - vir” for the upper sign, 
Q = § (Ci—-vC)) sin(v Inr)+(C2+vC;) cos(v In) _ for the lower sign, 
CyInr+Cy,+C, forv=0. 


Remark. The expressions of R and Q contain two “arbitrary” constants C; an Cy. One of 
them can be fixed to set it equal to any nonzero number (for example, we can set C', = +1), while the 
other constant remains arbitrary. 


36. (y)' = Ay? + Ba’. 


Solution in parametric form: 
g=at’?R'Q, y=br’, v=V1—-4AB, 


1Frv* 
“ab, B=-4a7b7, 


where A = — 


37. (yl)? = Ay+ Bat. 


Solution in parametric form: 


1¥v? 


g=at’, y=br? (RQ = 


38. (yi? = Ay! + Be. 
Solution in parametric form: 
1Fv? 


g=art? (RQ Arg 


) y=br*, where A= sis abB, B=a"! eo ae 


39. yl = Ay! + Ba”, 


Solution in parametric form: 


b2 
g=ar’R’, y=brQ, where A=(-1+ Vx. Bz=a, 
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40. (yy! = Ay? + Bat. 


Solution in parametric form: 


b2 
z=aTQ, y= br R?, where A= ab '/2, B=(-1+ er 


Ae YS Ay!/? + Ba. 
Solution in parametric form: 
g=atR, y=br’Q’, where A=2(-1+ v)a'b!/?, B=4a”b. 
42. (yiyl= Ay+ Bal’? 


Solution in parametric form: 
x =at’Q’, y= brR, where A=4ab’, B=2(-1+ yyal/2ot, 
43. (y) = Ay+ Ba’. 


Solution in parametric form: 
z=artR, y=br’[Q*-(-ltv’)R’], where A=16a7b, B=(-ltv*)a°bdA. 


44. (y!)? = Ay’ + Ba. 


Solution in parametric form: 
g=ar’[Q?-(-1tv*)R’], y=6rR, where A=(-1+v*)ab?B, B=16ab”. 
45. (yi) = Ay? + Bat. 
Solution in parametric form: 
g=aT’R’, y=br[Q?-(-1+ yy) RY", where A=(-l+v*)a!0’B, B=a'b’. 
46. (yi)? = Ay! + Ba. 


Solution in parametric form: 


x =art[Q?-(-1+ yy Ry, y=br’R’, where A=a@b', B=(-14v?)ab'A. 


1.6.4. Other Equations 


1.6.4-1. Equations containing algebraic and power functions with respect to y/’.. 


1 y=ay!t+ax’+b/y, +6, a#0. 
Differentiating the equation with respect to 2 and changing to new variables t = y/, and 
w(t) = —2ax, we arrive at an Abel equation of the form 1.3.1.32: ww; —w = abe, /: 


2. «yl,-x = (ax + by)/(y,)? +1. 


This is a special case of equation 1.8.1.5 with f(u, v) = au + bu. 


3. yy, +a = (ax + by)\/(y/,) +1. 


This is a special case of equation 1.8.1.6 with f(u, v) = au + bu. 


4. y =ry’, t+a(y,)”. 


nr 
Solution: y =Ca+aC™. In addition, there is a singular solution: y = Ax 7-1, where 
aA" ln”? =-(n-1)"1, n#1. 
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5. y=ary, tar(y,)™. 
This is a special case of equation 1.8.1.15 with f(w) =aw”™. 
6 y=ar(y’)"+2xy!. 
This is a special case of equation 1.8.1.51 with f(w) = aw”. 
7 -y=ayl tax? + Wy!) + cy)! +4, a #0. 
Differentiating the equation with respect to x and passing to the new variables t = y!, and 
w(t) =—2aa, we arrive at the Abel equation ww}—w =—4abt—2ac(m-+1)t™, whose solvable 
case are outlined in Subsection 1.3.1. 
8. a(yl,)” + O(y,)™ =a. 
1°. Solution in parametric form with n #-1, m#-1: 
b 
asat™+bt™, yoO+— gry SO ymn, 
n+l m+1 


2°. Solution in parametric form with n =—1, m¥#-1: 
a bm 
z=—+bt™, y=C+aln|t|+—_t™. 
t m+1 


9. aly;,)” + B(y,)”™ = y. 
1°. Solution in parametric form with n #1, m #1: 


an bm 
r=Ct <7 + nae y=at” +bt™. 
- 


2°. Solution in parametric form with n =1, m #1: 


b 
z=C+aln|t|+ = 


oe y =at+bt™. 


10. aax(y!,)” + by(y,,)™ + c(y,)* =0. 
This is a special case of equation 1.8.1.12 with f(u)= au”, g(u) = bu™, and h(u) = cu*. 


1. yl =ax"(ary! -y)™. 
The Legendre transformation 7 = w}, y = tw; —w (y/, = t) leads to a separable equation: 
t=aw'™(w;)”. 


1°. Solution in parametric form with m #—n, n 4-1: 


afm 4 ae l-m /t\7 m+n (t\7 mn 
(ty [mtn jt mn ! ! ms 
==(7) errs) +¢| ; =|) -o| | Fes(2) +c] 


2°. Solution in parametric form with m=—-n, n #-1: 


=0(6) "em 2e(2)"]- =e[t(Z)” -] oo[25(3)"} 


3°. Solution in parametric form with m#-—n, n=-1: 


Raa 
—m 


a= + [a -m) in|] +O] rm, y=ta—[a(l—m)Inj|+C]™. 


a 
4°. Solution with m=1, n=-1: y=Caet, 
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12. 


13. 


14. 


15. 


16. 


17. 


18. 


19, 


20. 


21. 


22. 


23. 


yi, ty =ae"™(y!, — yy). 
Solution: y= zack oS 3Ce™. 


axk”**(y' )* + B(zy, + ny)” +c= 0. 


Solution: y =—C\a" + Cy. Here, the constants C; and C are related by the constraint 
a(Cn)* + b(Con)™ +e =0. 


aye™ ™ (ry’ + ngy)™ + aga™™ (ey! +ny)™ +b =0, ny #N2 
Crem OD 


ng-Ny1 n2-Ny1 
constraint aC"! + a,Cy +b =0. 


Solution: y= a™. Here, the constants C; and C} are related by the 


yl (yl, +ax)” + (y? + 2ay)™ +c = 0. 
The contact transformation X = y!,+az, Y =(y!)°+2ay, Yy =2y',, where Y = Y(X), 
leads to a separable equation: Yy =-2X-"(bY™ +c). 

The inverse contact transformation: «= 4a7'(2X-Yx), y=ga'[4Y-(VX)"], yl =F YX. 


a(y!, +y)” + be**(y/)* +c=0. 


Solution: y = Cy — Cye~ 
aC? + bC# +c=0. 


. Here, the constants C and C, are related by the constraint 


ae**(y’, —y)* + by, -y’ I" +c = 0. 


Solution: y= zC\e" - zOre™. Here, the constants C’'; and C} are related by the constraint 


aC# + b(C,C2)" +c =0. 


ae (y+ -yy)* + be (y!, + By)" +c=0, B#7. 
C C 
Solution: y = : B gra z B e ’”. Here, the constants C; and C’ are related by the 
a = 


constraint aC +bC3+e=0. 


a(y’, cosh z — y sinh x)” + b(y’, sinh x — y cosh x)* +c = 0. 


Solution: y = C; sinha —C,cosha. Here, the constants C, and C} are related by the 
constraint aC? + bC} +c=0. 


aly’, cosh x — y sinh x)” + b(y’? — y?)k +c =0. 


Solution: y = C;sinhax + C,cosha. Here, the constants C and C} are related by the 
constraint aC y' + b(C} - Ci) +c=0. 


y.,(y’, cosh x — y sinh x)” = b(y!? - y?)™ cosh x. 


The contact transformation X = (y!,)>-—y’, Y =y!, cosha—ysinha, Yy = 4cosha(y/,)! 
leads to a separable equation: 2bX'™Y; =Y”. 


yy), sinh x - y cosh x)” = b(y? — y”)™ sinh x. 
The contact transformation X = (y!,)*>—y°, Y = y/, sinha —ycoshz, Y, = tsinha(y’,)"! 


aD. 
leads to a separable equation: 2bX'™Y; =Y”. 


aly’, cosz + ysinz)” + b(y’, sina — ycosxz)* +c =0. 


Solution: y=C sinz—C cos x. Here, the constants C and C are related by the constraint 
aC? + bC# +c=0. 
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24. 


25. 


26. 


aly’, cosz + ysinx)” + bly’? +y7)* +e =0. 

Solution: y=C' sina+C} cos x. Here, the constants C; and C’} are related by the constraint 
aC? +b(C? + C3)*¥ +c =0. 

y_ (yl), cosz + ysina)” = b(y”? + y*)™ cos x. 


The contact transformation X = (y!,)*+y’, Y =y!,cosr+ysinz, YY = ; cos x(y',) | leads 
to a separable equation: 2oX"Y, =Y”. 


y.(y), sina -— ycos x)” = b(y’? + y”)™ sin x. 
The contact transformation X =(y!,)?+y?, Y =y/, sinz—ycosa, Yy = 4 sin 2(y/,)! leads 
to a separable equation: 2bX""Y; =Y". 


1.6.4-2. Equations containing exponential, logarithmic, and other functions with respect to y/,. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


x = aexp(Ay!,) + bexp(uy!,). 
This is a special case of equation 1.8.1.7 with f(w) = aexp(Aw) + b exp(pw). 


y = aexp(ry/,) + bexp(uy,,). 
This is a special case of equation 1.8.1.8 with f(w) = aexp(Aw) + b exp(uw). 


y = xy, tax” exp(Ay,,). 
This is a special case of equation 1.8.1.15 with f(w) = a exp(Aw). 


y = axexp(Ay/,) + bexp(uy!,). 
This is a special case of equation 1.8.1.11 with f(w) =a exp(Aw) and g(w) = b exp(pw). 


x = asinh(Ay/,) + bsinh(uy/,). 
This is a special case of equation 1.8.1.7 with f(w) =a sinh(Aw) + b sinh(pw). 


y = asinh(Ay,,) + bsinh(wy’/,). 

This is a special case of equation 1.8.1.8 with f(w) =a sinh(Aw) + b sinh(yww). 
y =ry), tax” sinh” (Ay/,). 

This is a special case of equation 1.8.1.15 with f(w) =a sinh” (Aw). 


y = ax sinh(Ay;,) + b sinh(uy/,). 
This is a special case of equation 1.8.1.11 with f(w) =a sinh(Aw) and g(w) = b sinh(uw). 


x = acosh(Ay’) + b cosh(zy’,). 
This is a special case of equation 1.8.1.7 with f(w) = acosh(Aw) + b cosh(uw). 


y = acosh(Ay/,) + bcosh(jzy’,). 
This is a special case of equation 1.8.1.8 with f(w) = acosh(Aw) + b cosh(uw). 


y = xy’, +ax” cosh™(Ay’,). 


This is a special case of equation 1.8.1.15 with f(w) = acosh™ (Aw). 


y = ax cosh(Ay’) + b cosh(uy!,). 
This is a special case of equation 1.8.1.11 with f(w) = acosh(Aw) and g(w) = bcosh(pw). 
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39. Iny) +ay, tay+b=0. 
1°. Solution in parametric form with a #0, a 4-1: 
1 


LL 1 
x=—+Ctal, y=-—(at+Int+0). 
at a 


2°. Solution in parametric form with a = 0: 


Int+b 1 
aah, y=C+(b-1Int+ S(nty. 


3°. Solutions with a =-1: 
y=Ca+InC+b and y=InC-1/x2)+b-1. 


40. x+Iny) +aly,+y)*+b=0. 


This is a special case of equation 1.8.1.41 with F(u, w) =Inu+aw* +b. 


4. y=ayl +az*+bmny! +c, a#0. 


Differentiating the equation with respect to z and changing to new variables t = y’, and 
w(t) =—2az, we arrive at an Abel equation of the form 1.3.1.16: ww;—w = —2abt. 


42. y=ry!, tax" In™(Ay)). 
This is a special case of equation 1.8.1.15 with f(w) =aIn™ (Aw). 


43. x =asin(Ay!,) + bsin(uy!,). 
This is a special case of equation 1.8.1.7 with f(w) =a sin(Aw) + 6 sin(yw). 


44. y =asin(Ay’,) + bsin(wy’,). 
This is a special case of equation 1.8.1.8 with f(w) =a sin(Aw) + b sin(yw). 


45. y=xry’, tax” sin™(Ay/,). 


This is a special case of equation 1.8.1.15 with f(w) =a sin™(Aw). 


46. y=azxsin(Ay!,) + bsin(wy;,). 
This is a special case of equation 1.8.1.11 with f(w) =a sin(Aw) and g(w) = b sin(uw). 


47. x =acos(Ay!) + beos(uy’,). 
This is a special case of equation 1.8.1.7 with f(w) = acos(Aw) + bcos(pw). 


48. y= acos(Ay/,) + bcos(py;,). 
This is a special case of equation 1.8.1.8 with f(w) = acos(Aw) + bcos(pw). 


49. y=2ry!, +ax” cos™(Ay’,). 


This is a special case of equation 1.8.1.15 with f(w) =acos™(Aw). 


50. y=aaxcos(Ay’,) + bcos(y;,). 
This is a special case of equation 1.8.1.11 with f(w) = acos(Aw) and g(w) = b cos(uuw). 


51. y=xry'!, tax” tan™(Ay/). 


This is a special case of equation 1.8.1.15 with f(w) =a tan™ (Aw). 
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1.7. Equations of the Form f(z, yy’, = g(x, y) 


Containing Arbitrary Functions 


p> Notation: f, g, and h are arbitrary composite functions whose argument, indicated after the 
function name, can depend on both « and y. 


1.7.1. Equations Containing Power Functions 


1. 


y,, = flax + by +c). 
In the case b = 0, we have an equation of the form 1.1.1. If b # 0, the substitution u(x) = 
ax + by + leads to a separable equation: u/, = bf(u)+a. 


yl = f(ytax” + b)-anx™", 


The substitution u = y+azx”" +b leads to a separable equation: u!, = f(u). 


y 
Y, = — Fang). 
Generalized homogeneous equation. The substitution z=a”"y™ leads to a separable equation: 
vezi =nz+mzf(z). 


y, = flayy"” + g(w)y + h(a)y*™. 
The substitution w = y” leads to a Riccati equation: w/, = nf(x)w? + ng(x)w + nh(2). 


n Y nm mm 
yi, =-—— + y* f(a)g(a"y™). 
m x 


n- 


nk ktm-1 
The substitution z =a" y' leads to a separable equation: z,=ma m f(x)z” m_ g(z). 


; ax +by+c 
eee A cemmecare 
azt+ Byt++7 


by -cB ca-—ay 
A 


1°. For A =a - ba #0, the transformation 7 =u+ ek y = v(u)+ leads to 


an equation: 


vo, = (SE), 


au+ Bu 


Dividing both the numerator and denominator of the fraction on the right-hand side by u, we 
obtain a homogeneous equation of the form 1.1.6. 


2°. For A=0 and b #0, the substitution v(«) = ax + by +c¢ leads to a separable equation of 


the form 1.1.2: ; 
= a+bf(——~—_). 

aad Bu t+by-cB 
3°. For A = 0 and { # 0, the substitution v(a#) = ax + By +7 also leads to a separable 
equation: 

bv +c —b 
vpsarep( teary, 
Bu 

y, =a ty” faa” + by™). 
The substitution w = ax" + by” leads to a separable equation: w/, = x"![an + bm f(w)]. 


yy, tax” + g(a) f(y"! + axz™*) = 0. 


The substitution w = y”*! +ax"*! leads toa separable equation: w!,+(n+ 1)g(x)f(w) = 0. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19, 


20. 


[x” f(y) + xg(y)ly}, = Aly). 


This is a Bernoulli equation with respect to x = x(y) (see Subsection 1.1.5). 


[a* + x f(y) + g(y)ly’, = hy). 


This is a Riccati equation with respect to 7 = x(y) (see Section 1.2). 


yy = (f(xy + g(@)lV/(y - aly - b). 


The substitution u? = (y—a)/(y—) leads to a Riccati equation: +2u!, = [bf(x)+9(2)]u? - 
af (x) — g(x). 


l7(Z) sae (2) ]ue = ofS) + ver ta(). 


The substitution y= xt leads to a Bernoulli equation with respect tox =<x(t): [g()-tf(®]a,= 
f@Oxrt+hOct!, 


[Pr(z,y) + tRm(x, yyy, = Qn(@,y) + YRm(x, y)- 


Darboux equation. Here, P, and Q,, are homogeneous polynomials of order n, and R,, is 
a homogeneous polynomial of order m. Dividing the Darboux equation by x” leads to an 
equation of the form 1.7.1.12. 


[f(ax + by) + brg(ax + by) ly’, = h(ax + by) -axg(az + by). 


The substitution ¢ = ax + by leads to a linear equation with respect to x = x(t): 
[af(t) + bh(t)]a, = bg(t)x + f(t). 


[f(axz + by) + byg(ax + by)ly’, = h(ax + by) —- ayg(azx + by). 


The substitution t=az+by leads to a linear equation with respect to y=y(t): [a f(t)+bh()]y;= 
—ag(t)y + A(t). 


alf(z?y™) +ma*ga"y™)ly!, = ylh(a?y™) - ne" g(ae"y™)]. 
The transformation t = x"y™, z= a" leads to a linear equation with respect to z = 2(t): 
t[nf(t) + mh(t)]z; = -k fz — kmg(t). 


alf(z?y™) +my*g(a2"y™)1y’, = ylh(a"y™) - ny*g(a"y™)). 
The transformation t = x"y™, z= y-* leads to a linear equation with respect to z = 2(t): 
t[nf(t) + mh(t)]z}, = -kh(t)z + kng(t). 


als f(a"y™) - mga" yy’, = ylng@*y’) -kf(e"y™)I.- 
The transformation t= 2"y™, w = x*y* leads to a separable equation: tf(t)w) = wg(w). 


m-1 -1 m_¢ 


[f(y) +ama"y™ yl, + g(a) + ana" y 


Solution: [t@ dy + / g(x) dx+ar"y™ =C. 


ey’, -y = f(x’ +y"\(yy, + 2). 
Setting x =r(t)cost, y =r(t)sint and integrating, we obtain a solution in implicit form: 


= [oe dr+C. 


‘O) Reference: G. W. Bluman, J. D. Cole (1974, p. 100). 
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21. 


22. 


23. 


24. 


25. 


26. 


cy’, -y = f(x’ -y\(yy’, - 2). 
Setting x =r(t)cosht, y =r(¢) sinh? and integrating, we obtain a solution in implicit form: 


t=- [rf dr +0. 


[x f(a? +y°) + yg(a? + y*) + h(a? + yyy, + @) = ey’, -y. 
The transformation z = rcosy, y =r siny leads to an equation of the form 1.7.4.11 with 
respect toy =y(r): yl. = f(r?) cos pt g(r?) sin pt rth(r?). 


[a f(a? - y) + yg(a* - y*) + hia’ - yyy, - 2) = zy! -y. 


1°. For z > y, the transformation « =rcoshy, y=r sinhy leads to an equation of the form 
1.7.2.18 with respect to p=y(r): yi. = —f(r?) cosh pr g(r’) sinh yp — rh(r). 


2°. For a < y, the transformation x = zsinhw, y = z coshw leads to an equation of the form 
1.7.2.18 with respect to w = W(z): wl =—f(—z7) sinh p — g(—z?) cosh p — 21 A(-z?). 


zy -y= fle +y)o( out +2) 


x y 


Setting x =r(t)cost, y=r(t)sint and integrating, we obtain the solution: 


l= =| ON Gag 
g(cos t, sin t) r 


) (yy!, - x). 


x Y 
sanded rer eer: 


Setting x =r(¢)cosht, y =r(¢) sinht and integrating, we obtain the solution: 


dt f(r?) = 
/ g(cosh t, sinh t) +f r aes 


oO fe) 
f(x, yy, + g(x,y) =0, where a 2, 
Ox Oy 


Exact differential equation. 


y x 
Solution: y f (ao, t) dt + / g(t, y) dt =C’, where xo and yo are arbitrary numbers. 
Yo xo 


1.7.2. Equations Containing Exponential and Hyperbolic Functions 


1. 


y’, =e f(e**y). 
The substitution u = e**y leads to a separable equation: u!, = f(u)+ Au. 


yl, = em f(er4z). 


The substitution u = e*¥x leads to a separable equation: xu/, = \u* f(u)+u. 


y, = ufler*y™). 
This equation is invariant under “translation—dilatation” transformation. The substitution 
z=e%"y™ leads to a separable equation: z/, = az+mzf(z). 


1 
Yi, = —f(w"e*). 

x 
This equation is invariant under “dilatation—translation” transformation. The substitution 
z=x"e leads to a separable equation: xz! =nz+azf(z). 
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5. oy, = fe” + g(a). 
The substitution u=e~*” leads to a linear equation: ul, =—Ag(a)u-Af (2). 


’ a noy 
6. Y, = =a + f(x)g(x"e”). 
The substitution z = xe" leads to a separable equation: z!, = f(x)zg(z). 


Qa 


I. = se i y* f(a)g(e**y”™). 


The substitution z =e°*y™ leads to a separable equation: 
a ktm-1 
ere mexp|—( - kya] f(@)z m g(z). 
m 
8. yl = f(ae*¥ + g(x) + h(x)e. 
The substitution u =e” leads to a Riccati equation: ul, = Af (xu? + Ag(x)u + AR(2). 


9 yl = e%* PY F(ae® + be®). 
The substitution w = ae + be? leads to a separable equation: w!, =e [aa t+ bBf(w)]. 
10. y!, = f(y+aer* +b)- are. 


The substitution w = y + ae*” +b leads to a separable equation: w!, = f(w). 


n f (are) 
+ ———__.. 


11. /=-— 
Yo ax ry 
The substitution t = 2”e® leads to a linear equation with respect to y = y(t): a7tf(t)y) = 
—ny + af (t). 
n rrery 
ype Late, 
ax ry? 


The substitution ¢ = x"e°" leads to a Riccati equation: at fOy,= —ny* t+af(t). 


13. [f(ax + by) + be“%g(ax + by)ly! = h(ax + by) - ae“%g(ax + by). 
The transformation t= az + by, z =e ~°%Y leads to a linear equation with respect to z = z(t): 
[af (t) + bh] 2} = -ah(t)z + aag(t). 

14. [f(ax + by) + be“*g(ax + by)ly!, = h(ax + by) -ae“*g(ax + by). 
The transformation t = az + by, z=e~°* leads to a linear equation with respect to z = z(t): 
[af(t) + bh(t)]z, = —a f(t)z — abg(t). 

15.  [e** f(y) + aBly!, + e% g(x) + aa = 0. 
Solution: / e PY f(y) dy + / e ° g(x) dx — ae** 89 = C. 


16. z[f(x"e*¥) + ayg(x"e™)]y!, = h(a" e*¥) — nyg(a"e*”). 
The substitution ¢ = x”e%% leads to a linear equation with respect to y 
inf +ah@ly, = —ng Oy + h(t). 


y(t): 


17. [f(e**y™) + mag(e**y™)]y!, = y[h(e**y™) - axg(e**y™)]. 
The substitution t = e®%*y™ leads to a linear equation with respect to x = a(t): 
tLlaf(t) + mh(t)]a, = mg(t)z + f(t). 
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18. 


19, 


20. 


21. 


22. 


23. 


24. 


25. 


y’, = f(x) sinh(Ay) + g(x) cosh(Ay) + A(x). 
The substitution u = e* leads to a Riccati equation: 2u!, = A(f + g)u2 + 2Ahu+ Ag — f). 


y!, = f(x) sinh?(Ay) + g(x) cosh?(Ay) + A(x) sinh(2Ay) + s(«). 
The substitution w= tanh(Ay) leads to a Riccati equation: w!, = A(f+s)w?+2Ahwt+A(g-s). 


y’, = f(x) sinh(Ay + g(x)). 
The substitution w= Ay+ g(x) leads to an equation of the form 1.7.2.18: w/, =A f(z) sinh w+ 
Gx(2). 


y!, = f(x) cosh(Ay + g(x)). 

The substitution w=Ay+g(x) leads to an equation of the form 1.7.2.18: w!,=Af(x) coshw+ 
G,(2). 

y,, = ycothx f(y™ sinh x). 

The transformation t=sinhz, z=y™ leads to an equation of the form 1.7.1.3: tz;=mzf (tz). 
y!, = x" tanh y f(x” sinh y). 


The transformation t=”, z=sinhy leads to an equation of the form 1.7.1.3: ntz; = zf(tz). 


y’, = ytanhz f(y” cosh z). 
The substitution t = cosh leads to an equation of the form 1.7.1.3: ty; = yf(ty™). 


yl, = x cothy f(x” cosh y). 


The substitution z =coshy leads to an equation of the form 1.7.1.3: xz! = zf(x"z). 


1.7.3. Equations Containing Logarithmic Functions 


1. 


y’, = f(e)y ln’ y + g(w)ylny + h@)y. 
The substitution u = Iny leads to a Riccati equation: u/, = f(x)u? + g(a)ut h(a). 


y, = ay" f(y™ na). 


The substitution t = In leads to an equation of the form 1.7.1.3: y; = 


Sly" Sty"). 


/ 


yl, =a ly f(z” ny). 


The substitution z = In y leads to an equation of the form 1.7.1.3: z/, = = we . 
LG LZ 


yl, = x e¥ f(e¥ nz). 


1 
The substitution ¢ = In x leads to an equation of the form 1.7.2.4: y} = 7 le? f(te”)]. 


y!, = ye f(e* Iny). 
f(etz) 


The substitution z = In y leads to an equation of the form 1.7.2.3: z/, =z < 
C22 


/ 


y,, =-natylny + yf(a)g(a” Iny). 
The substitution w(x) = x" Iny leads to a separable equation: w/, = a" f(x)g(w). 
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ee VI) 


7. — 
y Mm xz zIny 


ze 


The transformation t = z”y™, z= Iny leads to a linear equation with respect to z = z(t): 


mtf (tz =—nz+mf(t). 


ny yf(@"y™) 


8. ‘ =—-—— + ———__., 
¥ Mm 2x x(In y)? 


ze 


The transformation ¢=a2”"y™, z=Iny leads to a Riccati equation: mtf ()z,= —nz+mf(t). 


9 alf(a’y™) +mIny g(2"y™)y., = ylh(a"y™) - nny g(a"y”™)I. 


The transformation ¢ = #"y™, z =Iny leads to a linear equation with respect to z = z(t): 


t[n f(t) + mh(t)]z} = —ng(t)z + A(t). 


10. al[f(a"y™) + ming g(a"y™)]y/, = y[h(e"y™) — nina g(x" y™))]. 


The transformation ¢ = #"y™, z= In leads to a linear equation with respect to z = z(t): 


inf) +mh@)]z, = mg(z+ FO. 


1.7.4. Equations Containing Trigonometric Functions 


lL oy, =y™" sine F(y™ cos 2). 
This is an equation of the type 1.7.4.3 with f(£) = €F(). 


2 yl =y™! cosx F(y™ sin x). 
This is an equation of the type 1.7.4.4 with f() = €F(). 


3. yi, = ytana f(y™ cos x). 
The substitution t = cos x leads to an equation of the form 1.7.1.3: ty; =—yf(ty™). 


4. y') =ycota f(y™ sinz). 
The substitution t = sin z leads to an equation of the form 1.7.1.3: ty; = yf(ty™). 


/ 


5. y= x'tany f(x” sin y). 


The transformation t=”, z=siny leads to an equation of the form 1.7.1.3: ntzj = zf (tz). 


6. yi =a 'coty f(x” cos y). 


The transformation t=2%”, z=cos y leads to an equation of the form 1.7.1.3: ntz}=—zf(tz). 


7. yf! =a 'sin2y f(x” tany). 


The transformation t=a”", z=tany leads to an equation of the form 1.7.1.3: ntzj=2zf(tz). 


8. -y! =a 'sin2y f(x” cot y). 


The transformation t=", z=coty leads to an equation of the form 1.7.1.3: ntz;=—2zf (tz). 


9 yi = — fy™ tanz). 
sin 2x 


The substitution t = tanx leads to an equation of the form 1.7.1.3: 2ty} = yf(ty™). 


: . f(y™ cot x). 
sin 2x 


The substitution t = cot x leads to an equation of the form 1.7.1.3: 2ty; =—yf(ty™). 


10. y= 
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11. 


12. 


13. 


14, 


15. 


16. 


17. 


18. 


19, 


20. 


21. 


22. 


23. 


Y, = f(x) cos(ay) + g(a) sin(ay) + h(x). 
The substitution u=tan(ay/2) leads to a Riccati equation: 2u!,=a(h—f)u?+2agu+a(f+h). 


y|, = f(x) cos*(ay) + g(x) sin’*(ay) + h(x) sinay) + s(x). 
The substitution u =tan(ay) leads to a Riccati equation: u!, = a(g+s)u?+2ahuta(f +s). 


y’, = f(y +atanz)-atan’ x. 
The substitution u = y+atanz leads to a separable equation: u!,=a+ f(u). 
sin 2y 
=— f (tan x tan y). 
sin 2x 
The transformation ¢ =tan a, z= tan y leads to an equation of the form 1.7.1.3: tz;=zf(tz). 


/ 
ae 


y,, = cota tany f(sinz sin y). 
The transformation t= sin, z=siny leads to an equation of the form 1.7.1.3: tzj=zf(tz). 
x 
y,, = —cotx tany + F(@) 
cos y 
The substitution w(x) = sin x sin y leads to a separable equation: w/, = sin f(x)g(w). 


g(sin x sin y). 


sin 2y 5 
= -—— + cos’ y f(x)g(tan z tan y). 
sin 2x 


The substitution w(x) = tana tan y leads to a separable equation: w/, = tan x f(x)g(w). 


/ 
ae 


y,, = -na sin 2y + cos” y f(x)g(x?” tan y). 


The substitution w(#) = #2” tan y leads to a separable equation: w!, = a f(x)gw). 


(1+tan? y)y’, = f(x)tan™*! y + g(x) tany + h(x) tan” y. 


The substitution u = tan” y leads to a Riccati equation: u!, =m f(x)u? +mg(x)u+mA(z). 


y’, = f(x) sin(Ay + g(a)). 
The substitution w = Ay+g(x) leads to an equation of the form 1.7.4.11: w/, =Af(x) sinw + 
G2). 


y!, = f(x) cos(Ay + g(x)). 

The substitution w = Ay+g(«) leads to an equation of the form 1.7.4.11: wl, =Af(x) cos w+ 
Gi). 

yl, = f(a) sin’ (Ay + g(x)). 

The substitution w= Ay+g(x) leads to an equation of the form 1.7.4.12: w!, =Af(«) sin? w+ 
Jo(2). 

y, = f(x) cos’ (Ay + g(x)). 

The substitution w= Ay+g() leads to an equation of the form 1.7.4.12: w!,=Af(x) cos? w+ 
G,(2). 


1.7.5. Equations Containing Combinations of Exponential, 


Logarithmic, and Trigonometric Functions 


y/, =—sin 2y + cos” y f(x)g(e** tan y). 
The substitution w(x) = e?* tany leads to a separable equation: w/, = e** f(x)g(w). 
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10. 


11. 


12. 


13. 


14. 


15. 


_ F(e” cos y) 
e* siny 


This is an equation of the type 1.7.5.5 with f() = F(©)/€. 


y,, = e¥ cosa F(e¥ sin x). 
This is an equation of the type 1.7.5.7 with f(£) = €F(€). 


y,, = tany f(e” sin y). 


The substitution z = siny leads to an equation of the form 1.7.2.3: z/, = zf(e*z). 


y,, = coty f(e® cos y). 


The substitution z = cosy leads to an equation of the form 1.7.2.3: z/, =-zf(e"z). 


y,, = tana f(e¥ cos x). 


The substitution t = cos x leads to an equation of the form 1.7.2.4: ty; =—f(te”). 


y,, = cota f(eY sin x). 


The substitution t = sin z leads to an equation of the form 1.7.2.4: ty; = f(te”). 


y,, = sin2y f(e® tany). 


The substitution z = tan a leads to an equation of the form 1.7.2.3: 2! = 22 f(e*z). 


y,, = sin2y f(e” cot y). 
The substitution z =cot x leads to an equation of the form 1.7.2.3: z!, =—2zf(e*z). 
Pe F(e® sin y) 


e” cos y 
This is an equation of the type 1.7.5.4 with f(©) = F(®)/€. 


y,, = e¥ sin x F(e¥ cos x). 
This is an equation of the type 1.7.5.6 with f(£) = €F(). 


ies f(e¥ tan zx) 

7 sin 2x 

The substitution ¢ = tan leads to an equation of the form 1.7.2.4: 2ty} = f(te”). 
ec f(e¥ cot x) 

e sin 2a 


The substitution ¢ = cota leads to an equation of the form 1.7.2.4: 2ty} =—f(te¥). 


yl, =e fiAv +Iny). 


The substitution u = Ax +Iny leads to a separable equation: u/, =e“ f(u) +A. 


yl, =e f(Ay +Inz). 


The substitution u = Ay+Ina leads to a separable equation: xu’, = Ae“ f(u) +1. 
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1.8. Equations of the Form F(z, y, y’) = 0 
Containing Arbitrary Functions 


1.8.1. Some Equations 


1.8.1-1. Arguments of arbitrary functions depend on z and y. 


1 (yi) +I f(@) + g@)lyz, + f(a)g(a) = 0 


The equation can be factorized: [y!, + f(x)][y!, + g(x)] = 0, ie., it falls into two simpler 
equations y’, + f(z) =0 and y/, + g(a) = 0. Therefore, the solutions are: 


y+ | f@)dx=C and y+ [ g(a) de = 


2. (yi) +2fyy, + gy’ = (g- f?) exp (-2 is f da). 
Here, f = f(x), g = g(x). Solution: 


exp(- [” far) sin( Vg- Pdx+C) if g>f?, 
y= Cexp(- [” far) if g=f?, 
exp(- |” far) cosh( [" VPP =gdx+C) if g< f?. 


3 ay -yaf@ry) Uy +i. 
Raising the equation to the second power and applying the transformation x = r(t) cost, 
y = r(t)sint, one arrives at the relation ris POY +77]. Solving it for r; yields a 


separable equation: f(r7)r), = +r./r? — f2(r?). 
4.0 yy ta = fatty) JY ri. 


pea: the equation to the second power and applying the transformation x = r(t) cost, 
= r(t) sint, one arrives at the relation rere = Pry (ri)? +77]. Solving it for r; yields a 
rf(r?) 


‘O) Reference: G. W. Bluman, J. D. Cole (1974, p. 100). 


separable equation: r, =+ 


5. 2 ‘2 +1. 


Raising the equation to the second power and applying the transformation x = r(t) cost, 
y =r(t) sin t, one arrives at the relation r? = f?(cost, sin oHLriy +r’). Solving it for r} yields 


a separable equation: f(cost, sint)r} =+r,/1— f2(cost, sint). 
6. yy, +e=V/f/rr+y? (= a) VO. 
[qd + y lx 


eae the equation to the second power a applying the transformation x = r(¢) cost, 
= r(t) sint, one arrives at the relation riny= f’(cost, sin Lr)? +77]. Solving it for r} 


eee a separable equation: ,/1— f?(cost, sint)r; =+rf(cost, sint). 
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1.8.1-2. Argument of arbitrary functions is y’.. 


7. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


x= f(y;,)- 


Solution in parametric form: 

x= f(b, y= ftf{ddt+c. 
y = f(y,,)- 
Solution in parametric form: 

dt 

a= [hOT+C, y=fO. 
fly.) +ax+by+s =0. 
Solution in parametric form: 


I(t) dt 
a=C- | foe , by=-axr-s-— f(t). 


In addition, there is a particular solution y =az +3, where a and ( are determined by solving 
the system of two algebraic equations: 


a+ba=0, f(a)+b6+s=0. 


y= xy), + FY) 
The Clairaut equation. Solution: y= C'x + f(C). 
In addition, there is a singular solution, which may be written in the parametric form as: 


c=-fiQ), y=-thi(+ fO. 
y=af(y,) + g(y,)- 
The Lagrange—d’Alembert equation. For the case f(t) = t, see equation 1.8.1.10. Having 


differentiated with respect to x, we arrive at a linear equation with respect to x = x(t), where 
t=yl: [t-f@]2; = fi®=x + gi(t). See also 1.8.1.12. 


x f(y.) + yg(y;,) + h(y;,) = 0. 
The Legendre transformation X = y!,, Y = xy!,-—y, Yy = leads to a linear equation: 
[f(X) + XG(X)IVX — g(X)Y + W(X) = 0. 

Inverse transformation: «=Yy, y=XYX-Y, yi, =X. 


y =a f(y,,) + gy’) + h(y;,). 
Having differentiated with respect to x, we arrive at an Abel equation with respect to x = x(t), 
where t = y/,: 


[2f(x + g(t)—t] 2, =f; (a? — gi(t)x — hj (t) 
(see Subsection 1.3.4). 


a= y' fyi) + yg(y,) + RY,)- 
Having differentiated with respect to x, we arrive at an Abel equation with respect to y = y(¢), 
where t = y/,: 
[2¢fOy + to) — 1] me = ty" — toy — the) 
(see Subsection 1.3.4). 


y=u" f(y,)+ ry, 
Differentiating with respect to x and denoting t = y’,, we obtain a Bernoulli equation for 
z=a(t): nf(@2,—-fi®e-a27” =0. 


(xy, — W)" Fyz) + yoy) + eh(y;) = 0. 
The Legendre transformation x = uj, y = tu, —u (y/, = t) leads to a Bernoulli equation: 
[tg(t) + A(t] uy = g(thut fu”. 
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1.8.1-3. Arguments of arbitrary functions are linear with respect to y/.. 


17. 


18. 


19, 


20. 


21. 


22. 


23. 


24. 


25. 


y =aly,) + f(a —2ay’,). 


1 
Solution: y = f(C)+ ra —C)°. In addition, there is a singular solution, which can be 
a 


represented in parametric form as: 
w=tt2afi), y=fO+alfOP. 


= f(y, + ax) + gly), +ax)(y? + 2ay). 


The contact transformation X = y/,+az, Y = $(y/,) t+ay, Yx =y!,, where Y = Y(X), 
leads to a linear equation: Yy =2g(X)Y + f(X). 
Inverse transformation: 4 =a7'(X —Yx), y= ta‘ [2Y - Vey ho = ¥e. 


= f(y, + ax)(y? + 2ay) + gly!, + ax)(y’? + 2ay)*. 


The contact transformation X = y/,+azx, Y = 4(y/,)’ +ay, Yy =y!,, where Y = Y(X), 
leads to a Bernoulli equation: Yy =2f(X)Y + 2kg(X)Y*. 
Inverse transformation: « =a1(X — YX), Y= 4 a![2Y —- wey Wgea ys: 


aeY = f(xy,). 
The substitution y = In w leads to an equation of the form 1.8.1.32: «”w? = f(xwi, /w). 


x= f(y, )g(wy!, -— y)- 
The Legendre transformation X = y!,, Y =ay!,-—y, Yx% = leads to a separable equation: 
Yx = f(X)g9(¥). 

Inverse transformation: «=Yy, y=XYX-Y, yi, =X. 


a f(xy’, -y)y’, + xg(ary!, - y)(y;,)* = 
The modified Legendre transformation X = xy!,—y, Y =y!,, Yx =1/a leads to a Bernoulli 
equation: aYy = f(X)Y +g(X)Y*. 

Inverse transformation: x = (Yx)', y= Y(Vy)1-X, yl =Y. 


a = f(xy’, +y)g(ay’,). 
The contact transformation X = zy!,+y, Y =27y/,, Y; =x, where Y = Y(X), leads toa 
separable equation: Yy = f(X)g(Y). 

Inverse transformation: «=Yy, y=X — YOu ,y =Y (Vx me 
a= f(xy’, +y)+a°y/g(ay’, + y). 
The contact transformation X = zy!,+y, Y =27y!,, Yy =x, where Y = Y(X), leads toa 
linear equation: Yy = g(X)Y + f(X). 

Inverse transformation: «=Yy, y= X — vO eee ae ge 3 
cy’, (cyl, +y)+ ay) olay’, + y) =a. 
The contact transformation X = zy!,+y, Y =27y!,, Yy =x, where Y = Y(X), leads toa 
Bernoulli equation: aYy = f(X)Y + 9(X yY?. 


Inverse transformation: «=Yy, y=X - YOuy" , yf, = (Vey 


x 
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26. 


27. 


28. 


29. 


30. 


31. 


32. 


fyy’, +2) = (yy +d. 
Setting u(#) = yy!, +a and differentiating with respect to 7, we obtain 


u,.Lfi(u) —2u + 22] = 0. (1) 


Equating the first factor to zero, after integrating we find y* =—-(a —C)? + B. Substituting 
the latter into the original equation yields B = f(C’). As a result we obtain the solution: 
wR fC)-e-Cy. 

There is also a singular solution that corresponds to equating the second factor of (1) to 
zero. This solution in parametric form is written as: 


e=u-sfiw, y° =fw)-Fwr. 


yy, = f(yy’, - ©) + yy? - Dolyy!, - x). 

The contact transformation x = YY} -X, y= Viol =: y= Vue sii, 

where Y = Y(X), leads to the equation YYY = f(X) +Y*9(X), which is linear in W =Y7?. 
Inverse transformation: X = yy!,—2, Y =-y[(y!,)?- 17, Yy =-yl.[y/,)* - 1”. 


w= <t(ui + =) + (us rs =)a(ut, - =). 
x x x x 
The contact transformation X = y/,+y/x, Y =2*(y!,)’—y*, Yy =22’y!, leads to a linear 
equation: XY; =2g(X)Y +2X f(X). 
Inverse transformation: 
1 XY} -2Y xy! 
Sie. lens =i xX a xX 
Baa Se Y “DIKVEEE OF VEY: 


eaves) tS Jat 5) = 
For a # 1, the contact transformation X = y!,—ay/x, Y =x) 
to a linear equation: bY, =g(X)Y + f(X). 

Inverse transformation: 


ty arty, Vea a leads 


Vion 


alle. 1 _ 
w= (x) la, y= Toy ex -Y)(¥x) l-a, Yo = G-a@y, 


_ 


aes (yl +a—) = gary’ - xy). 
atl, 


For a #—1, the contact transformation X = y/,+ay/x, Y=a%y! —a2%y, Y, =a"! leads 
to a separable equation: f(X)Yy = g(Y). 

Inverse transformation: 
XY, +aY 


1 1 a 
=(Y{,)at = —(XY, -Y\(yYy) at ip eee Ses 
r= ( x) at » Y vei x )¢ x) atl, Ye (a+ DYE 


ey” = f(y’,/Y)- 
The substitution 2 = Int leads to an equation of the form 1.8.1.32: ¢%y” = f(ty;/y). 


ary™ = f(xy’, /y). 
We pass to a new variable w(x) = ry!,/y, divide both sides of the equation by «”y™, and 
differentiate with respect to x. As a result we arrive at a separable equation: xf/,(w)w’, = 
(mw +n) f(w). 

Solution in parametric form: 


fi,(w) dw 


Guan TENT TCH +C,  ax”y™ = fiw). 


In |x| = 


—n/m 


In addition, there are singular solutions y = Axx , where A, are roots of the algebraic 


equation Aj” — f(—n/m)=0. 
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33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


y, =e fle" y,)—y- 
The contact transformation X =e*y!, Y =y!,t+y, Y; =e, where Y = Y(X), leads toa 
separable equation: YY = f(X). 

Inverse transformation: «=—-InYy, y=Y-XYx, yl, =XYx. 


e® fey!) -— gy, + y) = 9. 
The contact transformation X =e*y’, Y =y!,t+y, Yy; =e, where Y = Y(X), leads toa 
separable equation: g(Y)Y; =—f(X). 

Inverse transformation: «=—-InYy, y=Y-XYx, yh, =XY x. 


fle’ y,) + gle? y, (yi, + y) = ae™. 
The contact transformation X =e*y!, Y =y!t+y, Yy; =e, where Y = Y(X), leads toa 
linear equation: aYy = g(X)Y + f(X). 

Inverse transformation: « =-InYy, y=Y-XYx, yl, =XYx. 


fle*y,) - gu, + Y) = @. 
This equation can be rewritten in the form 1.8.1.34: 


e* Fey’) — Gy, ty) = 0, where f(u)=—-InF(u), g(v)=—-InG(v). 


y(y!, sina -— y cos) = y’ f(y), cosa + ysinz). 


The contact transformation 


1 yi, cosa +ysina P ve nf ) 
= = 2 YN = —(y, sind —y cose 
Vu ty Voy +9? Ye” 
leads to the homogeneous equation: Yy = f(Y/X). 


Pay ry’, +ny) = 0. 


Solution: y = C,a-" + C,. Here, the constants C', and C are related by the constraint 
F(-Cn, Cyn) =0. 


F(a’y!, +2ay, xy! +2x7y) = 0. 
Solution: y = C,27! + C2. Here, the constants C; and C; are related by the constraint 
F(C,,-C) = 0. 


The singular solution can be represented in parametric form as: 
F(u,v)=0, F,(u,v)+2F,(u, v) = 0, where w=2°t+ 2ry, VE= ett xy. 


The subscripts u and v denote the respective partial derivatives, and ¢ is the parameter. 


Fatty +mary, c™ ly! +nx™y) = 0. 


Solution: y=C)a"+C,a-™. Here, the constants C’', and C) are related by the constraint 


F(Ci(m —n), Cy(n - m)) =0. 

F(e*y),, uy, + y) = 9. 

Solution: y = Cie” + Cy. Here, the constants C; and C are related by the constraint 
F(-C), C2) = 0. 

F(e®*y’, + Be®*y, ey’ + ae?*y) = 0. 


Solution: y = Cie” + Cpe". Here, the constants C’; and C} are related by the constraint 


F(C1(B —a), Cx(a- B)) = 0. 
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43. 


44, 


45. 


46. 


47. 


48. 


49. 


50. 


F(yi, cosh x - y sinh x, y’, sinh x — y cosh x) = 0. 


Solution: y = C, sinha + C)coshaz. Here, the constants C', and C are related by the 
constraint F'(C;, —Cy) =0. 


F(ry!,, y- xy), nz) = 0. 
Solution: y = C; Ina + C,. Here, the constants C’', and C are related by the constraint 
F(C,, C2) =0. 

/ 

x 

r(=, Iny - —y',) = 0. 

y y 
Solution: y = C,exp(C x). Here, the constants C’', and C’ are related by the constraint 
F(C), In C1) =0. 


ry! zy’ 
F( “2, Iny-— nz) =0. 
y y 


Solution: y = C,x°. Here, the constants C; and C, are related by the constraint 
F(C,,InC,) =0. 


F(yj, cosx + ysina, y’, sina - y cos x) = 0. 


Solution: y=C sinz+C} cos x. Here, the constants C; and C are related by the constraint 


F(Ci, -Cy) = 0. 


Ve ~ 
(> y- ave) =0, g=(a). 
Solution: y = C,y(x) + Cy. Here, the constants C) and C are related by the constraint 
F(C,,C) =0. 


/ / va / 
(Set Re Pet Pe) 9, pale), Y= Ye). 
PY, — PP, PY, - VP, 
Solution: y =C p(x) +Cy(x). Here, the constants C; and C? are related by the constraint 
F(C,,-C2) = 0. 
The singular solution can be represented in parametric form as: 
ey ty Poy tp 
gb — YY, ee 


The subscripts u and v denote the respective partial derivatives, and ¢ is the parameter. 


F(u,v)=0, WFy(u,v)+~F,(u, v) =0, where u= 


F (Pe + PyYn> P-L(Pe + PyY,)) = 0. 
Here, p= 9(2,Y), Ya = ge Py = ge. Differentiating with respect to 7, we obtain 
(Px + PyYr)e(Fu — xf) = 0, 


where F, = or and F, = or are partial derivatives of function F(u, v). Equating the first 


factor to zero, we find the solution: 
y(a,y)=Ca+A, where F(C,A)=0. 


It remains to be checked whether the equation F', — xf, = 0 possesses any solutions and 
which of them satisfy the original equation. 
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1.8.1-4. Arguments of arbitrary functions are nonlinear with respect to y/.. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


y = f(xy??) + zy’. 
Solution: [y—f(C)]? =4Cz. 


y = 2a(y,,) + f(a -3ay’). 
This is a special case of equation 1.8.1.72 with n = 3. 
~CO\3/2 
Solution: y= f(C)+2a (- ) . In addition, there is the following singular solution 
written in parametric form: 
c=tt3alfOl, y= fO+2al OP. 


y!, = flay? - bx) + 2ay’3 - 3by)g(ay’? - bx), b+0. 
The contact transformation X = a(y/,)° — bx, Y = 2a(y/,)° — 3by, Yy = 3y!, leads to a linear 
equation: YX = 3g(X)Y + 3f(X). 

Inverse transformation: x = $0 [a(¥y)°-9X], y= wo 2a(¥x)° -27Y], yl, = 4YX. 


y., = fly), +ax)g(Sy? + ay). 


The contact transformation X = y/,+ax, Y = $(y/,)’ +ay, Yx =y!,, where Y = Y(X), 
leads to a separable equation: Yy = f(X)g(Y). 
Inverse transformation: « =a7!(X —Yx), y= ta" [2Y =(2) ),90e7e. 


yi (y, -y) = fue -y"). 
The contact transformation X =(y/,)?-y?, Y =e"(y!,-y), Yx = ze" (yy leads to a linear 
(separable) equation: 2f(X)Y; =Y. 


y), = fy -y’)(ae® + be). 
The contact transformation 
X= (yi -y, Y= y,.(ae®” + be) — y(ae” — be), Yy = 4(ae* + be (yl, 1 
leads to a separable equation: 2f(X)Yx% =1. 
y, =e" fly, -y gle", - e*y). 
The contact transformation X = (y/,)’? —y*, Y =e"(yl,-y), Yh = ser(yi yt leads to a 


separable equation: 2f(X)g(Y)Yy =1. 


y’, = f(y? -y’) cosh x. 
The contact transformation X = (y/,)°-y?, Y = y!,cosha—ysinha, Yy = +cosha(y/,)! 
leads to a separable equation: 2f(X)Y% =1. 


y, = f(y? -y’) sinh w. 
The contact transformation X = (y!,)°—y?, Y =y/, sinha —ycoshaz, Yy = 4 sinh a(y’,)! 
leads to a separable equation: 2f(X)Y% =1. 
yl, = f(y2 -y’)(acosh x + bsinh zx). 
The contact transformation 
ha +6 sinh 

X=(yly-y, Y=y!(acoshz+bsinhx)-y(asinhxzt+bcoshz), Yy= SS 

Yo 


leads to a separable equation: 2f(X)Yx% =1. 
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61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


y= f(y? -y)g(y’, cosh x — y sinh x) cosh x. 
The contact transformation X = (y!,)’-y*, Y =y!,cosha—ysinha, Yy = + cosha(y),)! 
leads to a separable equation: 2f(X)g(Y)Yx =1. 


y= f(y? -yg(y/, sinh x — y cosh x) sinh x. 
The contact transformation X = (y/)’—y°, Y =y/, sinha —ycoshz, Yy = 4 sinh x(y',) 1 
leads to a separable equation: 2f(X)g(Y)Yx = 1. 


y fly? -y*) + ay? cosh x - ayy, sinh x = coshz. 
The contact transformation X = (y!,)’-—y?, Y = y!,cosha—ysinha, Yy = +cosha(y/,)! 
leads to a linear equation: 2Y; =aY + f(X). 


y= fy? + y”) cos x. 
This is a special case of equation 1.8.1.65 with a = 1 and b =0. 


yl, = fy? + y*\(acos x + bsinz). 


The contact transformation 
X=, Pty, Y=y'(acosx+bsinx)+y(asinz—bcosxr), Yy= +(acosx+bsin x)\(y!,) 
leads to a separable equation: 2f(X)Yx% =1. 


y= fy2+y gly, cos x + ysinx) cos x. 
The contact transformation X =(y/,)°+y’, Y =y!, cosa+ysina, Yy =4cosa(y/,)' leads 
to a separable equation: 2f(X)g(Y)Y,% = 1. 


yl fly? + y?) + ay? cosx + ayy’, sin x = cosx. 
The contact transformation X =(y/,)?+y°, Y =y!,cosr+ysinz, Yy =4cosz(y',)! leads 


72 
to a linear equation: 2Y, =aY + f(X). 


y= fy2+y gly’, sina - y cos x) sin x. 
The contact transformation X = (y/)*+y’, Y =y/, sinz—ycosz, Yy = ; sina(y!,)! leads 
to a separable equation: 2f(X)g(Y)Yx =1. 


y 

a*yl, = (yl, + —)9(a7y? -y’). 

The contact transformation X =y!,+y/z, Y=27(yl)*-y’, Yy =227y!, leads to a separable 
equation: YX =2f(X)g(Y). 

Inverse transformation: 
1 XY; -2Y XY} 
EAS apes. ape eS, yo 
a Ue (RYE UNV Y) 


xX 
yl, = flay! bx)gQay!-3by), #0. 
The contact transformation X =a(y',)’—bx, Y =2a(y!,)°—3by, Yy =3y/, leads to a separable 
equation: YX =3f(X)g(Y). 
Inverse transformation: «x = zo [a(¥y)°-9X], y= Hol [2a(¥x) -27Y], yl, = 4YX. 


/ 


n 
= rc 


y = f(ey,”)+ 
n 


Solution: y= f(C”)+ 


nC nel 
cn, 
n-1 
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72. 


73. 


74. 


75. 


76. 


77. 


78. 


y =a(n-1y’,)” + f (x -anty;,)""). 
Differentiating with respect to 7, we obtain a factorized equation: 
[1-an(n—1)Q))" ye] [Ye — FO] = 0, (1) 


where t = x —an(y/,)""!. Equate the first factor to zero and integrate the obtained equation. 
Substituting the expression obtained into the original equation, we find the solution: 


e-C\ wt 
y=fC)+an-)(=——=)"*, 
an 
Equating the second factor in (1) to zero, we have another solution that can be written in 
parametric form as: 
v=t+anlfiOl", y=fOt+an—-DfOl". 


yt, = f (a(yi,)* - ba) g(ak(y),)**! - b(k + Dy). 
The contact transformation (ab # 0, k #—1) 
X = aly)" —ba, Y =ak(y,)"'-b(k+ Dy, Ye =(k+ Dy 
leads to a separable equation: Yy = (k+1)f(X)g(Y). 
Inverse transformation: 
7 ary iy* _ xX 7 ak(¥,)*" _ Y 1_ Yx 
“bkED® bb? 9 bk+D Bee’ % B41 


y!, = f (aly,)* - ba) + (ak(y!,)**! - bk + Dy) g(aly’,)* - ba). 
The contact transformation (ab # 0, k #—1) 


X=alyl,)*-ba, Y=ak(yl,)!-b(k+Dy, Ye =(k+Dyl, 


leads to a linear equation: Yj =(k+1)g(X)Y + (K+ 1 f(X). 
Inverse transformation: 


a¥iyk xX ak(Y1)k+ Y ees 


"yke Deb? 8 BEDE bee? 8 R41 


F(yy', + ax, yVy2 + a) = 0. 


Solution: y? =-ar*+2C,x+C}. Here, the constants C; and C are related by the constraint 


F(Ci, VCi+aC,)=0 if y>0, 
F(Ci, -VCj+aCz,)=0 if y<0. 


F(e*y!, -e*y, y? -y’) = 0. 


Solution: y = Cie” + Cpe. Here, the constants C, and C} are related by the constraint 
F(-2C,,-4CC) = 0. 


F(y!, cosh x - y sinha, y’? - y*) = 0. 
Solution: y = C;sinhx + C,cosha. Here, the constants C and C> are related by the 
constraint F(C, C7 — C3) =0. 


F(y!, cosz + ysina, y’? + y?) = 0. 
Solution: y=C' sinz+C cos x. Here, the constants C; and C’ are related by the constraint 


F(C, C2 + C2) =0. 
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1.8.2. Some Transformations 


1 w= fy,y)- 
Substituting t = y/, and differentiating both sides of the equation with respect to x, we obtain 
an equation with respect to y = y(t): 
[l-thy(y. Dl =thy,t), whee f=, fy= 9. 
If y = y(¢) is the solution of the latter equation, the solution of the original equation can be 
represented in parametric form as: 


r=fyd,), y=y@. 
2 y= f(x,y’). 
Differentiating with respect to x and setting ¢ = y/,, we obtain an equation with respect to 
2 = x(t): 
[t- foe, Da, = fila,t), where fr= 3, fe = 3h. 
If x = x(¢) is the solution of the latter equation, the solution of the original equation can be 
represented in parametric form as: 


x=xt), y=f(art),d. 


ts 


TY 


Set z= a*y° and w = . Divide both sides of the equation by «”y”™ and differentiate 

with respect to x. Asa jesult we arrive at the following equation with respect to w = w(z): 
2swt+k)\(f.+ fuw,)=(mw+n)f, where f =f(z,w), 

which is usually simpler than the original equation, since it is readily solved for the derivative. 

If w = w(z) is the solution of the equation obtained, the solution of the original equation is 


written in parametric form as: 
aty?=2, oy” = f(z, w(2)). 
4.0 we = fixe, xy’). 


The substitution y=1n wu leads to an equation of the form 1.8.2.3: 2” u° = f (2™uP, ru’, /u). 


5. e®y” = f(eP*y™, yi, /y). 
The substitution x = Int leads to an equation of the form 1.8.2.3: t%y” = f(tPy™, ty;/y). 


6. f(x, ry’, —-Y me) = 0. 
The Legendre transformation x = u}, y = tu,—wu (y!, = t), where u = u(t), leads to the 
equation f(uj,u,t) =0. Inverse transformation: t= y!,, u=xy!,-y, u, =a. 


7. (y!,)° = Ayt f(a). 
For \ # 0, the transformation Aw = 2,/Ay + F(a) leads to an Abel equation of the second 
kind, 
wuw,=wty(2), where p=2d\*fi(x), 
which is outlined in Subsection 1.3.1 for specific functions y. 
8 y=ayl +ax*+ fly’), a#0. 


Differentiating the equation with respect to x and changing to new variables t = y/, and 
w = —2az, we arrive at an Abel equation of the second kind, 


ww, =w+ v(t), where y =-2af;(t), 


which is outlined in Subsection 1.3.1 for specific functions yp. 


> For information about contact transformations, see Subsection 0.1.8. 
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Chapter 2 
Second-Order Differential Equations 


2.1. Linear Equations 


2.1.1. Representation of the General Solution Through a Particular 
Solution 


1°. A homogeneous linear equation of the second order has the general form 


S(2)Yru + Alay, + fol@)y = 0. (1) 


Let yo = yo(x) be a nontrivial particular solution (yo # 0) of this equation. Then the general 
solution of equation (1) can be found from the formula: 


y= (i+ f Sar), where P= [ Sas, (2) 


For specific equations described below in 2.1.2—2.1.9, often only particular solutions are given, 
while the general solutions can be obtained with formula (2) (see also Paragraph 0.2.1-1, Item 3°). 


Remark. Only homogeneous equations are considered in Subsections 2.1.2 through 2.1.8; the 
solutions of the corresponding nonhomogeneous equations can be obtained using relations (7) and (8) 
of Subsection 0.2.1. 


2°. Suppose a particular solution of a homogeneous linear equation is obtained in the closed form 
y = Lf(«)]°, with this formula valid for f(a) = 0. If the equation makes sense in a range of x where 
f(x) < 0, then the function y = |f(x)|® will be a particular solution of the equation in that range. 


3°. Suppose y = C) f(x)[g(x)]* + Cr f(x)[g(x)]° is the general solution of the homogeneous linear 
equation with a # b, where a and b are free parameters. Then the function y = C, f(x)[g(x)]° + 
C2 f(x)Lg(x)]* In g(x) will be the general solution of this equation with a = b. 


2.1.2. Equations Containing Power Functions 


2.1.2-1. Equations of the form y/,,+ f(x)y =0. 


1 yf tay =0. 
Equation of free oscillations. 
C; sinh(z/a]) + Cz cosh(z/lal) if a <0, 
Solution: y= < C,+Coxr if a=0, 
C; sin(a/a ) + Cr cos(x/a) if a>0. 


2. y,, — (ax + b)y = 0, az0. 
The substitution € = a~*/3(ax +b) leads to the Airy equation: 


yee — Ey = 0, (1) 
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which often arises in various applications. The solution of equation (1) can be written as: 
y = C; Ai(g) + C2 Bi(é), 


where Ai(€) and Bi(€) are the Airy functions of the first and second kind, respectively. 
The Airy functions admit the following integral representation: 


Ai(é) = ~ [ cos(4t +61) dt, Bile) = “ [ [exp(-40 + £t) +sin(4 + €1)] at, 


The Airy functions can be expressed in terms of the Bessel functions and the modified Bessel 
functions of order 1/3 by the relations: 


Ai) = $V [Lis()-hy®]), Ai-9 = $V€ [Jajs(2) + As], 
BIO) = f2E [Lap@)+hp@). BiCO = /4é [Jap@- Apo). 


where z= 3653/2, 
For large values of €, the leading terms of the asymptotic expansions of the Airy functions 
are: 


1 1 
AQ) = pee exp), AIG) = Tae" sin (z+), 
1 1 
Bi(é) = Re exp(z), — Bi(-) = ae" cos (z+ *). 
The Airy equation (1) is a special case of equation 2.1.2.7 witha =n = 1. 


3. oy! -(a’?a* + a)y = 0. 


Particular solution: yo = exp(Faz’). 


4, y”’ -(ax? + by = 0. 
The Weber equation (two canonical forms of the equation correspond to a = + i). 


2 z/2 


1°. The transformation z = x*,/a, u = e*/~y leads to the degenerate hypergeometric equation 


2.1.2.70: zul, + G -2)ul - i(aet 1)u =), 


2°. Fora=k? >0,b=-(2n+ 1)k, where n = 1, 2, ..., there is a solution of the form: 


y =exp(-4k2’)H,(Vk2z), k>0, 


d” 
where H,,(z) = (-1)” exp(z”) ah exp (-z’) is the Hermite polynomial of order n. 
VAL 
See also Subsection S.2.10. 


© References: H. Bateman and A. Erdélyi (1953, Vol. 2), M. Abramowitz and I. A. Stegun (1964). 


5. oy! +a%x(2-az)y = 0. 
Particular solution: yo = exp (-4a72? + az). 
6 =’! - (az? + br + c)y = 0. 


b b 
The substitution €=x+ oF leads to an equation of the form 2.1.2.4: Vee - (ag+e- —) y=0. 
a a 
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7 yf -aa”y = 0. 
1°. For n = —2, this is the Euler equation 2.1.2.123, while for n = —4, this is the equation 
2.1.2.211 (in both cases the solution is expressed in terms of elementary function). 


2°. Assume 2/(n +2) = 2m + 1, where m is an integer. Then the solution is: 


x(a) 24 py™! lc: exp( Yo") + C, exp (-4.")| if m2>0, 
qd qd 
y — 
(2! 4Dy™ lc; exp( Yo") + C exp (-4.")| if m <0, 
qd qd 


d n+2 1 
h D=— ——. : 
re dx’ 2 2m+1 


3°. For any n, the solution is expressed in terms of the Bessel functions and modified Bessel 
functions of the first or second kind (see 2.1.2.126 and 2.1.2.127): 


cet, (Yer) sever, (2) if a<0, 
2q 2q 


Ciel, (<2) +O /2 K 1 (G2) if a>O, 
Iq \ 4d Iq \ 4 


Y= 


where g= z(n +2). 


8. oy! -alax*” +na™")y = 0. 


: ‘ a 
Particular solution: yo = exp( nt, 
n+l 


9 oy! -ar™ ar" +n+ Dy = 0. 


Particular solution: yo =x exp(azx”/ n). 


10. yl! + (ax + bx” ")y = 0. 
The substitution € = x”*! leads to a linear equation of the form 2.1.2.108: (n+ 1)Eyz, + 
n(n + Lye + (af + by = 0. 


2.1.2-2. Equations of the form y!,+ f(x)y!, + g(a)y = 0. 


11. yf’ + ay!, + by =0. 
Second-order constant coefficient linear equation. In physics this equation is called an 


equation of damped vibrations. 


exp(-3ar) [Ci exp(>Az) +C exp(-$Az) | if ” =a*—4b>0, 
Solution: y= exp(-3az) [Ci sin(4Az) +C, cos(>A2) | if 2 =4b-a? >0, 
exp(-5az) (Cia + C2) if a? = 4b. 


12. yi +ay!,+(br+c)y =0. 
1°. Solution with b # 0: 


y = exp(-4az) VE [Ci Jia(2VbE) + Yi p(2VbE”)],  €=04+ SO, 


where J; /3(z) and Yj /3(z) are the Bessel functions. 


2°. For b=0, see equation 2.1.2.11. 
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13. 


14. 


15. 


16. 


17. 


18. 


19, 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


yi, + ay’, - (bx? + c)y = 0. 

The substitution y = w exp(sa’?Vb ) leads to a linear equation of the form 2.1.2.108: 
wi +(2Vbx+a)u', +(aVbx—c+Vb)w =0. 

yl, + ay’, + b(-ba? + ax + Dy = 0. 

Particular solution: yo = exp (-4ba’). 

yl, + ay’, + bx(-bx? + ax + 2)y = 0. 


Particular solution: yo = exp (-4b2° ys 


yl, tay’, + b(-ba*” + ax” +nx™")y = 0. 


b 
Particular solution: yo = exp (- a), 
n+1 


yl, tay!, + b(-ba*” -ax" +nx™")y = 0. 


grth ar) ‘ 


Particular solution: yo = exp (- 
n+1 


Von t TY’, t(n + Iy = 0, Tey 2s By 


d 
Solution: y= —— {exp(-}2”) [a +0, [ exp(42’) dz| \. 
You — 2LY,, + 2ny = 0, aH 1,2, Sys 3s 


d” 
Solution: y= exp(a*) —— { exp(-2”) lo +C, / exp(x”) dz| \. 
gr 
For C = (-1)” and C = 0, this solution defines the Hermite polynomials. 


yi, tary’ + by =0. 


Solution: y = C18(4 a'b, 4 on —faxr =) + Cov (4 i ae a —fax ae where ®(a,b;x2) and 
W(a, b; x) are the degenerate hyperseomctic functions (see equation 2.1.2.70 and Subsec- 
tion S.2.7). 


yi, tary’ + bry =0. 

Solution: y= Fd [C1®(4a°b", 4, > —ag’) +C)U (5 gl peer ae —saé)], €=2-2ab, 
where ®(a,b;2) and W(a, b; x) are ihe degenerate hypergeometric functions (see equation 
2.1.2.70 and Subsection S.2.7). 

yi, tary’ + (bx +c)y = 0. 

This is a special case of equation 2.1.2.108 with az = b} =O and b2 = 1. 


Woe + 2axry, + (bat +a7a* +c" + a)y = 0. 


This is a special case of equation 2.1.2.49 with n = 1 and m = 2. 
yl, + (ax + by, + ay = 0. 
Partealie solution: yo = exp (-4.a2? = ba). 


yl, + (ax + by’ -ay = 0. 


Particular solution: yo =ax+b. 


Yn, + (ax + by’ + clax + b-c)y = 0. 


Particular solution: yo =e”. 
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27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


yl, + (ax + 2b)y’, + (abe —a + b*)y = 0. 


Particular solution: yo = ze”. 


y),, + (ax + by’ + (cx + dy = 0. 
This is a special case of equation 2.1.2.108 with a2 = 0 and b) = 1. 


yl, + (ax + b)y!, + cl(a-c)a? + bx + lly = 0. 
Particular solution: yo = exp (-4ex’). 


You + 2(ax + b)y’, + (a’a” + 2abx + c)y = 0. 


The substitution wu = y exp(jaa + ba) leads to a constant coefficient linear equation of the 
form 2.1.2.1: ul, +(c-a—b’)u=0. 


Yi. + (ax + b)y’, + (ax? + Bxt+-y)y =0. 
The substitution y =u exp(sx*), where s is a root of the quadratic equation 4s? + 2as+a=0, 
leads to an equation of the form 2.1.2.108: u/!,.+[(a+4s)a+b]u!,+[(G+2bs)a+y+2s]u=0. 


yl! + (ax + byy! + c(-ca” + ax”! + ba” + na”")y = 0. 


; . Cc 
Particular solution: yo = exp (- at) 
n+1 


yl, + a(x? — B*)y’, — ala + b)y = 0. 
Particular solution: yo = 2-0. 


yl, + (ax’ + by’, + clax? +b-—c)y = 0. 


Particular solution: yo =e”. 


yi, + (ax” + 2b)y’, + (abx” - ax + b’)y = 0. 


Particular solution: yo = xe”. 


yl + (2a? + ay’, + (a4 + ax + 2x + by = 0. 

The substitution u = y exp(423) leads to a constant coefficient linear equation of the form 
2.1.2.11: ul, +aul, + bu =0. 

yl, + (ax? + ba)y’, + (ax? + Bx + y)y = 0. 

1°. This is a special case of equation 2.1.2.146 with n = 1. 

2°. Leta =0, 8 = 3a, y = 2b. Particular solution: yo = xexp(—faz° - +bx’). 


yi, + (aba? + ba + 2ayy’, + a?(ba? + Dy = 0. 


Particular solution: yo =(ax+1)e”. 


Yee + (ax? + bx + oy’, + z(aba? + be + 2a)y = 0. 


Particular solution: yo = exp (-4az° 7 CD). 


yl, + (ax? + bx + c)y’, + (abx? + aca’ + b)y = 0. 
Particular solution: yo = exp(—4ba? — cz). 


Yevw + (ax? + 2b)y’, + (aba? = ax” + b*)y = 0. 


Particular solution: yo = ze”. 
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42. y” +(aa> + ba)y! + 2(2aa” + b)y = 0. 


Particular solution: yo = 7 exp (-+ax* = bx’). 


43. y!! + (abz? + ba? + 2a)y’, + a7(bx? + ly = 0. 
Particular solution: yo = (ax +1)e*. 
44, yy! +axn"y’ =0. 


This equation is encountered in the theory of diffusion boundary layer. 
n+1 


Solution: y=C; +02 [ exp(- AA ) dz 


45. y!! +axr"y’, + bx™ly = 0. 
For n = —1, we obtain the Euler equation 2.1.2.123. For n # —1, the substitution z = grtl 


leads to an equation of the form 2.1.2.108: (n+ 1)*zy!, +(n + 1)(az+n)y! + by = 0. 


46. yf! + 2axr"y! + a(ax?” +nax”™")y = 0. 


: : a 
Particular solution: yo = 7 exp (-——2"") : 
n+l 


47, yy”! +axr"y’ + (bx? + cx™")y = 0. 
The substitution € = x”*! leads to a linear equation of the form 2.1.2.108: (n+ 1)°Eyee + 
(n+ 1)(a§ + n)ye + (BE + c)y = 0. 


n+m 


48. yy! +ax"y’, -b(ax + ba?™ + ma™)y = 0. 


b 
Particular solution: yo = exp( oo) : 
m+1 


49, yy! + 2ax"y! + (a7a?” + ba?™ + ana”! + ca™)y = 0. 
The substitution w = yexp(——2") leads to a linear equation of the form 2.1.2.10: 
n 


wi, + (ba?™ + c2™\w = 0. 


50. yf, + (ax” + by’, + cClax” + b-c)y = 0. 
Particular solution: yo =e”. 
51. yf! + (ax” + 2b)y’, + (abx” - ax”! + b*)y = 0. 


Particular solution: yo = xe". 


n-1 


52, yf! + (aba” + ba”! + 2a)y’, + a(ba” + Dy = 0. 


Particular solution: yo = (ax +1)e*. 


n-1 


53. y!! + (aba + 2bz™| — a7x)y’, + a(abr” + bx” — a? x)y = 0. 


Particular solution: yo = (ax+2)e°*. 


54. y!! +a™[ax’ + (ac + b)ax + bely’, — x" (ax + b)y = 0. 


Particular solution: yo =@+c. 


55. yf! +(ax” + bx™)y’!, -(ax™"! + ba™")y = 0. 


Particular solution: yo =z. 
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56. yf! + (ax” + ba™)y’, + (anz™! + bma™")y = 0. 


Integrating yields first-order linear equation: y/,+ (aa + ba™)y =C. 
57, oy’! +(ax” + bx™)y’, + [a(n + Da”! + b(m+ Da™ "Ty = 0. 


a b 
Particular solution: =x ex (——2" - as) . 
ue P nt+1 mt+i1 


58. yy! + (ax” + bx™ )y’, + c(ax” + bx™ —c)y = 0. 


Particular solution: yo =e”. 


59, y!! + (ax” + bx™)y’, + [aba™™ + b(m + Da”! - ax" ]y = 0. 


b ie) 
rhe : 


min 


Particular solution: yo = 7exp (- 
m 


+bca™ + anz”™")y = 0. 


ght _ cx) : 


60. yf + (ax” + bx™ + cy’, + (aba 


a 
Particular solution: = ex (- 
Yo P n+1 


2.1.2-3. Equations of the form (az + b)y!!,, + f(a)y), + g(a)y = 0. 


1 = 
61. xy t+ zy, tay =0. 
C; cos V/4ax + C2 sin /4axr if ax >0, 
C; cosh /4az|+ C2 sinh /4laz| if ax <0. 


62. xy, +ay, + by =0. 


Solution: y= { 


1°. The solution is expressed in terms of Bessel functions: 


=a 


yaa Z (Cyd, (2/5) + SY, (2V50)), where v=|l-al. 


2°. Fora= $(2n +1), where n = 0, 1, ..., the solution is: 
d” ad”. . 
C; — cos V4ax + Cp — sin V4axr if ax >0, 
y= dz” dz” 


d” d” 
Ci cosh V4Jax| + C2 sinh V4Jax| if ax <0. 


63. xy, +ay, t+ bry =0. 


1°. The solution is expressed in terms of Bessel functions: 


you 2 (CJ, (Vox) +OY,(vb2)], where y=4l|l-al. 


2°. For a = 2n, where n = 1, 2, ..., the solution is: 
1 dy ldy, . 
o(-—) cos(xvb) +0(——) sin(zvb) if b>0, 
Ci es) cosh(«v-6 ) +C, (-<)’ sinh(aV-—6 ) if b<0. 


64. xy’) +ay)+(brt+o)y =0. 


This is a special case of equation 2.1.2.108 with az = 1 and a; = b) = 0. 
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65. xy” +nyl + bry = 0. 
For n = 1, this is the Euler equation 2.1.2.123. For n # 1, the solution is: 


a) if b>0, 


Ci sin( vib ot) +Caeos( vib 
n-1 n- 


Ci en( o) +04 exp( Po") if b<0. 


2 nex 2n-1 


y= 


66. xy’, +(1-3n)y!,-a y = 0. 
Solution: y = C\(ax” + 1) exp(—ax”) + Cp(-ax” + 1) exp(ax”). 
67. xy, +ay, +be"y =0. 


If n =—1 and b = 0, we have the Euler equation 2.1.2.123. If nm #—1 and b #0, the solution is 
expressed in terms of Bessel functions: 


pas [ews (AS a) + CrY, (2% PY], where v= i=, 


+1 nt+1 


68. cy”, tay), +bx"(-br™*! +a4+n)y = 0. 


b 
Particular solution: yo = exp (- oe, 
n+1 


69. «ry +ary! tay =0. 


Particular solution: yo = xe °*. 


70. xy’, +(b-ax)y’, -ay =0. 


The degenerate hypergeometric equation. 


1°. Ifb #0, -1, -2, -3, ..., Kummer’s series is a particular solution: 
— (a), 
P(a, b;2)=1+ ——, 
ee d (Oy Fi 


where (a)z = a(a+1)...(a+k—-1), (a)o = 1. If b> a> 0, this solution can be written in 
terms of a definite integral: 
T(6) 


1 
xtpa-] 1—t b-a-1 dt 
Tore-pi’ * “® 


®(a, b; x) = 


CO 
where ['(z) = | e't*! dt is the gamma function. 


If b is not an integer, then the general solution has the form: 
y = C1 ®(a, b; x) + Coa! 8a —b+1, 2-b; x). 


Table 14 gives some special cases where ® is expressed in terms of simpler functions. 
The function ® possesses the properties: 


d” (@)n 
rd On 


The following asymptotic relations hold: 


(a, b; x) =e” &(b—a, b; —2x); P(atn, b+n; 2). 


(a, b; x) = a 2*[1+0(7)] if «> +o, 


T( 
T( |x| 
®(a, b; 2) = = ) ao [i+ o(=)| if « 4 -oo. 
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TABLE 14 
Special cases of Kummer’s function ®(a, b; z) 


Incomplete gamma function 
zx 
(a, 2) =| er dd 
Error function 


2 x 
Wee I exp(—t’) dt 


erf x = 


Hermite polynomials 


= aE ots 
3 A, (2) = (-1)"e*” aa = Ms 
— ad = 
=e a in ( ae ye De Lee 


Laguerre polynomials 
! (a) -_ era a —a@ ,,nta 
—n xL : big n! dx” en) 
a=6-1, 
(b), = b(64+1)...(64+n-1) 
(=) 
Td + = e 
ued | aren | 22 | ( vye"( a, (2) Modified Bessel functions 
gon} I(@) 
fort Jane | oe [nfo eG a 


2°. The following function is a solution of the degenerate hypergeometric equation: 


T(1—b) T(b- 1) 


Wa, b; x) = ————- ®(a, b; x) + x! > @(a—b+1, 2-5; 2). 


faba T(a) 


Calculate the limit as b > n (n is an integer) to obtain 


_yyn-1 
W(a,n; 2) = ee { ®(a,n+1;x2)Inzx 


(a) S. 
ps TEN [wa+n-va4r-vaenen] =} 


—n 


(n-1)! & (a—n), 2" 
x T(a) 2 Gas rl? 


where n = 0, 1, 2,... (the last sum is omitted for n = 0), ¢(z) = [InT(z)] is the logarithmic 
derivative of the gamma function: 


wA)=-y, w(n)=-y+ S- k', y=0.5772... is the Euler constant. 
k=l 
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71. 


72. 


73. 


74. 


75. 


76. 


77. 


78. 


79. 


80. 


If 6 is a negative number, then the function V can be expressed in terms of the one with 
positive second argument using the relation 


Wa, b; x) = x? W(a —b+1, 2-5); x), 
which holds for any value of z. 
3°. Forb#0,—1, —2,—-3,..., the general solution of the degenerate hypergeometric equation 
can be written in the form: 
y = CP(a, b; x) + CV (a, 6; 2), 
while for b = 0, —1, —2, -3, ..., it can be represented as: 


y=a'*[C,(a—b+1, 2-b; xz) +C,W(a—b+1, 2-6; a)]. 


The functions ® and W are described in Subsection S.2.7 in more detail; see also the 
books by Abramowitz & Stegun (1964) and Bateman & Erdélyi (1953, Vol. 1). 


ay”, + (ax + b)y’, + c[(a-c)x + bly = 0. 


Particular solution: yo =e”. 


ry, + (2ax + by’, + a(ax + b)y = 0. 


e 8 (Cy t+ Coa!) if b#1, 


Solution: y= 
olution: y cee if b=1. 


cy” +[(a+ba+n+mly’, + (abs +an + bm)y = 0. 


Here, n and m are positive integers; a # b orn #m. 


qi! qr 
Solution: y=Cie“* Fel [x "el" | + Coe Soe [ee |. 
uv Ay 


ry’, + (ax + by’, + (ca +d)y = 0. 


This is a special case of equation 2.1.2.108. 

zy”, —(ax + ly’, -bx*(br + a)y = 0. 

Particular solution: yo = exp (-4b2° } 

ry”, —(2ax + Vy’, + (br? + ax + a)y = 0. 
Solution: y =e°* lo sin(42°vb) +C, cos(4?Vb)] : 


zy, +(ax + by’! + ca(-ca? +ax+b+1) =0. 


Particular solution: yo = exp (-4c2"). 
ry”, —(2ax* + ly! + barry = 0. 
Solution: y = C exp[5(a+ Va? -b)2”] + Cy exp[5(a- Va? -b)2’]. 


LY» + (aba? +b- 5)y’, + 2a7(b - 2)ary = 0. 


Particular solution: yo = (ax? +1) exp(—ax’). 


zy, +(ax’ + bx)y!, —[aca* + (a+ be +c?)x +b + 2cly = 0. 


Particular solution: yo = xe“. 
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81. xy’! + (ax? + ba +2)y! + by =0. 


Particular solution: yo =a+b/a. 


82. xy”, + (ax? + br +c)y! + (2ax + by = 0. 


Integrating, we obtain a first-order linear equation: xy’, + (ax? +bx+c-l)y=C. 


83. xy”, +(ax* + br +c)y’, + (c- Diaz + by = 0. 


Particular solution: yo =a'°. 


84. xy”, + (ax? +br+c)y! + (Ar? + Br + C)y = 0. 

1°. Let A=ak, B=k(b-k), C =ck, where k is an arbitrary number. 
Particular solution: yo =e **. 

2°. Let A=a(b+k), B=a(c+1)—k(6+k), C =—-ck. 
Particular solution: yo = exp (Sax? + ka). 

3°. Let A=a(b+k), B =2a—bk—k?, C = b(c-1) + k(c—2). 
Particular solution: yo = a!“ exp (-4ax” + ke), 

4°. Let A=-ak, B =a(c-1)—k(b+k), C = b(c—- 1) + k(c—2). 


—c zx 


Particular solution: yo =x" “e 


85. xy”, + (ax + bax + 2)y’ + (ca? + dx + by = 0. 


The substitution w= .ay leads to a linear equation of the form 2.1.2.108: wi, +(aa+b)w', + 
(cz +d-—a)w =0. 


86. xy”, + (ax + by’, + a(b-Dax’y = 0. 
Particular solution: yo =2'®. 
87. xy”, + x(a? + b)y’, + Bax’ + b)y = 0. 


Particular solution: yo = 7exp (-4ax° 7 ba). 


88. xy”, + (ax? + bx? + 2)y’, + bry = 0. 


Particular solution: yo =a+b/a. 


89. xy”, + (abr? + ba* + ax —- ly’, + a*baxry = 0. 
Particular solution: yo = (ax +1)e*. 

90. xy”, + (ax? + ba? + cx + dy! +(d-1)(ax* + bx + c)y = 0. 
Particular solution: yo =a’. 

91. acy”, t+ax"y! + (abx” -ax”" - bx + 2b)y = 0. 
Particular solution: yo = xe". 

92, vy”, + (ax +2)y’, +ax™1y = 0. 
Particular solution: yo =z. 


2n-1 


93. xy +(a" +1 -n)y!, + br*™y = 0. 


1°. Forb# + the solution has the form: y =C exp (B27) +C> exp(2") . Here, 3; and 3, 
are roots of the quadratic equation: n*0? +n +b=0. 


2°. For b= + the solution has the form: y = (C, + Cox”) exp(-$n!2”). 
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94. 


95. 


96. 


97. 


98. 


99. 


100. 


101. 


102. 


103. 


104. 


105. 


106. 


107. 


ry +(ax” + b)y’ +anz™"y = 0. 


1 


Particular solution: yo = x oe exp(—az"/n). 


n-1 


ry, + (ax” + by’, + a(b- 1x 
1-b 


y =0. 


Particular solution: yo = x 


ry”, +(ax” + by, +a(b+n—-Da™"y = 0. 


Particular solution: yo = exp(—ax"/n). 


ry, + (ax” + by’, + clax” — ca + by = 0. 


Particular solution: yo =e”. 


2n-1 


ry, + (abx” + b-3n + ly), + a’n(b-n)a?"1y = 0. 


Particular solution: yo = (az” + 1) exp(—az”). 


ry, + (ax” + by’, + (ca??1 + dx™")y = 0. 


This is a special case of equation 2.1.2.146 with y = 0. 


cy +(ax” + bx” + 2)y! + ba” y = 0. 


Particular solution: yo =a+b/a. 


ry +(ax” + bx)y!, + (abe” +anz™" — by = 0. 


Particular solution: yo = xexp(—az”"/n). 


ry, + (abx” + ba”! + ax - ly’, + a*ba”y = 0. 
Particular solution: yo =(az+1)e”. 
ry, + (ax” + be™ + cy! + (e- D(ax”"! + ba™")y = 0. 


Particular solution: yo =a'°. 


zy +(abze™™ + anx” + bx™ +1-2n)y! +a7bna?™™1y = 0. 
Particular solution: yo = (az” + 1) exp(—az”). 
(x +a)y’, + (bx + cy’, + by =0. 
bx+c-1 
Particular solution: yo = exp (- ik eee dz). 
ata 
(a,x + ao)y’,, + (bx + bo)y!, — mbyy = 0. 
If m = 1, 2, 3, ..., a polynomial of order m in z is a particular solution of the equation, 
m 
1\k 
which can be represented as: yo = PS (-—) sie Cia [(a}2+a9)D7?+boD] ae where 
= 
d vt+l 
D=—, Ia” = = with vy #-1. 
dx v+l1 


(ax + b)y’!, +s(ca + d)y’, -s*[(a+c)x + b+dly =0. 


Particular solution: yo = e**. 
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TABLE 15 
Solutions of equation 2.1.2.108 for different values of the determining parameters 


Solution: y= er “w(z), where z= —* 


Ce 
VP na _ bo Cue a= B(k)/(2a2k+a,), 
at Pinch reer a2 b= (ayb; —a,by)a5 
a) = Se) by a= a (2a)), 
ay Be =a / (2b) 


y=1- (2b)k+b;)a5! x 
B=2./ Bik) 
Bye Z al 23/7) 
see also 2.1.2.12 


Notation: D = ai —4agan, Bk)= bok? +b K+ 


108. (aga + br)y%, + (ara + bi)y!, + (aox + boy = 0. 


Let the function f(a, b; x) be an arbitrary solution of the degenerate hypergeometric equation 
xy, +(b-x)y', — ay = 0 (see 2.1.2.70), and the function Z,(x) be an arbitrary solution of 
the Bessel equation 27y"’, + xy! + (2? — v*)y = 0 (see 2.1.2.126). The results of solving the 


original equation are presented in Table 15. 


109. (a+ A)y!!, + (ax” + bx™ + c)y!, +(anz”! + bm2™")y = 0. 
: . ax” +ba™ +e-1 
Particular solution: yo = exp (- ‘| =—— dae dx) 


2.1.2-4. Equations of the form 27y!”,,+ f(x)y!, + g(x)y = 0. 


110. ay’! +ay =0. 
This is a special case of equation 2.1.2.123. The substitution x =e’ leads to a constant 
coefficient linear equation: y;).— y; + ay =0. 


2,00 


111. xy, + (ax + b)y = 0. 
This is a special case of equation 2.1.2.132. 


112. ay”, + [a’a* —n(n + Ily = 0, n=0, 1, 2,... 


C; cosax + Cz sinax 


Solution: ya”*! = (wD) ( ao 
gen 


d 
1) where D = ae 


113. 27y”, -[a7?x? + n(n + lly = 0, n=0,1,2,... 
( Cie?" + Cre 


‘ +1 _ 3 
Solution: yx"*' = (a? D)" rl 


d 
) where D = Gs 


114. 2?y”’, - (ax? + 2aba + b* - b)y = 0. 


Particular solution: yo = z°e*”. 
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115. 


116. 


117. 


118. 


119. 


120. 


121. 


122. 


123. 


124. 


125. 


ay” + (ax? + br +c)y =0. 
The substitution y = x*u, where ) is a root of the quadratic equation A — \+¢ = 0, leads to 


an equation of the form 2.1.2.108: xul!, +2Au!, + (ax + b)u =0. 


For a = -i, b=k, andc=1-~m?*, the original equation is referred to as Whittaker’s 


4 
equation. 

ay” —(ax> + =)y = 0. 

Particular solution: yo = x yt exp(2.faz?/”). 


ay’), -[a?x* + a(2b—- ve +b(b+ Dy =0. 


Particular solution: yo = 2° exp (-4az’). 


2y"!_ +(ax” + b)y = 0. 
This is a special case of equation 2.1.2.132. 


ay” —[a2a” + a(2b+n-Dx” + (b- Diy = 0. 
Particular solution: yo = «° exp(ax"/n). 


ay”! + (ax + br” + c)y = 0. 
This is a special case of equation 2.1.2.146. 


wy’! + (ax + ba?" +4-In?)y = 0. 


The transformation € = az” +b, w = y@ os leads to an equation of the form 2.1.2.7: 
Wee + (an) Ew = 0. 


ay”! + [ax?"(be” +0)” + 4 - tn’ |y = 0. 


n-1 
The transformation € = ba” +c, w = yx 2 leads to an equation of the form 2.1.2.7: 
Wee ta(bny7é™w = 0. 


zy” +axry’, + by = 0. 
The Euler equation. Solution: 
i (Ci |x|“ + Coal“) if (1-a)’ > 4b, 
y= lal 3 ~(C; + C2 In|z}) if (1-a)*= 
lal [Ci sin(yt In |x|) + Cp cos(s In Ix|) if (1—a)* < 4b, 


where pt = $|(1— a)" — 40]1/2. 


ay! +ay!, + [a?-(n+ 1)" ly =0, n=0, 1, 2,... 
This is a special case of equation 2.1.2.126. 


Solution: y = anti/al( — : af (c ane + Cy —*)I: 


2,/0 


xy’ + ry’, - [x? +(n+ 1)" )y =0, n=0, 1, 2,... 
This is a special case of equation 2.1.2.127. 


Solution: yoamr[(= a (ao +0,—)]. 


a dx x 
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126. 27y”, + ary’, + (a?-v*)y = 0. 
The Bessel equation. 
1°. Let v be an arbitrary noninteger. Then the general solution is given by: 
y = Ci J)(«) + C2Y,(2), (1) 
where J,,(x) and Y,,(x) are the Bessel functions of the first and second kind: 


CO 74k vi2k 7 
(-1)"(a/2) ane J, (x) cos TV F(a) 


Jylz) = As ITU +kt 1) sin nV 


(2) 


Solution (1) is denoted by y = Z,(a) which is referred to as the cylindrical function. 
The cylindrical functions possess the following properties: 


2vZ,(&) = eZ,-1(£) + Zy+i(@)I, 


d d 
We [a’Z,(@)) = 2" Z,1(2), =-[e"Z,(@)] =-@ Zp (2). 
ha dx 


The functions J,,(x) and Y,,(x) can be expressed in terms of definite integrals (with x > 0): 
Td (2) =] cos(x sin @ — v0) d@ — sinnv : exp(—z sinh t — vt) dt, 
0 0 
TY, (2) a sin(x sin @ — v9) dé -f (e”* +e" cos mv)e* 0" dt, 
0 0 


2°. Inthe casey =n + 4, where n = 0, 1, 2, ..., the Bessel functions are expressed in terms 
of elementary functions: 


oA ef Ae \esin ge — f2 mi fl d\"cosz 
Tay@)= i ea) a Jn (@) = 7 Gen x’ 
Yap (@) = (C1) Tyg (@). 
3°. Let y =n be an arbitrary integer. The following relations hold: 
In(&) = (-1)"In(@), —- Yn(@) = (-1)"¥n(@). 


The solution is given by formula (1) in which the function J,,(@) is obtained by substituting 
y =n into formula (2), while Y,,(z) is found by taking the limit as v + n and for nonnegative n 
becomes 


2 xe 1 OX (m—k-1!2\02 
Yala) = Inala — = Dp (ge) 


c— p(t\PPk (kt lL +0(n+k+1) 
A aeD () ki(n+k)! : 


where ~(1) =-C, W(n) =-C+ = k!, C=0.5772... is the Euler constant, 7)(x) = [In T(x)]/, 
is the logarithmic derivative éfthe gamma function. 
For nonnegative integer n and large x, we can write 
Ve Jom (x) = (-1)"(cos x + sinx) + O(a”), 
Vre Ions (£) = (-1)"" (cos x — sin) + O(a”). 


The function J;,(@) can be expressed in terms of a definite integral: 
| ug 
Jy (2) = | cos(x sint — nt) dt; n=0,1,2,... 
mT Jo 


The Bessel functions are described in Subsection S.2.5 in more detail; see also the books 
by Abramowitz & Stegun (1964) and Bateman & Erdélyi (1953, Vol. 2). 
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127. 


128. 


129. 


130. 


131. 


132. 


ay”! +ay’, —(a27+v7)y =0. 
The modified Bessel equation. It can be reduced to equation 2.1.2.126 by means of the 
substitution « =i% (i7 =—1). 
Solution: 
y= Ci, (2) ot CrK,(2), 
where I,,(2) and K,,(«) are the modified Bessel functions of the first and second kind: 


Tw+k+1)’ fo =a sin TV 


- Ce aed n I_,(«)-I, (2) 
I,(2) = eres i a 
The modified Bessel ces I,,(z) can be expressed in terms of the Bessel function: 
L@jser vr iee?). 7S, 
The case v=n+ ;, where n = 0, 1, 2,..., is given in 2.1.2.125. 
If vy = n is a nonnegative integer, we have 
2m—n(n, —m—1)! 
m! 


n-1 


? 


Lae \r?m o(n+m+1)+u(m+4 1) 
HOG) 


m!(n+m)! 


where w(z) is the logarithmic derivative of the gamma function (see 2.1.2.126, Item 3°); for 
n = 0, the first sum is omitted. 
As x —> +00, the leading terms of the asymptotic expansion are: 


I(a2)~ 


— 


The modified Bessel functions are described in Subsection S.2.6 in more detail; see also 
the books by Abramowitz & Stegun (1964) and Bateman & Erdélyi (1953, Vol. 2). 


2,/0 


ay” + 2xy’, — (ax? + 2)y = 0. 
Solution: x*y = C)(ax — 1)e** + Cy(ax + lye. 


ay” —2azy’, + [b’a* + a(a+ lly =0. 


|x|°(C) sinbr + Cy cosbx) if b#0, 


Solution: oe { Ci Ia|* ae Cy \a|2*" if b = 0. 


ay” —2azy’, + [-b’x? + a(a+ Dy = 0. 


|a[*(Cye®* +Cye"")_ if b #0, 


lution: y= 
polunon:=¥ { Cilel@+Cylel!—if b=. 


ay” +Acy!, + (ax? + br +c)y = 0. 
The substitution y = x*u, where k is a root of the quadratic equation k* + (A-1)k +e =0, 
leads to an equation of the form 2.1.2.108: wu! + (A+ 2k)ul, + (ax + b)u =0. 


xy” +axy), +(bx” +c)y = 0, n#0. 


The case b = 0 corresponds to the Euler equation 2.1.2.123. 
For 6 # 0, the solution is: 


y= vs. sea vox?) +O¥, (Vb07)], 


where v= ay /(1—a)?—4c; J,(z) and Y,(z) are the Bessel functions of the first and second 
kind. 
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133. 


134. 


135. 


136. 


137. 


138. 


139. 


140. 


141. 


142. 


143. 


ay”! tary, +2(bx” + cy =0. 


The substitution € =x” leads to an equation of the form 2.1.2.108: n Eye +n(n—1+a)yet 
(bE + c)y = 0. 


xy’! +(ax + b)y’, + cy = 0. 
The transformation x = z7!, y = z*e*w, where k is a root of the quadratic equation 


k? +(1—a)k +c =0, leads to an equation of the form 2.1.2.108: 
zw, +[((2—b)z+2k+2-alw, +[(1—6)z+2k+2-a-bk]w =0. 


ay” + aay’, + (ba? + cx + dy =0. 

The substitution y = wexp(—jazx) leads to a linear equation of the form 2.1.2.115: 
owe ot [(4a? +b)? +cx+d]w =0. 

ay” + (ax? + by’, + cl(a — c)x” + bly = 0. 


Particular solution: yo =e™ 


2,/0 


ay” + (ax? + bry’, — by = 0. 


b ax 


Particular solution: yo =x ’e~ 
ay” + (ax? + bar)y’, + [k(a—k)a? + (an + bk - 2kn)x + n(b-n - Dy = 0. 
Particular solution: yo =2"e*”. 

azz’ y” + (a,x" + byx)y, + (aya” + box + coy = 0. 

The substitution y= a*w, where k is aroot of the quadratic equation ank?+(b}—a7)k+c9 =0, 
leads to an equation of the form 2.1.2.108: ayrw",,+(a;2+2a,k+b))w', +(agpr+a ,k+bo)w =0. 


ay! + [ax + (ab- 1a + bly’, + a2bay = 0. 


Particular solution: yo =(ax+1)e“”. 


xy! —2x(a? —a)y’, + {2nx? + [(-1)" - Ia}y = 0. 


For n = 0, 1, 2,..., particular solutions are polynomials: 
yo=Pn(x), where Po(x)=1, P\(x)=2, Py(x)=2x?-1-2a, P3(x)=22°-(3+2a)a, ... 


The polynomials contain only even powers of 2 for even n and only odd powers of x for 
odd n. 


xy! + x(ax? + bx + cyl, + (Aa? + Ba? +Ca+ D)y =0. 


1°. The substitution y=a*w, where k is a root of the quadratic equation k>+(c—1)k+D=0, 
leads to an equation of the form 2.1.2.84 (see also 2.1.2.80—2.1.2.83): 


rw, + (ax? +br+e4+2k)wl, + (Ax? +(Bt+ak)x+C + bkly =0. 


2°. Let s and r be arbitrary parameters. 

For A =ar, B=as+br—r?, C = bs+er—2rs, D=s(c—s—1),a particular solution is: 
yo = gee, 

For A=a(b-r), B=a(c—s+1)+r(b-71r), C =bs+cr—2rs, D=s(c—s-—1), a particular 


solution is: yo = 2* exp(—4.ax* —1rz). 


ay” +ax"y —(abe” + ace”! + bx? + 2bcx + c* —c)y = 0. 


Particular solution: yo = 2°e°”. 
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144. 


145. 


146. 


147. 


148. 


ay! +axy! +(abs™?™ — Bat”? + ama”! —m* —mb)y = 0. 
Particular solution: yo = x” ex (- eet), 
v P 2m+1 


ay” +a2(ax” + b)y’ + fax” - Dy = 0. 
Particular solution: yo = 2°. 

2,4 n / 2n n = 
ry, + c(ax” + by, + (ax + Bx” +y)y = 0. 
The transformation z = x", w = yz", where k is a root of the quadratic equation 
n°k? + n(b— 1)k + = 0, leads to a linear equation of the form 2.1.2.108: n?zw!!, + 
[naz + 2kn? +n(n—1+)]w! +(az+knat Bw =0. 


ay” +a2(2ax” + by’ + lara” +a(b+n-Da” +ax?” + Bx™ + yy = 0. 
The substitution w = yexp(az"/n) leads to a linear equation of the form 2.1.2.146: 
vw, + bew!, + (ar + Ba™ +y)w = 0. 


ay”! + (ax + ba? + cy! + (anx™*! + aca” + be)y = 0. 


gntl ba) ; 


Particular solutens -4e-— (- 
articular Solution Yo exp nal 


2.1.2-5. Equations of the form (ax? + br+c)y", + f(x)y!, + g(x)y = 0. 


149. 


150. 


151. 


(l-a)y” +n(n—-Dy = 0, n=0, 1, 2,... 
This equation is encountered in hydrodynamics when describing axially symmetric Stokes 
flows. 


1°. For n = 2, the solution is given by: 
oa Ci TIn(®) + CrHn(2), 


where J,(x) and H,,(x) are the Gegenbauer functions which can be expressed in terms of the 
Legendre functions of the first and second kind (see 2.1.2.153) as follows: 


Pr-2(@) — P(x) _ Qn-2(@) — Qn (2) 
2n-1 » Hale) = 2n-1 . 


2°. Forn =0 and n = 1, the solution is: y= C,+C)2. 


TIn(2) = 


(a? - a*)y’!, + by’, - 6y = 0. 
a—b 


2atb 2a- 
Particular solution: yo = (4% —b)|x+a] 2e |~—al 2a. 


(2? -ly” +ay) +ay=0. 
1°. For a =k? > 0, the solution is: 
a { C; cos(k arccosh |2|) + Cy sin(k arccosh|z]) if |a| > 1, 


C\ exp(k arccos z) + Cy exp(—k arccos x) if |z| <1, 


where arccoshz = In(x +Va2-1 We 
2°. For a =—k* <0, the solution is: 
C, exp(k arccosh |z|) + Cy exp(—k arccosh |x|) if |a| > 1, 
- { C; cos(k arccos x) + Cy sin(k arccos 2) if |z| <1. 


3°. For a = —n’, where n is a nonnegative integer, particular solutions are the Chebyshev 
polynomials: T;,(x) = cos(n arccos 2). 
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152. (l-a)y” -ay’, + n’y = 0, n=0, 1, 2,... 


This is a special case of equation 2.1.2.151 with a =—n?. Particular solution: 


yo = T,(2) = cos(n arccos 2) = - V1-22 ue [1 = a?)r-2] 
2"(5)n da 
ye 


a m-—1)! 2 
<5 pe ues =a esr ele 


where T;,(x) is the Chebyshev polynomial of the first kind, (a), = a(a+1)...(a+n-—1), and 
[b] stands for the integer part of a number b. 


153. (l-a)y” -2xy! +n(n+ Dy = 0, = 0,952): 235 
The Legendre equation. 
The solution is given by: 


y= C1 Pp(2) F C1Qn(2), 


where the Legendre polynomials P,,(x) and the Legendre functions of the second kind Q ,(«) 
are given by the formulas: 


1+2z 


i. a | 
— S25 =Pn-(@)Pn-m(2). 
S30 aay m 


1 
Pr(@) = ae Gwe", Qn(@) = 5 Pa(2)In 5 


The functions P,, = P,,(x) can be conveniently calculated by the recurrence relations: 


1 2n+1 n 
P(x)=1, P\(x)=2, P(x) =532°-I), wees Pri (@)= £Pp(®)—-—— Pp-1(“). 
n+l n+l 


Three leading functions Q,, = Q,() are: 


l+z a, 1+2 sie l+a2 3 
ie Qi@)= 77-1, Q2(x) = Dae oe 


1 
Qo(x) = 5 In 


All n zeros of the polynomial P,,(x) are real and lie on the interval —1 < x < 1; the 
functions P,,(x) form an orthogonal system on the closed interval -1 < x < 1, with the 
following relations taking place: 


1 0 if n#m, 
/ (Pa )P(a) de = 2 


154. (l-a)y” -2ay! +v(v + Dy = 0. 
The Legendre equation; v is an arbitrary number. The case v = n where n is a nonnegative 
integer is considered in 2.1.2.153. 
The substitution z =x” leads to the hypergeometric equation. Therefore, with |z| < 1 the 
solution can be written as: 


y l+v 1 
= F(-5, = ) 
UN ro 
where F(a, 3, 7; Z) is the hypergeometric series (see 2.1.2.171). 
The Legendre equation is discussed in the books by Abramowitz & Stegun (1964), 
Bateman & Erdélyi (1953, Vol. 1), and Kamke (1977) in more detail (see also Subsection 
8.2.9). 
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155. 


156. 


157. 


158. 


159. 


160. 


(l-a)y” -3ay! +n(n+2)y = 0, n =1, 2, 3,... 


Particular solution: 


_ _ sin{(n+1)arccosx] — (-1)"(n+1) 1 d” ayneh 
OP iiee  DSa vie ere 
[n/2] 


m - m)! n—lm 
ae Pa TSP cae a 


where U,,(a) is the Chebyshev polynomial of the second kind, (a), = a(a+1)...(a+n-1), 
and [b] stands for the integer part of a number b. 


(a? - ly! +2(n+ Day, -v+nstI(v-n)y =0, n=1, 2, 3,... 
d” 
Solution: y = =v (2), where y,(x) is the general solution of the Legendre equation 


2.1.2.154. 
(2? ly”, -2(n-Day’, -(V—-n+1(v + ny = 0, n= 1, 25.3, 20% 


d” 
Solution: y = | = 1!" yp (2), where y,(x) is the general solution of the Legendre 
equation 2.1.2.154. 


(a? - ly”, + (2a+ Day! — b(2a + b)y = 0. 
1°. Particular solution: 


T(2a+b) 


re as ele came 
Tes brant 24+ bat 535 +2), (1) 


Yo = 


where F(a, 3, y; z) is the hypergeometric function (see equation 2.1.2.171 and Subsection 
8.2.8). 


2°. For b=n, where n =0, 1, ..., the right-hand side of (1) defines the Gegenbauer polyno- 
mials, 


TQa+n) 
T(n+ IT Qa) 


>» T(at+k)lQat+n+k)(x—1)* 


(a) = et 
Cr’ (&) = k! (n—k)! 24T (a) (2a + 2k) © 


F(2a+n,—n,a+ +; ; +2) 
(l-a)y” + (2a-3)ry’, + (n+ 1)(n + 2a- Dy = 0, n=0,1,2,... 
Particular solution: 


_1)/k 
yo(x) oa (1 = 2)? 12C@ (2) = (a_- ea eal 1/2 oe I ak k)TQa LAE k\(a 1) 


k! (n—k)! 24T(a)T (2a 2k) ’ 
where C(a) are the Gegenbauer polynomials. 


(l-a)y” + [B-a-(a+f+2Daly,+n(n+a+ B+ Dy =0, n=0, 1, 2,... 
Particular solution: 


Ele 
2! 


ola) = P28 (a) = Ma — aye + ay? [aay +2] 
=? » Cm CEM (e- 1)" (e+ D™, 


where P%°(zx) are the Jacobi polynomials and C » are binomial coefficients. 
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161. 


162. 


163. 


164. 


165. 


166. 


167. 


168. 


169. 


170. 


(1-2*)y” + [a-B+(at+ B-2Daly +(n+VYin+at Py =0, n=0, 1,2,... 


Particular solution: yo(z) =(1—-—2)*(1+ x)? pee (x), where pee (x) are the Jacobi polyno- 
mials (see 2.1.2.160). 


(ax* + by”, tary’, + cy = 0. 


The substitution z= leads to a constant coefficient linear equation: y’’,+cy=0. 


i dx 
Vazr2 +b 
2 ” , _ 
(a* + a)y,,, + 2bry,, + 2(b- Dy = 0. 


Particular solution: yo = | tah, 


(a? — a*)y’!, + 2bry’, + b(b- Dy = 0. 


Solution: y = Cy|a— al! + CyJa+al!°. 


(a? +a?)y”, + 2bxy!, + b(b- Ly = 0. 
1-b 1-b 


Solution: y=C (a? + a’) 2 siny+C (2 + a’) “2 cosy, where vy = (1-6) arctan(a/a). 
(ax* + b)y”, +(2n+Daxy’, + cy =0, n =1, 2, 3,... 
This equation can be obtained by n-fold differentiation of an equation of the form 2.1.2.162: 
(ax? + bull, + azul, +(c-an)u =0. 

Solution: y =u”. 
(1-a*)y” —axy!, + (2ax? + b)y = 0. 


This is an algebraic form of the Mathieu equation. The substitution « = cos z leads to the 
Mathieu equation 2.1.6.29: y!, +(a+b+acos2z)y =0. 


(l-a)y” + (ax + b)y! +cy = 0. 


1°. The substitution 2z = 1+ leads to the hypergeometric equation 2.1.2.171: 2 —z)y!,+ 
[az+ $(b —a)ly, +cy =0. 


2°. Fora=—2m-3,b=0, and c= A, the Gegenbauer functions are solutions of the equation. 


3°. In the special case a = -a — 8-2, b= G-a, andc=n(n+a+ +1), solutions of the 
equation are the Jacobi polynomials: 


POG) =I DCM aCe (a — 1 @t 1), 


m=0 


where C? are binomial coefficients (see Paragraph S.2.1-2). 


(ax* + b)y”, + (cu? + d)y’, + Al(c-aA)a* + d- bAly = 0. 
Particular solution: yo =e~**. 
(ax* + byy”, + [A(c + a)x? + (c - a) + 2bAly!, + (ca? + b)y = 0. 


Particular solution: yo = (Av + pe 
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171. 


172. 


173. 


174. 


175. 


176. 


a(x - ly +((a+ B+ Da--ly, + aBy =0. 
The Gaussian hypergeometric equation. For y #0, —1, —2, -3, ..., a solution can be 
expressed in terms of the hypergeometric series: 


(a)n (A) ak 


(Wk kt? (a), =Q(a4+1)...(a+k-1), 


Fo, 8, y32)=14+ 5 
k=1 


which, a fortiori, is convergent for |x| < 1. 
For y > ( > 0, this solution can be expressed in terms of a definite integral: 


lq) 
T(6) Ty - f) 


where ['() is the gamma function. 


1 
F(a, B,7;2) = 7 8-11 — 47-11 — tery? dt, 


If + is not an integer, the general solution of the hypergeometric equation has the form: 
HCP Pie) Maa yel, pave, 2 ym: 


In the degenerate cases y =0, —1, —2, —3, ..., a particular solution of the hypergeometric 
equation corresponds to C'; =0 and Cy = 1. If y is a positive integer, another particular solution 
corresponds to C; = 1 and Cy =0. In both these cases, the general solution can be constructed 
by means of the formula given in 2.1.1. 

Table 16 presents some special cases where F' is expressed in terms of elementary 
functions. 

Table 17 gives the general solutions of the hypergeometric equation for some values of 
the determining parameters. 

The function F' possesses the following properties: 


F(a, 8,7; ) = F(G,a, 7; £), 
FO, 8,932) =U— a)" FY —0; 7-8, 73 2), 
ay x 
F(a, py 2)= U2) “Fe, yoo, % ol” 
d” (n(B)n 
— F(a, B, ;@)= Spa ee 
dx” a (Yn 
The hypergeometric functions are discussed in the books by Abramowitz & Stegun (1964) 
and Bateman & Erdélyi (1953, Vol. 1) in more detail; see also Subsection S.2.8. 


F(atn, B+n, y+n; 2). 


x(x t+a)y’, + (bx +c)y’, +dy =0. 

The substitution 2 = —az leads to the hypergeometric equation 2.1.2.171: z(1— z)y!, + 
[(c/a) — bz]y! — dy =0. 

2a(x -1)y’), + (2a -l)y’, + (ax + by = 0. 

The substitution «=cos* € leads to the Mathieu equation 2. 1.6.29: Yee—(at2b+a cos 2€)y=0. 


(x? +2ax + by”, +(x + a)y, —m’7y = 0. 
Solution: y=C\(z@+a+ a2 +2ax+b)" +C0o(a@+a+ a+2ar+b)", 


(ax* + bx + c)y!!, + (dx +k)y’, + (d-2a)y = 0. 
Integrating yields a first-order linear equation: (az? + br + c)y!, + [(d—2a)x +k —bly =C. 


(ax* + bx + c)y!!, + (kx + d)y’, -ky = 0. 


Particular solution: yo = kx +d. 
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TABLE 16 
Some special cases in which the hypergeometric function 
F(a, 8,7; z) is expressed in terms of elementary functions 


(—n)e(B)e x* 


5 (nm), Bl 


where n = 1,2,3,... 


+ [(l4+2)°*+(1-2)7*] 
(1+a)!2¢—(1-a)!2 
case 2a) 


| Al(V Tea? +2)*+(Vire—2)"*] | | Al(V Tea? +2)*+(Vire—2)"*] | V1+22- x) 


(Vita?+a)" +(v1+a?-2) V1+22-2) ace 
——_ 
202 (14./1-2)""* 


cos(2a7) 
sin[(2a—1)a] 
(a=1) sina) 
sin[(2a—2)a] 
(a=1) sinQa) 
cos[(2a—1)a] 
 cosz 


cos” x cos(2ax) 


me 


1 1+2 


in 


2a 1-2 


x In(a+ 1+2?) 
(-1)™(nt+mt+k4+1)! arm day 
n+mtl | ntmt+k+2 nik! (ntm)!(m+k)! dar*™ dak J’ 
F=-a¢'In(l-z), n,m,k=0,1,2,3,... 
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TABLE 17 


General solutions of the hypergeometric equation for some values of the determining parameters 


178. 


179. 


180. 


181. 


C1+Cy f lela" de 
C\(1+V1-2) Sea 
Ci(1+ ve)" +02(1-ve) 
Sz [estevey” 40) (1-vz) "| 


ln— 118 (C14 1 la |2—1)2! dx) 


lal (C402 fale e—118 dx) 


(ax* + 2bx + c)y’!, + (ax + b)y’, + dy = 0. 


sai dx se od 
The substitution € = / ———————— leads to a constant coefficient linear equation of the 
Var? +2br+e 


form 2.1.2.1: yg + dy = 0. 


(ax* + 2bx + c)y’!, + 3(ax + b)y’ + dy = 0. 


The substitution w = y,/|ax? +2bx+c| leads to a linear equation of the form 2.1.2.177: 
(ax? + 2ba + c)w!!,, + (ax + b)wi, +(d-a)w =0. 


(ax? + box + C2)y7., + (bia + c1)y’, + coy = 0. 


Let A; and A, are roots of the quadratic equation ay? + boA +6) =0. 


1°. For Ay #2, the substitution z= ate leads to the hypergeometric equation 2.1.2.171: 


2— Al 


b br 
z(1—z)y!!, -(Av+ B)y! —Cy =0, where A= a, B= ene ee es SOP 
ar a7(A2 — 21) a2 


2°. For A; = Ax = A, the transformation z = + €!, y = €*u, where k is a root of the 
quadratic equation ank* + (ay —b1)k +¢p = O, leads to a linear equation of the form 2.1.2.108: 
arUeg —[(c, + Ab) JE + by — 2an(k + I)Jug — k(c, + Aby)u = 0. 


3°. Let co = —ayn(n — 1) — bin, where n is a positive integer. Then, among solutions there 
exists a polynomial of degree < n. 

(ax* + bx + cy’), —(a* - ky’, + (a + k)y = 0. 

Particular solution: yo =a%—k. 

(ax* + ba +c)y” + (a3 +k yy! -(a*-ka+k?)y = 0. 


Particular solution: yo =a@+hk. 


2.1.2-6. Equations of the form (a32° + ayx? + a,x +ao)y",, + f(x)y’, + g(a)y = 0. 


182. ay”, + (ax + b)y = 0. 
This is a special case of equation 2.1.2.132 with n =—1. 


183. ay”, + (ax? + by! +cxry = 0. 


The substitution z=1/z leads to an equation of the form 2.1.2.139: z7y!/,+2(2-a—bz)y)+ 


cy =0. 
184. ay’! + (ax? + bay’, + by = 0. 


Particular solution: yo =a—2+6/a. 


185. ay”, + (ax + br)y’, + cy = 0. 
The substitution x=1/z leads to an equation of the form 2.1.2.108: zy!’,+(2—a—-bz)y+cy=0. 


186. ay”, + (ax? + bar)y’, + (cx + d)y = 0. 
1°. The substitution y = x*u, where k = -d/b, leads to a linear equation of the form 
2.1.2.134: aul! + [(a+2k)ax + bjul, + [k(a+k—-1)+c]u =0. 
2°. If c=0 and d = b(a — 2), a particular solution is: yo = eb/=, 
187. xy”, + (ax? - a2? + aba + b)y’, + a*bry = 0. 


Particular solution: yo =(ax+1)e". 


188. ay”, + c(ax” + b)y’, -(ax” — abr” + by = 0. 


Particular solution: yo = xexp(b/2). 


189. x(aa* + by’! + 2(ax* + b)y’, -2axry = 0. 


Particular solution: yo =ax+b/z. 


190. x(a? +a)y”, + (bx? + cy) +sry = 0. 


The substitution az = —a leads to the hypergeometric equation 2.1.2.171: z(1- z)y!, + 
4 [1 +cat - (1+ d)z]y — ¢sy = 0. 


191. «(ax + by”, +[cx? + (2b+ ar)ax + bAly!, + A(c-2a)y = 0. 


Particular solution: yo = exp(A/2). 


192. «(ax + by’! - 2x(ax + 2b)y’, + 2(ax + 3b)y = 0. 
CO, x? + C723 


Solution: y= ear 
ax 


193. «(ax + by”, +[a(2—-n-—m)a* -b(n + m)aly!, + [am(n - Dax + brim + Ily = 0. 
hy m1 

ae if m#n-1, 

Senge Gx 
Solution: y lsl"(Ci+Crln|a) .. 
if m=n-1. 
ax +b 
194, "(x + da)ige + H(ie + a)y, + (box + any = 0. 


The substitution y= a*u, where k is aroot of the quadratic equation ank?+k(a,—a)+a9 =0, 
leads to a linear equation of the form 2.1.2.172: x(a+a)u",, + [(2k + bya + 2kay +a) Jul, + 


[k? +k(b; —1) + bolu =0. 
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195. (ax? + ba* + cx)y”, + (ax? + Bx + 2c)y’, + (B-2b)y = 0. 
Particular solution: yo =2a—a+(2b—{)a!. 


196. (ax? + ba? + cax)y’”’, + (ax? + Bx + 2c)y’, -(ax +2b- By = 0. 
ca + (b— 3)(2b- B) 


r 
Particular solution: yo =ax+2(G—b)+—, where A= 
x a-a 
197. (ax? + bx? + cx)y’’, + [-2ax*-(b+ Da + ky’, + (ax + Dy = 0. 
Particular solution: yo = (ak +6—1)a?+(c+k)(2x—k). 
198. (ax? + ba? + cx)y” + (na? +max+k)y’, + (k-D[(n-ak)x +m —bkly = 0. 


Particular solution: yo = 2) *. 


199. (ax? + bx? + cx)y””, + [(m —-a)x? + (2em-— Dax - cly!, + (-2mzx + Dy = 0. 
Particular solution: yo = (a+ myx? +(2b+4cem -1)\(a +c). 


200. (ax* + ba? +cax)y”, + (na? +m +k)y!, + [-2(a+n)a + ly = 0. 
With the constraint 


22a+nj(ct+k)+(2b+2m+4 l)[m+1+2k(a+n)] =0, 


a particular solution has the form: yo = (2a+n)x* + (2b+ 2m + 1)(a@—k). 


201. (ax? +27 + b)y”, + a*x(a? - by! -arbry = 0. 


Particular solution: yo = (ax+2)e*. 


202. 2x(ax? + ba + oy, + (aa? - oy’, + Ax?y = 0. 
x 


1/2 
—__) dz leads to a constant coefficient linear equation: 
ax’? +bx+e 


The substitution € = if ( 
yee t Ay = 0. 
203. x(aa* + bx + Dy’! + (ax? + Bx + yy! + (nx +mb)y = 0. 
The substitution y = x!-7w leads to an equation of the same form: 
z(ax + ba + 1)w!!,, + [(a + 2a—2a7y)a? + (6 +2b-2by)a +2- Jui, 
+{[n+(1-y)(a-ay)]a+m+(1-7)(6-b7)}w =0. 
204. a(a-1)(x-a)y!" + {(a+B+ 1)x?-[at+ B4+1+a(y+6)-d]x +ayhy’, +(aBx-—q)y = 0. 
Heun’s equation. 


1°. For |a| = 1 and y #0, —-1, —2, —3, ..., a solution can be represented as the power series: 


CO 
F(@,G0,8,7,6,2)= >) cna”, 
n=0 
where the coefficients are determined by the recurrence formulas: 
co=l, ayer=4q, 


a(n + 1)(y¥+n)ent1 = [acy +d+n-1+0+B-d+n+4]nen 


[(n- (n= 2) + (n-1)(at B41) +aB8]en. 


A fortiori, the series is convergent for |x| < 1. 
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TABLE 18 
Some transformations preserving the form of Heun’s equation 


[ener Tet*]- [7]. 
2 [ eiaew [rele |e [* [7 
GS [eenenery fe |e fom | 


CO) ae ella er 
a ee es 
ge reos ee eo IL ee 

a’ 5 
PL ergo eT To Ra 


QalrRyalr 


i aoe 


—, w=(z|"y +lla+y-1 +1 /(%t8-7 
I ee 


Notation: gq; =qt+(a-y+1)(6-y+)l-af+d(y-1),, m= +ad01-7), 
q3 =qa! +a(a—y+1)+aa7(5 — B)-a0. 


* This row corresponds to the original equation, while the others refer to the transformed equation for w = w(E€). 


2°. If y is not an integer, the general solution of Heun’s equation can be presented as follows: 
y= Ci F(a, gq; Q, B,y,6, 2) + Cy|2|! 7 F(a, 1;a-Yr 1,8-y+ 152=7, é, 2); 


where qi =q+(a- 7y+1)(0-y+)-af+oy7-1). 

Table 18 lists some transformations preserving the form of Heun’s equation. (Whenever at 
least one of the indicated equations is integrable by quadrature with some values of parameters, 
all the other equations are also integrable for those values of the parameters.) 


‘O) References: H. Bateman and A. Erdélyi (1955, Vol. 3), E. Kamke (1977), S. Yu. Slavyanov, W. Lay, and A. Seeger 
(1955), A. Ronveaux (1995). 


205. (ax + ba? + cx + dy’), — (x - d*)y!, + (w@ + Ay = 0. 


Particular solution: yo =a -—X. 
206. 2(ax> + ba? + cx + dy”, + Bax? + 2bx +c)y’, + Ay = 0. 


The substitution € = / —_———————————_ leads to a constant coefficient linear equation: 
av + ba +ca+d 
yee t+ Ay = 0. 
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207. 2(ax> + ba? + cx + dy”, + 3B3ax* + 2bx + c)y’, + (6ax + 2b+ Ady = 0. 
This equation is obtained by differentiating the equation 2.1.2.206. 


208. (ax? + ba? + ca + dy”, +[ax’ + (ay+ Bx + Byly’, -(ax + B)y = 0. 
Particular solution: yo =%+7. 
209. (ax* + ba? + cx + dy, + (a3 + Ay! - (a? - A+ ry = 0. 
Particular solution: yo =x+4. 
210. 2x(ax?+ br + c)y”, +[a(2—k)x? +b —k)x -—ckly’, + Ac**y = 0. 
The substitution €= ih gh! (aa +ba+c)!/ > dx leads to aconstant coefficient linear equation: 
yee + Ay =0. 


2.1.2-7. Equations of the form (agz* +327 + anx* +a,0+ ag)y, + f(x)yi, + g(a)y = 0. 


4 2 
211. a*y!’ +ay=0. 
The transformation z = 1/2, u = y/a leads to a constant coefficient linear equation of the 
form 2.1.2.1: uf, t+au=0. 


212. aty!! + (ax + br + cy = 0. 
The transformation z = 1/x, u = y/« leads to a linear equation of the form 2.1.2.115: 
ull +(c2* +bz+a)u=0. 

213. «ty! -(a+ b)x’y’, + [(a + b)x + ably = 0. 

Cine */* 4+ Chae */* if ax¥b, 


Solution: y= { 
(Cx + Ce */* if a=b. 


4 > in 
214. a*y!’ + 2a*(x + a)y’, + by = 0. 
The substitution z= 1/2 leads to a constant coefficient linear equation: y/!, —2ay!, + by =0. 


4 -1 2, p2 
215. a*y!’ +an"y’ -(ax”™” + abz"~ + b*)y = 0. 


Particular solution: yo = ce e/® 


216. «(a -a)*y!!, + by = 0. 
Solution: y=C; || |a—al!-" +Cy|z|!-"™|2—al™, where m is a root of the quadratic equation 
m(m—1)a* =—b. 
217. «(a -a)*y!!, + by = cx(x - a)’. 
Solution: é 
= lala —all-™(C, + fictt2-al" de) 
y= lala — all (Ch + a fe — al ar 
l-m m c m 1-m 
+ lal" —al™(Cp-— fara" dr), 
jal — al" (Ca — ef Iola all dn 
where m is a root of the quadratic equation m(m— 1)a? =—b. 
218. ax*(x -1)y”, + (bx? + cx + d)y = 0. 
Let p and q be roots of the quadratic equations 
ap(p-—1)+d=0, ag(q—1)+b+c+d=0. 


The substitution y= a?(#—1)4w leads to the hypergeometric equation of the form 2.1.2.171: 
ax(x —1)w!,, +2a[(p+ gx — plw', + 2apq —c — 2d)yw = 0. 
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219. x(a? +a)y”, + (ba? + cry’, + dy = 0. 


The substitution € = x” leads to a linear equation of the form 2.1.2.194: 4€7(€ + Yee + 
2€[(b+ 1)E+atcly, + dy =0. 


220. (a7 +1)*y", + ay = 0. 


ae 


The Halm equation. Solution: 


Va2+1 [Ci cos(3 arctan x) + C’> sin(@ arctan z)| if at+1=/7>0, 
y=4§ Var4+1 [Ci cosh(( arctan x) + C2 sinh(@ arctan «)| if at+1=-@° <0, 
Va? +1(C,+C, arctan 2) if a=-l. 
221. (a*-1)*y’! + ay =0. 
Solution: 


Via? = 1] [Ci cos(3 In |2|) + C2 sin(GIn|z|)]_ if a—1=46" > 0, 
y= § (@+1)(Cilzl°PY? + Cylap CH?) if a—1=—46? <0, 


Ja? — 1] (Ci + C2 In|2}) if a=1, 
where z =(a+1)/(a- 1). 
222. (a*+a*)y"”_ + by = 0. 


This is the equation of bending of a double-walled compressed bar with a parabolic cross- 
section. 


1°. For the upper sign (constricted bar), the solution is as follows: 
y= Va +a*(Cicosu+C2sinu), where u= V1+(b/a) arctan(x/a). 
2°. For the lower sign (bar with salients), the solution is given by: 


; b-a at+z 
y= Va2—2*(C,cosu+C2sinu), where u= >, In > |tl <a. 
a —2 


223. 4(a*+1)’y!!, + (ax? +a-3)y =0. 


Solution: 
_J@W+)4Cycos€+Cz,singé) if a>1, 
(a? + 1)'/4(C, cosh€ + Cy sinhé) if a<1, 


where € = 4 Jla- 1] In(a+ sf |a2 + 1|). 


224. (ax? + b)y”, + 2ax(ax’ + by! +cy = 0. 


ae 


5 dz ar : 
The substitution € = / un leads to a constant coefficient linear equation: Vee +cy=0. 
ax 


225. (a7 -1)?y/!, + 2a(a* - Dy’, -[v(v + 1)(a? - 1) + n* Jy = 0. 


Here, v is an arbitrary number and n is a nonnegative integer. This is a special case of equation 
2.1.2.226. 

If n =0, this equation coincides with the Legendre equation 2.1.2.154. Denote its general 
solution by y,(z). Ifn =1, 2, 3, ..., the general solution of the original equation is given 


d 
by the formula: y = |x? — (a). 
Fy il 
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226. 


227. 


228. 


229. 


230. 


231. 


232. 


233. 


234. 


(l-a?)y!! —2a(1-a)y’ + [vv + (1-2) - p? ly = 0. 
The Legendre equation, v and jt are arbitrary parameters. 


The transformation x = 1—2€, y = |x? — 1|“/w leads to the hypergeometric equation 
2.1.2.171: 
&(€ — lwee + (ut DA 26)we + (Y- pw + w+ Iw = 0 
with parameters a = w—v, B=pt+v4+l1,y=ptl. 
In particular, the original equation is integrable by quadrature if vy = w orv =—p-1. 


In Subsection $.2.9, the Legendre equation are discussed in more detail. See also the 
books by Abramowitz & Stegun (1964) and Bateman & Erdélyi (1953, Vol. 1). 


a(x? —1)*y"” + ba(a* - Dy’, + (ca? + dx + e)y = 0. 


The transformation € = (x +1), w=|x+1["|a2—-1]/%y, where p and q are parameters that 
are determined by solving the second-order algebraic system 


4aq(q—1)+2bg+ce+d+e=0, (p—q)[2a(p+q—-1)+b]=d, 
leads to the hypergeometric equation 2.1.2.171 with respect to w = w(E). 


(ax? + b)’y’!, + (ax + c)(ax* + by’, + ky = 0. 


obs! dx caer ; 
The substitution € = / aes leads to a constant coefficient linear equation of the form 
ax 


2.12.11: yee teyg + ky =0. 


(ax? + b)’y’!, + (ax* + b)(cx* + dy’, + 2(bc - ad)xy = 0. 


Particular solution: yo = exp (- / a4 dx) ; 
(2? +a)y”, + bu” (x? + a)y’, —(bx™*! + ay = 0. 
Particular solution: yo = V x22 +a. 

7 n+1 


(2? +a) yl", + bx" (a? + a)y’, —m[bx™*! + (m - Da? + aly = 0. 


Particular solution: yo = (a? + a)! a 


(x —a)*(x — b)’y””, —cy = 0, ab. 


The transformation € = in a= , y=(a2—5)n leads to a constant coefficient linear equation: 
rt 
(a- b(n. - Ne) —cn =0. Therefore, the solution is as follows: 


y= Ci a = a|l)/2 14 = p-rv/2. + Coax _ alt 1¢ _ ptry/2, 
where \? = 4c(a— 6)? +140. 


(2 —a)'(a — b)y’”, + (x —a)(a — b\(2x + Ay’, + wy = 0. 
Let k, and ky be roots of the quadratic equation (a — b)*k? +(a—batb+A)k + w=0. 


Solution: 
_ Ci\z|" + C>|2|" if kj #ko, 
Y= VielF(Ci4+CyInlal) if ki =k =k, 


where z = (x—a)/(a—b). 


(ax* + bx +c)?y" + Ay =0. 


; dx : 
The transformation € = i) ———., w= — leads to a constant coefficient 


aw? +brt+e’ \/lax? + bx +e} 


linear equation of the form 2.1.2.1: Wee +(A+ac— 4b°)yw =0. 
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235. (a7 -1)?y/! + 2a(a* - Dy’, + [(x? - 1)(a7x? - A) - m7 ]y = 0. 


Equation for prolate spheroidal wave functions, m = 0,1, ... It arises when separating 
variables in the wave equation written in the system of prolate spheroidal coordinates. 


1°. In applications, one usually looks for eigenvalues A= Am», and eigenfunctions y = Ymn(Z) 
that assume finite values at x = +1. The following functions are solutions of the eigenvalue 


problem: 
SY (a, r)= S- dy" (a)P™_(£) (prolate angular functions of the first kind), 
r=0,1 
S® (a, L)= S- di" (a)Q?" .(z) (prolate angular functions of the second kind), 


where P/”(x) and Q?"(a) are the associated Legendre functions of the first and second kind. 


For-1 <a <1, wehave P?"(x)=(1- g2yr/2 _ P,,(«). The summation is performed over 


either even or odd values of r, depending on whether |n — m| is even or odd, respectively. 


2°. The following recurrence relations for the coefficients dz = d”"(a) hold: 
andes + (BR -Amn)de + Vede-2 = 0, 


where 

_ @Qmt+k+lQm+k+t2) 

~ (2m+2k+3)\2Q2m+2k+5)’ 

52(m+k\(mt+k+1)-2m?-1 
(2m+2k—-1)2Qm+2k+3) ’ 


Ok 


Be =(m+k\m+k+1)+a 


a2k(k — 1) 


Yk = Om + 2k —3)(2m+2k—1)' 


3°. For a — 0, the eigenvalues are defined by: 


Lj. Gn DemeD 


Areas ONT) |B ne) 


5 Jo? +0(c4). 


4°. For a — ov, we have: 
2 172 1 2 2),-1 2 
Amn = aqg+m — -(q° +5)- gag’ + 11-32m*)a +O(a Vs g=2(n-—m)+1. 
© References: H. Bateman and A. Erdélyi (1955, Vol. 3), M. Abramowitz and I. A. Stegun (1964). 


236. (a? +1)? y", + 2x(a* + Dy’, + [(x? + I)(a2a? — A) + m7 Jy = 0. 
Equation of oblate spheroidal wave functions, m = 0, 1, ... The transformations x = +72, 
a = Fia lead to equation 2.1.2.235. 


See the books by Bateman & Erdélyi (1955, Vol. 3) and Abramowitz & Stegun (1964) 
for more information on this equation. 


237. (az? + ba +c)*y”, + (Qax +k)(ax* + bx +c)y’, +my = 0. 


dx 
The substituti - [{ 
e substitution gee TO 


form 2.1.2.11: yg. + (k — b)yz + my = 0. 


leads to a constant coefficient linear equation of the 
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2.1.2-8. Other equations. 


238. 


239. 


240. 


241. 


242. 


243. 


244. 


245. 


6,,47 5,/ _ 
LY, —Y¥, tay = 0. 


The transformation € = x”, w = yx leads to a constant coefficient linear equation of the 


form 2.1.2.1: 4wee +aw =0. 


xy” + (307 + ajay’, + by = 0. 


The substitution € = ~~ leads to a constant coefficient linear equation: Aye = 2aye +by =0. 


3 3 
b, (1 - Qn - Bn AnAn- 
yty!,y ee On Bn——— =0, 
a COnk- An (byx — a1)(b2x — a2)(b3x - a3) “> bn - An 


3 
where (an + Bn) = I; lan| ts lbn| > 0, An = Anbn+t = Ani10y, # 0, An = an, bn+3 = bn. 
Qa, QA2 a3 


n=1 
x — 
Bi Bo Bs pao () 


Riemann’s equation. Denote this equation by: 
a; a 43 
by by bs 
For a; = b2 = 0, a3 = 63 = 1, a) =03=0, ag =a, B81 =1-7, fo = 6, and 3 =y—-a-B, 
equation (1) transforms into the hypergeometric equation 2.1.2.171. 
The transformation 


_ Ac+B _ [bie — ay|"[b3x — a3)? 
~ Cr+)’ 7 |box — ag|"*s 


g 


Ys (2) 


where AD — BC + 0, brings the original equation into an equation of similar form: 


{ Aj Ay A3 € \ -0 (3) 


a,;+r Q2-Tr—-SsS a3t+s 


By, Bp B; By +r Bo-r-s B3+8 WwW 


where A,, = Aan + Bbn, By = Can+Dby. 
In (2), assume r =—a1, 8=—a3, A=b,/A3, B=-a,/A3, C =—b2/Ad, and D =ay/A> 
to obtain the hypergeometric equation (3). 


ary” +c(ax +b)" 4y = 0. 
The transformation € = 7 , we g leads to an equation of the form 2.1.2.7: 
ax+b axt+b 


Wee + cb?" w = 0. 


2 -1 = 
ary” ary’, -(ba” +2br”! + abs + a)y = 0. 


Particular solution: yo = ze?”. 


n, I 


ery!’ +(ax + by’, -ay = 0. 


Particular solution: yo =az+0. 


ay”, +(ax”! + bay’, + (a - by = 0. 


Particular solution: yo = a, 


n, I 


ery! +(22"! +a27 + bx)y!, + by = 0. 


Particular solution: yo =a+b/a. 
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246. x” y" + (ax” + by’, + cl(a-—c)x” + bly = 0. 


Particular solution: yo =e”. 


247. a” y’” +(ax” —2" | + abe + b)y’, + a7 bry = 0. 
ar 


Particular solution: yo = (ax + le 


n+m 


248. x” y"! + (ax +Dy!, +ax™(1+ma"")y = 0. 


: : a 
Particular solution: yo = exp (- eer) 
m+1 


249. (ax” + by!’ + (ca” + dy, + Al(c- adja” +d - bAly = 0. 


Particular solution: yo = at 


250. (az” + br + c)y”, = an(n-1)a”y. 
Particular solution: yo =ax"+bx+c. 


n-1 


251. x(a” + ly’ + [(a- bx” +a-n]y’, + b1-a)z”y = 0. 


Particular solution: yo = (a#” + yen, 


252. x(a?" + ayy’, + (2? +a- an)y’, - Ba??1y = 0. 


Solution: y= C(x" +V2"+a)"" +Cr(0" + Verma). 


253. @(a2a*” — Dy”, + a[a2(n + Ia?” +n- ly, — vv + Da?n?a"y = 0. 


Solution: y = y,(ax"), where y,(x) is the general solution of the Legendre equation 
2.1.2.154. 


254. 2*(ax” — ly” +a(apx” + gy’, + (arx” +s)y = 0. 
Find the roots A;, Ay and By, B> of the quadratic equations 
A’ -(q+lA-s=0, B?-(p-1)B+r=0 
and define parameters c, a, 3, and y by the relations 
c=A,, a=(A,+Bi)n", B=(Ai+ Bont, y=14+(Ar-Ay)n™. 


Then the solution of the original equation has the form y = x°u(ax”), where u = u(z) is the 
general solution of the hypergeometric equation 2.1.2.171: z(z-1)ul,+[(a+8+1)z-ylult 
apu =0. 


255. (a +a)*y"!, — bx” [(b- 1x” + a(n - Dy = 0. 


Particular solution: yo = |x” + aie 


256. (axz” + b)?y” + (ax” + b\(cx” + d)y’, + n(be-ad)xz”"y = 0. 


cao" +d ar). 


Particular solution: yo = exp (- rt a 
ax 


257. (a +a)*y"! + ba™ (a +.a)y), — 2" (ba™"! + an —a)y = 0. 


Particular solution: yo = (a#” + a)i/", 


258. (ax” + by” +cx™(ax” + by! + (cx™ -—anz”" - Ly = 0. 


d. 
Particular solution: yo = exp (- if = =) ; 
ax” 
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259. 


260. 


261. 


262. 


263. 


264. 


265. 


z(ax” + b)y!! +(n+Da(a2x — b*)y’ + cy = 0. 


i Th 

The substitution € = - n(———) leads to a constant coefficient linear equation of the 
n ax” 

form 2.1.2.11: yge — b(n + 2)y, + cy = 0. 


n+l 


(ax”™ +ba” +c)y,. 2 Han” + Ba" Tey)y!, +[n(a-a-an)a”1+(n-1)(3-bn)x”]y = 0. 
(anta-—a)x" +(bn- B)a” 7 az]. 


Particular solution: yo = ex / 
2 P ax"! + ba" +e 


(ax” + bz™ +c)y!, +(A-a)y, ty =0. 


Particular solution: yo = 2-4. 


(ax” + ba™ + c)y!, + (X*—a?)y! + (a+ Ay = 0. 


Particular solution: yo =z-—X. 


ax” + bx™ + cy’, +(anz”" + bma™")y’ + dy = 0. 
dx 
Vax" + Vax" +b2™ +c 


leads to a constant coefficient linear equation: 


(ax” + b)™* ty" + (ax + by’, —anma™'y = 0. 
Particular solution: yo = exp [- if arab : 
at Pr(x)y’, + [2Pn(a) + (ax? + br)Qno(a)ly,, + bQn2(ax)y = 0. 


Here, P,,(x) and Q,-2(x) are arbitrary polynomials of degrees n and n — 2, respectively. 
Particular solution: yo =a+b/za. 


2.1.3. Equations Containing Exponential Functions 


2.1.3-1. Equations with exponential functions. 


1. 


yi taer"y=0, A#0. 

Solution: y = Cy Jo(z)+ C2Yo(z), where z =2A71,/ae*/?; Jo(z) and Yo(z) are the Bessel 
functions. 

y.,, + (ae® — b)y = 0. 

Solution: y = CJ, (2fae*/?) + C2Y,, 7; (2/ae*/?), where J,(z) and Y,(z) are the 
Bessel functions. 

yl, + a(Ae*” - ae” )y = 0. 


Particular solution: yo = exp (-<e*"). 


yn, -[a7e”* + a(2b+ De® + Bly = 0. 
Particular solution: yo = exp(ae* + 2). 
2Az 4 be + chy = 0. 
Ag 


Ye = (ae 
The transformation z = e>*, w = z*y, where k = \/c/A, leads to an equation of the form 
2.1.2.108: A2zw'!, + 7(2k + 1yw!, —(az+ byw =0. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


Yi, + (ae + be + ce” — Tr”)y = 0. 


The transformation € = e*”, w = ye*/? leads to a linear equation of the form 2.1.2.6: 
Wee t+A°(ak? + BE + cw = 0. 


Yon + [ae (be +0)” - FA’ ly = 0. 
The transformation € = be*” +c, w = ye**/* leads to an equation of the form 2.1.2.7: 


Wee +a(bA)y7é"w = 0. 


2ax 


Yi, + ay, + be***y = 0. 


The transformation € = e*”, w= ye leads to a constant coefficient linear equation of the 
form 2.1.2.1: ug, + ba~*u = 0. 


2ax 


yi, — ay, + be***y = 0. 


The substitution € = e** leads to a constant coefficient linear equation of the form 2.1.2.1: 
Yet bay = 0. 

yl, + ay, + (be®” +0)y = 0. 

Solution: y=e~%*/? [Ci J, (21 Vb e/2) 405, (2A 1 Vb eee , where v=! V a2 — 4c; 
J,(z) and Y,,(z) are the Bessel functions. 

Yi, — Ui, + (ae + be*®* + F- FN )y =0. 

The substitution z = e” leads to a second-order linear equation of the form 2.1.2.121: 
yl + (az3 + bz 4 t - a™’)y =0. 

Yi, — Yi, + [ae*(ber* +o)” + 4- td] y = 0. 

The substitution z = e” leads to a second-order linear equation of the form 2.1.2.122: 
yl + [az*(bz* +o)" + i - "Jy =0. 

yl, + 2ae**y’, + ae” (ae + Ay = 0. 


Solution: y= exp(—Se” (Ci + C22). 
Yn + (at ber? y’, + ae» (be** + Ay = 0. 
Particular solution: yo = exp (-Se**). 


yl, tae y’ — be"*(ae** + be" + py = 0. 


b 
Particular solution: yo = exp(—e'""). 
Lb 


Yi, + 2ket*y’, + (ae + be” + k7e7#* + kwe"® + c)y = 0. 
k 

The substitution w = yexp(—e"") leads to a linear equation of the form 2.1.3.5: 
Lb 

wit, + (ae + be** +.0)w = 0. 

yl, — (a + 2be**)y’, + be” y = 0. 


b 
Particular solution: yo = exp(—e"*) : 
a 
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18. 


19, 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


2rAQx 


yi, + (ae + rA)y!, — ade”*y = 0. 


Particular solution: yo = ae*” + Ae”. 


yl, + (ae*® — A)y’, + be” y = 0. 
The substitution € =e leads to a constant coefficient linear equation: rye +ady,+by =0. 


yl, + (ae + b)y! + cae” + b-c)y = 0. 


Particular solution: yo =e”. 


yl, + (a + bey’ + Aa - A- be” )y = 0. 


Particular solution: yo = be” + ae". 


yl, + (abe®” +b-3A)y!, + a7A(b- ANe* y = 0. 
Particular solution: yo = (ae** + 1) exp(—ae*). 


2rAx 


Yen + (2ae** - A)y!, + (a7e* + ce”)y = 0. 


This is a special case of equation 2.1.3.28 with b = k =0. 
yl, + (2ae** + b)y’, + [a7e* + a(b + A)e** + cly = 0. 
The substitution w = y exp ( se) leads to a constant coefficient linear equation of the form 


2.1.2.11: wil, + bwi, +cw =0. 


Yen + (ae** + 2b- Ny, + (ce” + abe** + b? - bA)y = 0. 
The transformation € = e*”/A, w = e°*y leads to a constant coefficient linear equation: 
Wee taw, +cw =0. 


yl, + (ae® + b)y’, + [c(a - c)e* + (ak + bc + c- 2ck)e* + k(b-k)ly = 0. 
Particular solution: yo = exp(—ce* — kx). 


yl, + (ae®® + by! + (ae”* + Be” + yy = 0. 
The substitution € = e* leads to an equation of the form 2.1.2.146: Oye +(a&*+b+ Dgéyet 
(a&” + BE + y)y = 0. 


yl, + (2ae** — ry! + (a72e” + be” + cet + k)y = 0. 


» 
The substitution w = yexp(e™ = =) leads to a linear equation of the form 2.1.3.5: 


wi, + (be#* + ce#” +k - Z)w =0. 


yl, + 2ae** + b-A)jy’, + (a2e”* + abe” + ce7H® + det” + k)y = 0. 


b-X 
The substitution w = yexp(Se + r) leads to an equation of the form 2.1.3.5: 


r 
wi, + [ce?® + de#* +k - 4(b-A)]w =0. 
Yen + (ae*™ + bey’, + ae**(be* + A)y = 0. 
Particular solution: yo = exp (-<e). 
yl, + *(ae7#® + b)y’, + ule**(b - ae”) - ply = 0. 


Particular solution: yo =ae“" +be™”. 
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32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44, 


yl, + (aer” + bet® + cy’, + (ade? + be )y = 0. 


b 
Particular solution: yo = exp (-<e* ——el" — cx). 
Lb 


(A+p)e 


yi, + (ae* + be"® + c)y’, + [abe +ace*” + buet* ly = 0. 


b 
Particular solution: yo = exp (-<e" - cr) : 
Lb 


yl, + (ae®® + 2be4* — ry’, + [abe + ce” + be7#* + B(u — AJeM* Jy = 0. 
1°. If \ =0, the equation transforms into 2.1.3.24, and if = 0, into 2.1.3.25. 
1 b 
2°. For \y+0, the transformation €= rae , W=yexp (—en") leads to aconstant coefficient 
Lb 


linear equation: wy, + aw; + cw =0. 


Yn + [abeOt)® + are** + bet — 2Aly!, + a*bAe2™*H%y = 0. 


Particular solution: yo = (ae**” + 1) exp(—ae**), 


yl, + aexp(bx”)y’, + cla exp(bx”) — cly = 0. 


Particular solution: yo =e”. 


(ae** + by”, -anNer*y = 0. 
Particular solution: yo = ae*” +b. 
(a*e* + b)yly, — bAy!, - "key = 0. 


A k -k 
Solution: y=C; (ae** + Vaze2rA# + b) +C, (ae** + Vare2r* + b) 5 


2(ae** + b)y’!, + are” y!, + cy = 0. 


The substitution € = if (ae + by i/ > dx leads to a constant coefficient linear equation of the 
form 2.1.2.1: 2y¢. + cy =0. 


(aer* + byy”, + (ce** + d)y’, + k[(c - ak)e*” + d - bk]y = 0. 
Particular solution: yo = ene 

(ae>* + byy”, + (ce** + d)y’, + (ne** + m)y = 0. 

For the case a = 0, see equation 2.1.3.27. For a #0, the transformation € = ae**, w= ye*, 
where k is a root of the quadratic equation bA7k?+d\k+m =0, leads to an equation of the form 
2.1.2.172: ar&(E+b)wee +A[(2akAt+adtcjé +a(2bkA+brA+d)]we +(ak?d?+ckA+n)w =0. 


(e* + k)y’., + (ae** + bet® + cys, + (are? + bet” - e” )y = 0. 
Integrating yields a first-order linear equation: (e” + k)y!, + (ae*” + be#* —e* +0)y =C. 
(ae** + b)*y!!, + ce**(Ab— ce” )y = 0. 


Particular solution: yo = (ae + b)*, where k = -—<. 
a 


(ae** + b)’y!!, + a(ae>* + b)y’, + ce** (a + AD— ce*”)y = 0. 


Particular solution: yo = (ae** +b)*, where k = -<.. 
a 
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45. (ae®” +b)y””, + (are? + c)(ae + by’, + my = 0. 


dx 
The substitution = [| —~— 
e substitution &€ ee 
2.1.2.1]: yee + eye + my =0. 


leads to a constant coefficient linear equation of the form 


46. (ae®” +b) y”, + ke" (aer* + b)y’, + ce** (ke"” — ce*®” + Ab)y = 0. 


Particular solution: yo = (ae + b)*, where k = -—<. 
a 


47. 4(ae** + b)"y"., + [ke?*(cer* + ad)“ _ (ae*” + b)" ly = 0. 
AE 4b da /2 

5 nae US or ZA leads to an equation of the form 2.1.2.7: 

Awe. + k(AX)?E"'w = 0, where A = ad — be. 


2.1.3-2. Equations with power and exponential functions. 


48. y+ aer*y’ + b(ax”e?® — bx?" + nav” )y = 0. 
b a) 
+1 : : 


+ ade + ba?” +c0")y = 0. 


The transformation € = 


Particular solution: yo = exp (- 
n 


49, yf + 2ae**y’, +(a’e* 


The substitution w = y exp(+e*") leads to a linear equation of the form 2.1.2.10: 
wi + (b2?" + cx™ )w = 0. 
50. yf! + (ax + byer*y’ —ae*”y = 0. 


Particular solution: yo =az+ 0. 


51. y!! + (axe + 2b)y’, + (abre®” — ae** + b*)y = 0. 


Particular solution: yo = ze”. 


52. yl! + (ae + be®)y’ — (aer” + bet )y = 0. 


Particular solution: yo =z. 


53. y!! +(ax” + be**)y’ + (abx"e** + anx”")y = 0. 
a a 
aby : 


54. yy!) + (ax + b) exp(Ax”)y’, - aexp(Ax”)y = 0. 


Particular solution: yo = exp (- 
n 


Particular solution: yo =az+b. 


55. y!! +ax” exp(br™)y’, — ax” exp(bx™)y = 0. 
Particular solution: yo =x. 

56. xy”, —(2ax? + Vy’, + 4bx? exp(2Ax”)y = 0. 
Solution: y= exp(4az’) lo Ja (Z)+OrYa, (| , where z=! Vb exp(Az’); J,(z) and 
Y,(z) are the Bessel functions. 

57. xy +axe*y’ +ae**(1+ Ax)y = 0. 


Particular solution: yo = 7 exp (-Se**). 
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58. «ry +axe*y’, —[a(bx + 1)e** + b(bx + 2)]y = 0. 


Particular solution: yo = ze?”. 


59, xy” + (axe + b)y’ + a(b—- le**y = 0. 


Particular solution: yo =2'®. 


60. xy”, + [a(ba + Der” + bx - 1]y! + ab’xe*”y = 0. 


Particular solution: yo = (bx + le”. 


61. xy”, +[(ax? + br)e** + 2]y’, + ber” y = 0. 


Particular solution: yo =a+b/a. 


62. xy”, +(ax” + be>”)y! +ax”"(be®” +n - Dy = 0. 


Particular solution: yo = exp(—ax"/n). 


63. xy”, + (are + bar™)y’, + [a(bx” — Ne** + bnx” "Ty = 0. 
Particular solution: yo = x exp(—ba"/n). 


64. xy”, + (ax + De** +anx” +1-2n]y, + a?na”1e**y = 0. 


Particular solution: yo = (az” + 1) exp(—az”). 


65. xy”, + (ae + be)y’ + (are + bue"®)y = 0. 


Integrating, we obtain a first-order linear equation: «y/, + (ae*” + be“* —1)y=C. 


66. xy”, + lax” exp(br™) + cly’, + a(c- Dx” exp(bx™)y = 0. 


Particular solution: yo = 21°. 


67. (a+a)y’’, + (be®” + c)y’, + brAe*”y = 0. 
1-c—be** 
gee ee dx) ; 


Particular solution: yo = exp ( / z 
zt+a 


68. 4a7y” + [ax” exp(br”) + 1- n*]y = 0. 


The transformation € = ba”, w = yx 2 leads to a linear equation of the form 2.1.3.1: 
Awe, + a(bn)7e&w = 0. 


69. ay’! +2axy’!, + [(b°e* — v*)c?x? + a(a-1)ly = 0. 


Solution: y=x~" [Ci Jy (be )+CrY_(be“")| , where J,(z) and Y,,(z) are the Bessel functions. 


70. ay’! +axre>*y’ + b(ae*” — b- ly = 0. 
Particular solution: yo = 2°. 

71. a*y!! +a(ae** + 2b)y’, + [a(cx + b)e*” — c?x? + b(b- 1)ly = 0. 

b 


Particular solution: yo =a ’e™. 


4,0 


72. «yy, + (e?/* — py = 0. 
Solution: y=z [Ci J(el/*) + CrY,(e/*)] , where J,,(z) and Y,(z) are the Bessel functions. 


73. ay! + [a exp(2A/x) + bexp(A/xz) + cly = 0. 
The transformation € = 1/z, w = y/ leads to a linear equation of the form 2.1.3.5: 
Wee + (ae? + be +.6)w = 0. 
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74. axiy”’ +ax*e*y’ +[a(b-ax)e* — b’ly = 0. 


Particular solution: yo = x exp(b/z). 


75. (a* +a)y!!, + be** (a? + a)y’, -(bre*” + a)y = 0. 


ae 


Particular solution: yo = V2? +a. 


76. (a +a)*y!!, + B(x” + a)e**y! — x” (bre*” +an-a)y =0. 


Particular solution: yo = (“”" + a)!/", 


77. (axz” + by”, + clax” + be” y’, + (ce®” — ana” - ly =0. 


d. 
Particular solution: yo = exp (- if —~—). 
ax” 


78. (ae +br +c)y”, —arer*y = 0. 


Particular solution: yo = ae™ + br +6. 


79. [(ax + b)e*” + cly”, —cr’y = 0. 


Particular solution: yo = ce" +.aa +b. 


2.1.4. Equations Containing Hyperbolic Functions 


2.1.4-1. Equations with hyperbolic sine. 


1. -y’!, + (asinh’ x + b)y = 0. 


Applying the formula sinh? « = 3 cosh 2x - i, we obtain the modified Mathieu equation 


2.1.4.9: y/!, + (b- 4a+ Facosh2z)y = 0. 


2. yf t+ asinh(Ax)y!, + b[a sinh(Ax) — bly = 0. 
Particular solution: yo =e". 

3. y., + [a sinh” (Ax) + cly!, + absinh”(Ax)y = 0. 
Particular solution: yo =e". 

4, y'! + (ax + b)sinh”(Ax)y!, - asinh”(Ax)y = 0. 
Particular solution: yo =az+0. 


m+1 


5. «xy, +(asinh” « + bx™*")y’, + ba™ (a sinh” x + m)y = 0. 


b 
Particular solution: yo = exp (- gues 
m+1 


6.  sinh*(ax)y”, — by = 0. 


The substitution az = +In 


(z > 0) leads to a linear equation of the form 2.1.2.190: 


+1 
2(27 + Ly! + (327 + Dy! -4a7bzy = 0. 
7. yt, sinh? x - [a” sinh? x + n(n - 1)]y = 0, a+#0; n=1, 2,3,... 
1 d\n 
Solution: y = sinh” x(———) (Cye** + Core™). 
sinhx dx 


8. [asinh(Ax) + ba + cly”, — aX’ sinh(Ax)y = 0. 


Particular solution: yo =asinh(Ax) + bz +c. 
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2.1.4-2. Equations with hyperbolic cosine. 


9. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19, 


Y.., — (a - 2q cosh 2x)y = 0. 
The modified Mathieu equation. The substitution « = 7€ leads to the Mathieu equation 
2.1.6.29: 

Yee + (a —2q cos 2E)y = 0. 
For eigenvalues a = a,,(q) and a = b,,(q), the corresponding solutions of the modified Mathieu 
equation are: 


Ceantp (2, q) = Cermsp iat, g) = >> Adgy? cosh[(2k + p)a], 
k=0 
Seonsp(@, q) = i 8@rnsp(ix,Q) = )_ Boys? sinh[(2k + p)a1], 
k=0 


where p can be either 0 or 1, and the coefficients Agee and Boe are specified in 2.1.6.29. 


The modified Mathieu equation is discussed in the books by Abramowitz & Stegun (1964), 
Bateman & Erdélyi (1955, vol. 3), and McLachlan (1947) in more detail. 


yl, + (acosh’ x + b)y = 0. 


Applying the formula cosh2a# = 2 cosh” z — 1, we obtain the modified Mathieu equation 
2.1.4.9: y+ (Za+b+ tacosh2z)y =0. 


y., + a cosh(Ax)y’, + b[a cosh(Ax) — bly = 0. 


Particular solution: yo =e °*. 


Yn, + [a cosh” (Ax) + cly!, + abcos”(Ax)y = 0. 


Particular solution: yo =e". 


y.., + (ax + b) cosh” (Ax)y’, - a cosh” (Ax)y = 0. 


Particular solution: yo =ax+b. 


y,, + ax” cosh™(Ax)y’, — ax” cosh™(Ax)y = 0. 


Particular solution: yo = x. 


ry, + ax cosh” (Ax)y’, - [a(bax + 1) cosh” (Ax) + b(bx + 2)]y = 0. 
Particular solution: yo = xe°*. 

ry, + [ax cosh” (Ax) + bly’, + a(b- 1) cosh” (Ax)y = 0. 
Particular solution: yo =a!®. 

xy”, + [(ax? + bx) cosh”(Ax) + 2]y’, + bcosh”(Ax)y = 0. 


Particular solution: yo =a+b/a. 


a?y’”, + ax cosh"(Ax)y’, + bla cosh”(Ax) -— b - Ly = 0. 
Particular solution: yo = 2°. 
(a cosh x + b)y’’, + (ccosh x + d)y’, + A[(c - aA) cosh x +d - bAly = 0. 


Particular solution: yo = em, 
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20. 


21. 


cosh*(ax)y”” , —by = 0. 


z 


1 
The substitution x = oA In (0< z< 1) leads to the hypergeometric equation 2.1.2.171: 
a 


l-z 
2(z—1)y!!, +(22-1)y! +a by = 0. 
[a cosh(Ax) + ba + ely”, — ad? cosh(Ax)y = 0. 


Particular solution: yo =acosh(Az) + bx +c. 


2.1.4-3. Equations with hyperbolic tangent. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


y.., + [a tanh(Ax) + bly = 0. 

1 — tanh(Ax) 
1+tanh(Ax)’ 
equation 4k? +b —a = 0, leads to a linear equation of the form 2.1.2.172: 4A7z(z+ lw!!, + 
AM 2k + A)(z + 1yw! + (4k? +44 byw =0. 


The transformation z = w = yz*/’, where k is a root of the quadratic 


yl, — 4a” tanh?(3azx)y = 0. 


Particular solution: yo = sinh(3ax)[cosh(3ax)]!/ 


yt, + [aA -a(a + A) tanh*(Ax)]y = 0. 


Particular solution: yo = [cosh(\x)]-@/ a, 


y!, + [ad - 7 - a(a + A) tanh?(Ax)]y = 0. 


Particular solution: yo = sinh(Ax)[cosh(Ax)]}-*/ es 


y!, + ay’, -MA+ a tanh(Ax)ly = 0. 


Particular solution: yo = cosh(Ax). 


y,, + 2tanh zy’! + ay = 0. 
C; cos(bx) + C> sin(bx) if a—-1=0'>0, 


Solution: ycoshz = { 
C; cosh(bx) + Cy sinh(bx) if a—1=-b? <0. 


yn, +a tanh(Ax)y’, + b[a tanh(Ax) — bly = 0. 


Particular solution: yo =e °*. 


y+ 2tanha y’, + (ax? + br + c)y =0. 

The substitution w = ycoshz leads to a second-order linear equation of the form 2.1.2.6: 
wi) + (ax? +ba+c—1)w =0. 

y., + 2tanh zy’! + (ax” + Dy = 0. 


The substitution w = y cosh leads to a linear equation of the form 2.1.2.7: w!!,, +az"w =0. 


y+ 2tanha y+ (ax + br”! + Dy = 0. 


The substitution w = ycoshz leads to a second-order linear equation of the form 2.1.2.10: 
we (ar be” w= 0; 


y.,, + (2tanh x + a)y’, + (a tanh x + b)y = 0. 


The substitution w = ycosh leads to a constant coefficient linear equation: w/!,, + aw', + 
(b-1)w =0. 
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33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


yi, +atanh”(Ax)y’, - A[A + a tanh” (Ax)]y = 0. 
Particular solution: yo = cosh(A2). 


yi, + [a tanh” (Ax) + cly’, + abtan”(Ax)y = 0. 


Particular solution: yo =e". 


yi, + (ax + b)tanh”(Ax)y’, - atanh”(Ax)y = 0. 


Particular solution: yo =az+ 0. 


y., + ax” tanh” (Ax)y’, - ax” tanh™(Ax)y = 0. 
Particular solution: yo = 2. 


ry, + ax tanh”(Ax)y’, -[a(bx + 1) tanh” (Ax) + b(bx + 2)]y = 0. 


Particular solution: yo = xe?”. 


ry, + [ax tanh”(Ax) + bly’, + a(b- 1) tanh” (Ax)y = 0. 


Particular solution: yo =2!®. 


zy”, + (ax? + bx) tanh” (Ax) + 2]y/, + btanh”(Ax)y = 0. 


Particular solution: yo =a+b/a. 


zy”, +(atanh” z+ bx™*!)y’ + ba (a tanh” x +m)y = 0. 


b 
Particular solution: yo = exp (- oe) 
m+1 


xy! +az tanh” (Ax)y’, + b[a tanh” (Ax) - b - 1]y = 0. 
Particular solution: yo =z. 

(atanh x + b)y’”, +(ctanha + d)y’, + A[(c- aA) tanh + d-bAly = 0. 
Particular solution: yo =e". 

[a tanh(Ax) + bly’, + [ctanh(Az) + d]y’, + [n tanh(Ax) + my = 0. 
1 + tanh(\x) ee 
1—tanh(azy 
4(a— b)k? + 2(c—d)k +n —m =0, leads to a linear equation of the form 2.1.2.172: 


The transformation z= , where k is a root of the quadratic equation 


4\z[(a+ b)z + b—alw!, +2A{[2(2k + A(atb)+c+d]z+22k+ dA\(b-a)+d-chw', 
+[4(a+ bk? +2(c+dktn+mlw =0. 


2.1.4-4. Equations with hyperbolic cotangent. 


44. 


45. 


y.,, + [a coth(Ax) + bly = 0. 

1 — tanh(Ax) ee 
I+tanhaz) 
equation 4k* + 6 — a = 0, leads to an equation of the form 2.1.2.172: 4A7z(z - lw’, + 
AX2k + A\(z—- 1)w! + (4k? +a + bw =0. 


The transformation z = , where k is a root of the quadratic 


yn, — 4a’ coth*(3ax)y = 0. 


Particular solution: yo = cosh(3az)[sinh(3ax)]~!/ i, 
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46. y” +[ad-a(a+t A) coth(Ax)]y = 0. 


Particular solution: yo = [sinh(Ax)]-¢/ a 


47. yy” +[3a\- 7 - a(a+ A) coth*(Az)ly = 0. 
Particular solution: yo = cosh(Ax)[sinh(Ax)}-¢/ a. 

48. yy! + acoth(Ax)y’, + bla coth(Ax) - bly = 0. 
Particular solution: yo =e”. 

49, yy’! +[acoth”(Ax) + cly’, + abcoth”(Ax)y = 0. 
Particular solution: yo =e". 

50. y!,, + (ax +b) coth”(Ax)y!, - acoth”(Ax)y = 0. 


Particular solution: yo =ax+b. 


51. y/., + 2ncotha y’, +(n? -a”)y = 0, n= 1, 2, 3, eee 
1 d 
sinh x dx 


Solution: y= ( \"Cre™ +Cye”). 


52. [a+ bcoth(Ax)]y,, + [c+ dcoth(Ax)]y’, + [n+ m coth(Ax)]y = 0. 
Multiply this equation by tanh(Ax) to obtain equation 2.1.4.43. 


2.1.4-5. Equations containing combinations of hyperbolic functions. 


53. y” —alacosh*(bx) + bsinh(bz)]y = 0. 


Particular solution: yo = exp lF sinh(ba.) F 


54. y” —alasinh*(bx) + bcosh(bz)]y = 0. 


Particular solution: yo = exp FE cosh(b)| : 


55. yi. +(a cosh? x + bsinh* x + c)y = 0. 
Apply the formulas 2 sinh* « = cosh(2x)-1 and 2cosh’ « = cosh(2«) + 1 to obtain an 
—b a 


+b 
equation of the form 2.1.4.9: y+ l= +ce+ ao cosh(22)| y =0. 


56. yy’! + asinh(Ax)y’, — A[A + cosh(Ax)]y = 0. 


Particular solution: yo = sinh(Az). 


57, y+ acosh(Ax)y’, — ALA + sinh(Ax)]y = 0. 
Particular solution: yo = cosh(Az). 
58. yl” —Atanh(Ax)y’, — a” cosh’(Ax)y = 0. 
Solution: y = C exp F sinh(Ax)| + Cy exp -+ sinh(A2)| : 


59, y’’ —tanhz y’ +a’ coth’ z (sinh 2)” 


Solution: y = vVsinhz [ow 1 (= sinh” x) +CoY 1 (= sinh” x) | , where J,(z) and 
Im \™m Im \™m 


Y,(z) are the Bessel functions. 


y =0. 
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60. 


61. 


sinh” (Ax)y"), + [a cosh” “*(Ax) — A? sinh” (Ax) ]y = 0. 


The transformation € = tanh(Az), w = leads to an equation of the form 2.1.2.7: 


a 
cosh(\2) 
Wee + aXr7é"w = 0. 


cosh” (Ax)y””, + [a sinh” “(Ax) — A? cosh” (Ax) ly = 0. 


The transformation € = coth(Ax), w = leads to an equation of the form 2.1.2.7: 


ok Seer 
sinh(\2) 
Wee + aXr7&"w = 0. 


2.1.5. Equations Containing Logarithmic Functions 


2.1.5-1. Equations of the form f(x)y"’,, + g(a)y =0. 


1. 


10. 


yl, -(a’x" In’ x +alnz +a)y = 0. 
. A S 2 2. 
Particular solution: yo =e @* /42%*/?, 
yt - (2 WW’ ¢ tanec”! Inez +ax”)y = 0. 
ntl 


ax 
Fy (tk 


Particular solution: yo = e7 where F' = Gri? rar 


cy”, -(a’x In’ x + a)y = 0. 


Particular solution: yo =e °* 2". 


cy”, —[a7x In?" (bx) + an In” (bx) ly = 0. 


Particular solution: yo = exp E / In” (bz) dz| : 


xy”! +(alnz + by = 0. 


The transformation € = alna+b— + 1/2 


qo W=Yyr 
Wee +a Ew = 0. 


leads to an equation of the form 2.1.2.2: 


zy” +(aln’ ac +bInz+c)y =0. 


The transformation € = Ina, w = yx '/* leads to an equation of the form 2.1.2.6: 
Wee + (ag? + bE +e- tw =0. 


ay”! + [a(bna+c)” + Fly =0. 
The transformation € = bIna +c, w = yx /? 


Wee + ab?&"w = 0. 


leads to an equation of the form 2.1.2.7: 


x’ In(ax)y” +y = 0. 
Solution: y =C; In(az) + C2 In(az) [uncaayy? dz. 


x(axlna + bx + cy’), -ay = 0. 


Particular solution: yo =axlnx+ba+ce. 


z(alng + bx + cy”, + ay = 0. 


Particular solution: yo =alnx+bx +c. 
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2.1.5-2. Equations of the form f(x)y'), + g(x)yi, + h(z)y = 0. 


11. yf, t+aln"(bx)y’, + claln” (bx) - cly = 0. 


Particular solution: yo =e”. 


12. yf) + [aln” (bx) + cly!, + acln”(bx)y = 0. 


Particular solution: yo =e”. 


13. yy!’ + (ax + b)In”(cx)y’, -aln”(cx)y = 0. 
Particular solution: yo =az+b. 


14.0 y! +ax"In™(ba)y’, —ax” | In™(bx)y = 0. 


Particular solution: yo =x. 


15. cy!’ +arhncy’, +a(Inz + ly =0. 


Particular solution: yo = e*”a!**. 


16. xy!’ +(axlna + b)y’, + (abInz + a)y = 0. 


Particular solution: yo =e°*x 


17. xy!’ +(Q2ariIng + Dy! + (a2a ln’? ax +alna +a)y = 0. 


Solution: y = e**a*"(C, +C) Ina). 


18. cy”, +Inx(az + by’, + a(bIn’ x + Ly = 0. 


Particular solution: yo =e** 2°". 


19. cy”, +arin"(bx)y!, +anIn”™"(bx)y = 0. 
Particular solution: yo = exp [-« / In” (bz) dx| : 


n-1 


20. «cy, +acin” cy’ +(aln” x+aniIn™ x)y = 0. 
Particular solution: yo = 7 exp (-a / In” x dx) : 


1 


21. xy +(az" Ine +1y, -axr”™ y =0. 
Particular solution: yo =In2z. 
22, ay” +(arin” x +1)y, -aln”' zy =0. 


Particular solution: yo =In2. 


23. xy’, +(arln” x + by’ + a(b-1)In" xy = 0. 


Particular solution: yo =2!®. 


24. xy”, + [(ax? + bx) In” (cx) + 2]y), + bIn”(cx)y = 0. 


Particular solution: yo =a+b/a. 


25. vy”, + (ax +bIn™ zy, +az™"(bIn™ x +n- Dy = 0. 


Particular solution: yo = exp(—ax"/n). 


26. vy”, +(ax” +briIn™ x)y’ +[b(ax” -1)In™ z + ana” "]y = 0. 


Particular solution: yo = xexp(—axz”/n). 
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27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


ay” +ay’, +aln(bx)y = 0. 
Solution: y=1/In(bx) ou aL 1 (mony) bce 1 1 (Emmeny)], m= 5int2), 


where J,,(z) and Y,,(z) are the F Bessel functions. 


2,00 n-1 


© Vee +ZY), +(aln” « + bIn «x)y = 0. 


The substitution € =Inz leads to an equation of the form 2.1.2.10: Vee + (al? + bE" )y =0. 


ay” +a(2alna + ly’, + (a? +a? In? x + b)y = 0. 


The substitution y =w exp(-$ aln’ x) leads to the Bessel equation 2.1.2.126: Wee + rw, + 


(x* +b-—a)w =0. 


ay” +a2(2mnet+a+ Dy, +(Inct+alnz + by =0. 

The transformation €=In x, w=y exp( + In’ x) leads to a constant coefficient linear equation: 
We, taw, + (b- lw =0. 

ay” +2(2mat+a)y, + [In? x + (a-1)Ina + ba” + cly = 0. 


The substitution w = = yexp($ In’ x) leads to a linear equation of the form 2.1.2.132: 


wl, +axw!, + (bx” eas type 0. 


ay” +axiIn(bx)y, + claln(bx) —c- lly = 0. 


Particular solution: yo =a. 


ay” +2(ax” + binz)y’, + ax” nz —-Inz + Ly =0. 
Particular solution: yo = exp (-5b In? a). 
x(x t+a)y’’ + a(bInz +c)y’, + by = 0. 


bInz+c-1 de). 


Particular solution: yo = exp (- Fi rn 
L+G4 


ay!) + ax" In”(bx)y’, + [a(c- x) In (ba) - cy = 0. 


Particular solution: yo = xexp(c/2). 


(alna + b)y”, +(clna + d)y’, + A[(e- aA) Ina +d- bAly = 0. 


Particular solution: yo =e~**. 


amhay”, —ny’, -a?x(ina)”*'y = 0. 


Solution: y = Cye** +Cye",, where F = fin? cae. 


2 ,2n+1 1,2m+1 
bx In 


x In(ax)y’’, -[nIn(ax) + my!, - (ax)y = 0. 


Solution: y = Ce?” +Cye", where F = pe In™ (ax) dz. 
cl’?acy”’, +(ar+ inc y), + bry = 0. 


dz 
The substitution €= / he leads to a constant coefficient linear equation: yZ, tay; +by =0. 
nz 


In"(ax)y’!, + (6? -— x”)y’, + (a + b)y = 0. 


Particular solution: yo =a—b). 


© 2003 by Chapman & Hall/CRC 


2.1.6. Equations Containing Trigonometric Functions 


2.1.6-1. Equations with sine. 


1 yf! +a’y = bsin(Az). 
Equation of forced oscillations. 


C; sin(ax) + Cy cos(ax) + sin(Ax) if a#A, 


b 
Solution: y= a> — 


b 
C; sin(ax) + Cy cos(ax) — ral cos(az) if a=. 


2. y., + [a sin(Ax) + bly = 0. 


Applying the substitution Av = 2€ + 4m, we obtain the Mathieu equation 2.1.6.29: 
Yeo t (4a\~ cos 2€ + 4b\~)y = 0. 


3. -y!! + (asin? x + b)y = 0. 
Applying the formula 2 sin? = 1 — cos2a, we obtain the Mathieu equation 2.1.6.29: 
Yny + (Za+b- 4acos2x)y =0. 


4, y” +asin(br)y’, + clax” sin(bx) -— cx?" + nx" ]y = 0. 


; : Cc 
Particular solution: yo = exp (- rae 
n+1 


5. yf t+ asin” (bx)y’, + cla sin” (bx) —cly = 0. 


Particular solution: yo =e”. 


6 =- yy, + [a sin” (bx) + cly’, + acsin” (bx)y = 0. 


Particular solution: yo =e”. 


7. yf + (ax + b) sin” (cx)y’, -asin”(cx)y = 0. 


Particular solution: yo =ax+b. 


8 oy’! +ax”sin™(bx)y’, —ax”" sin™(bx)y = 0. 


Particular solution: yo =z. 

9 oy! +axr”sin™(bx)y’, + clax”** sin™ (bx) — cx** + kax*"Yy = 0. 
Particular solution: yo = exp (-— 0"). 

10. xy”, +[(ax? + bx) sin” (cx) + 2]y’, + bsin”(cx)y = 0. 
Particular solution: yo =a+b/a. 

1. xy! +(ax"*! + bsin™ xy, + ax”(bsin™ x + n)y = 0. 


a 
a) 
+1 


12. wy!’ +(ax” + ba sin™ x)y’, + [b(ax” -1)sin™ x + anz 


Particular solution: yo = exp (- 

n 
nly = 0. 
Particular solution: yo = x exp(-axz"/n). 


13. xy” +ax”sin™ (bx) y! —[a(ca + Dx” sin™ (bx) + c?x + 2cly = 0. 


Particular solution: yo = xe“. 
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14. xy” +[ax” sin™ (br) + cly!, + a(c- Da" sin™(bx)y = 0. 


Particular solution: yo = 21°. 


15. ay” +ax(asin” x + 1)y’, + b(asin” x — b)y = 0. 


Particular solution: yo =z”. 
16. xy”, + x(asin” x + b)y’, + b(asin” x - 1)y = 0. 


Particular solution: yo = 2°. 


17. xy”, +ax” sin™(bx)y), +clax”" sin™ (bx) — c — lly = 0. 


Particular solution: yo = x © 


18. vty”, + [asin(A/x) + bly = 0. 
The transformation € = 1/z, w = y/« leads to a linear equation of the form 2.1.6.2: 


Wee + [a sin(A€) + b]Jw = 0. 


19. vty”, + ax* sin” (bx) y’, + [a(c — x) sin” (bx) — c*]y = 0. 


Particular solution: yo = xexp(c/2). 


20. sin(2a)y”, —y/, + 2a’ sin’ x y = 0. 


Solution: y =C; sin(au) + Cy cos(au), where u= fv tana dz. 


21. sin’ ry’ +ay=0. 


This is a special case of equation 2.1.6.23. 


22. sin’ ay’, -[asin’ x + n(n-1)ly = 0, n =1, 2,3,... 
d 


4Y" Cet 4. C1). 


Solution: y = sin” x(— 
sina dx 


23. sin’ xy’! + (asin? x + by = 0. 


Set x = 2€. Applying the trigonometric formulas sin 2€ = 2 sin€ cos€ and 6 = D(sin? € + 
cos’ €)? and dividing both sides of the equation by sin’ x, we arrive at an equation of the form 
2.1.6.131: yee + (btan? € + bcot? €+ 4a + 2b)y = 0. 


24. sin’ xy’! — {[(a7b? -(a + 1)”] sin’ x + a(a + Dbsin 2x + a(a- D}y = 0. 


b. 


Particular solution: yo = e*°” sin* x (cosz+bsin x). 


25. [asin(Ax) + ba + cly”, + aX’ sin(Ax) y = 0. 


Particular solution: yo =asin(Ax) + bz +c. 


26. sin” (az) ee + (a? - b*)y!, -(x+ by = 0. 


Particular solution: yo =x—b. 


27. (asin” x + b)y’”,, + (csin” x + d)y’, + A[(c- aA) sin” « + d—-bAly = 0. 


Particular solution: yo = a, 
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TABLE 19 
The general solution of the Mathieu equation 2.1.6.29 expressed 
in terms of auxiliary periodical functions y;(x) and y2(x) 


. : Period of 
Constraint General solution y = y(x) Index 
yy and yo 


= ee ee 
<1 2px 2px M=pty5t, ~=-l, 
au = el es ica p ee pant os M 


p= tv is a pure 
imaginary number, 
cos(27Vv) = yi (7) 


(Ci cosvx+C) sin vx)p\(x)+ 
+(C; cos vx—C} sin vx)p2(£) 


y(n) =41 Crpila)+Cregr(e) 
2.1.6-2. Equations with cosine. 


28. yy’! +.a7y = bcos(Az). 


Iyn(m)| <1 


Equation of forced oscillations. 


C; sin(ax) + Cy cos(ax) + cos(Av) if a#A, 


b 
Solution: y= a> — 


b 
C; sin(ax) + Cy cos(ax) + 2 sin(ax) if a= X. 


29. yl! + (a-2q cos 2x)y = 0. 
The Mathieu equation. 


1°. Given numbers a and gq, there exists a general solution y(z) and a characteristic index ps 


such that 
ya +m) =e™y(a). 
For small values of g, an approximate value of js can be found from the equation: 
2 
cosh(m1) = 1+2sin?(FrVa) + Gave sin(r/a) +O(q*). 


If y1(x) is the solution of the Mathieu equation satisfying the initial conditions y;(0) = 1 and 
y,(0) = 0, the characteristic index can be determined from the relation: 


cosh(27 1) = y, (7). 


The solution y;(), and hence yz, can be determined with any degree of accuracy by means of 
numerical or approximate methods. 

The general solution differs depending on the value of y,(7) and can be expressed in 
terms of two auxiliary periodical functions y;(x) and y2(z) (see Table 19). 


2°. In applications, of major interest are periodical solutions of the Mathieu equation that exist 
for certain values of the parameters a and gq (those values of a are referred to as eigenvalues). 
The most important solutions are listed in Table 20. 

The Mathieu functions possess the following properties: 


T T 
cem(@, —g) = (L)"cemn( 2, q), corm, —g) = C1)" sean (F-2, a), 


_ us 2 T 
sean(@, —g) = (1)! sen ($2, g),  Seanei(@, -q) = C1)" ceansi(T—2, @), 
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TABLE 20 
Periodical solutions of the Mathieu equation ce,, = ce,(x, g) and se, = se, (x, q) (for odd n, the 
functions ce,, and se,, are 27-periodical, and for even n, they are 7-periodical); certain eigenvalues 
@ = a,(q) and b = b,,(q) correspond to each value of the parameter gq; n = 0, 1, 2, ... 


: : Recurrence relations Normalization 
Mathieu functions ; ere 
for coefficients conditions 
2n_ 2n. 
2 bs Bon one (A2")2453 (Aze y 
Ag” =(Ayn—4).A5"—2q.AG"; el ia 


GA5” = (Gan—4m’) Ax”, == if n=0 
-~gAZ" 5, m>2 1 if n21 


Ce, (2, Q)= yA cos(2m2) 


E gA3"*!=(azns-1-Q Ay; 
Cans (X, i= Ae cos [((2m+1)2] GA = [Qonri—(2m41)"] 
m=0 


2n+1 2n+1 
XAgme Ami M21 


Bi" =(b2n—4) BZ” 
S€27,(@, Q)= 5° Bn sin(2mz), ‘es = m4) Ss In 
m=0 QB 49=(ban—4m Bam 

seg=0 —qBx" >, me22 


os qB3""'=(mn1—-1-q) Bi"; 
Seonti(L, D=>_ Bz} sin [(2m+1)z] gq Bar =[bonsi—(2mM4+1)"] 
eo 


2n+1 2n+1 
XBrmvi I Bam m21 


Selecting a sufficiently large m and omitting the term with the maximum number in the 
recurrence relations (indicated in Table 20), we can obtain approximate relations for the 
eigenvalues a,, (or b,,) with respect to parameter g. Then, equating the determinant of the 
corresponding homogeneous linear system of equations for coefficients A”, (or B”.) to zero, 
we obtain an algebraic equation for finding a,,(q) (or b,,(q)). 

For fixed real g # 0, the eigenvalues a,, and 6,, are all real and different, while: 


if qg>O then agp<b) <a,<bno<a<---; 
if q<O then ap<a, <b) <b) <a. <a3<b3<by<--- 


The eigenvalues possess the following properties: 


@in(-G) = G2n(Q),  b2an(-G) = b2n(Q), Gana (-@) = b2n+1(Q)- 


The solution of the Mathieu equation corresponding to eigenvalue a, (or b,,) has n zeros 

on the interval 0 < x < z (q is a real number). 
Listed below are two leading terms of asymptotic expansions of the Mathieu functions 
ce, (x, g) and se,,(2, g), as well as of the corresponding eigenvalues a,,(q) and b,,(q), as g > 0: 
1 2 Te 
ceo(a, q) = zl -Zcosda), ag(q)=-4 + 4; 


ce;(£, g) = cos a — + cos 32, ay(q)=1+4Qq; 


cos 4a 5¢° 
cea(a, g) = cos 24 + — ri £(1- 3 ), a7(q) = oat 
cos(n + 2)a cos(n — 2)x 2 


ce,,(z, g) = cosnz + — i | |. An(Q) =n? + 


qd 
n+1 n-1 2(n2 — 1) 
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30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


se)(x, g) = sin x — = sin 32, b(~=1-4qG 


2: 
se7(x, q) = sin 2x — 7} sin4dz, 6)(q)=4- aE 
: qysin(n+2)¢ = sin(n—-2)a ; ? 
= a ae gs = ee a = eS > 
se, (Z, g) = sinna 4 | n+1 ee |: bn(q) =n + Ge (n> 3). 


The Mathieu functions are discussed in the books by McLachlan (1947), Whittaker & 
Watson (1952), Bateman & Erdélyi (1955, vol. 3), and Abramowitz & Stegun (1964) in more 
detail. 


yl, + (acos” x + by = 0. 
Applying the formula 2cos?z = 1 + cos2z, we obtain the Mathieu equation 2.1.6.29: 
Yrn + (Za+b+ tacos 2x)y =0. 


yi, +acos™(bx)y’, + cla cos™(bx) — cly = 0. 


Particular solution: yo =e”. 


y),, + [a cos” (bx) + cly’, + accos"(bx)y = 0. 


Particular solution: yo =e. 


y.., + (ax + b) cos” (cx)y’, - acos"(cx)y = 0. 


Particular solution: yo =az+0. 


yl, tax” cos™(bx)y’, — ax” cos™ (bx)y = 0. 


Particular solution: yo = 2. 


yy, tax” cos™(bx)y’, + claxz”** cos™ (bx) — cx”* + kay = 0. 


c 
Particular solution: yo = (- ey 

articular solution: yo = exp(—7—># 
ry”, + ax cos"(bz) y’, — [a(cx + 1) cos™(bx) + c?x + 2cly = 0. 
Particular solution: yo = ze”. 


ry”, + [(ax” + bx) cos” (cx) + 2]y’, + bcos” (cx)y = 0. 


Particular solution: yo =a+b/a. 


zy” +(ax™*! + bcos” xy’, + ax™(bcos™ x + ny = 0. 


a 
Particular solution: = ex (- an), 
Ho P n+1 


zy”, +[ax” cos™ (bx) + cly’, + a(c -— Dx” cos” (bx)y = 0. 


Particular solution: yo = 2°. 


cy, +(ax” + bx cos” «)y’, + [b(ax” - 1) cos” x +anz”"]y = 0. 


Particular solution: yo = xexp(—az"/n). 


zy” +x(acos” x + 1)y! + b(acos” x — by = 0. 
Particular solution: yo = 2°. 


ay” +x(acos” «x + b)y’ + b(a cos” x — Ly = 0. 
Particular solution: yo =z. 
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43. xy! +ax” cos™(bx)y’ + clax”" cos™ (bx) —c—1]y = 0. 


Particular solution: yo=x°. 


44. xy’! +a” cos”(ba) y’, + [a(c — x) cos” (bx) — c*]y = 0. 


Particular solution: yo = xexp(c/2). 


45. cory”, —[acos*x+n(n-1)ly = 0, a ee a ee 
tg 


—) (Cie + Cre tv ) : 


Solution: y= cos” x(—— 
cos x dx 


46. cos’ xy”, +(acos* x + by = 0. 
The substitution x = €+ in leads to a linear equation of the form 2.1.6.23: sin” & Vee + 
(asin’ € + b)y = 0. 


47. [acos(Ax) + bx + cly”,, + aX’ cos(Ax) y = 0. 


Particular solution: yo =acos(Ax) + bx +c. 


48. cos"(ax) y+ (a? —b*)y’, —(x + by = 0. 


Particular solution: yo =x—b. 


49. (acos” x + b)y’”’, + (ccos” x + d)y’, + A[(ce- aA) cos” x + d- bAly = 0. 


Particular solution: yo = e~**. 


2.1.6-3. Equations with tangent. 


50. yf! + aA + (A-a)tan(Ax)]y = 0. 


Particular solution: yo = [cos(Ax)]*/ an 


51. yy’! +(atan’ x + b)y = 0. 


The transformation z = sin’ x, u = ycos* x, where k is a root of the quadratic equation 
k*+k+a=0, leads to the hypergeometric equation 2.1.2.171: 2(z— lju+[(1-k)z- su, - 


+(k + bu =0. 


52. yl! + (a—- A) tan(Az)y!, + avy = 0. 


Particular solution: yo = [cos(Ax)]?/ as 


53. y,, +atana y’, + by = 0. 


1°. The substitution € = sin x leads to a linear equation of the form 2.1.2.168: (€7 — Dyce + 
(1 — a)&ye — by = 0. 


2°. Solution for a = —2: 


Heeee { Ci sin(kx)+Cycos(kr) if b+ 1=k* > 0, 
: C; sinh(kx)+ Cy cosh(kx) if b+1=—-k* <0. 


3°. Solution for a =2 and b=3: y=C;, cos? #+C) sin 2(1+2cos* 2). 


54. yy’ +atancy’ +(btan’?x+cy =0. 


This is a special case of equation 2.1.6.131. 
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55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


yl, —2Atan(Ax) y’, + (ax? + bx + c)y = 0. 

The substitution w = ycos(Az) leads to a second-order linear equation of the form 2.1.2.6: 
wi, t(ar* +br+c+ yw =0. 

ye, — 2Atan(Ax) y’, + (ax? + bx! — dy = 0. 

The substitution w = ycos(Az) leads to a second-order linear equation of the form 2.1.2.10: 


wi, + (ax?” + ba” )w =0. 


y,, + atan”(bx) y’, + cla tan” (bx) - cly = 0. 


Particular solution: yo =e”. 


yi, tatan” (Ax) y’, + bla tan™* (Ax) + (A — b) tan’*(Ax) + Aly = 0. 


Particular solution: yo = [cos(Ax)]°/ oe 


yl, tatan” zy’ +(atan™! «-atan””" x + 4)y = 0. 
Particular solution: yo = sin x cos. 


y.., + [a tan” (bx) + cly!, + actan”(bx)y = 0. 


Particular solution: yo =e”. 


yl, + tanaz (atan” x + b-1)y’! + (abtan”” x — a tan” x + 2b+ 2)y = 0. 


Particular solution: yo = sin x cos? x. 


You + (ax + b)tan”(cx) y’, - a tan”(cx)y = 0. 


Particular solution: yo =az+ 0. 


yi, tax” tan™ (bx) y! — ax" tan™(bx)y = 0. 


Particular solution: yo = x. 
yy, tax” tan™ (bx) y+ clax”** tan” (bx) - ca** + ka*']y = 0. 
7 et) 
x : 
+1 


ry, —2Ax tan(Axr) y’ + (ax + b)y = 0. 


Particular solution: yo = exp (- i 


The substitution w = y cos(Az) leads to a second-order linear equation of the form 2.1.2.64: 
cw t+[(a+)a + blw =0. 


zy”, + az tan”(bx) y’, —[a(cx + 1) tan”(bx) + cx + 2cly = 0. 


Particular solution: yo = xe“. 


zy”, +[(ax’ + bx) tan”(cx) + 2]y’, + btan”(cx)y = 0. 


Particular solution: yo =a+b/a. 


cy +(axz”*! + btan™ xy! +ax"(btan™ x + ny = 0. 


a 
Particular solution: = ex (- get), 
uo P n+1 


ry, + (ax” + bx tan™ x)y’ + [b(ax” - 1) tan™ « + ana” ]y = 0. 


Particular solution: yo = x exp(-axz"/n). 
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70. 


71. 


72. 


73. 


74. 


75. 


76. 


77. 


78. 


79. 


zy”, +[ax” tan” (bx) + cly!, + a(c- 1a" tan™(bx)y = 0. 


Particular solution: yo = 2°. 


ye ~ Aa? tan(Ax) y!, + (ax? + bx + cy = 0. 
The substitution w = y cos(Az) leads to a second-order linear equation of the form 2.1.2.115: 
aw! + (at X2)22 + br + clw = 0. 


ay” +a2(1-2ctanaz)y! —(xtana+v)y =0. 


Solution: ycosx =C,J,(“)+CxY,(x), where J,(x) and Y,(«) are the Bessel functions. 


ay” —-a(2etana +k)y! +(ax* + br +ct+kax tanz)y = 0. 

The substitution w = ycos x leads to a second-order linear equation of the form 2.1.2.131: 
own — kaw, + [(a + 1a? + ba + c]w =0. 

eu, +az(atan” x + ly’ + b(a tan” x - by = 0. 

Particular solution: yo =2°. 

zy” +a(atan” x + b)y’, + b(a tan” x — Dy = 0. 
Particular solution: yo =2°. 


ay” +ax” tan™(bx) y’, + clax”" tan” (bx) — c— ly = 0. 


Particular solution: yo =a. 


xiy”, +ax* tan”(bx) y’, + [a(c — x) tan”(bx) - c7]y = 0. 


Particular solution: yo = xexp(c/2). 


(atan” x + by’! + (ca + dy’, —cy = 0. 


Particular solution: yo =cx +d. 


(atan” x + by’), + (ctan” x + dy’, + A[(c— ad) tan” x + d— bAly = 0. 


Particular solution: yo =e~**. 


2.1.6-4. Equations with cotangent. 


80. 


81. 


82. 


83. 


84. 


y., + a[A + (A- a) cot?(Ax)]y = 0. 


Particular solution: yo = [sin(Ax)]*/ a 


yl, + (acot? x + b)y = 0. 
The substitution «= €+ > leads to an equation of the form 2.1.6.51: Vee +(atan? €+b)y=0. 


y., tcotxy’ +v(v + Dy =0. 
The substitution € = cosx leads to the Legendre equation 2.1.2.154: (€7 — yee + 2€ye — 
vy tly =0. 


yi, + 2a cot(ax) y’, + (b - a?)y = 0. 


b 
Particular solution: yo = cost) 


sin(az) 


yl, + (A-a) cot(Ax) y/, + ady = 0. 


Particular solution: yo = [sin(Ax)]°/ a 
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85. 


86. 


87. 


88. 


89. 


90. 


91. 


92. 


93. 


94. 


95. 


96. 


97. 


98. 


99. 


y., + a cot(Ax) y!, + by = 0. 


The substitution z = Ax + > leads to a second-order linear equation of the form 2.1.6.53: 


yl, —aX tanzy!, +bA7y = 0. 
yl, tacot(Ax) y’, + BLA +(A-a-b) cot?(Ax)ly = 0. 


Particular solution: yo = [sin(Ax)]°/ oe 


yi, tacotz y’, + (bcot? x +c)y = 0. 


This is a special case of equation 2.1.6.131. 


yl, + 2Acot(Ax) y’!, + (ax? + bx + c)y = 0. 


The substitution w = ysin(Az) leads to a second-order linear equation of the form 2.1.2.6: 
wi, t(ar +br+c+ yw =0. 


yl + 2rcot(Ax) y!, + aa” + ba"! — *)y = 0. 
The substitution w = y sin(Az) leads to a second-order linear equation of the form 2.1.2.10: 


wi + (ar” + ba" )w = 0. 


yi, +acot”(bx) y’, + cla cot”(bx) — cly = 0. 


Particular solution: yo =e. 


y, + [a cot”(ba) + c]y!, + ac cot” (bx)y = 0. 


Particular solution: yo =e”. 


y.,, + (ax + b) cot”(cx) y’, - acot”(cx)y = 0. 


Particular solution: yo =az+ 0. 


yy, tax” cot” (br) y), — ax” cot™(bx)y = 0. 


Particular solution: yo = 2. 


yl, tax” cot (br) y), + clax”** cot” (bx) - ca* + ka* ly = 0. 


Particular solution: yo = exp (- = i Be), 


ry, + 2Ax cot(Ar) y’, + (ax + b)y = 0. 


The substitution w = ysin(Az) leads to a second-order linear equation of the form 2.1.2.64: 
cw, +[(a+*)a + blw = 0. 


zy”, + ax cot”(bx) y’, —[a(cx + 1) cot” (bx) + c?x + 2cly = 0. 


Particular solution: yo = ze”. 


zy +(axz”*! + beot™ xy’, +ax™(bcot™ x + ny = 0. 


a 
Particular solution: = ex (- at) 
ue P n+1 


cy, +(ax” + bx cot™ x)y’, + [b(ax” - 1) cot” « +anz”"y = 0. 


Particular solution: yo = xexp(-az"/n). 


ry”, + lax” cot™ (bx) + cly!, + a(e- 1x” cot™ (bx)y = 0. 


Particular solution: yo =a'°. 


© 2003 by Chapman & Hall/CRC 


100. x?y”, + 2Ax? cot(Ax) y’, + (ax? + br + c)y = 0. 


The substitution w = ysin(Az) leads to a second-order linear equation of the form 2.1.2.115: 
rw + ((atr*)2? + bx + clw = 0. 


101. 2?y” + a(2xcotx +k)y’, + (ax* + ba +c+kx cot x)y = 0. 


The substitution w = ysinz leads to a second-order linear equation of the form 2.1.2.131: 
rw tkew', + (at lax? + br +clw =0. 


102. 2?y”’, + x(acot” x + Iy’, + (acot” x — by = 0. 
Particular solution: yo = 2°. 

103. 2?y”’, + x(acot” x + b)y’, + D(acot” x — ly = 0. 
Particular solution: yo =z. 

104. x7y”, +ax” cot (bz) y!, + clax”” cot™ (bx) - c - 1]y = 0. 
Particular solution: yo = 2° 

105. xy”, + ax* cot” (bx) y’, + [a(c — x) cot” (bx) -— c7]y = 0. 


Particular solution: yo = xexp(c/). 


106. (acot” x + b)y’’, + (ccot” x + dy’, + A[(c- aA) cot” x + d- bAly = 0. 


Particular solution: yo = Coe 


2.1.6-5. Equations containing combinations of trigonometric functions. 


107. y””, - alasin*(bz) + bcos(bx)]y = 0. 
Particular solution: yo = exp |-+ cos(bir) : 

108. y”, —alacos*(bx) + bsin(bx)]y = 0. 
Particular solution: yo = exp -+ sin(bar) : 

109. y/), + (asina + by’, + a(bsin x + cos x)y = 0. 
Particular solution: yo = exp(acos Zz). 


110. y”, + (asin” x + bsinx)y’ + b(asin™*! x + cosx)y = 0. 


Particular solution: yo = exp(bcos 2). 


111. y!’, + (acosx + by’ + a(bcos x -sinx)y = 0. 


Particular solution: yo = exp(—asin 2). 


112. y”, + (acos” x + beos x)y’, + b(a cos” x — sin x)y = 0. 


Particular solution: yo = exp(—bsin z). 


113. sinzy!’, +cosxy’,+v(v + Isinz y = 0. 


The substitution € = cos x leads to the Legendre equation 2.1.2.154: (1- Oye. =2£ 9, + 
viv + 1l)jy =0. 
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114. sinz yy, +(2n+)cosxy, +(v-ny\vtn+ sina y =0. 


Here, v is an arbitrary number and n is a positive integer. The substitution € = cos x leads to 
an equation of the form 2.1.2.156: (€7 - Due +2(n+ LE Ye +(n-v\vtnt ly =0. 


115. sin? xy”, +sinzcosz y’, + [v(v + 1)sin’ x — n7]y = 0. 


Here, v is an arbitrary number and n is a nonnegative integer. 
The transformation € = cosz, y = w sin” & leads to an equation of the form 2.1.2.156: 
(6? — l)wee + 2(n + DEwe + (n—-v\(n+v + lw =0. 


116. sin? xy”, +sin x(a cosa + by’! +(acos’ x + Bcosx + yy = 0. 
Set x =2€. Applying the trigonometric formulas 


sin(2€) =2sin€cosé, cos(2€) =cos?€-sin*£, 6 =b(sin? € + cos” £), 
B= (sin? E+cos*&), y= (sin? €+ cos’ €)’, 


and dividing all the terms by sin’ x, we arrive at an equation of the form 2.1.6.131: 


Yee + (b— a) tan € +(b +a) cot E]ye + [(a—B +7) tan’ €+ (a+ +7) cot? €+27—-2aly =0. 


117. cos’? zy”, + asin(2x) y’, + [bcos(2x) + cly = 0. 


Dividing the equation by cos” x and applying the formulas 
sin(2x)=2sinxcosz, cos(2x)=cos*x—sin? x, c=c(sin? x +cos’ 2), 
we obtain an equation of the form 2.1.6.131: y””,, + 2atanz y/, + [(c—b) tan? 2 +b+cly =0. 


118. cos’(ax) y’/, +(n-l)asin2az) y’, + na*[(n - 1) sin*(ax) + cos*(ax)]y = 0. 


Particular solution: yo =cos”(az). 


119. cos? y”, + cosx (asinz + b)y’, + (asin* x + Bsinaz + y)y = 0. 


The substitution « = € + + leads to a second-order linear equation of the form 2.1.6.116: 
sin? bee — sin € (acos€é + bye +(acos* + Gcosé+7)y =0. 


120. sinx cos* xy’, + cos x (a sin’ x + b)y’ + csinz y = 0. 
1°. Dividing the equation by sin x cos*z and assuming b=b(sin?x+cos*x), c=c(sin?x+cos?2), 
we obtain equation 2.1.6.131: y”,+[(a+b) tana + bcota]y/, + c(tan? x + 1)y =0. 
2°. Particular solutions: 
yo = COs” & if c=a(b+1), 
yo = tan? ¢ if c=(a+2)(b-1), 


yo =sin'? ecos**? lg if c=2(a+b-1). 


121. sinx cos* xy’, + cos x (a sin’ x —1)y’, + bsin’ x y = 0. 


Solution: y= C}(cos a)*! + C(cos.2)*, where k, and k» are roots of the quadratic equation 
k*-ak+b=0. 


63 2 " +12 2 «2 2 = 
122. sin’ xcos' x y,,, + (asin x + bcos’ x + csin’ x cos’ x)y = 0. 


Dividing the equation by sin*x cos*x and assuming a=a(sin?x+cos*2), b= b(sin?2+cos?2), 


we obtain equation 2.1.6.131: y”,,+(atan* x+bcot rt+at+b+cy =0. 
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123. sin”(Ax) y”, + [A* sin™(Ax) + a cos” (Az) ly = 0. 


The transformation € = tan(Ax), w = leads to an equation of the form 2.1.2.7: 


y 
os(Ax) 


Wee + aXr7é"w = 0. 
124. cos”(Ax) y+ [A* cos”(Ax) + asin” “*(Ax)ly = 0. 

The substitution Ax = + — A€ leads to an equation of the form 2.1.6.123. 
125. y” +ntanzy’, +a*(cosx)y”y = 0. 


Solution: y = C} sin(au)+C cos(au), where u = Jocos" x dx. 


126. y” +tanz y’, + a’ cos? x(sin x)” 


Solution: y= /sinz (aca (= sin” x) FO (- sin” x) | , where J,(z) and Y,(z) 


are the Bessel functions. 


y=0. 


127. y” +tanzy’, —a(a-1)cot? ry =0. 
C}| sin a|® + C)| sin x|!-@ if a#4, 


Solution: = 
u eee aan ifa=4. 


128. y”, -2acot(2ax)y’, — b’ sin*(2ax)y = 0. 


b b 
Solution: y =C exp [- sin’(ast) + C exp |-- sin"(az)| : 
a a 


129. y”, -neotz y) +a(sinz)”y = 0. 


Solution: y = C; sin(au) + Cy cos(au), where u= [sin adx. 


130. y”, —2cot(2x) y’, + atan’ zy =0. 
The substitution € = cos z leads to the Euler equation 2.1.2.123: eye — Ey, tay =0. 


131. y” +(atanz + beotx)y’, +(atan’ x + Scot? x + yy = 0. 


The transformation €= sin? 2, y=w sin” xcos™ x, where n and m are roots of the quadratic 
equations 
n>+(b-1)n+6=0, m*-(a+l)mt+a=0, 


leads to the hypergeometric equation 2.1.2.171: 
4€(E — lwee + 2[(2n+ 2m+2+b-a)E-2n—b— 1Jwe+ Qnmt+n+m+bm—an-yyw =0. 


yet 


132. sin(2x) y”, -2ny!, + 2a? sin’ x (tanx)”""!y = 0. 


Solution: y =C; sin(au) + Cy cos(au), where u= fran" adx. 


2.1.7. Equations Containing Inverse Trigonometric Functions 


2.1.7-1. Equations with arcsine. 


1 oy! +(ax+b+caresinz)y’, + [c(ax + b)arcsinz + aly = 0. 


Particular solution: yo = exp(—F.az? — bx). 
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2. yf + O(aresin x)” y!, + c[b(aresin xz)” — cly = 0. 


Particular solution: yo =e 


2m 


3. y),, + (aresin x)" y’, + alba (aresin x)” - a +ma™"Vy = 0. 


: ; a 
Particular solution: yo = exp (-———2""'). 
m+1 


4, yy!) + (ax + b)\(arcsinx)” y’, — a(arcsinz)”y = 0. 
Particular solution: yo =az+b. 


5. oy! +ax™(aresinx)”y!, —ax”“(aresin x)" y = 0. 
Particular solution: yo = 2. 


6. ry’, + ax arcsin x y!, — [a(bx + 1) arcsin x + b(bx + 2)]y = 0. 


Particular solution: yo = ze°”. 


7 ay”, +[a(bx + I) arcsin x + bx - 1]y’!, + ab’x arcsin x y = 0. 


Particular solution: yo = (ba + Leo". 


8. xy”, + (ax? + bx) arcsin« + 2]y’, + baresin x y = 0. 
Particular solution: yo =a+b/a. 


9 xy’, + [ax(arcsin x)” + bly’, + a(b- 1(aresinx)”y = 0. 


Particular solution: yo = gi, 


10. xy” +(ax”*! + barcsinx)y! + ax” (barcesin x + n)y = 0. 
: . a 
Particular solution: yo = exp (-—2""). 
n+1 


11. xy!’ +(ax” + bx arcsinx)y’, + [b(ax” - 1) arcsin x + anz”"]y = 0. 
Particular solution: yo = xexp(—az"/n). 


12. ay” + bearesinaz y’! + a(baresinx —a -1)y = 0. 


Particular solution: yo =a“. 


13. 27y”’, + x(baresin x + 2)y’, + [b(ax + 1) aresin x - a*x*]y = 0. 


Particular solution: yo =a le“. 


14. (ax? + b)y”, + c(ax’ + b)(aresinz)”y’, — 2a[cax(aresinx)” + Ly = 0. 


Particular solution: yo = az’ +b. 


4 2 p ‘ 2 
15. xy!’ + ax“ arcsing y’, + [a(b- x) arcsin x — b*]y = 0. 
Particular solution: yo = x exp(b/). 


16. (ax? + b)*y!!, + (ca + d(arcsinx)”y’, — c(arcsin x)” y = 0. 
Particular solution: yo =cx+d. 


17. (a? +a) y”, + O(a? + a)(arcsinx)” y’, —[bx(aresin xz)” + aly = 0. 


ae 


Particular solution: yo = V2? +a. 
18. (ax* + b)*y!!, + clax? + b\(aresin x)” y’, + [c(arcsin x)” — 2ax — 1]y = 0. 


d. 
Particular solution: yo = exp (- ri = =): 
ax 
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2.1.7-2. Equations with arccosine. 


19. y!’ + (ax +b+carccosx)y’, + [c(ax + b) arccos x + aly = 0. 
Particular solution: yo = exp(—Fa2" — bx). 


20. yf, + b(arccos x)” y’, + c[b(arccos x)” - c]y = 0. 


Particular solution: yo =e. 


g2™ 


21. yy!) + b(arccos x)" y’, + alba” (arccos x)” - a +ma™"]y = 0. 


: : a 
Particular solution: yo = exp (-——2"™"). 
m+1 


22. yf, + (ax + b)\(arccosx)” y’, — a(arccos x)" y = 0. 


Particular solution: yo =az+b. 


a” n mm, n-1 m,, — 
23. Y,, + ax™(arccos x)" y,, — ax” (arecos £)"’y = 0. 


Particular solution: yo = 2. 


24. xy’, +axarccosx y’, —[a(bax + 1) arccos x + b(bx + 2)]y = 0. 


Particular solution: yo = ze?”. 


25. «xy! +[a(bx + 1)arccos x + br — 1]y’, + ab’x arccos z y = 0. 


Particular solution: yo = (bx + le”. 


26. xy”, + [(ax? + bx) arccos x + 2]y’/, + barccos x y = 0. 
Particular solution: yo =a+b/a. 


27. xy, + [ax(arccos x)” + bly’, + a(b- 1)(arccosx)"y = 0. 


Particular solution: yo = 21°. 


28. xy”, + (ax™*! + barccos x)y’, + ax™(barccos x + N)y = 0. 


: ; a 
Particular solution: yo = exp (-——2""). 
n+1 


29. xy”, + (ax™ + br arccos x)y’, + [b(ax” — 1) arccosz + anz” "ly = 0. 
Particular solution: yo = xexp(—az"/n). 


30. ay’! + bx arccosz y’, + a(barccos x — a — 1)y = 0. 


Particular solution: yo =a“. 


31. xy! + x(barccos x + 2)y’, + [b(ax + 1) arccos x - a’xz"]y = 0. 


Particular solution: yo =a le“. 


32. (ax? + by’, + cla? + b\(arceos x)” y’, — 2a[cx(arccos x)” + Ly = 0. 


Particular solution: yo = aa + b. 


33. ay!’ +ax7 arceos xy’, + [a(b— x) arccos x — b*]y = 0. 


Particular solution: yo = xexp(b/2). 


34. (ax? +b)y”, + (ca + d)(arccosx)”y’, — c(arccos x)” y = 0. 


Particular solution: yo = ca +d. 
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35. (a* +.a)*y!!, + b(a” + a)(arccosx)”y’, — [bx(arccos x)” + aly = 0. 
Particular solution: yo = V2? +a. 


36. (ax? +b)y”, + c(ax* + b)(arccos x)” y’, + [c(arccos xz)” — 2ax - 1]y = 0. 


d. 
Particular solution: yo = exp (- if — =): 
ax 


2.1.7-3. Equations with arctangent. 


37. yy! + (ax +6+ carctanz)y’, + [c(ax + b) arctanz + aly = 0. 
Particular solution: yo = exp(—Saa? — bx). 


38. yy’, + O(arctanz)”y’ + c[b(arctan x)” -cly = 0. 


Particular solution: yo =e”. 


g2™ 


39. yy’! + O(arctanz)”"y’ + albx™ (arctan x)” - a +ma™"Vy = 0. 


: : a 
Particular solution: yo = exp (-——2""). 
m+1 


40. y!) + (ax + b)(arctanz)”y’ - a(arctanz)”y = 0. 


Particular solution: yo =az+. 


41. yy! +ax™(arctanz)y!, - ax”"(arctan x)"y = 0. 


Particular solution: yo = x. 


42. xy’), +ax arctan y’, -[a(bx + 1) arctana + b(bx + 2)]y = 0. 


Particular solution: yo = xe°*. 


43. xy” ,+[a(bx + l)arctanz + ba - 1]y’, + ab’z arctanz y = 0. 


Particular solution: yo = (ba + He". 


44. xy” + [(ax? + br) arctanz + 2]y’, + barctanz y = 0. 


Particular solution: yo =a+b/a. 


45. xy’, +[ax(arctanz)” + bly’, + a(b-1)(arctanx)”y = 0. 


Particular solution: yo = 21°. 


46. xy! + (ax”*! + barctan x)y’, +ax”(barctanz + n)y = 0. 
Particular solution: yo = exp (-——2""). 
n+1 
47. xy” + (ax + br arctanax)y’, +[b(ax” — 1) arctanz + anz” "Jy = 0. 
Particular solution: yo = xexp(-az"/n). 


48. xy), + ax(arctan” x + b)y’ - a(arctan” x + b)y = 0. 


Particular solution: yo =z. 


49. xy’, +barctan” zy’, + a(barctan” x -azx)y = 0. 


Particular solution: yo =e °”. 
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50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


xy’, + a(arctan” x + br)y’, + abarctan” x y = 0. 
Particular solution: yo =e °*. 


zy” +barctan” xy’, + ax(barctan” x — ax’ + Ly = 0. 


Particular solution: yo = exp (-4a2°). 


ay” + bx arctanz y’, + a(barctanz — a -1)y = 0. 
Particular solution: yo =a“. 


ay” + a(barctana + 2)y’), + [b(ax + 1) arctan - a7x7]y = 0. 


Particular solution: yo =a le“. 


xy! + azx(arctan” x + b)y’, - a(arctan” « + b)y = 0. 


Particular solution: yo =z. 

xy” + barctan” x y’, + a(barctan” x - ax”)y = 0. 
Particular solution: yo =e °”. 

ay” + a(arctan” «x + bx”)y’ + abarctan” x y = 0. 


Particular solution: yo =e”. 


ay” + a[(ax +b) arctan” x + 2]y’, + barctan” x y = 0. 


Particular solution: yo =a+b/a. 


(2? + Dy’), —[a*(a? + (arctanz)” + aly = 0. 


a/2 


Particular solution: yo = (a? +1)’ exp(az arctan 2). 


(ax* + byy”, + c(ax” + b)(arctan x)” y’, — 2a[cx(arctanx)” + 1]y = 0. 
Particular solution: yo = az’ +b. 

4,0 2 , 2 
xv’y,, + ax arctan x yy, + [a(b - x) arctan x — b*]y = 0. 


Particular solution: yo = xexp(b/2). 


(2? +1)y’””, + [a(arctanx)” + barctanz + cly = 0. 


: y ‘ 
The transformation € = arctanz, w = ——— leads to an equation of the form 2.1.2.6: 
Vur+1 
wee + (a€? + bE +c+ lw =0. 
(2? +1)?y’”” + [b(arctan)” — Ly = 0. 
, y ‘ 
The transformation € = arctanz, w = ——=— leads to an equation of the form 2.1.2.7: 
Vur+1 


we, + DE"'w = 0. 

(ax* + b)’y’), + (cx + d)(arctanz)” y’, — c(arctanz)”y = 0. 

Particular solution: yo =ca+d. 

(2? +a)y”, + O(a? + a)(arctanz)” y’, — [bx(arctan x)” + aly = 0. 
Particular solution: yo = V x22 +a. 

(ax* + b)’y!!, + c(ax? + b)arctanz)”y’, + [c(arctanx)” —2az - 1]y = 0. 


d. 
Particular solution: yo = exp (- ri = =): 
ax 
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2.1.7-4. Equations with arccotangent. 


66. yy! +(ax+b+carccotx)y’, + [c(ax +b) arccotx + aly = 0. 
Particular solution: yo = exp(—Fa2" — bx). 


67. -y/.,, + b(arccot x)” y’, + c[b(arccot x)” - cly = 0. 


Particular solution: yo =e 


gem 


68. y+ W(arccot x)" y’, + albx™(arccot x)” — a +ma™"]y = 0. 


: i a 
Particular solution: yo = exp (-——2"™"). 
m+1 


69. yf!) + (ax + b)\(arccot x)” y’, - a(arccot z)"y = 0. 


Particular solution: yo =az+b. 


70. yf, t+ax™(arccot 2) y!, - ax”"(arccot z)"y = 0. 


Particular solution: yo = 2. 


71. xy), + ax arccot x y’, -[a(bx + 1) arccot x + b(bx + 2)]y = 0. 


Particular solution: yo = ze?”. 


72. xy”, +[a(bx +1) arccot x + bx -1]y!, + ab’z arccot x y = 0. 


Particular solution: yo = (ba + pe. 


73. xy” ,+[(ax? + bx) arccot x + 2]y’, + barccot x y = 0. 


Particular solution: yo =a+b/a. 


74. xy’), +[ax(arccotx)” + bly’ + a(b-1)(arccotx)”y = 0. 


Particular solution: yo =2'°. 


75. vy”, +(ax™*! + barccot xy), +ax™(barccot x + n)y = 0. 


Particular solution: yo = exp (-—2"") 
; n+1 , 


| 


76. xy, +(ax” + bx arccot x)y’, + [b(ax” — 1) arccota +anx”” ly = 0. 


Particular solution: yo = xexp(—az"/n). 


77. ay’! + be arccotz y’, + a(barccot x —a — Dy = 0. 


Particular solution: yo =a“. 


78. xy! + x(barccot x + 2)y’ + [b(ax + 1) arccot x - a’x”]y = 0. 


1 -az 


Particular solution: yo =% ~e— 


79. (ax? + b)y’!, + c(ax? + b\arccotx)”y’, — 2a[ca(arccot x)” + 1ly = 0. 


Particular solution: yo = ax’ +b. 


80. «ty!! +ax arccotz y’, + [a(b— x) arccot x — b*]y = 0. 


Particular solution: yo = x exp(b/2). 
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81. (a7 +1)*y”, + [a(arccotx)* + barccot x + cly = 0. 


ae 


: y : 
The transformation € = arccotz, w = leads to an equation of the form 2.1.2.6: 
Var+1 
Wee + (ak? + bE+c+ lw =0. 
82. (a7 +1)*y’!, + [b(arccot x)” - Ly = 0 
3 y E 
The transformation € = arccotz, w = leads to an equation of the form 2.1.2.7: 
Vur+1 


Wee + bE"w = 0. 
83. (aa + by’. + (ca + d)(arccot x)” y’, — c(arccot x)” y = 0. 
Particular solution: yo =ca+d. 


84. (a* +.a)*y!!, + b(a” + a)(arccot x)” y’, — [bx(arccot x)” + aly = 0. 


ae 


Particular solution: yo = V2? +a. 
85. (ax? +b)y” + c(ax* + b)(arccot x)” y’, + [c(arccot x)” — 2ax — 1]y = 0. 


Particular solu ( ae 
articular Solution: Yo = exp -/[{—). 
ax* +b 


2.1.8. Equations Containing Combinations of Exponential, 
Logarithmic, Trigonometric, and Other Functions 


1. Yen + aer*y’ + b[b + ae tan(bx)]y = 0. 


Particular solution: yo = cos(bx). 


2. You t ae” y’, + b[b - ae*® cot(bx)]y = 0. 


Particular solution: yo = sin(bx). 


3. yl, tacosh”(Ax) y’, + b[b + a cosh” (Ax) tan(bx)]y = 0. 


Particular solution: yo = cos(bx). 


4. y),, + acosh” (Ax) y’, + b[b - acosh”(Ax) cot(bx)]y = 0. 


Particular solution: yo = sin(bx). 
5. y.., + @cosh” (kx) y’, + be**[a cosh” (ka) — be*” + Aly = 0. 


Particular solution: yo = exp (fe). 


6. y., +a sinh” (Ax) y’ + b[b + a sinh”(Ax) tan(bx)]y = 0. 


Particular solution: yo = cos(bz). 


7. y,, +a sinh” (Ax) y’, + b[b- a sinh” (Ax) cot(bx)]y = 0. 


Particular solution: yo = sin(bz). 
8. oy! + asinh” (ka) y!, + be**[a sinh” (kx) — be*” + Aly = 0. 


b 
Particular solution: yo = exp (-se). 


9 yy” +atanh”(Ax) y’, + b[b + a tanh”(Ax) tan(bx)]y = 0. 


Particular solution: yo = cos(bx). 
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10. yf), + atanh” (Ax) y’, + b[b - a tanh” (Ax) cot(bx)]y = 0. 


Particular solution: yo = sin(bx). 
ll. yf!’ +atanh”(kx) y’ + be**[a tanh” (kx) — be” + Aly = 0. 


Particular solution: yo = exp (fe). 


12. y!’, + acoth”(Ax) y’, + b[b + a coth” (Ax) tan(bx)]y = 0. 


Particular solution: yo = cos(bz). 


13. yy, + acoth”(Ax) y’, + b[b - a coth”(Ax) cot(bx)]y = 0. 


Particular solution: yo = sin(bz). 
14. y!’, + acoth”(kx) y!, + be** [a coth” (kx) — be?” + Aly = 0. 


b 
Particular solution: yo = exp (-5<**). 


15. yy! tain" (Ax) y!, + b[b + aln”(Azx) tan(bx)]y = 0. 


Particular solution: yo = cos(bx). 


16. yy, taln”(Ax) y’, + b[b-aln” (Ax) cot(bx)]y = 0. 


Particular solution: yo = sin(bx). 

17. yf! +aln"(kz) y/, + be**[a ln” (kx) — be*” + Aly = 0. 
Particular solution: yo = exp (se), 

18. y!! +acos"(kx) y’, + be**[a cos” (kx) — be®” + Aly = 0. 
Particular solution: yo = exp (Se). 

19. yf t+asin™ (ka) y! + be?” [a sin” (kx) — be?” + Aly = 0. 
Particular solution: yo = exp (Se). 

20. yy, tatan"(kax) yy! + be?” [a tan” (ka) - be®” + Aly = 0. 
Particular solution: yo = exp (Se). 

21. yl! +acot™(kx) y’, + be**[a cot”(kx) — be*” + Aly = 0. 


Particular solution: yo = exp (Se). 


22, yl’ + (aer** + bin” zy’, + ae**(bIn” x + A)y = 0. 


Particular solution: yo = exp (-<e"). 


23. y+ (ae** + bcos x)y’, + b(ae** cos x — sin x)y = 0. 


Particular solution: yo = exp(—bsin z). 


24. y!! + (ae** + bcos” x)y’, + ae**(b cos” x + A)y = 0. 


Particular solution: yo = exp (-S**). 
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25. y!! + (ae** + bcos” x)y), + bcos” x (ae** cosx — nsinx)y = 0. 


Particular solution: yo = exp (-0 / cos” & dx). 


26. y!! +(ae** + bsinz)y’, + b(ae** sin x + cosx)y = 0. 
Particular solution: yo = exp(bcos 2). 
27. yl! + (ae** + bsin” x)y’, + ae**(bsin” x + A)y = 0. 


Particular solution: yo = exp (-<e*"). 


28. y!!, + (ae + bsin” x)y’, + bsin” z (ae®* sina + ncosx)y = 0. 
Particular solution: yo = exp (-0 / sin” x dx). 


29. y!! +(ae** + btanz)y’, + (b+ 1(ae** tanz + ly = 0. 


Particular solution: yo = cos’*! x. 


30. y!!, + (ae** + btan” zy’, + ae**(btan” x + A)y = 0. 


Particular solution: yo = exp (-<e*). 


31. y!! + (ae** + beot x)y’, + (b- D(ae** cot x - 1)y = 0. 


Particular solution: yo = sin! z. 


32. yl! +(ae** + beot” x)y’, + ae**(bcot” x + Ay = 0. 


Particular solution: yo = exp (-<e). 


33. -y’,, + (acosh” x + bcos x)y’, + b(a cosh” x cos x - sin x)y = 0. 


Particular solution: yo = exp(—bsin z). 
34. y!!, + (acosh” x + bcos” x)y’, +b cos”! x (a cosh” x cos x — msina)y = 0. 


Particular solution: yo = exp (-0 / cos” « dx). 


35. yy’, + (acosh” x + bsinx)y’, + b(a cosh” x sin x + cosx)y = 0. 


Particular solution: yo = exp(bcos 2). 
MW n * mm , es m-l1 n 5 _ 
36. Y., + (acosh” x + bsin™ x)y), + bsin «x (acosh” x sinx + mcosx)y = 0. 


Particular solution: yo = exp (-0 ‘ sin” « dx). 


37. -y',, + (acosh” x + btanx)y’, + (b+ 1)(acosh” x tana + Dy = 0. 


Particular solution: yo = cos?*! x, 


38. yy’, + (acosh” x + beot x)y’, + (b-1)(a cosh” x cot x - 1)y = 0. 


Particular solution: yo = sin’? x. 


39. yy’! + (asinh” x + bcos x)y’, + b(a sinh” x cos x - sin x)y = 0. 


Particular solution: yo = exp(—bsin 2). 
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40. y’! +(asinh” x + bcos” x)y’, + bcos” x (a sinh” x cos xz —msinx)y = 0. 
Particular solution: yo = exp (-0 il cos” & dz). 

41. y’! + (asinh” x + bsinx)y’, + b(a sinh” x sin x + cos x)y = 0. 
Particular solution: yo = exp(bcos 2). 

42. y’! +(asinh” x + bsin™ x)y’, + bsin™"' x (asinh” z sin + mcos x)y = 0. 
Particular solution: yo = exp (-0 J sin” « dx). 


43. yy’! + (asinh” x + btanz)y’ + (b+ I(asinh” « tana + Dy = 0. 


Particular solution: yo = cos?*! x, 


44, y’’ +(asinh” x + beotx)y’ + (b-1)(asinh” x cot x - 1)y = 0. 
Particular solution: yo = sin! x. 
45. y'! + (atanh” « + bcos x)y’, + b(a tanh” x cos x - sin x)y = 0. 
Particular solution: yo = exp(—bsin x). 
46. y!,, + (atanh” x + bcos™ x)y!, +b cos”! x (a tanh” x cosa —msinz)y = 0. 


Particular solution: yo = exp (-0 if cos” & dz). 


47. y'!, + (atanh” « + bsinx)y’ + b(a tanh” x sin x + cos x)y = 0. 
Particular solution: yo = exp(bcos 2). 

48. y’’ +(atanh” z + bsin™ x)y’ + bsin™" x (a tanh” x sin + mcosz)y = 0. 
Particular solution: yo = exp (-0 / sin™ x dx). 


49, y'! +(atanh” x + btanz)y’, + (b+ 1)(a tanh” z tana + Dy = 0. 


Particular solution: yo = cos?*! x, 


50. yy! + (atanh” x + bcot x)y’, + (b- 1)(atanh” x cot x - ly = 0. 


Particular solution: yo = sin! . 


51. yy! + (acoth” x + bcos x)y’, + b(a coth” x cos x - sinx)y = 0. 


Particular solution: yo = exp(—bsin 2). 
52. y!,, + (acoth” x + bcos™ x)y’ +b cos”! x (a coth” x cosz — msin«)y = 0. 


Particular solution: yo = exp (-0 / cos” « dx). 


53. yy’, + (acoth” x + bsinx)y’ + b(a coth” x sin x + cos x)y = 0. 


Particular solution: yo = exp(bcos 2). 


54. y!! +(acoth” x + bsin™ x)y, + b sin”! x (a coth” x sinx + mcos x)y = 0. 


Particular solution: yo = exp (-0 J sin” & dz). 


55. yy’, + (acoth” x + btanz)y’, + (b+ 1)(acoth” x tanz + Dy = 0. 


Particular solution: yo = cos?*! x, 
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56. y’,,, + (acoth” x + bcot x)y’, + (b— D(a coth” x cot x - 1)y = 0. 


Particular solution: yo = sin’? x. 

57. yy’ +(aln” « + bcos x)y’, + b(aln” « cos x — sinx)y = 0. 
Particular solution: yo = exp(—bsin z). 

58.’ +(aln” x + beos™ zy’, + bcos” x (aln” x cosx —msinx)y = 0. 
Particular solution: yo = exp (-0 / cos” x dz). 

59. yy’ +(aln” « + bsinx)y’, + b(aln” x sin x + cos x)y = 0. 
Particular solution: yo = exp(bcos 2). 

60. yf! +(aln” x + bsin™ xy’, + bsin™™ x (aln” x sinx + mcos x)y = 0. 
Particular solution: yo = exp (-0 ’ sin” « dx). 


61. yf +(aln” & + btanz)y’, + (b+ 1)(aln” z tanz + 1)y = 0. 


Particular solution: yo =cos’*! x. 


62. yy +(aln” « + beotxz)y’, + (b- 1)(aln” x cot x - Dy = 0. 


Particular solution: yo = sin! x. 


63. y!y, + ae>* cos(bx) y’, + b[b + ae” sin(bx)]y = 0. 


Particular solution: yo = cos(bz). 


64.) + ae** sin(bx) y’, + b[b - ae>” cos(bx)]y = 0. 


Particular solution: yo = sin(bz). 


65. yy’, + acosh(bx) In”(Ax) y’, — b[b + a sinh(bx) In” (Ax)]y = 0. 


Particular solution: yo = cosh(bz). 


66. y!,, + acosh(bx) cos”(Ax) y/, - b[b + a sinh(bx) cos” (Ax)]y = 0. 


Particular solution: yo = cosh(bz). 


67. Ye + acosh” (Ax) cos(bx) y., + b[b + acosh” (Az) sin(bx)]y = 0. 


Particular solution: yo = cos(bx). 


68. yy’, + acosh(bx) sin” (Ax) y’, — b[b + a sinh(bx) sin” (Ax) ly = 0. 


Particular solution: yo = cosh(bz). 


69. yf’, + acosh” (Az) sin(bx) y’, + b[b — a cosh” (Ax) cos(bx)]y = 0. 


Particular solution: yo = sin(bx). 


70. y!,, + acosh(bx) tan” (Ax) y’, - b[b + a sinh(bx) tan” (Ax) ]y = 0. 


Particular solution: yo = cosh(bz). 


71. y!!, + acosh(bx) cot”(Ax) y’, — b[b + a sinh(bx) cot” (Ax)]y = 0. 


Particular solution: yo = cosh(bz). 
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72. 


73. 


74. 


75. 


76. 


77. 


78. 


79. 


80. 


81. 


82. 


83. 


$4. 


85. 


86. 


87. 


88. 


y.., + a sinh(bx) In” (ka) y!, — b[b + a cosh(bx) In” (kx) ]y = 0. 
Particular solution: yo = sinh(bz). 

y.,, + a@ sinh(bx) cos” (kx) y’, — b[b + a cosh(bx) cos” (kx) ]y = 0. 
Particular solution: yo = sinh(bz). 

y,, + @ sinh” (Ax) cos(bx) y’, + b[b + a sinh” (Ax) sin(bx)]y = 0. 
Particular solution: yo = cos(bx). 

y,,, + a sinh(bx) sin” (kx) y’, - b[b + a cosh(bx) sin” (kx)]y = 0. 
Particular solution: yo = sinh(bz). 

y,, + a sinh” (Ax) sin(bx) y’, + b[b - a sinh” (Ax) cos(bx)]y = 0. 
Particular solution: yo = sin(bz). 

y.,, + a sinh(bx) tan” (kx) y’, - b[b + a cosh(bx) tan” (kx) ]y = 0. 
Particular solution: yo = sinh(bz). 

y),, + a sinh(bx) cot”(Ax) y’, — b[b + a cosh(bx) cot” (Ax) ]y = 0. 
Particular solution: yo = sinh(bz). 

y),, + a tanh” (Ax) cos(bx) y’, + b[b + a tanh”(Ax) sin(bx)]y = 0. 
Particular solution: yo = cos(bz). 


y),, + a tanh” (Ax) sin(bx) y’, + b[b - a tanh” (Ax) cos(bx)]y = 0. 


Particular solution: yo = sin(bz). 


y),, + a coth”(Ax) cos(bx) y’, + b[b + a coth”(Ax) sin(bx)]y = 0. 


Particular solution: yo = cos(bx). 


y.,, + a coth”(Ax) sin(bx) y’, + b[b -— a coth” (Ax) cos(bx)]y = 0. 


Particular solution: yo = sin(bx). 


y., +aIn”(Ax) cos(bx) y’, + b[b + aln” (Az) sin(bx)]y = 0. 


Particular solution: yo = cos(bz). 


y., +aIn”(Ax) sin(bx) y!, + b[b - aln”(Ax) cos(bx)]y = 0. 
Particular solution: yo = sin(bx). 


yl, + (a+ be) In” (kx) y’, + Al(a — be”) In" (kx) — Aly = 0. 
Particular solution: yo = be** + ae”. 
yl, + (a + be”) cos”(kx) y’, + Al(a — be”) cos” (kx) - Aly = 0. 


Particular solution: yo = be” + ae". 


yl, + (a+ be”) sin” (kx) y’, + A[(a — be”) sin” (kx) — Aly = 0. 


Particular solution: yo = be*” + ae”. 


yl, + (a + be”) tan” (kx) y’, + Al(a — be”*) tan”(kx) — Aly = 0. 


Particular solution: yo = be” + ae”. 
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89. 


90. 


91. 


92. 


93. 


94. 


95. 


96. 


97. 


98. 


99. 


100. 


101. 


102. 


103. 


104. 


yl, + (a + be”) cot” (kx) y’, + Al(a — be”) cot” (kx) - Aly = 0. 


Particular solution: yo = be” + ae". 


yl, + (asn’ x + b)y =0. 


The Lamé equation in the form of Jacobi, sn is the Jacobi elliptic function. See the books 
by Whittaker & Watson (1952), Bateman & Erdélyi (1955, Vol. 3), and Kamke (1977) for 
information on this equation. 


Yew + [Ap(a) + Bly = 0. 

The Lamé equation in the form of Weierstrass, (x) is the Weierstrass function. See the 
books by Whittaker & Watson (1952), Bateman & Erdélyi (1955, Vol. 3), and Kamke (1977) 
for information on this equation. 


ry’, + (ax In x + be**)y’, + a(be** Ina + Dy = 0. 


Particular solution: yo = e°* a *”. 


ry” +(1-aze** Inx)y! +ae**y = 0. 


Particular solution: yo =Inz. 


ry, + (ax Ina + bcosh” x)y’ + a(bcosh” «In x + Dy = 0. 


Particular solution: yo =e°* a”. 


ry’, + (1- az cosh” x In x)y’,, + acosh” x y = 0. 


Particular solution: yo =Inz. 


ry, + (axzIna + bsinh” x)y’, + a(bsinh” x Inx + Dy = 0. 


Particular solution: yo =e°*x 


ry, +(1-az sinh” xInx)y’, + asinh” x y = 0. 


Particular solution: yo =Inz. 


ry’, + (azIna + btanh” x)y’, + a(btanh” x Ina + Dy = 0. 


Particular solution: yo =e°*a *”. 


xy, +(1-ax tanh” zInz)y’, +a tanh” « y = 0. 


Particular solution: yo =Inz. 


cy”, +(axInz + beoth” x)y’, +a(bcoth” zInzx + ly = 0. 


Particular solution: yo =e** 2°". 


ry’, +(1-axcoth” «In x)y’, + acoth” x y = 0. 


Particular solution: yo =Inz. 


ry, + (ax Ina + bcos” x)y’, + a(bcos” «Inx + 1)y = 0. 


Particular solution: yo = e°* a *”. 


ry, +(1-axcos” cInx)y’, + acos” xy = 0. 
Particular solution: yo =In2. 


ry, + (ax Ina + bsin” x)y’, + a(bsin” «nz + 1)y = 0. 


Particular solution: yo = e** 2°". 
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105. «yi, +(U-aasin” eIna)y’, + asin” x y = 0. 
Particular solution: yo =Inz. 


106. xy!’ +(axlnaz + btan” x)y’ + a(btan” xInz + 1)y = 0. 


Particular solution: yo = e°*a *”. 


107. xy’), +(-axtan” cInz)y’ +atan” zy = 0. 
Particular solution: yo =In2. 


108. xy!’ +(axlna« + beot” x)y!, + a(bcot” x Inz + 1)y = 0. 


Particular solution: yo =e** 2°". 


109. xy!’ +(1-axcot” cInz)y’ +acot” zy = 0. 


Particular solution: yo =Inz. 


110. 27y”, + a(alnz + be**)y’, + a(be* Inx -Inz + Dy = 0. 


Particular solution: yo = exp(-—Fa In? x). 


111. 2?y”, + x(alnz + beosh” x)y! + a(bcosh” «nz —Inz + Dy = 0. 


Particular solution: yo = exp(—4.a In? 2). 


112. 2?y”’, + (alna + bsinh” x)y’ + a(bsinh” x Inz -Inzx + Dy = 0. 


Particular solution: yo = exp(-Fa In? 2). 


113. vy”, + 2(alna + btanh” z)y’, + a(btanh” zInz —-Inzx + Dy = 0. 


Particular solution: yo = exp(-Fa In? x). 


114. 2?y”’, + x(alnz + beoth” xy’, + a(bcoth” «nz —-Inzx + Dy = 0. 


Particular solution: yo = exp —ja In? x). 


115. 27y”’, + x(alnz + beos” x)y’, + a(bcos” x Ina -Inz + Ly = 0. 
Particular solution: yo = exp(-5a In? x). 

116. xy”, +a(alnz + bsin” z)y’ + a(bsin” x Ina -Inz + ly =0. 
Particular solution: yo = exp(—4.a In’ x). 

117. 2?y”,+a(alnz + btan” x)y, + a(btan” xInz -Inz + Dy = 0. 


Particular solution: yo = exp(-Fa In? 2). 


118. xy”, + x(alnz + beot” x)y! + a(bcot” eInz -Inz + Ly = 0. 


Particular solution: yo = exp(-Fa In? x). 


119. sin? xy”, +sin x (a + be**)y’, + a(be*” — cos x)y = 0. 


Particular solution: yo = cot® ($2). 


120. sin? xy”, +sinz (a+ beosh” x)y’, + a(bcosh” x — cos z)y = 0. 


Particular solution: yo = cot® ($2). 
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121. sin? xy”, +sinz (a+ bsinh” x)y’, + a(bsinh” x — cos x)y = 0. 


Particular solution: yo = cot® ($2). 


122. sin? xy”, +sinz (a+ btanh” x)y’ + a(btanh” x — cos x)y = 0. 


Particular solution: yo = cot® ($2). 


123. sin? xy”, +sinx (a+ bcoth” x)y! + a(bcoth” x — cos x)y = 0. 


Particular solution: yo = cot® ($2). 


124. sin? xy”, +sinz (a+ bin” xy’, + a(bIn” x — cos x)y = 0. 


Particular solution: yo = cot* ($2). 


125. cos? xy”, + cos x (a + be*”)y’ + a(be*® + sin x)y = 0. 


: eh Ks 2 1 1 
Particular solution: yo = cot® (Fx + 47) : 
126. cos? y”, + cos x (a + bcosh” x)y’, + a(bcosh” x + sin x)y = 0. 


Particular solution: yo = cot® (Sx + 47) . 


127. cos’ xy”, + cos az (a + bsinh” x)y’, + a(bsinh” x + sin x)y = 0. 


: ae = 1 1 
Particular solution: yo = cot® (Fx + <7) ; 
2 : = 
128. cos’ xy’, + cos x (a+ btanh” x)y’, + a(b tanh” x + sin x)y = 0. 
: a, =~ 1 1 
Particular solution: yo = cot® (Fx + 47) : 
129. cos? y”, + cos x (a+ beoth” x)y! + a(bcoth” x +sinx)y = 0. 
: Eee 2 1 1 
Particular solution: yo = cot® (5a + 4m) : 
2 ‘ 
130. cos’ xy, +cosz (a+ bin” x)y,, + a(bIn” x + sina)y = 0. 


Particular solution: yo = cot® (Fx + in) : 


2.1.9. Equations with Arbitrary Functions 


> Notation: f = f(x) and g = g(a) are arbitrary functions; a, b, c, d, n,m, k, X, a, 8, and y are 
arbitrary parameters. 


2.1.9-1. Equations containing arbitrary functions (but not containing their derivatives). 


” _ 
1. Von tay =f. 
Equation of forced oscillations without friction. 
Solution: 


C; cos(kx) + Cy sin(ka) + ae f(© sin[k(a — €)] dé if a=k? >0, 
y = < Cy cosh(kz) + C2 sinh(ka) + a f(®sinh[k(@—]dé if a=-k? <0, 
Crt Crt [ @-OfOdé if a=0, 


where Zo is an arbitrary number. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


y., + ay, + by = f. 
Equation of forced oscillations with friction. The substitution y = w exp(—4a2) leads to an 


equation of the form 2.1.9.1: wi, +(b- za’ yw =f exp(5az). 


You + FUL, = 9 
Solution: y=C{ + fe? (Cr+ fePy dx) dz, where F = [ fac. 


Vou + Sy), + af -a)y = 0. 
Particular solution: yo =e °”. 


yt fy, +a(a" f -ax?” +nx”")y = 0. 


a 
Particular solution: yo = exp (- gre) 
n+1 
Yeo tUfy, — fy =0. 
Particular solution: yo = 2. 


yi, t(f tax” + by! +[(ax” + b)f + anz”"]y = 0. 


ght ba) : 


Particular solution: yo = exp (- a 
n+1 


ay” +afy, -[(ax+ If + a(ax + 2)]y = 0. 


Particular solution: yo = xe°”. 


ry, +(af tay, +(a-lfy =0. 


Particular solution: yo = 2). 


zy +(ar+Df +ax-lly, +a’xfy = 0. 


Particular solution: yo = (ax +1)e*. 


cy” + [(ax? + bx) f + 2]y!, + bfy =0. 
Particular solution: yo =a+b/a. 


ry, +(f + axz™*!)y! +axr"(f +n)y =0. 


a 
at 
+1 


ry +(aft+ax”)y’ +[(ax”-Df +anz™"]y =0. 


Particular solution: yo = exp (- 
n 


Particular solution: yo = xexp(—az"/n). 


zy” +[(ax” +1) f +anx” +1-2nly! +a’nx*"" fy = 0. 


Particular solution: yo = (az” + 1) exp(-az”). 


ays, + acy, + By = f. 
The nonhomogeneous Euler equation. The substitution x = e* leads to an equation of the 
form 2.1.9.2: yi +(a—1)y) + By = fre). 


ay”! +ay’, + (x*-v)y = f. 


The nonhomogeneous Bessel equation. The general solution is expressed in terms of Bessel 
functions: y=C,J,(a)+C2Y,(«2)+ 47, (2) / tJ, (“) f(a) dx- $n J,(@) al LY, (x) f (x) dx. 
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17. vy” +afy!,+a(f-a-ly=0. 


Particular solution: yo = 2° 


18. ay”, + a(f + 2a)y!, + [(bx + a) f —b’a* + a(a- Diy = 0. 


Particular solution: yo =2“e°*. 


19. ay” +afy!, + (ar +n)f -a2i" —n? —nly = 0. 


aay 


Paicular soliton aa =a (- 
articular Solution Yo x exp mel 


20. (aa? + br +c)y’), +(a+k) fy, - fy =0. 


Particular solution: yo =x+hk. 


21. vty’! +a fy +[A-2)f -A’ly = 0. 


Particular solution: yo = xexp(A/2). 


22. 2*(ax? + b)y’”, + x(ax* + b) fy’, -[(ax” — b)f + 2bly = 0. 
Particular solution: yo =ax+b/a. 

23. (a* +a)y! +(a7? +a)fy,, -(af +a)y =0. 
Particular solution: yo = V2? +a. 

24. (a + ayy’ + (a? + a)fy’, —-m[af +(m- 1)a? + aly = 0. 
Particular solution: yo = (a? + a)! a 

25. (ax” + b)y’’ +(ax” +b) fy, —anz” "(af +n-Dy = 0. 


Particular solution: yo = ax” + b. 


26. (ax” + br)y”, + (ax” + br) fy’, -[(anx”" + b)f + an(n- Dax” y = 0. 
Particular solution: yo = ax” + ba. 

27. (a +a) yl! +(a" +a)fy,, -2" (af +an-a)y = 0. 
Particular solution: yo = (#”" + a)!/", 

28. (axz” + b)?y” + (ax” +b) fy), +(f —anx”" - Dy = 0. 


d. 
Particular solution: yo = exp (- / ——_). 
ax” 


29. f(xy, + lax? + (ac + b)x + bely’, - (ax + b)y = 0. 
Particular solution: yo = “+c. 

30. yf! + fy), +ae**(f —ae** + Ajy = 0. 
Particular solution: yo = exp (-<e*). 


31. yf! +(f +aer*)y’ + ae**(f +rAy = 0. 


Particular solution: yo = exp (-<e). 


32, y!! + (at be”) fy! + Al(a -— be”) f - Aly = 0. 


Particular solution: yo = be” + ae”. 
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33. (ae** +b) y”, +(ae** + b) fy’, + ce**(f — ce®” + Ab)y = 0. 
Particular solution: yo = (ae** + b) a, 


34. y/’ + f sinh(ax)y’,, - ala + f cosh(ax)]y = 0. 


Particular solution: yo = sinh(az). 


35. y+ f cosh(ax)y’, -ala+ f sinh(az)]y = 0. 


Particular solution: yo = cosh(az). 


36. xy, +(1-falnax)y! + fy =0. 


Particular solution: yo =Inz. 


37. xy +(ftarina)y’, +a(flnx + ly =0. 


Particular solution: yo =e*" 2°. 


38. ay’! + 2a(Ine +a) fy’, + [f-(nz+at2)fly =0. 


Particular solution: yo =a (Inx+a). 


39. ay!’ +a(ft+alnaz)y’ +a(fInz—-Inz + Dy =0. 


Particular solution: yo = exp(-5a In? 2). 


40. yi, + f sin(ax)y,, + ala - f cos(ax)]y = 0. 


Particular solution: yo = sin(az). 


41. y’! + fcos(ax)y’, + ala + f sin(ax)]y = 0. 


Particular solution: yo = cos(az). 


42. yi +(ftasina)y’ + a(f sina +cosx)y = 0. 


Particular solution: yo = exp(acos 2). 


43. yy! +(ft+acosz)y’ +a(f cosa -—sinax)y = 0. 


Particular solution: yo = exp(—asin 2). 
44. yy’! +(f+acos” xy’ +acos”' «x (f cosxz—nsinz)y = 0. 


Particular solution: yo = exp (-a f cos” x dx) . 


45. y!! +(f+asin” zy’ +asin”” x (f sina + ncosx)y = 0. 
Particular solution: yo = exp (-a / sin” x dx) : 


46. sin’ xy’! +sina(f +a)y, + a(f —cosx)y = 0. 


Particular solution: yo = cot* (52). 


47. cos xy” +cosx(at fy’, +a(f +sinz)y =0. 


Particular solution: yo = cot® (Fx + 47) : 


48. y!! + fy +alA+ f tan(Ax) + (A- a) tan?(Ax)]y = 0. 


Particular solution: yo = [cos(Ax)]?/ on 
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49, y! +(ft+atana)y’, +(a+1)(f tana + Dy =0. 


Particular solution: yo = cos“! z. 


50. y// +tana(f+a-Dy! +[(atan’ x—-1)f +2a+ 2]y =0. 
Particular solution: yo = sin x cos® x. 

51. y+ fy) +alA- f cot(Ax) + (A-a) cot*(Az)ly = 0. 
Particular solution: yo = [sin(Ax)]°/ aa 


52. yf +(ft+acotz)y’, +(a-I(f cotx-Dy =0. 


Particular solution: yo = sin!“ z. 


2.1.9-2. Equations containing arbitrary functions and their derivatives. 


53. yy, —(f? + fy = 0. 
Particular solution: yo = exp ( i f dx). 


54. yl” + fy, -la(at+ Df? +aflly =0. 
Particular solution: yo = exp (a / f dr). 


55. yf! +2fyi +(f' + fy =0. 
Solution: y =(C)x+C})exp (- f dx). 


56. yf! +(1-a) fy, -al(f? + fy = 0. 
Particular solution: yo = exp (a if f dr). 


57. yn + fy, +(f9-9° + 9%,)y = 0. 
Particular solution: yo = exp (- / g dx). 


58. oy! +2fyi +(f7+fit+ay=0. 
The substitution w = yexp ( / f da) leads to a constant coefficient linear equation: 


Wye taw =0. 

59. oy! + 2fyl +(f? + fi tax” + ba” ")y =0. 
The substitution w = yexp( / f de) leads to a linear equation of the form 2.1.2.10: 
wi ta(aent br” )w = 0. 

60. yf +Qft+ay +(f? +af + fi +by =0. 


The substitution w = yexp( / f dx) leads to a constant coefficient linear equation: 


wi, tau), + bw =0. 


61. yr, t+ (f+ gu, + (f9 + fy = 9. 
Particular solution: yo = exp (- f f dx). 
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62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


72. 


cy, t+afy +(f+afi,)y =. 


Particular solution: yo = x exp (- | f dx). 


ry, t(af tay +(af+af,)y =0. 


Particular solution: yo = exp (- i} f dx). 


(xt+a)yy+(f+ by, + fy = 0. 


1-b- 
Particular solution: yo = exp ( / et dx). 
r+a 


2,/0 


avy! +afy) +[ef, taf -—a(a+Dly =0. 


Particular solution: yo = 2°*! exp (- / gf dx). 


aT +2axfy, + (af, + fr -ftaxv’?+bxt+cxr)y =0. 


The transformation w = yexp ( / g'f dx) leads to an equation of the form 2.1.2.115: 
rw t(ar +br+cyw =0. 

ay” +a(2f+)y +(f+afi +a —a)y =0. 

The substitution y = w exp (- i xf dz) leads to the Bessel equation 2.1.2.126: x?w!!,, + 
rw!, + (2? —a)w =0. 

ay” +a(2fray tif? t+(a-Df+axfi, + be” +cly =0. 

The substitution w = yexp ( | gif dx) leads to a linear equation of the form 2.1.2.132: 
rw, tacw!, + (b2" + ow =0. 

xy’! + 2a fy’, + [a7(f, + f? +a) + bly =0. 


The transformation w = y exp ( / f dx) leads to a linear equation of the form 2.1.2.115: 


rw, + (ax + byw =0. 


xy! +a2(2f +ax” + by’, + [f? +(ax” +b-)f+afi +aa” + Bx" + Jy = 0. 


The substitution w = yexp ( / gf dx) leads to a linear equation of the form 2.1.2.146: 


awl +(ax” + b)rw!, + (ax” + Bx” +y)w = 0. 
2fy + fyi, +ay =0. 


The substitution € = / f "dx leads to a constant coefficient linear equation: Yee t+ay=0. 


3 
Une -— FY, —af-y = 0. 


Solution: y=Cje"+C,e™, where u= va | f dz. 
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73. 


74. 


75. 


76. 


77. 


78. 


79. 


80. 


81. 


82. 


83. 


$4. 


Fen OF eY%, — OF" = 0. 
Solution: y=Cje"+Cze™, where u= vo | fo dz. 


fre —(f, + af y’, + bf*y = 0. 

Solution: y=C' exp es | fac) +C> exp(z } fac), where A; and A> are roots of the 
quadratic equation A? -a\+b=0. 

fue - (fi t+ af)yl, - bf (at bfyy = 0. 

Particular solution: yo = exp (-0 / f dr). 


Bee ‘= (f;, + 2af)y;, + (af, + a’ f - wf )y = 0. 
Particular solution: yo = e*” exp (0 / f dx). 


fyi, + FU, + ay, + by = 0. 


The substitution €= if f ‘dz leads to a constant coefficient linear equation: Veet aye +by=0. 


Pte + Ffa +29 + ay; + (for +9" +49 + dy = 0. 

The transformation € = i f ‘dz, u=yexp ( i fog dx) leads to a constant coefficient linear 
equation: ug, + au, + bu =0. 

F9Y on —(af.9 + Of gy, — APG? ly = 0. 

Solution: y=Cje"+C,e™, where u= va | fg’ de. 

yl t+ 2fyl + (f+ fi +ace” + ber” +0)y = 0. 

The substitution w = yexp ( i; f dx) leads to a linear equation of the form 2.1.3.5: 
wit, + (ae + be** +.0)w = 0. 

ye fy +@erty =0. 

Solution: y =C; sin (a fef dx) +C cos (a fef dx). 

Uw ~ Fz 4 -aeFy = 0. 

Solution: y=C; exp(a [ e! dx) +C> exp(-a f ef dx). 

fa. i fy = 0. 

Solution: y=C)f+Cof i f° dz. 


A fy, - Ff. - (Ff) + aly = 0. 
Solution: 


C1/f exp($va ff dx) Coal ft exp(-4va f fo dx) if a>0, 
y=< C1J/f cos(4 Vial ff! dx) +Co4/f sin($ lal ff dx) if a <0, 
CVF + CaF f fide if a=0. 
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a 
a Tics 3 


8. Yee f 


Solution: y = JF lev 1 (=r") + CY | (<r)]. where J,,(z) and Y,,(z) are the 
In <7 In <1 
Bessel functions. 

i Fie GN. 5 EY 
= ed Ces ft Fe Pra 
Solution: y=Oi(f+/fita)’+O(f+V/feta)”. 

a” 7 7\2 
87. yf! - | +(2a- v2 |u,+ [2-04 (4) (fF y= 


fi. f 
Solution: y = f°[C\ Jn(f) + C2Ys(f)], where J,(f) and Y,(f) are the Bessel functions. 


” ie ee 3 tee ; 1 2 is ; 1)2 _ 
s wae [m3 (FE) + (Z-@) (FF) sony 
Solution: y= f/f! [Ci Ja(f)+CrYa(f)], where J,(f) and Y;(f) are the Bessel functions. 


7 7\2 wn” ” 2 mw \2 
1 3 1 1 
89. Vig 2 nt | & cee 5a (G-o) (FB) saur yee 


Solution: y=./ fg/g', [(CiJa(g)+C2Ya(g)], where J,(g) and Y;,(g) are the Bessel functions. 


7 ” 7 7 7 ” , mW 7\2 
90. yl, -(224 fee 22) y «(oe 2) Fe (2) +(g,)"| y=0. 
f 9 9g f\ f gf og i 9g 


Solution: y = f[CiJe(g)+ CrYa(g)], where J,(g) and Y;(g) are the Bessel functions. 


ey! + afi) fry = 0. 


Y= 


g’ / 


/ hi, h’ h i 
ot lar ( Bran Se2 Jane] Te (Sevan teat) Ms si] yao 


Solution: y = hg®[C\Ja(g)+ CrYa(g)], where Jy(g) and aa are the Bessel functions. 


2.1.10. Some Transformations 


> Notation: f, g, and hare arbitrary composite functions of their arguments, which are written in 
parentheses following the name of a function (the argument is a function of x). 


1 yf +a 4 f(1/z)y = 0. 
The transformation €=1/z, w = y/« leads to the equation Wee + f(w = 0. 


=A “4 ax +b 
2 oy +(cx 4d) t( jy =0 
ce+d 
The waesiormanonee Y  leadst | ti 1 +A f(Qw=0, 
e transrormation ¢c = Ww = — leads oasim er equation: We W = 
cx +d’ cx+d De 


where A = ad— be. 
3,0 ay! + + [x 2n Fax” +b) +5- in|y = 


n-l 
The transformation €=az"+b, w=yx 2 leads toasimpler equation: We etH(an)-  f(€)w=0. 
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10. 


11. 


12. 


*y t+ U(aftay,+(ag+byy=0, f=f@,g=9(2). 
The substitution y = x*w, where k is a root of the quadratic equation k* + (a—1)k +b =0, 
leads to the equation ww! +(af+a+2k)wi,+(g+kf)w =0. 


EPr(Z)Yy, + Qn(a)y), + Rna(a)y = 0, 


n n n-1 
Pr(£) = bis AQmz™, Qn(x) = S bmx™, Rn«(x) = S Cmx™ 
m=0 m=0 m=0 


The substitution y = x* 


w, where k = 1 — bo/ao, leads to an equation of the same form: 
tPy(t)Wee + [Qn(x) + 2kPp(x)}w; + [Rn1(@) + Frs(z)]w = 0, 

where F,,-;(x) = ka"[Q,(2) + (k — 1)P,(2)]. 

«(x -1Pra(x)yy, + Qn(x)yi, + Rna(a)y = 0, 


n-1 n n-1 
Pp-1(X) = Lame”, Qn(x) = Vbme™, Ryri(«) = ema2™ 


m=0 m=0 m=0 
‘ x a : ‘ f 
The transformation € = ——, w = |x —1|*y, where k is a root of the quadratic equation 
rT 


On_1k? + (bp — Gn—1)K + Gn-1 = 0, leads to an equation of the same form: 


E(E- 1) Pra(Qwee + [211 - B)EPn a — Qn (Owe + [h(E - PaO) + Fra(Olw 


where 


n-1 
Pilea yo oe e =, Onl = Srbme™E- Dae 
m=0 m=0 
n-1 5 a 5 
nm Rn- kQn k(k -—1)Py- 
R= ei. Ao ee eee a ad), 
m=0 


Yee + [eC f(ae** +b) - FX ]y = 0. 
The transformation € = ae*” +b, w = yer! > leads to the equation Wee + (ar)? f(Ow = 0. 
Yow + f(e**)y’, + gle**)y = 0. 


The substitution z = e** leads to the equation \*z7y!, + Az[ f(z) + Aly! + g(2y = 0. 


yi, + [-A* + sinh “(Ax) f (coth(Ax)) |y = 0. 


The transformation € = coth(Az), w = — —— a leads to the equation Wee +A? f(Ow = 0. 
sinh(Ax) 


yt, + [-A? + cosh *(Ax) f (tanh(Ax))]y = 


The transformation € = tanh(Az), w = eS leads to the equation We et A? f (Cw = 0. 
cosh(Ar) 
mu” 1 x err ie Se =) | 0 
+ |-—d\* + ———_ f | ———_ = 0. 
Yaw 4 (cer* + d)4* \cer* +d 3 
Au Aa /2 
+b 
The transformation € = ss w= = leads to a simpler equation: Wee + 


(Ar)? f(w = 0, where A = ad — be. 


fUgy + 2f tanhz + g)y,+(gtanha+h)jy=0, f= f(x), g= g(x), h = h(x). 
The substitution u = ycosh leads toa simpler equation: fu’!,t+gui,+(h—-f)u=0. 
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13. 


14. 


15. 


16. 


17. 


18. 


19, 


20. 


21. 


22. 


23. 


24. 


fUce + 2fcotha+g)y,+(geothx+hy=0, f= f(x), g= g(a), h=h@). 
The substitution wu = y sinh leads to a simpler equation: fu’, + gul,+(h—- fyu=0. 


2,/0 


x yt(f(alna +b)+ tly = 0. 


The transformation €=aln a+b, w=yx7'/? leads to a simpler equation: Wee +a f(€)w=0. 
axz-a 
(a? —1)?y"", + f (In )y Zt; 
z+1 


ax — 


The transformation € = In , v= —— 
+1 |x? =-1| 


[f(g) — Lw = 0. 


leads to a simpler equation: 4w¢, + 


x’ fina)y”, +rg(nx)y’, + h(dnax)y = 0. 
The substitution € = In x leads to the equation f(€)y¢e + [9(€) — F()lye + h(Qy = 0. 


yi, + LX? + sin““(Ax) f(cot(Ax)) ly = 0. 


The transformation €=cot(A), w=— y 


sin(Axr) 


yi, + [A’ + cos “(Ax) f (tan(Ax))|y = 0. 


leads to a simpler equation: w, +A f(€)w=0. 


The transformation €=tan(Ax), w= leads to a simpler equation: weet rX? f(Ow=0. 
c 


y 
os(Ax) 


Yon + or 


1 (pe) ai 
sint(Ax + b)° \sin(Ac+b)/}" 

in(rA 
The transformation € = eee w= Soe leads to a simpler equation: we, + 
[Asin(b—a)|? f(Ow = 0. 


fUge +(g-2ftanx)y, +(h-gtana)y=0, f= f(x), g=9(x), h = h(a). 
The substitution u = ycos x leads to a simpler equation: fu’,+gul,+(f+h)u=0. 


FUce +(9+2f cotx)y,+(h+geotx)y=0, f= f@), g = g(x), h = h(a). 
The substitution u = y sina leads to a simpler equation: fu”,,+gui,+(f+h)u=0. 


(2? +1)?y’” + f(arctanx + by = 0. 


ae 


The transformation € = arctanz +b, w = leads to a simpler equation: w7, + 
Vur+1 ss 
[f(g) + 1]w =0. 
(2? +1)y’” + f(arccot x + by = 0. 
The transformation € = arccotz +b, w = a ; leads to a simpler equation: Wee + 
w+ 


[f(g) + 1]w =0. 


Yew + f@w)y = 0. 

The transformation « = y(z), y = wy/|y!| leads to an equation of the same form: w!/, + 
1 yl" 3 aw) 

@(z)w =0, where ®(z) = ae or ( a ) +(e Y fy). 


Ul 
z 
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2.2. Autonomous Equations y”, = F(y,y/,) 


Preliminary remarks. Equations of this type often arise in different areas of mechanics, applied 
mathematics, physics, and chemical engineering science. 


1°. The substitution w(y) = y!, leads to a first-order equation: 
Wy =w!F(y,w). (1) 


2°. The solution of the original autonomous equation can be represented in implicit form: 


_ [—% 
2 cy (2) 


where w = w(y, C) is the solution of the first-order equation (1). 


3°. The solution of the original autonomous equation can be written in parametric form: 


= ye (7, C1) 


se wt, C1) dr + C), y = y(T, C1), (3) 


where y=y(7,C)), w= w(r, C1) is a parametric form of the solution of the first-order equation (1). 
Formula (2) is a special case of formula (3) with y = T. 


4°. For the special cases F = F(y) and F = F'(y!,), see equations 2.9.1.1 and 2.9.4.35. 


2.2.1. Equations of the Form y’,-—y’ = f(y) 


Le 
Preliminary remarks. Equations of this type arise in the theory of combustion and the theory of 
chemical reactors. 


! — 


y — Ww = f(y), which is considered in 


1°. The substitution w(y) = y/, leads to the Abel equation ww 
Subsection 1.3.1 for some specific functions f. 


2°. The solution of the original autonomous equation can be written in the parametric form (3), 
where y = y(7,C,), w = w(T, C1) is a parametric form of the solution to an Abel equation of the 
second kind ww, —w = f(y). 


2(m + 1) mt+i1 


1. af = + Lis m#tl, m#-3. 
Yen Yanga 2a? 
Solution in parametric form: 
m+3 m—1 dt 
Haagen tf tee, 
# m-1 uae m+3 I Spe met 2 
m-1 — 


y=Cir(acp" =) 


20 yf yl, = 4207y". 


Solution in parametric form: 


2=-In [or Jexp(tr?) dr+ C| >» y=al; exp(+r’) lo expttr’) dr+ C| 
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3 ee Ye = FY + OMY, 


Solution in parametric form: 
©=-3 In{C; exp(—T) [exp(37) +C> sin(V3 T)| ie 
[2 exp(3T) -—C sin(V3 7) +V3Cy cos(V37T) | @ 
Vt.) ) = eo 
[exp(37) +(C) sin (V37)] 


” Bo. SOE 9 8/3,,-5/3 
4.0 Yau ~ Vo =~ Yt ioe VY: 


Solution in parametric form: 
L= -3 In [+¢r* —67? +4C;7 - 3)] + Co, 
y= a(t? — 3r + Ci [+(74 —677 +407 - 3)". 
5. Yee Yo = ig Yee. 
Solution in parametric form: 


x =C, —2In[sinz cosh(7 + C2) + cost sinh(7 +C)], -y = a[tan7 + tanh(7 + CyT??. 


> In the solutions of equations 6-9, the following notation is used: 
— f§ Cid.) + Yr) for the upper sign, 
~ (Chr) + K(1) for the lower sign, 


where J,(r) and Y,(7) are the Bessel functions, and I(r) and K,(7) are the modified Bessel 
functions. 


6 yf -y!, = Ay”. 


Solution in parametric form: 


wa-2 fr ZZ +h Zydr+ Cy, yaar ZZ) + zy 4rZ"), 


Solution in parametric form: 
w= Fh PrP [rZ +4 Zyer 2] drt, y= 2arA2 [rz +izyser 2], 
where v = +, A =-36a. 


8 oy! - yl, = 2A*- Ay?, 


Solution in parametric form: 
wat frUZy eZ a2 jdr+C,, y= alZiy(rZ 4 2Z1y, 
where v =0, A =a?/?, 


9 yf -yl, = Ay? +2B? + By”. 


Solution in parametric form: 
a) i TIZMrZ-Z)dr+ Cy, y= BZ°UrZ!-Zy, 


where A =(1—v?)B?. 
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p> In the solutions of equations 10-14, the function ~ = go(7) is defined in implicit form: 


d 
r= /—*— —C\. 
J£4g° — 1) 
The upper sign in this formula corresponds to the classical elliptic Weierstrass function 


9 = —A7T+C\, 0, 1). 


10. y”-yl = Ay’- aA. 


Solution in parametric form: 
w=S5inr+C, y = 5a(t’ oF 4), where A=+-%a"!, 
11. yy! = Ay’- Sy. 
Solution in parametric form: 
2 =5Inrt+C), y = Sarg, where A=+-%a7!, 
12, yl -yl, = Ay? + Xy. 
Solution in parametric form: 
x=S5int+Cy, y=S5a(t’*eF1), where A=+-%a 
13.0 y! -y! = y+ Ay”. 


Solution in parametric form: 


2=F% fp \(f42r9%)" dr +Co, y=ap/(f+2rg)/”, 


where f = /+(493- 1), A=¥147a7/. 


14. yf -y!, = Syt Ay. 


Solution in parametric form: 
2 3/2 7 
x=—} [(ft2rp*Vrf +29) ldr+Cy, y = 2a(f +279) / (rf +29) oe 


= — _ 1228 2/9,,)2/3 
where f = /+(493- 1), A=-+80?(Q2a)’/?. 
> Inthe solutions of equations 15-18, the following notation is used: 


d 
I= / a +C (incomplete elliptic integral of the second kind), 


R=\V/+(4-1), I,=2rI FR, Ih=7'QrRIF R-1). 


15. yl! -yl = Ay? - By, 
Solution in parametric form: 


©2=-7 jon dr+Co, y= Tar? I~, where A= +2 (7a)l/?. 


16. ye. -¥, = 6y + Ay’. 


Solution in parametric form: 


x=-4 for dr+C), y=ar Stl, where A=7150a°. 
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17. 


18. 


19, 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


yn yl, = 20y + Ay”. 
Solution in parametric form: 


r= $f RTD dr+Co, y= al, PR where A=+108a°/*. 


” U 15 -7 
You Ur = G¥tAy. 
Solution in parametric form: 


=f R'n(4rR FD) 'dr+O, y=alt? (4p FB) 


Yow ~ Ya = Ay + By" - By”. 
The substitution w(y) = y/, leads to an Abel equation of the form 1.3.1.5: 
ww, —w = Ayt+ By! -By?. 


Ynun — Un = -y + Ay? + By?/3, 


The substitution w(y) = y/, leads to an Abel equation of the form 1.3.1.61: 


ww, —w=—dyt Ay 3 + By, 


Yow — Vn = ay + Ay 


The substitution w(y) = y/, leads to an Abel equation of the form 1.3.1.62: 
-3/5 -1/5 


-3/5 -7/5 


+ By 


! =f. 
ww, —w=—sy t+ Ay 


+ By 
Yon — Un = ay +2Ay’?+2A’y?. 
The substitution w(y) = y/, leads to an Abel equation of the form 1.3.1.14: 


WW, -we sy +2Ay? +2A7y?. 


yn yl, = Ay* | -kBy® +kB?y**", 
The substitution w(y) = y/, leads to an Abel equation of the form 1.3.1.6: 


ww, —w = Ay* 1 —kBy +kBy*". 


2a? 


Vetta 


Solution in parametric form: 


” n_ 
You — Ye =i 


Ties / EOF (PP? +2E)dr+(2, y=tak'F'(F’ F2E”), 
where E = J exper?) dr+C\, F=2rE+exp(¥r’). 


yy, = A+ Bexp(-2y/A). 
The substitution w(y) = y/, leads to an Abel equation of the form 1.3.1.8: 


ww, —w = A+ Bexp(—2y/A). 


yn — Yi, = a re*™Y — a(brA + DerY +b. 

The substitution w(y) = y/, leads to an Abel equation of the form 1.3.1.73: 
ww, —w = a’ re?*Y — a(br + 1)e*” +d. 

yn — yl, = are” + adye*” + ber”. 

The substitution w(y) = y/, leads to an Abel equation of the form 1.3.1.74: 


ww, — w= a’ re” + adye®Y + be. 
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8 


where A =+3a ; 


2.2.2. Equations of the Form y’”,+ f(y)y,.+y =90 


2.2.2-1. Preliminary remarks. 


Equation of this form are often encountered in the theory of nonlinear oscillations, where x plays 
the role of time. 


1°. The transformation 


leads to an Abel equation: 


ww, =g(zw+1, where g(2)=fQ)/y, y=tV2(a-2), 
whose special cases are outlined in Subsection 1.3.2. 
2°. For oscillatory systems with a weak nonlinearity 
Yoo t EF (yyy, + y =, 
two leading terms of the asymptotic solution, as e — 0, are described by the formula 
y = Acos(x+ B), 


where the functions A= A(€) and B= B(€) depend on the slow variable =e; they are determined 
from the autonomous system of first-order differential equations: 


A fn 1 20 
t So BOS 13 F ee ; 
A; = —f F(Acos¢)sin'ydy, B; — F(Acos y) siny cos y dy. 


The right-hand sides of these equations depend only on A. The system is solved consecutively 
starting from the first equation. 


2.2.2-2. Solvable equations and their solutions. 


1 yf tayy,+y=0. 
Solution in parametric form: 
x =--4 [ oe =, y=(C,+2A7 In |r|-2.Ar)'/?, where A= a 
7(C, +2.A? In|r| — 2.A7)!/2 Ga 
2 yf -e(l-yy, +y =0. 
Van der Pol oscillator. 


1°. Solution, as ce > 0: 
y = acos(% — 9) — sea sin[3(x — 6)] + O(e), 


where j : 7 F 
2 2 2 
7 , O= =elna- —Eea + et +C. 
O14 402 - De Go GA Ge ee 
In applications, x plays the role of time, C;, is the initial oscillation amplitude, and C2 is the 
initial phase with ¢ = 0. 


2°. As € — +00, the periodic solution of the Van der Pol equation consists of intervals with 
fast and slow oscillations and describes damping oscillations with period T’ = (3 —2 In2)e+ 


O(e7"/3), 
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3. Yon + y(ay” + by, +y =0. 
1°. The transformation z = sy, w= yl! leads to an Abel equation of the form 1.3.2.1: 
ww = (-2az+ bw +1. 


2°. Solution in parametric form with a < 0: 


<2 3 c4yo Seaton! by 
=+— +— = Aqee 
a #5k [+ [tse g (7Z1.+ <2) - dr+Cy, 
4 1 b 71/2 9 
-— /+— 2 2/3 —1 I ics as 3 
y [esr Z (72, +=2) - 
where 
CJ, /3(7) + C2¥1/3(7) _ for the upper sign, 
~ | CiLi3(7) + C24 1/3(7) for the lower sign, 


J1/3(7) and Yj /3(7) are the Bessel functions, and J, /3(7) and K;/3(7) are the modified Bessel 
functions. 


4. Yen + y(ay” + by?y’, +y=0. 


The transformation z = sy, w = yl, leads to an Abel equation of the form 1.3.2.2: 


ww), = (-2az + by?w +1. 

5. Yon + y(ay” + by? y! +y=0. 
1°. The transformation z = sy, w = yi, leads to an Abel equation of the form 1.3.2.4: 
ww! = (-2az + b/w +1. 


2°. Solution in parametric form: 


n=a0; [ (aope?- 2)" 22 _ 0, y= (ace 2)", 


-T+a 
TdT 
me Beva(-[ats) 
where exp ear 
a 1 / 
6. yi, ~ y(2a + —— Jul, +y = 0. 
ay? +b 


1 b 
The transformation z = au Soe w=~yi, leads to an Abel equation of the form 1.3.2.3: 
a 


1 
r_if(a_ = 
WW, (4 5 \w +1, where A=-2a. 


7 yf! + ayexpAy)y, +y =0. 


The transformation z = sy, w = yl, leads to an Abel equation of the form 1.3.2.7: 


ww, =aexp(—2Az)w + 1. 


8.’ + yla exp(Ay”) + bexp(-Ay”) ly’, + y = 0. 
The transformation z = sy", w = yl, leads to an Abel equation of the form 1.3.2.8: 
ww, = [bexp(2Az) + aexp(-2Az)]w + 1. 


9. y.,, + 2ay exp[a(b - yy, +y=0. 
Solution in parametric form: 


a= Fk i (b= 4k?r? -In|kEs |) 7dr +2, y= (b- 427? — Ine Be)”, 


where a=F4k?, Bz = [ expr)dr+Ci. 
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10. y+ Aycosh(Ay”)y, +y =0. 


This is a special case of equation 2.2.2.8 with a = b = ve 


11. oy! + Aysinh(Ay?)y’, + y = 0. 
This is a special case of equation 2.2.2.8 with a = —b = sA. 


12. y!! + 2Ayy’, V/sinh*[A(B - y?)]+2A1+y = 0. 


Solution in parametric form: 
w= 2a [(F?+2BVGIQ dr +0, y=Q; A= 4a, 
where 
E= / exp-r)dr+C), F=2rEt+exp(-7), G=VFP—2E°+8E°F?, 
B- 4a? arcsinh[ah!F-"\(F2 -2E2)],  arcsinhz = In (z +vV 22741 ie 


13. y!!, —2Ayy! V/cosh*[ A(y? - B)]-2A1 + y = 0. 


Solution in parametric form: 
a =2a [© -~2E)G'Q1dr+C,, y=Q;  Az=ta?, 
where 
pe b exp(r)dr+C), F=2rE-exp(r?), G=VF°+2E?-8E-F’, 
B+ 4a? arccosh[aH-!F-1(F2+2E)], arccoshz =+ In(z +V 22-1 ). 


14. yl” + Aycos(Ay?)y, +y = 0. 
The transformation z = sy", w = yi, leads to an Abel equation of the form 1.3.2.11: 
ww), = Acos(2Az)w + 1. 


15. y+ Aysin(y’)y, + y = 0. 
The transformation z = sy", w = yi, leads to an Abel equation of the form 1.3.2.12: 
ww, =—Asin(2Az)w + 1. 


2.2.3. Lienard Equations y’’ + f(y)y/, + g(y) =0 


2.2.3-1. Preliminary remarks. 


Equations of this form are encountered in various fields of applied mathematics, mechanics, and 
physics. 


1°. For f(y) = 0, see equation 2.9.1.1. 

2°. The substitution w(y) = y!, leads to an Abel equation of the second kind: 
ww, + f(yw t+ gy) = 9, 

whose special cases are outlined in Subsection 1.3.3. 


3°. The transformation w(z) = y/,, z=- sf f(y) dy leads to an Abel equation of the second kind: 


ww, —w=¢(z), where (z)=9(y)/f(y), 


whose special cases are outlined in Subsection 1.3.1. 


© 2003 by Chapman & Hall/CRC 


2.2.3-2. Solvable equations and their solutions. 


1 yf tytay =0. 
Duffing equation. This is a special case of equation 2.9.1.1 with f(y) =—y-ay?. 
1°. Solution: wv 
x= [(C) -y- say") / dy +C. 


The period of oscillations with amplitude C' is expressed in terms of the complete elliptic 
integral of the first kind: 


4 aC? n/2 dt 
T= —— Kk (| ——— h K = —————_.. 
a Pasa (sae) se ie i V1—msin2 t 


2°. The asymptotic solution, as a — 0, has the form: 
y= C} cos[(1 + 3aCj)a + C)] + LaG} cos[3(1 + 2aCia + 30>] + O(a’), 


where C; and C> are arbitrary constants. The corresponding asymptotics for the period of 
oscillations with amplitude C' is described by the formula: T = 27(1- 2aC’) + O(a’). 


2. yt ayy, + by? + cy = 0. 


The transformation w(z) = y/,, z= —tay? leads to an Abel equation of the form 1.3.1.2: 
; 2b c 
Ve Se 
a a 


3. oy’! = (ay + 3b)y!, + cy — aby” — 2b’y. 
The substitution w(y) = y/, leads to an Abel equation of the form 1.3.3.1: 
ww, = (ay + 3byw + cy? — aby? — 2b’y. 
4. y” = Bay +t by’, —a’y? - aby’ + cy. 
The substitution w(y) = y/, leads to an Abel equation of the form 1.3.3.2: 
ww, = Bay + byw — a’y? — aby” +cy. 
5. 2y” = (Tay + 5b)y’, - 3a7y? - 2cy? - 3b’y. 
The substitution w(y) = y/, leads to an Abel equation of the form 1.3.3.3: 
2ww, = (Jay + 5b)yw — 3a7y3 — 2ey? — 3b’y. 
6 yf =y™ [1+ 2n)y +anly, —ny?"(y + a). 
The substitution w(y) = y/, leads to an Abel equation of the form 1.3.3.8: 
ww, = y” [1 + 2n)y + an]w —ny?"(y +a). 
7 oy! = aly—nbjy”"y!, + cly? - (n+ Dby + n(n + D7 }y?""". 
The substitution w(y) = y/, leads to an Abel equation of the form 1.3.3.9: 
WW, = a(y—nb)y"!w + cly* —(2n+ lby + n(n + 1)07qy72""1. 
8 oy’! = [aQn+k)y* + bly” 'y!, + (-a?ny* -aby* +cy?"". 
The substitution w(y) = y/, leads to an Abel equation of the form 1.3.3.10: 


WW, =[a(2nt k)y* + bly”! w + (-a?ny* — aby* +ey?""1. 
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9, y= [a(2m + k)y* + bm - ky * ty! -(amy™ + cy**® + Bm)y?r?Ft, 


The substitution w(y) = y/, leads to an Abel equation of the form 1.3.3.11: 
ww, = [am + k)y”*+ bm — k)\y™ Ww — (a@’my** + cy*+ bem)y? 1. 
10. y’, =aery’ + ber. 
Solution in parametric form: 


_A 
A 
where A = b/a. 


r(C) + A?In[r|--Ar) dr+Q, y= * In se, + A? In|r]- An)| 


C= 


11. yf), = (ae¥ + by’, + ce?” — abeY — b’. 


The substitution w(y) = y/, leads to an Abel equation of the form 1.3.3.67: 
ww, = (ae + byw + ce?¥ — abeY — b*. 


12, y”, =[a(2ut Ader” + bleh y’, + (-a2 we — abe*Y + c)e7#¥. 


The substitution w(y) = y/, leads to an Abel equation of the form 1.3.3.68: 
ww, = [aut Aye>” + blew + (a? pe — abe*®” + ce”. 


13. yl”, = (ae™ + by’, + cla7eY + ab(Ay + er” + BAY). 
The substitution w(y) = y/, leads to an Abel equation of the form 1.3.3.69: 


ww, = (ae®Y + byw + clare” + ab(Ay + 1)e*4 +b Ay]. 


14.0 yy”, = 4% Qadyt+a+ by, —e4(a*ry? + aby + c). 
The substitution w(y) = y/, leads to an Abel equation of the form 1.3.3.70: 


WWy = e®4 (2ady +a + byw — e4(a7Ay? + aby +0). 


15. y= e7 (2ay* + 2y + b)y!, + e7°4 (-ay* — by” + ©). 
The substitution w(y) = y/, leads to an Abel equation of the form 1.3.3.71: 


WW, = e%¥ (2ay* + 2y + byw + €7°4 (—ay* — by* +0). 


16. y!., = (acoshy + b)y’ -absinhy +c. 
The substitution w(y) = y/, leads to an Abel equation of the form 1.3.3.75: 


ww, = (acoshy + byw — absinhy +c. 


17. yf!) = (asinhy + b)y’, -abcoshy + c. 
The substitution w(y) = y/, leads to an Abel equation of the form 1.3.3.76: 


ww, = (asinhy + byw — abcoshy + ¢. 


18. y! +asiny =0. 


This is the equation of oscillations of the mathematical pendulum, where the variable x plays 
the role of time, and y is the angle of deviation from the equilibrium state. 
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1°. Solution: 
x= [Qacosy + Ci? dy + C2, 


2°. With a > 0 and the initial conditions y(0) = C > 0 and y/,(0) = 0, the oscillations of the 
mathematical pendulum are described by 
C 
sin 2 =msn(/a ), me=sin—. 
2 2 
where sn = sn(z) is the Jacobi elliptic function defined parametrically by the following 


relations: 
dB 


1—m? sin? 3 


B 
sn(z)=sinG, z= fi 
0 
3°. The period of oscillations of the mathematical pendulum is expressed in terms of the 
complete elliptic integral of the second kind: 

4 
Ja 
At small amplitudes, as C' — 0, the following asymptotic formula holds for the period: 

20 1 
T=—(1+ 20?) +0C4, C90. 
Ja 16 ee 


19. yt, + asin(Ay)y, + bsin(Ay) = 0. 


dB 


1—m? sin? B 


n/2 
T=—=K(m), where K(m)= i: 


Solution in parametric form: 


w=-A fel(- VF)? dt+ Cy, y= + arccos (+P). 


where A=b/a, F = At— A? In|t|+C\. 
20. yf, + acos(Ay)y,, + bcos(Ay) = 0. 
The substitution Ay = Au + 4 leads to an equation of the form 2.2.3.19: 


ul. — asin(Au)ul, — b sin(Au) = 0. 


2.2.4. Rayleigh Equations y’’ + f(y’.)+g(y) =9 


2.2.4-1. Preliminary remarks. Some transformations. 


Equations of this form arise in the theory of nonlinear oscillations. 
1°. Let us discuss the special case g(y) = y, which corresponds to the equation 
You + fY2)+y =0. (1) 


Differentiating equation (1) with respect to x and substituting z(x) = y!,, we obtain the equation of 
nonlinear oscillations: 


zn, + ®(z)z,+2=0, where &(z)= fi(z), (2) 


which is considered in Subsection 2.2.2. 
The solution of equation (1) can be written in parametric form: 


t 
x =a(t,C\,Cy), y=-f(2)- =, 


where 2=2(T, C), C2), z=2(7, Ci, C2) is a parametric representation of the solution of equation (2). 
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2°. The transformation 
E=-7(y,) +a, w=-y-fY), 
reduces equation (1) to an Abel equation of the second kind: 
ww, =H(Qw+l, where H(é)=2'@(2), z=+/2(a-8), (3) 
where function & = ®(z) is defined above in equation (2). Specific equations of the form (3) are 
outlined in Subsection 1.3.2. 


3°. The equation of the special form 
Yoru + Ay, + g(y) =0 (4) 
is reduced, with the aid of the substitution w(y) = (y!.)*, to the first-order linear equation Wy +2awt 
2g(y) = 0. Therefore, the solution of equation (4) can be written in implicit form: 
r=Cy+ / [Cie ?ev - Gare dy, where G(y)=2e°4 i. e724 g(y) dy. 
4°. The equation of the special form 


View + A(yi,)* + OY,” + g(y) = 0 (5) 
is reduced, with the aid of the substitution w(y) = (y/,)’, to the Riccati equation Wy + 2aw* +2bw + 
2g(y) = 0, which is outlined in Section 1.2. 


5°. For the oscillatory systems with a weak nonlinearity 
Yoo teF(y,) + y = 0, 
two leading terms of the asymptotic solution, as ¢ — 0, are described by the formula 
y = Acos(x + B), 


where the functions A= A(€) and B= B(€) depend on the slow variable € =ea and are determined 
from the autonomous system of first-order differential equations: 


yee [PFs Naie@agy pis [O ecas Naud 
arene | sin y) sin y dy, oa sin y) cos y dy. 


The right-hand sides of these equations depend only on A. The system is solved consecutively 
starting from the first equation. 


2.2.4-2. Solvable equations and their solutions. 


1 yf! +a(yl) + by = 0. 
This equation describes small oscillations in the case where the drag force is proportional to 
the speed squared. 
Solution in implicit form: 2 =C +a / [Cia’e + b(4 - ayy)? dy. 
2 yf tel4y,yr-u]+y=0. 
Van der Pol equation. 
1°. Differentiating the equation with respect to x and passing on to the new variable w(x) =y/,, 
we arrive at an equation of the form 2.2.2.2: w/!, -e(1—w*)w!, + w =0. 


2°. Solution, as e¢ — 0: 


2C; Bf IC? 2 


cos & + —~———- sin x + O(€”). 


oe V1-—Cre=* V1-—Cie=* 


3 oy +aly)i+by yr t+y=0. 
The transformation € = -3(yh), w =-y—a(y!,)* — b(y!,)* leads to an Abel equation of the 
form 1.3.2.1: ww, = (-8a€ + 2b)w + 1. 
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4. yl + (yl)? [a(y,)? +b) +y=0. 
The transformation € = -+(y),)’, w =-y-(y',)’[a(y!,)* +b]! leads to an equation of the 
form 1.3.2.2: wwe = 2b(b-— 2a£)?w +1. 


5. yf! + AexpiA(y,)"1+ B+y =0. 
Differentiating the equation with respect to x and passing on to the new variable w(x) = y/,, 
we arrive at an equation of the form 2.2.2.7: w’!,, +2AAw exp(Aw”)w!, + w = 0. 


6’ + Acosh[A(y,)"]+ B+y =0. 
Differentiating the equation with respect to x and passing on to the new variable w(x) = y/,, 


we arrive at an equation of the form 2.2.2.11: w!!,, +2AAw sinh(w?)wi, + w = 0. 


7 oy! + Asinh[\(y/,)"]1+ B+ y =0. 
Differentiating the equation with respect to x and passing on to the new variable w(x) = y/,, 


we arrive at an equation of the form 2.2.2.10: w!!,, +2AAw cosh(Aw”)wi, + w = 0. 


8 oy’! + aly!) + bsiny = 0. 
This equation describes the oscillations of the mathematical pendulum in the case where the 
drag force is proportional to the speed squared. 


2b 
Solution in implicit form: x = Cy) + / [Cie + 


4a? +1 


-1/2 
(cos y — 2a sin »)| dy. 


9 yf! + AcosiA(y, 71+ B+y=0. 


Differentiating the equation with respect to x and passing on to the new variable w(x) = y/,, 
we arrive at an equation of the form 2.2.2.15: w!!,, —2AAw sin(Aw”)w/, + w = 0. 


10. y” + Asin[X(y,)7]1+ B+y =0. 


Differentiating the equation with respect to x and passing on to the new variable w(x) = y/,, 


we arrive at an equation of the form 2.2.2.14: w!!,, +2A\w cos(Aw’)w!, + w = 0. 


2.3. Emden-Fowler Equation y”, = Ax”y”™ 


2.3.1. Exact Solutions 


2.3.1-1. Preliminary remarks. Classification table. 


In this subsection, the value of the insignificant parameter A is in many cases defined in the form of 
a function of two (one) auxiliary coefficients a and b, 


A=y(a, 6), (1) 
and the corresponding solutions are represented in parametric form, 
x = fic, Ch, Co, a), y = fo, Ch, Co, b), (2) 


where 7 is the parameter, C’; and C) are arbitrary constants, and f; and f) are some functions. 
Having fixed the auxiliary coefficient sign a > 0 (or b > 0), one should express the coefficient b 
in terms of both A and a with the help of (1). As a result, one obtains: 


b=y(A, a). 


Substituting this formula into (2), we find a solution of the equation under consideration (where 
the specific numerical value of the coefficient a can be chosen arbitrarily). The case a < 0 (or 
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TABLE 21 
Solvable cases of the Emden—Fowler equation y!!, = Ar” y™ 


ea eee eee 


One-parameter families 


arbitrary 

arbitrary —m —3 

arbitrary -5(m +3) 
0 arbitrary 
1 arbitrary 


Isolated points 


b <0), which may lead to another branch of the solution or to a different domain of definition of the 
variables z and y in (2), should be considered in a similar manner. 

One can also use a different approach by setting one of the auxiliary coefficients (e.g., a) equal 
to +1 in (1) and (2); then the other coefficients will be identically expressed in terms of A by means 
of (1). 


Table 21 presents all solvable Emden—Fowler equations whose solutions are outlined in Subsec- 
tion 2.3.1. The one-parameter families (in the space of the parameters n and m) and isolated points 
are presented in a consecutive fashion. Equations are arranged in accordance with the growth of m 
and the growth of n (for identical m). The number of the equation sought is indicated in the last 
column in this table. 


2.3.1-2. Solvable equations and their solutions. 


1. yf = Ae”. 


Amr 
—@ — +Cir+C, if n#-1, n#-2; 
; (n+ 1)(n+2) ead - 
Solution: y= 4 —4 In|x|+C)2+C> if n=-2; 


A [ inlelde+ Cie + Cy if n=-1. 


& [(Aym sary ay +e, if m#-1, 


+ [QA Inlyl+ Cy? dy + Cy if eS: 


Solution: x= 
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Special cases. 


1°. In the case m = —1/2, the solution can be written in the parametric form: 
z= aCR(r?-37+C,), y=bCi(r?-1), where A= +4a°p?”?. 
2°. In the case m = —4, the solution can be written in the parametric form: 
d 

i Or a (27 f = +CyT ¥ R), y= bee 
where R= /4+(473-1), A=¥6a7D°. 
3°. In the case m = 2, the solution can be written in the parametric form: 

L= aC{'r, y= bCl 9; A=+6a7b1, 


the function ¢ of the parameter 7 is defined in implicit form: 


i 
V4? - 1) 


The upper sign in this formula corresponds to the classical elliptic Weierstrass function 
go = AT +C, 0, 1). 


4°. In the case m = —5/2, the solution can be written in the parametric form: 


t=aCi po" [Vt(4p3-l+27rg’], y=bCip°, where A= F3a77p7/?, 
The function g of the parameter 7 is defined in the previous case. 
3. yl =o Ag ™*y™. 
1°. Solution in parametric form with m 4-1: 
-1 


e=acr! [/a + pmtly-1/2 dr +03] “, y=bom, [fa + pmely-1/2 dr +0] 


m+l1 7 
where A =+——a™*!p1™, 


2°. Solution in parametric form with m = —-1: 
-1 -1 
r=C; [/ exp(417) dr + c,| i bexp(#r’) [/ exp(4r7) dr + c,| : 
where A = #207. 


m+3 


4.0 yf =A 2 y™. 


1°. Solution in parametric form with m # -1: 


f= ac} exp[2 [ (— i ia +40) dr], 


y = bC yr exp[ [(— i gh ag? ion ae dr| : 


i m1 
where A= (=) 3 
2°. Solution in parametric form with m = —-1: 
x = aC} exp [2 [@ In|r|+77 + Cy) ar] »  y=bCr7 exp [/s In|r|+77+ C1) Par] ‘ 


where A = 0/a. 
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5. yf = Ax”y. 
For n # —2, see equation 2.1.2.7. For n =—2, see equation 2.1.2.123. 
6 oy = ArsPyl/?, 


Solution in parametric form: 


a=aCp (73-37 +O2)1,  y=bC\(r?- 1) (73-37 +Cy)', ~~ where A=+$al/2b3/?, 
7 oy = Ary?, 


Solution in parametric form: 


L= +aCh(7 4677 +4C)7T -3), y= bCF (73 —3r+C))/*, where A= t 2a B/?, 
a Ag By?/3, 
Solution in parametric form: 


aC;* bCy(r3 — 37 + Cy)? 
=+——____ +. = $— h At Sop ll3p 3/3 
OO + 40y 3) 46? 440-37 oat 


9 oy! = Aa?y, 


1°. Solution in parametric form with A < 0: 
x = aC? cost cosh(r + Cy)[tanr +tanh(r +C3)],  y = bC} [cost cosh(r + C2)]°/”, 
where A= -fa 08/3, 
2°. Solution in parametric form with A > 0: 
r aC?{sinh T+cos(T+C)], y= bC} [cosh r —sin(T + Cape: 
where A= 2a*08/3, 
10. yf! = Aa MB y5/3, 
1°. Solution in parametric form with A < 0: 


L= aC;[cos r cosh(r + C>)]! [tan 7 + tanh(r + C2)]1, 
y = bC [cos r cosh(r + C')] 'ttan r + tanh(r + C>)]7, 
where A = —at/3p8/3, 
2°. Solution in parametric form with A > 0: 
r= aC;[sinh T+cos(r+C2)} 1,  y=bC [cosht —sin(r + C,)}°/"[sinh tr + cos(r +Co) 1, 
where A= Za4/308/3, 
H. yf! = Avy, 


Solution in parametric form: 


x = aC exp(-T) [exp(3r) +C, sin(V3 T)| P 
y= be exp(—2T) [2 exp(3T) — Cy sin(V3 T) + V3C) cos (V3r)]’, 


where A = 16a73)3/2, 
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> Inthe solutions of equations 12-14, the following notation is used: 
S; =exp(37T) + C2 sin( V3 7 ) S> =2 exp(3r) — C2 sin(V3r) AA cos(V37), 
S3 = 2$1(S2), — ($1). $2 — $1Sd. 
12,0 yl! = Aa /yt/2, 
Solution in parametric form: 
L= aC;' exp(T) S71, y = bC; exp(-r)S7'S3, where A = 16(ab)*/”. 
-7/5 


13. yi, = Azy 
Solution in parametric form: 
a = aC} exp(-27)S3, y= bC} exp(—47) S. where A= Tego *b/S, 
14; yl ee ge, 
Solution in parametric form: 


x =aC;* exp(27)S3',  y=bC, exp(-$7) Sess, where A= Te OY. 


p> In the solutions of equations 15-18, the following notation is used: 


f=2rl)+Qh7 FR, I(n)= ae R= V+(473- 1), 


where I(r) is the incomplete elliptic integral of the second kind in the form of Weierstrass. 
15. y= Azzy’. 
Solution in parametric form: 
x=aC®[4rf°?Fr-(fR-1)], y= era gue where A= tao 
16. yf! = Ax®y”. 
Solution in parametric form: 
w= ai l4r fF fR-iy', ys bCp far Pp Fre gR-lyy, 
where A= +3ab®. 
17. y = AatByt/2, 
Solution in parametric form: 
r=aCif?, y=bCir?(fR-1), where A= $497/3p3/?, 
18. y” = Aa /6y/?, 
Solution in parametric form: 
r=aCif?, y=bC?r°f(fR-1), where A= +4a5/6p3/2_ 


> In the solutions of equations 19-24, the function ~ = g(r) is defined in implicit form: 


d 
oa mesa 
Jz49—1 

The upper sign in this formula corresponds to the classical elliptic Weierstrass function 
9 = —A(T+C, 0, 1). 

19. y= Ax *y’. 

Solution in parametric form: 
x=aC\r!, y = bC37" 6, where A =+6a30"!. 
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20. yl! = Ar '8/7y?, 
Solution in parametric form: 


r=aClr’, y=bCit(r*@F1), where A=tfal/7o7. 


ae. = Aa 20/72, 
Solution in parametric form: 


z=aCjr', y=bChr%(7’oF1), where A=tfalb7. 


22, yl, = Aa tty 5/2, 
Solution in parametric form: 
r=all gy [VtGp—Dt2r—"]", y= Ci VE4p*— D+ 27g"), 
where A = ¥3a~3/207/?, 
23,0 yf! = Ax $/Sy5/3, 
Solution in parametric form: 
acl’ _ 001, /£Gg —1 + 2rg?]*” 
24,0 yl = Arty S/3, 


Solution in parametric form: 


r=aC}®[rV+(493 — +2], y=bC? [V+(403 — 1I)+27r9¢"| see where A=-4 Gee 


, Where A= — 477/65 8/3, 


> In the solutions of equations 25-28, the following notation is used: 


2 C1 J1/3(7) + C2¥1/3(7) for the upper sign, 
7 C11, /3(7) + C241 /3(7) for the lower sign, 


where J, /3(T) and Y/3(r) are the Bessel functions, and I, ;3(7) and K1/3(7) are the modified Bessel 
functions. 


25.0 yl = Arty l/2, 


Solution in parametric form: 
gaarZ?, y=br? (rZi + 17 where A= 4(Fb/ay/”, 


26. yl = An ty 2, 


Solution in parametric form: 
gaat ?Z?, y= ey al Ae where A=¥ 


27, yf! = Ary”. 


Solution in parametric form: 
x=ar 3 [(7Z1 + 17)? pe A y= br7/3Z?, where A= -3(b/ay’. 


28. yf! = Ary”. 


Solution in parametric form: 


e=P[(rZ44Z)tP 2)", yabr*3Z?[(rZi+4Z)'+27]", where A=—20°. 
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2.3.2. First Integrals (Conservation Laws) 


In this subsection, first integrals of the form 


k 
SS fal. yyi,)° =C, where k=2, 3, 4, 5, 


a=0 


for the Emden—Fowler equation y/!,, = Ax”y" are given. 


2.3.2-1. First integrals with k = 2. 


1°. For n =0 and arbitrary m (m#-1), 
2A 


mH _ Oo. 
m+1" 


(y/.)° - 


2°. For n= -F(m +3) and arbitrary m (m #-1), 


_ mi 1 
go 2 yt =C, 


ay!) — yy), - al 


3°. For n =—m-3 and arbitrary m (m #-1), 


2 2 2 —m-1 1 
x(y’,) —2eyy!, +y Scares ll yt =C. 


4°. For n=-2, m=2, 
343 48/7(y! 2 (2 Aa!/7y — 2)y!, - 343 42g12/7y3 4 Ag §/1y2~y 5) 
5°. For n=-¥, m=2, 


383 Ax /7 (iy!) - (Ary +1)y/,- 38 2g 9/7y3 - 7 Ag 8/1y? =C. 


2.3.2-2. First integrals with k = 3. 


1°. For n=0, m=-4, 

(yi, —6Ay!/?y! +6A7a = C, 

ay.) — yy, —6Aay!/?y!, + 48 Ays/? 43A2¢2 = C0. 
2°. For n= 1, m=-5, 


(yl, P —6Aay/?y! +4Ay?/? 424223 = C. 


° __4 re 

3°. For n=—-3, M=—7, 
x(y',)° - yy, - 6Aa 3 y)/2y! -947 27/3 = C. 

° Sick SD: Sell 

4°. For n=-5, Mm=—>3, 


a'(yl,)° ayy) + (y? —6Aa yyy! 4 2 Ag 3/243? 3A? 2 = C, 
(yl)? — 3a?y(y,)? + 3(ay? —2Ag yyy! — 93 + 6 Aa! /2y3/? 6A! = C. 
5°. For n=—2 
xy) - 2ay(y',)” + - 6 Aa! oyl/? yy! + 6 Ag !/6y3/2 49477 =C, 
6°. For n= -j, m= -5, 
w(y!) — 3a’y(yl)? + 3(ay? —2Ag yyy! — 93 4. 2Ag3/2y3/? 2A? oe = C. 
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2.3.2-3. First integrals with k = 4. 


_ <5 
1°. For n=1, mM=-3, 


(y,.)4 + 6Aay?/(yl? — 18Ayl/3y! +. 9.4207 y4/3 = C, 
2(y)— Yue)? + 6Awry Py, y —27Aay Ay, + PAY? + 92a 4 = CO. 
2°. Forn=2, m =, 
(y,4 + 6Aary?P(y!P - 36 Aay'/y!, + 9A arty 4/3 =C. 
3°. For n=0, m =-4, 
ay, — yyy + 6Aay (yl? —9Ay'?y!, + 9A ay? = C, 
x(yl.)4 - 2ay(y',)° + + 6Aary? yy yr - 18Ary!/3y/ + 12 Ay*/3 + 9A a yA? =C. 


4°. For n=—14 


a(y,,)* — yy + 6Agl Py? By? +9 Ay 4/3 = C, 


5°. For n=-4, m=-3, 


a(y))* —2ay(y,)? + (y? + 6Av By? yyy? + 6Ar By /3y! 4 9A a? /3y4/3 = C, 
a (y))* — 32° yy), + 3aly? +2Aa? By? yy? 
os yy + 3Ax2/3y1/3y ay! a 3 Aa '/3y4/3 $9 Arg t/3y-4/3 ay an 
6°. For n=—4 
a (y!,)4 — 3a? yy), + 3a(y? +2Ar By ?/y\(y!P 
= (y? = 15 Aa !/3y3/3yy! A 3 Ag 4/3y4/3 $9 A2g 5/3y-4/3 =e 
ai(y!)* — dar y(yl y+ 62°(y? + Ag yyy? 
—22(2y? - 3 Aa '3y)/3)y! +y'— 12Ar 1/3 y4/3 + 9A 7 2/3 y4/3 =C. 


25 
7°. For n=—32, 


a (yi,)* — 3a°y (yi)? + 3a(y* + 2Aa Sy yyl 
-(y> + 12Aa7/%y!/3)y! + 6Ax!/oy4/3 + 9A 24/3 y4/3 =C. 


28 
m=—3, 


8°. For n= -2, m= -3, 
a*(y,)* — 4a? yy) + 627g? + Ae “Py Pgh 
—4a(y> - 6 Aa *3y'/3)y! +y'- 30Aa*/3y4/3 + 9 Ara 8/3y-4/3 =C. 
9°. For n=1, m=-7, 
aly) — yyy + 4 Aa?y (yy — tAay~y!, — GAy* + fA ay? =C. 
10°. For n = 3, m =-7, 
@°(y,,) 32° yy) +3ay+ fAP'Y YL) YY +Awy \yLt FAry 5A aey YP =C. 
Remark. In the case k = 4 we omitted the first integrals of the form 


aF’?+BF+7=C, 


where function F = F(a, y, y/,) is the left-hand side of the above integrals for k = 2, and a, 3, and y 
are some constants. 
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2.3.2-4. First integrals with k =5. 


1°. For n=0, m=-4, 
(yy - 15Ay!PAiy'y + 4S A?y?/3y! - 3 Aer =C. 


2°. Forn=—2 


ae 
37 M=—F, 


(yi) = Saty(yl.)4 + 5a y(2y —- 3 Aa /3y 2/3)! 3 = 5a°y?(2y — 9Aa yyy! YP 
+5a(y* -9Aa'/3y7/3 ¥ FF Arg ?/3y?/3 yy! + 15 A(aV/3y19/3 _ $ Ag?/3y3/5 _ 3A°x) =(0. 


2.3.3. Some Formulas and Transformations 


1°. With m # 1, the Emden—Fowler equation has a particular solution: 


n+2 


1 
2 1)] mm 
y=Arl-m, where A= jeter et ales 


A(m— 172 


2°. The transformation y=w/t, 2=1/t leads to the Emden—Fowler equation with the independent 
variable raised to a different power: 


Hee —n-—m-3,,.m 
Wy = At w, 


3°. Some more complicated transformations leading to the Emden—Fowler equation are outlined in 
Subsection 2.5.3 (see Fig. 3). 


4°. With m # 1 and m #-—2n — 3, the transformation 


2n+M+3 me m7 , nt+2 
& = ——rm1y, u=x2m-l (cy, + y) 
m—1 m—1 
leads to an Abel equation: 
(n+2)\n+m+1) ( m-—-1 ye 
Poppe ME EEE A fi m 
i ia Qn+m-+3) g 2n+m+3 a 


whose special cases are given in Subsection 1.3.1. 


5°. Some more complicated transformations leading to other Abel equations are outlined in Sub- 
section 2.5.3. 


2.4. Equations of the Form y”, = Aya™y™ + Apr™y™ 


See Section 2.3 for the special cases A; = 0 and A, =0. 


2.4.1. Classification Table 


Table 22 presents all solvable equations of the form y”,, = Aya™y™! + Apaz™y”™ whose solutions 
are outlined in Subsection 2.4.2. Two-parameter families (in the space of the parameters m1, mo, 
m1, and nz), one-parameter families, and isolated points are presented in a consecutive fashion. 
Equations are arranged in accordance with the growth of m,, the growth of mz (for identical m1), 
the growth of n; (for identical m, and mz), and the growth of nz (for identical m,, m2, and n}). 
The number of the equation sought is indicated in the last column in this table. 
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TABLE 22 
Solvable equations of the form y”,, = Aya™y™! + Aga™y™ 


[1 [astivary [ative | 0 [0 | ivy [artivany [ 2421 


2(mM7 + 1) ; 

_—_——__— bitr 2.4.2.4 
(my + 3)? nae 
2(m7 + 1) . 

—_—____ bitr. 2.4.2.5 
(m2 + 3)? pa 


wo 


arbitrary _ 


arbitrary 


| 
3 


arbitrary 
(n, #-2) 


2 
2 
4 
2 
2 
1 
2B 


=a 
=a 
=a 
Eage 
=a 
ca 
ae 
=—a 
iar ea 


nN 


2.4.2.49 
2.4.2.24 
2.4.2.90 
2.4.2.89 
2.4.2.47 
2.4.2.46 
2.4.2.81 
2.4.2.80 
2.4.2.25 
2.4.2.102 
2.4.2.101 
2.4.2.53 


3 
2 
2 


5 


3 
2 
2-1 
1 
3 
1 
2 
10 
3 
10 
3 
Zz 
3 
4 
3 
2 
3 
1 
2 
1 
13 
5 
a 
3 
1 
13 
5 
1 
7 
2 


ner 
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TABLE 22 (Continued) 
Solvable equations of the form y”,, = Aya™y™! + Apa™y™ 


wln 
Wwloo 


= [0 [0 [atin [ati [24256 
a ee 
a 
39 [os aiany [airy [242.108 
Taff 01 atiany [airy [2.49.07 
Ta [of sa atiy [airy [34922 
a 

: 


A 


wln 


wn 


WY] why 


: 
: 
: 
: 
=i 
= 
E 
=i 
; 
: 
i 


: 
s fps | 


ry aud ada ea re Py ie ed id tpt papaya yada 
Nlwolwolyw fs Gof |r foo} ropes] reff rfo}ofrt Go fc |G | vw ] & 


eal. 
2 
il 
2 
21) 
2 
i 
2 
i 2. 
a 
2, 
ad 
2 
2 
1 
2 
=D, 
2b 
2 
“2 
= 
2 
~ 2 
a) 
3 
3 
3 
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TABLE 22 (Continued) 
Solvable equations of the form y”,, = Aya™y™! + Apa™y™ 


a 
Os 
Te [2 2 2 [ating [26 
70 1 3 a 
z 
74 2.4.2.10 


2.4.2.12 
2.4.2.66 
SAD OT 
2.4.2.11 


2.4.2.13 
3 2.4.2.67 
= 2.4.2.29 
-; 2.4.2.30 
= 2.4.2.14 
-4 2.4.2.8 
20 GAD 33 
-2 2.4.2.15 
-4 2.4.2.9 


arbitrary 2.4.2.77 
arbitrary 2.4.2.76 
2 2.4.2.37 
3 ae 2.4.2.38 


E 


fa 
| 
N 


~— 
Nn 
| 

N 


an 
| 
) 


~ 
Co 


~ 
~ 

| 
NTN 


~ 
\o 
| 

Nw 


| | | | | 
Ae Bln] wln 
| 


nN 


a 


E 
| 
wn 
| 
N 


mil 
5 
con 
5 


| 
NI 


NI 


Oo 


arte lee 


| 
Is 


en Pyaar dad ay adap ada 
fof )efe)-fa)efelefe|e]efofe 


| | | | | | | | | | | | 
fehl foal fafa " pelea slledletesi dele die tela 


| | | | 
lef -|=f= ele li-le[-}+ a hia 
| 
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TABLE 22 (Continued) 
Solvable equations of the form y”,, = Aya™y™! + Apa™y™ 


Oe 
a 
pe [a Patines [a 
I 


2 2.4.2.62 


2.4.2. Exact Solutions 


1. Vow a Avy” + Agy™, mF -l, M2 # -1. 


1°. Solution in parametric form: 
L= a fC $7Mtl sy pM de + Oy, y=br, 


where A, = sa *bt ™1(m,+1), Ar= +4 a?b!™ (my + 1). 


2°. Solution in parametric form: 


C= a fC — pms phd 4+Cy, y=br, 


where Ay =—za°O™(m) +1), Ay =+5a7%™ (mp + 1). 
2. oe = Are y™ + Are y™, om, #-1, m2 4-1. 


1°. Solution in parametric form: 


=] 


dr es dr 
a | 
/C; + pmitl + pmtl /C; + pmitl + pmotl 
where A; = 5a'*™b'-™(m, +1), Ap =+4al"™b!-™(m) + 1). 
2°. Solution in parametric form: 


-1 


dt dr a, 
r=a HO?) , oy dr ————— + (} , 
/C; = pmitl + pmotl /C; —pmitlh+ pmotl 


where Ay =—Sal*™bb-™(m, +1), Ap =t5al*™bh-™ (my + 1). 


m243 


m 43 
3 4 = Awe 2 y™+ Aa 2 y™ 
. You = 41 y 2 y -- 


1°. Solution in parametric form with m; #—1 and m2 #-1: 


x = Ci exp [/ (a+3 +77 + AL mst + ee dr| F 


4 m,+1 mz +1 
2A, om 2A -1/2 
ig 24 tly we) d |: 
y= Cirexp|5 [(o+; m +1. =. : 
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2°. Solution in parametric form with m,; #—1 and m2 =-1: 


x = Cr exp [/ (Cc: + ae + AL omy +2A)In Il) dr| ; 


4 m,t+1 
2A iA “1/2 
y= Cyr exp|5 [(a+; ote 4° ae ml oh 2A> In irl) dr| : 
2(m +1 
4.0 Une = re y+ Ax ?y™, m#-3, m#-1. 
m 
Solution in parametric form: 
_ m-1 a -1 
BON) eee) Welt) eer) 
lit Leer 
_4)2 
where A= gn DS + Dm= VW) pm 
2(m + 3)? 
2(m +1 
a ey + Agim™ty™, m#-3, m#-1. 
Solution in parametric form: 
dt aH dt aH 
= om none t 2 m-1 = <4 = = 
SO ee OOO eee 


(m+ I(m—-1y 


1-m 
2(m + 3)? e 


where A= 


6. = 2a?y + Aa y. 


oa in parametric form: 


2 =C,[Vr+l—In(y¥r+vrt1) +O)”, 
y= br [V7 + 1) -In(./7+ Vrt+l1 ) ae Nae 


where A= —353. 


7. yl = lary + Ary”. 


Solution in parametric form: 


2 =O,[V7r+)-In(V¥7t+ V7 +1) +O], 
y= bCir| V7 +1) -In(V7t+vV7r+1 )+C2] ne 


where A= —303. 


8 yf = kay t+ Avy. 


Solution in parametric form: 


b=CO(-37+Co)°,  y=b(7? -1)?(7? — 37 +O), 


_ 4473/2 
where A=+3) [2 


A 


9. Veo = -tay + Ag ty l/2, 


Solution in parametric form: 


w= Oi? —3F +027", 4206.07 - 1°" 


where A= +403/2, Z 
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ara Cay?, 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


a 


Yoon = - ay + Ary, 


Solution in parametric form: 


a = Cy[t(r* - 67? +4Cyr - 3)", y= (73 — 37 + Cy)/? [A(74 - 67? 44Car - 3], 
where Ao. 
mw 


Yew = —i90 
Solution in parametric form: 


ae 2y + Aay a 


w= Cy [4(r4 — 67? +4Co7 -3) 5/4, y = 0C1(7? — 37 + Cy)? [4074 — 67? + 4C a7 - 39], 
where A= +77 08/3. 


a 


Vow = say + Ag?y/3, 


Solution in parametric form: 

e=O(rt3r+On)?, yao? 41273 +374+C)) 74, where A=+40%/%. 
= say + Ag?/3y 5/3, 
Solution in parametric form: 


= Cr? 437r+Co)'?, y= dC? 19703 437+Cny 4, where A=+$0%/?, 


a 


Youn = -ja’y + Ary '/?, 


Solution in parametric form: 

x = O1(Cye7** + Coe? sin ie w=V3kr, 

y = bk?(Ce7*7 + Cre*7 sin i [20°47 + Cre" (V3 cos Ww — sin w)]* 
where A= Sok. 


a 


Youn = -ja%y + Aa ty /2, 


Solution in parametric form: 

L= CiCie* + Coen" sinw)’, w= V3kr, 

y = bk? Cy (Cye"*" + Coe” sinw) [2C eh + Ge (V3 cos Ww — sin iol 
where A= Lok. 


| Ayx*y> + Ary. 


Solution in parametric form: 


= (2) "unl f (ci - aan) dr+C3], 


y= AY*r {0s [/ (c - a" - ny dr+ 0] ie 


yl = Ay? + Ay. 


1°. Solution in parametric form: 


x=a [/ (Cyt et ry? dr + c,| , y=br, where A; =4a~b*, A, = -3a~b?. 
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2°. Solution in parametric form: 
x2= al / (Cy-73t ry? dt + 0] , y=br, where A, =40~%b*, A= 3a°b°. 


18. oy! = Ay? + Ary”. 
1°. Solution in parametric form: 
-1 


-1 
r= al [Ci +7? try dr+C)| » Y= br] [Cy +7? try dr +] , 
where A; =¥a~2b*, A, = —a%b°. 
2°. Solution in parametric form: 
-1 -1 
x =al [Ci -1 347% dr +p] 2 y= br] [Cy ag? try dr+C)] ; 
where A; =¥a72b*, A, = sab. 
19. yf = Aiy™ + Aa, m#-1. 
1°. Solution in parametric form: 
=alf(Cr+r™ttry Par +O], y = br, 
where A, = sab (m+ 1), A,= +5a~b. 
2°. Solution in parametric form: 
ea af [Ci =m tr)" dr+ 03], y = br, 
where A, = -za* bh ™ (mt 1), A,= +50. 
3°. For the case m =-—1, see equation 2.4.2.21. 
20. Ye = Aya 3y™ + Ara, m#-1. 


1°. Solution in parametric form: 
-1 


w=alf(Ci+r™ttry'dr+C] F y=br[ [Cite tay deta], 
=+ 


where A, = 5al™b'-™(m+1), Ap ab. 


2°. Solution in parametric form: 


i 
2 


. -1 _ -1 
=a {(Cy-7™ 47) "dr +03] ; y=br| f (C.-7™ £7) "dr +O] ; 
where A; =-Sal*™b1-™(m-+ 1), A, =+5ab. 


21.0 yl = Ay+ Ary”. 
Solution: x = / (C1 + 2Ayy +249 In|yl)/2dy + Co. 


22, yf! = Aya + Aga ?yt 

Solution in parametric form: 

= -1 

x=| [(Cy42Ayr+2Ag In rVPdr+Co] yar] f(Ci42Avr +242 In [rh d+] 
23. yl = Aye Py? + Aga Py? 

Solution in parametric form: 

1 ke 
Z=—, y= FB 2Cie"*" + Cye*" [V3 cos(wr) — sinwr)] V, 
where F = Cye7*7 + Cye*" sin(wr)— A; /Az, Ar = 16K3, w= kV3. 
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24. 


25. 


26. 


27. 


28. 


yl, = Ayaty/3 4 Aga 7B y 5/3, 


Solution in parametric form: 


wa(LAgr*+Cyr3+Cyr +3), y=(4.An7 3430177409) (4 Ant +173 +Cy7 +C3) 1, 
where the constants C', Cy, and C’3 are related by the constraint 9CC2 = A; + A.C3. 
yl, = Aya 8/Sy7/5 4 Aya B/S y-7/8, 
Solution in parametric form: 
A; -1 A; -1 
a= (act - a) , y= bess (aCtF - =) 
5 p!2/5 


where S = Cye**7+ Cye*' sin(V3 kr), F = (8!) -258" ~T024 a3ko" 


TT? 


A) = 


Yl, = pay + Ary, 


1°. Solution in parametric form with A < 0: 


x = Ci[cosh(r + Cy) cos Tr] 7[tanh(r +Cz)+tanr]*, y = b[tanh(r + Cy) + tanT] 


-3/2 
— _ 3 78/3 
where A=-—24b 13, 
2°. Solution in parametric form with A > 0: 
a =C,[sinht +cos(r +C3)J, yy = b[coshr — sin(r + Cy) ]°/7[sinh r + cos(r + C2) 13”, 
where A = J B/3, 
Yon = -say + Ax/sy 5/3, 
1°. Solution in parametric form with A < 0: 
x = C)[cosh(r + C2) cos r]’[tanh(r + Cp) + tan T]’, 
y = bCi[cosh(r + Cz) cos T]’[tanh(r + Cz) + tan T] ae 
ae) 
where A= 08), 
2°. Solution in parametric form with A > 0: 
x =C\[sinht +cos(r +C2)]?,_ y = bCi[coshr — sin(r + C>)]*/7[sinh r + cos(r + Co], 
_ 3 
where A= J p/3. 
yl = Ae ty? + Age ?y?. 


Solution in parametric form: 


: Ai\"! 

w= {aC [Zi + 42h 4772) - + i 
z Ay"! 
y= 00274 aCyr (eZ, + 42) 27°27] - 3°} ‘ 


where 


C1 J1/3(7) + Cr¥1/3(7) _ for the upper sign, 
C111 /3(7) + C2.K1/3(7) — for the lower sign, 


J) /3(7) and Yj /3(7) are the Bessel functions, and I; /3(7) and 4’; /3(7) are the modified Bessel 
functions; Ay = —203p°. 
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> In the solutions of equations 29 and 30, the following notation is used: 


SS = Cie?*? + Che ** sin(V3kr), 
So = 2kCye7*7 + kCye*™ [V3 cos (V3 kr) - sin(V3 kr) ; 
S3 = $F -251(So)1. 


a 


29, Yaw = -iay + Aa?y 7/5, 


Solution in parametric form: 
L= Ca. y= psig /4, where A= xe, 
| a -2ay + Ax/Sy-7/5, 


Solution in parametric form: 


2=O153", y=bC,83"5)", where A=-x3,b1/5K°. 


p> In the solutions of equations 31-39, the following notation is used: 


R=/247-D, T= [rR dr, Fo=2r14+Qor¥R, Fo=r(RE-D, 


where I = I(r) is the incomplete elliptic integral of the second kind in the form of Weierstrass. 


31. = 6a7y + Ary. 


ce in parametric form: 
ear FIP, y=br SSF, where A=F1506°, 
32, yf! = 6a7y + Arty“ 
Solution in parametric form: 
r= Cer. y= bCyr 2s Re, where A=¥150b°. 
33. yf! = 20a7y + Ar ?y/?, 
Solution in parametric form: 


c=Q FE, y=bF 4° F3, where A=+108b3/?. 


34. y!! = 20a 7y + Aa Vy, 
Solution in parametric form: 
e=OiF?, y=bCF FS, where A=+1080°/. 


” 6 Arm 


355: 2 = y+ Any, 


Solution i in parametric form: 
e=O (rR FP) y=oR arr sR), where A= +305. 


36.) YL = 6 gy + Ary” 


Solution i in parametric form: 


c= O (4 FP) y=oCy Rr Fs Fe)", where A=+308, 
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37. 


38. 


39. 


mo 12 
Yow = Ft 


Solution in parametric form: 


y+ Ary!/?, 


t= CF HC3y", y= el CeO ae where A= +12 ph/?, 
a -fary + Ag /2yl/?, 
Solution in parametric form: 

£=C(L+Cy)’, y = bC\r7 (I+ C2)’, where A=+ipl/?, 


i Ayaty7 + Agar y” 


Solution in parametric form: 


Ay}! Ay"! 
w= [aC$(4rFP FF) - =I , y= bCR FR)? [aChar FP FFP) - =I 


where A> = +5a%b*. 


> In the solutions of equations 40-43, the following notation is used: 


40. 


41. 


42. 


43. 


R=VGrrer, m=([2+0, Rar-RB, 
jk 


d 
Cy -Tr3 +7, B,= [5 +0, a aL 
2 


y= Ayat? 4 Aga t/3yt/2, 
Solutions in parametric form: 
g=aT ER, y=bF?, 


where A, =¥2a77/3b, Ap = ta-2/3b3/2(-1)*; 


yn = Aya? 


Solutions in parametric form: 


+ Apa /6yA/2, 
z=ar’E,, 


where A, = +2a1/3p, Aj= $a-5/6p3/2(-1) #1; 


-3 -7 
Vow = Ary” + Arty”. 
Solutions in parametric form: 
— 4773 
c=art Hy, 


where A, = Fxa~b', A, = -ta 308. k=1andk=2. 


Yon = Ary? + Arar y” 
Solutions in parametric form: 
zg =at*H,!}, 


where A, = +ta 244, A, = -zad’; k=l1andk =2. 
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Hy = 37°F +3(1+7)E}, 


Hy = 37° Fy + 3-1 +1) E}. 


k=landk=2. 


y = bE, Fy, 


k=landk=2. 


ya bor PE”, 


y= br PE, 


> In the solutions of equations 44 and 45, the following notation is used: 


A 
Cre*? + Cye*? — > if A, >0, 
fi = : A, 
C; sin(kr) + Cy cos(kr) — at if A, <0, 
1 
kr —kr Ay ‘ 
k(Cye — Cre )- — if A, >0, 
h= = 
k[C, cos(kr) — Co sin(kr)] — > if Ay <0, 
1 
where k= slAil 
44, y! = A,+ Any”. 
Solution in parametric form: 
z=fi, y= ie 


as) = Aya? + Aga Sy 4/2, 
Solution in parametric form: 


fates wa Ge: 


p> In the solutions of equations 46 and 47, the following notation is used: 
For A, > 0, 
Ty = Cie"? + Cpe** +C3sin(kr), k=(4A1)"4, 
Ty = k(Cye* — Cpe™*”) + kC3 cos(kr). 
For A, <0, 


T; = e8"[C\ sin(sr) + Cy cos(sr)] + C3e™" sin(st), ss =(-4.4))'/4, 


Ty = se*" [(C, — C2) sin(sr) + (C; + C2) cos(st)] — sC3e~*7 [sin(sT) — cos(sT)]. 


46. yl! = Aya?y*/3 + Apry 3, 


Solution in parametric form: 


where the constants C', Cy, and C’3 are related by the constraint 


4AC{C +C3 = zAp AS if Ay > 0, 
C1C3 = TAPAS if Ay <0. 


ae Sy Aya? y?/3 4 Agy?. 


Solution in parametric form: 
r=T, y=T5” 


r) 


where the constants C, Cy, and C’3 are related by the constraint 


ACC) +C3 = -zA7' A> if Ay > 0, 
C\C3 =-fAj' Ap if A, <0. 
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> In the solutions of equations 48 and 49, the following notation is used: 


For A» > 0, 
T = Cie’? + Cope** + C3 sin(kr), k=(44))'4, 


Ty = k(Cye*" — Cye*7) + kC3 cos(kr). 
For A, <0, 
T,; = e* [C, sin(st) + Cy cos(st)] + C3e*" sin(st), s= (-4.Ay)'/4, 
T> = se* [(C — C2) sin(st) + (C; + Cz) cos(st)] — sC3e*" [sin(sT) — cos(sT)]. 


48. y= Aya By $3 4 Aya My 5/3, 


Solution in parametric form: 


where the constants C', Cy, and C’3 are related by the constraint 
4C\C,+C3=fAjAy if A, >0, 
C\C3 = 4 ATA? if A, <0. 

49, y= Aya t*By $3 4 Aya My 9/3, 
Solution in parametric form: 
o=T y= Ty Ty”, 

where the constants C', C’y, and C’3 are related by the constraint 
4C;C, +03 =-4A,A;' if A, >0, 
C,C3 =-1A4, Aj! if A, <0. 


> In the solutions of equations 50-53, the following notation is used: 
Ry = Or"! + Cyr? +037, 
Ry = (C1 + Cor)e*? + Ce", 
R; = Cye*" +e" (Cy sinwrt + C3 coswr), 
Qi = Cikir* + Cokyr® + C3k37, 
Qo =(kO, + Cy + kCgr)e** + we", 
Q3 = kCye*7 + €87 [(sCy — wC3) sinwr + (sC3 + wCy) cos wT], 


Si=7(Qi),, S2=(Q2),, S3=(Q3),, 
where ky, ky, and k3 (real numbers) or k and s+ tw (one real and two complex numbers) are roots 
of the cubic equation M- +BoX - +B, = 0. The subscripts of the functions Rm, Qm, and Sm, 
(m= 1, 2, 3) are selected depending on the sign of the expression A = 2B} —27B?: 


A>0O_ subscript m=1, 
A=0_ subscript m=2, 
A <0 subscript m= 3. 
If 2B} =27B? (subscript 2), then 
k=(¢B)'?,  w=-2¢B,)'" if Bi <0, 
k=-(4B))'?, w=2(4B)? if Bi, >0. 


Remark. The expressions for Rm, Qm contain three constants C', C', and C3. One of them 
can be arbitrarily fixed to set it equal to any nonzero number (for example, we can set C'3 = +1), and 
the other constants can be arbitrary. 
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50. Ys =Ait+ Apry!/?, 
Solution in parametric form: 
Z=Rp, Y= (ae where A,;= Bo, Ar.=Bj. 


Sy. = Aya? + Aga ?y"/?, 
Solution in parametric form: 
a y=R;, ae where A,;=B,, Ar=Bj. 
52, yl! = Ayy*/5 + Asay”, 
Solution in parametric form: 
x = a(2Q?, -—4BmSm+B,R2,), y= bR?, 
where A, =—ab~“4/5A,B>, A> = Sao? B?. 


53. y= Aya? /5y3/5 4 Aya B/8y-7/5, 
Solution in parametric form: 
& = a(2Q2, —4RmSm + BoR2,) , y= bRS7(2Q2, -4RimSim + BrR2,) 


where A, = $a?/>b8/5 BY? By, A, = —$a3/5pP/> BP. 


> Inthe solutions of equations 54 and 55, the following notation is used: 
1°. For A, >0, A; #0: 
T, = Cye*7 + Coe ** + C3sinwr, TT, = k(Cye*™ — Cpe *7) + wC3 coswr, 
where k = {3[(A} +3A))'/? + Ay]}/?, w = {4[(AT + 3.42)!/? — Ay]}!/?; the constants C, C2, 
and C3 are related by the constraint 4k*C\Cy +w"Ct =0. 
2°. For-At <3A2 <0, A: >0: 

T, =C71 Bry CT TA C37 Boy C41 Th T,= ky(Cyr™ - Cor *) + ko(C3r™ - Cyr), 
where ky ={3[A, + (At +3A2)'/7]}1/7, kp = {$041 -— (AT + 3.42)'/7]}7; the constants Ci, C2, 
and C3 are related by the constraint (CC) + C3C4)(At + 3Ap)!/2 + (Cy Co — C3C4) Ay = 0. 
3°. For -Ai <3A2 <0, Ai <0: 

T, = Cy sinwyr + Cy coswy7 + C3 sinuw»T, = T =w (Cy cosw Tt — Co sinw1T) +W2C3 cosuyT, 
where w, = {-3[A, + (Aj + 3A2)!7]}47, wo = {-F[A1 - (AZ + 342)! 147; the constants C, 
C», and C3 are related by the constraint w}(C? + C3) — «C3 =0. 
4°. For At +3A,=0, A, >0: 

T; =(C1 + Cor)e*? +(C3+Carye*?, Ty =(kC) + Cx + kCyr)e*” —(kC3-— Cat kCar ye, 
where k = (44); the constants Ci, Cz, and C3 are related by the constraint CC, + 
(CyC4— C2C3)(¢ Ai)? = 0. 
5°. For At +3A,=0, A; <0: 

T, =(C, + Cor) sinwr +C3rcoswr, Ty = (wC, + C3 +wCr7T) coswrt + (Cy — wC37) sinwr, 
where w= (-3.4;)?; the constants C, Cy, and C3 are related by the constraint Ct + Ct + 
C1C3(-4.A))'/? =0. 
6°. For 3A2 < —Al: 


T, = e*7(C, sinwr + Cp coswr) + C3e*" sinwr, 


Ty = e* [(kC) + wC}) coswr + (KCy —wC) sinwr)] + C3e*" (wcoswr —k sinwr), 


where k= {$141 of (-3.A2)1/2]}4/2, W= {31-A1 + (-3Ay)!/2q}1/2; the constants C';, Cy, and C3 
are related by the constraint CyA, + C,(-A? — 3A)'/? =0. 
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BA. Ayy 3 + Apa?y 3/3, 


Solution in parametric form: 


2=T, y=T3"”. 


Bor, Yo = Aya 8B y 3 4 Aya My 5/3, 
Solution in parametric form: 
e=T), y=T OT”. 


> In the solutions of equations 56-59, the following notation is used: 


JGies Pre i eae if Ay > 0, _144 11/2 
a ee if Ay <0, where w= |4A\|'"’, 
_ J w(Cie?? — Cre) + C3 if A; >0, 144 11/2 
oe if A, <0, where w=|4A,|'/7. 


56. yl = Ary 3 + Any? 


Solution in parametric form: 


2=T, y=Ti”, 


where the constants C', Cy, and C’3 are related by the constraint 
3(A, C3 + Ar) + 16A7C, C2 = 0 if A; >0, 
3(A,C} + An) +4440? +C) =0 if A, <0. 


Sie. Aya ty V3 4 Apathy Sh, 
Solution in parametric form: 
e=T), y=TT)”, 
where the constants C', Cy, and C’3 are related by the constraint 
3(A, C3 + Ar) + 16A7C, C2 = 0 if A; >0, 
3(A,C3 + Ar) +4.A7(C2 +03) =0 if A) <0. 


58. oy! = Avy '/3 4+ Anry 3. 


Solution in parametric form: 


- Ar 5 7 Ay \3/2 
las ay Le y=(L-<27) : 


where the constants C, C’y, and C’3 are related by the constraint 


3A1C}3 + 16A7C1C) “fb ZAP AS =0 if A; > 0, 
3A:C3+4A}(C} + CZ) + 247A, =0 if A <0. 


59. a= Aya By 4 Apa By F/, 


Solution in parametric form: 
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where the constants C, Cy, and C’3 are related by the constraint 
3A,C3 a 16A7C, C2 at ZAP AS =0 if Ay > 0, 
34,03 +4A}(C7 + CZ) + ZAP AZ =0 if A, <0. 


> In the solutions of equations 60-67, the following notation is used: 
d 
f=Viae-D, r= (f —2—-c, 
JV£4—3—1) 


The function ¢ = ¢9(7) is defined implicitly in terms of the above elliptic integral of the first kind. For 
the upper sign, ¢ coincides with the classical elliptic Weierstrass function 9= ¢(T+C2, 0, 1). In the 
solution given below, one can take ¢ as the parameter instead of T and use the explicit dependence 
T =T(). 


” 2,2 6-2 
60. Yon = AVY’ — zeUY. 
Solution in parametric form: 


2=Cir, y= br’ 9, where A= +£6b7. 


61. yf! = Arty? - Say. 


Solution in parametric form: 


£=Cir>, y = bCir 39, where A=+£01. 


62. yf! = Ax *y* + fay, 


Solution in parametric form: 


£=C}1r, y = (7° pF 1), where A=+$o1. 


Sa Aa y” + fay. 


Solution in parametric form: 


£=CiT>, y = C1 (1 pF 1), where A=+2867. 


64. yl! = 12a ?y + Ary ?/?, 
Solution in parametric form: 


r=Ce/(f + are), y =be/ (f+ are), where A=714767/?, 


65. yl! = 1a 7y + Avy S/?, 
Solution in parametric form: 


/7 


e=Cig2/(ft2re)”, y=bOip*/(ft27—) ", where A=714707/2, 


_ 63-2 -2,,-5/3 
66. yf = avy t+ Aw y i, 
Solution in parametric form: 
r=Ci(rft2p) 4, y=v(rf+2p)?*®F+ are)”, where A= ~ 2298/3, 
— 63-2 2/3,,-5/3 
67. Yn, = Fe y+ Ax? By S/3, 
Solution in parametric form: 


r=C(rf+2e)4, y=oC\(rf +2) /*(F + rey”, where A= — 28/3, 
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> In the solutions of equations 68-73, the following notation is used: 


d 
= V+40? -20;-C), anes 
vee 
= Vt403 +20. - CO, r= | 2 __ 
— 


The functions 9, = g(T) and (2 = 2(T) are the inverses of the above elliptic integrals. 
For the upper signs, they are the classical Weierstrass functions go, = @(t + C1, 2, C2) and 
(2 = (AT - C1, -2, C). 
68. y!! = Ary? + Ad. 

Solutions in parametric form: 

Z=aT, y=bpxr, 

where A; = +6a~b!, A, =ab(-1)*; k= 1 andk =2. 
60%. y= Ajay? + Ara 

Solutions in parametric form: 

z=art', y=br'gr, 

where A; =+6a2b"!, A, = ab(-1)*; k=1 andk=2. 

10>. y= Aya /1y? 4 Ara ?/7, 


Solutions in parametric form: 


a y= br(17 on ¥ 1), 
where A; = fal! 1 A= a /7h(-1)*; k =landk=2. 


ae ee ee + Gai 
Solutions in parametric form: 


L= at’, y= br °(1 oR ¥ 1), 


where Aj =+75 £ a®/7h1, A, = pa/"b(-D*; k =landk=2. 


72. yl = Ay+ Any? 
Solutions in parametric form: 
alfe-(D'r], y= by, 
where A, =+4 xa 2b A= Lahey =landk=2. 
13s Mp Aya + Pe 
Solutions in parametric form: 
e=alfx—-C)*rT", y= beg fe-(CD*rT" 
where A, = ++a b, Ar = ZASPR(-DS; k=landk =2. 


p> In the solutions of equations 74 and 75, the following notation is used: 
B= [try Pdr4+G, a4 


The function E can be expressed in terms of elliptic integrals or lemniscate functions. 


74, yl = Aya /Sy3 + Aga 4/Sy?, 
Solutions in parametric form: 


e=aCjE~, y=bC{E“(rE-k), where A;=+Aa8b?, Ay =+6a4b"k. 
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75. yl = Aya ?/Sy3 + Aga /Sy?, 


Solutions in parametric form: 


L= aC? E?, y=bC\E(rE-k), where A,= tha, Ad = tSal otk, 


p> In the solutions of equations 76-81, the following notation is used: 


Ji/3(7) for the upper sign (Bessel function), 

a { I,/3(7) _ for the lower sign (modified Bessel function), 
¥Y1/3(7) for the upper sign (Bessel function), 

Z { K;3(7) for the lower sign (modified Bessel function), 


i ny 
H=Cif+Crg+ Bulg f far-f fgdr), w= { z% for the upper sign, 


-1 for the lower sign. 


76. y’, = Arey + Ad. 
Solutions in parametric form: 
e=ar?, y=r'3H, where A,= F2a%, A) = fa B. 


77, yf = Away + Ape. 


Solutions in parametric form: 


g=ar2/3, y= T/3H, where A, = Fia°, A) = 4a. 


18). “Yo Aya/? 4 Aga V2y1/2, 


Solutions in parametric form: 
zg =arH?, y= br ?/3(7 Ht + ayes where A, = -+ “1/258, A) = Ft q 3/2 H3/?, 


192 = Aya?/? + Apa ?y"/?, 


Solutions in parametric form: 
e=ar?PH, y=br*PH GH! + 1H), where A, =-4 266, A) =F 


80. yl! = Ayy?/? + Ary”. 


Solutions in parametric form: 
a =ar 7/3 (Fr7H? +267rH - (rH! +4H) |, y=br?3H?, 
where A, =—ab™/2BA>, Ay = 2a9b. 


81. y= Aya 3y3/? 4 Aya y?. 


Solutions in parametric form: 
e=ar?! [Fr H?4207H-(rH! + 4H), y=br4/3H? [12 H?4267H-(rH! +4H)], 


where A; = —2a71/2p9/28, A) = 353. 
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> In the solutions of equations 82-88, the following notation is used: 


oe Ci J.(7) for the upper sign (Bessel function), 
“| Cit) for the lower sign (modified Bessel function), 


ae CrYi(7) for the upper sign (Bessel function), 
“| CiK (rt) for the lower sign (modified Bessel function), 


Zy =@U,+a2V,, Xp =AU,+bVW, FL =7Z)t+vZ,, Gy =rX)+vXy, 


_) ZX if A =~(a1 hy - 01)", 
aU? + BU,V, + V2 if A=4ay- 8, 


N es LyGy +X ,F, if A = ~(a1 8) — a2)’, 
' TN'+2uN if A =4ay-— 8, 


Ni AOE as 2/m for the upper sign, 
Pad : -1 for the lower sign. 


The prime denotes differentiation with respect to T. 


82. y!! = Ary + Ary”. 


Solutions in parametric form: 
x =ar?, y= br 3 N12, 
where v = i, A,= Fia%, Ad= abu A, 


83. yf! = Aa" y+ Ary”, n #-2. 


Solutions in parametric form: 


1 1 1 
where y = ——, A; = ¥——a"”, A. = abtwA. 
+2 V V 


84. yo! = Aya y+ Ary”. 


Solutions in parametric form: 
x=ar 3, y= br BN? 
where v = i, A,= Fia°, Ad= abu A, 


an / ae Aya? + Aga ty l/?, 


Solutions in parametric form: 
esarlN, gtr rN Ny, 
where v = +, A; =—2abw*A, A) = Fhq3/7p3/?, 
86. yl! = Apt Arey, 
Solutions in parametric form: 
v=at?PNt,  y=br4PNN?, 


, Ay =—2a* bw A, Ay = F$03/7, 


where v = + 
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87. yf! = Ary? + Ary®. 
Solutions in parametric form: 
e=at ANN, y=brN, 


1 ___9 373 _ 9-274 2 
where v= 3, Aj =—-yyga~b, Ap= Ga “b'urA. 


88.’ = Aya ?y? + Ary®. 
Solutions in parametric form: 
v=arFNNz!,  y=br*PAN7N;), 


2 __ 9 23 — 9 -2p4, 2 
where v= 3, Ay =—75gb", Ar = Gqavb'urA. 
p> In the solutions of equations 89 and 90, the following notation is used: 


A=(2-2C), R=(6A+54Br-27r)'/2, z= cm sas as dr, 


—A Cy, 
rey a med 
C, tan(+ Az) + C, if A<0, 
VA anh ($ Az) races if A>0O, 
= Ch Ci 
Wz)= : V2 
F-—— - if N=0, Cr <9, 
Chz val v : 
1 2 
F—— + if N=0, Cy>0. 
Oz JC ? : 


89. oy! = Apy 3/3 + Apa ?/sy 5/3, 
Solutions in parametric form: 
eat? (CW? -20,W +29, y=br?/4(C,W? -20,W +2)°/4(6CW -6C2F RY”, 
where A; = 24a208/3C,, Ay =—36a*/308/3B. 

90. yl! = Aya? ByS/3 + Apa ty 3, 
Solutions in parametric form: 
aaar?*(C\W?-20,W +2), y=br3/4(C,W?-20,W +2) 3/460, W-60,F RY”, 
where A, =—36a*/368/3B, Ay = 24a72/308/3C). 

> In the solutions of equations 91-102, the following notation is used: 


The functions P, and P, are the general solutions of the four modifications of the first Painlevé 


equation: 
Pi =t6P) +7, Py =+6Py-7 


(in the case of the upper sign, the equation for P, is the canonical form of the first Painlevé equation, 
see Paragraph 2.8.2-2). In addition, 


Q:=t6Pi +7, Ty=7P,F1, Uj=(Pi-2P:Q:+8P?), VW=PiQi+Pi- Qi, 
Qo =t6P7-7, Th=7°P,:¥1, Uy =(P;-2P:Q.+8P3, Vi= P,Q) - P,-Q}. 
The prime denotes differentiation with respect to T. 
91. yl! = Ary? + Aoz. 


Solutions in parametric form: 
t=at, y=bPr, 


where A; = +6a~b!, A, = a3b(-1)**!; k=1 and k =2. 
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O25. oa Aya >y? + Ara. 
Solutions in parametric form: 
g=art', y=br'P,, 
where A; =+6a7b"!, A, = a2b(-1)**!; k= 1 and k =2. 
ae Aya7!5/7y? + Ana 8/7, 
Solutions in parametric form: 
2=ar', y = brTy, 
where A; = +6074, Ao = ppv 9/7h(-1)*"); k=1landk=2. 
94. yy = Aya 2/74? + Aya 8/7, 
Solutions in parametric form: 
g=at’, y=br°T, 


where A, = +£09/75, Ao = ao '/Tb(-1)**); k=1landk=2. 


95. yl = Ale + Aoy'/?, 
Solutions in parametric form: 
GaP. “YP 
where A, =+24a73b, Ay = 2a72b3/2(-1)**!; k= 1 andk =2. 


96. yf! = Aya t+ Age Sy V/?, 
Solutions in parametric form: 
e=aP,', y= bPe'(Phy, 
where A, =+24a2b, Ay = 2a!/2b3/2(-1)**!; k =1 and k =2. 
OFe . ie Ay? + Ajay /?, 


Solutions in parametric form: 


x=aUp, y= bP2”, 


where A, =¥8ab~7A>, Ay = sa 38/3; k=1landk=2. 
98. oy! = Aya MS y/3 4 Apa Ty 5/3, 

Solutions in parametric form: 

x =a;', y= bPe? uz), 

where A, =¥8ab~7A>, Ay = —sal/3p8/3; k=l1andk=2. 
99. oy! = Aye? + Any”. 

Solutions in parametric form: 

Pay. ys0oe 

where A, = za 0-1, A, =+6a7b3/?; k=1 andk =2. 
100. yi! = Aya 3/2 + Aga s/2yV/?, 

Solutions in parametric form: 

wa aPry, y= OPPO 
where A, = za o-1*, A, = +6a!/2b3/2; k =1 andk =2. 


© 2003 by Chapman & Hall/CRC 


101. y= Ary“ + Anry??. 
Solutions in parametric form: 
=aVe, y=d(P,)°, 
where A, = ab /34,(-1)*, A> = a p*/s; k=1landk=2. 


102. y= Ae yA? 4 Apa My S, 
Solutions in parametric form: 
w=aVg, y= bOPAY Vy", 
where A, = za /3—7/3(-1*, A> = al/3p8/3; k=1landk=2. 


> In the solutions of equations 103-108, the following notation is used: 
The functions P, and P, are the general solutions of the four modifications of the second Painlevé 
equation (with parameter a = 0): 


Pi =rP,£2P?, Py =-rP,+2P}, 

where the primes denote differentiation with respect to T. In the case of the upper sign, the equation 
for P, is the canonical form of the second Painlevé equation (with parameter a = 0, see Paragraph 
2.8.2-3). 
103. y!/ = Ary? + Aoxy. 

Solutions in parametric form: 

t=at, y=bPr, 

where A; = +2a~b~, Ay = a3(-1)**!; k=1andk =2. 
104. y= Arey + Ara y. 

Solutions in parametric form: 

g=ar', y=br'P,, 

where A; =+2a4b~, A, = a3(-1)**!; k=1andk =2. 
105. y!/ = Art Aga ty l/?, 

Solutions in parametric form: 

w=aPe, y=O(Pi, Py = (Paden 
where A; =+2a7b, A> = za3/293/2(-1) "41; k=landk=2. 


106. y!!, = Aya? + Aga ?y!/?, 
Solutions in parametric form: 
w=aP., y=oP (Pi,  Ph=(Pr)ps 
where A; = +2ab, Ao = $b3/2(-1)**1; k=1landk=2. 
107. yf = Ait Apry”. 
Solutions in parametric form: 
e=olrP pth — (Ay. yank, F.=(Pe, 
where A; = ¥2a~b(-1)*, Ay = 2a3b3(-1)**!; k= 1 andk =2. 
108. yl” = Aye? + Ape ?y”. 
Solutions in parametric form: 
e=alrP2+ PA-(PIY]", y= bP2[rP2+ Pk - (PLDI, 
where A; =+2ab, A) =20?; k=1andk=2. 
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2.5. Generalized Emden—Fowler Equation 
= Arry™(y’)! 


2.5.1. Classification Table 


The case / = 0 corresponding to the classical Emden—Fowler equation is outlined in Section 2.3. In 
this section, the case / # 0 is considered. 

Table 23 presents all solvable equations of the form y’!, = Ar”y’(y',)' whose solutions are 
outlined in Subsection 2.5.2. Two-parameter families (in the space of the parameters n, m, and J), 
one-parameter families, and isolated points are presented in a consecutive fashion. Equations are 
arranged in accordance with the growth of /, the growth of m (for identical /), and the growth of n 
(for identical m and /). The number of the equation sought is indicated in the last column in this 
table. 


TABLE 23 
Solvable cases of the generalized Emden—Fowler equation y”,, = Ax" y"™(y',)! 


Two-parameter families 


3 2n+m+3 arbitrary arbitrary 2523 
nt+m+2 (m #—l) (n #—1) 


One-parameter families 


arbitrary 
(m#-3) 


arbitrary 


arbitrary 
(n #-3) 
Heme 
(n#- 


sia 2.5.2.107 
(n# -#) 


arbitrary 
a marty | | 282s 
arbitrary 
arbitrary 
ee 
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TABLE 23 (Continued) 
Solvable cases of the generalized Emden—Fowler equation y”,, = Ax" y"™(y',)! 


SS 


Isolated points 


— — = 

NL ND] nN 
| 

Nie 
| 

Niln 

N 

Nn 

N 

1oS) 

\oS) 


Perey td td idl | rt ryt 
a rT Pope Pm PB Pb Joti ey mY mp me 


= 
i 


| 


1 | | ry i] rr 1 || 1 |! 
HH Nilw el aad nl cee eee le NIN] ofr | ren ae a NH | fry | ee | Apu} rR NR | aNn Bln als 


i 
2 
i 
2 
2 
3 
4 
5 
8 
7 
8 
7 
& 
5 
5 
4 
5 
4 
9 
7 
2 
7 
3B 
10 
27 
20 
18 
B 
Zz 
5 
Ee 
5 
Zz 
5 
EB 
5 
Zz 
5 
Zz 
5 
Zz 
5 
10 
7 
22 
15 
3 
2 
3 
2 
3 
2 
3 
2 


| | | | | | | | 
Nf Jom frme} GE] | prope oops 


© 2003 by Chapman & Hall/CRC 


TABLE 23 (Continued) 
Solvable cases of the generalized Emden—Fowler equation y”,, = Ax" y"™(y',)! 


2.5.2.98 


- 2.5.2.103 


= 2.5.2.84 


° 


pI] A 
coo| 
+t 
‘. 
Sie 


; 
No} 


Nn 
oO 
Py i} 
NIM] wf 
| 
tS) ee tee ts 


R 
oO 


~| 


Nn 
: 


dR]w 
olw 
wWIY 


fo) 
NI 


| | | 
mn 


i) _ 
; . 
. 

| 
oo 


3 
2 
23 
15 
I 
7 
8 
5 
8 
5 
8 
5 
8 
5 
8 
5 
8 
5 
8 
5 
21 
B 
7 
12 
7 
a 
4 
7 
4 
2 
3 
13 
7 


a 
~ 


= 
y 5 


i a) 
: t 
| 
) 


io) 
Jn 


s}xa} xr] xn 
al & iS) 
7 te 
| | | 
al8lelals 


~ 
lon 
+t 
sl 


oo 


ae ee 
\o — 
Wlnfre 
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TABLE 23 (Continued) 
Solvable cases of the generalized Emden—Fowler equation y”,, = Ax" y"™(y',)! 


a 


oe) 
= 
we) 


oo 
BR} WwW! bd 
re 
wir as NIn | 


oo 


oo 


at 
Nn 
; 
| 
| 


2.5.2.104 
2.5.2.15 


[32s 
= a a 

a a 
a 
a SS 
a 
ee 


Co 
Co 
| 
sles ae ak ro NO NO 
| 
ales ee cies oe PR 


ww 


| 7 
’ 7 


2.5.2. Exact Solutions 


Lo yy, = Ay™ (yi). 
1°. Solution in parametric form with m # —-1,1 #42: 


th +1 
ea / tr™ 2 dr+C), y=0bC?"'r, where A= +o qi2plomt 


2°. Solution in parametric form with m = —-1,1 #2: 
az 4b ! 
r=aC; fr 2 exp(417) dr+Cy, y=bC; exp(47), where A =+————— (=) , 
a2(2—-1)\ 2b 
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3°. Solution in parametric form with m # —1,1 =2: 
1- 2 
r=C, [ree exp(tr?)dr+C), y=brmt, where A=+(m+i1)ob™. 
4°. Solution for m =—-1, | =2: 


1 
y= (Ci2+C,) TFA if A#1, 
C2 exp(C) x) if A=1. 


2. al eA gy 
1°. Solution in parametric form with n #-1,/ 41: 


a +1 
eau a <yStCnt (ee tr™ 1 dr>+C>, where A= a a 


2°. Solution in parametric form with n =—-1,1 41: 


Bo 4a? b \3t 
r=aC; exp(47’), y=00 [7 1-l exp(417) dr+Co, where 4=FaG—p (Fay) : 


3°. Solution in parametric form with n #-1,/=1: 
2 l-n 
g=arnmt, y=C; if Tin exp(Fr*)dr+Cz, where A=F(n+1)al. 
4°. Solution for n =—-1,/=1: 
_ { Ci\2/47+C, if A#1, 
Ciln|jal+C. if A=1. 
2n+m+3 
3. Ys = Az’y™(y!) n+m+2 , 
Solution in parametric form with n #—-1,m #-1: 
dt n+l dt n+l 
Lei ae). Supe ey 
- exp|/ Fm. OP TPs sd F@ mel? 
where the function f = f(r) is defined implicitly by the formula 
Ape n+1 


[f+(o- 1)r\(f tor) he =Ci+ Pro o= el 


For the case n = —1, see equation 2.5.2.5. For m =-—1, see equation 2.5.2.4. 


-1 2 
4. yi, = Ax” y(y,)”. 
Solution in parametric form with n #—1, n #0: 
1- ntl 1 


1 n -1 
earn y=stexp| from (ore +nrv +C,) dr +03], 


where A=-a™”. 


For the case n = —1, see equation 2.5.2.7. For n = 0, see equation 2.5.2.1. 


5 fe Arty y. 
Solution in parametric form with m #—1, m #0: 
l-m mt 1 


w= sexp| frm (orm +mrm +1) dr+Q], pian, 


For the case m = —1, see equation 2.5.2.8. For m = 0, see equation 2.5.2.2. 


© 2003 by Chapman & Hall/CRC 


6. i= Ax! y'(y', nas 


Solution in parametric form with / #4 1,1 #2: 


s-F) mols gy wmteel geval Tp 


where the function f = f(r) is defined implicitly by the formula 


f ol T Ay I-1 
fiioe = l= een gia ees 
n(s 5) Wee a ee =) 


For the case | = 2, see equation 2.5.2.7. For / = 1, see equation 2.5.2.8. 
7% woaAc yy): 
Solution in parametric form: 


w=te’, y=C)(FAT+e7 +C))exp [HA [oar +e7 +01)! dr| : 


8. = Aatyty’. 


ener in aaa form: 
a = C,(tAr + e7 + Ch) exp [FA [@ar +e7+Cyy! dr| > Yr=te’. 


9. = Arty (yy. 


eee in parametric form with n 4-1: 


sa att'r( f +e) y=ocn faa) 


qh pnt. 


+1 
where A = +——— 


For the case n = —1, see equation 2.5.2.15. 


3m4+5 
10. yf), = Axy™ (yl) 243, 


Solution in parametric form with m # -3/2: 
w=aCP{aery?| fatty? dr+c] -r}, 


a pt2 
y = Boerne) fa rety Pdr ece), 


al, 
Sade __ 2m+3 _ pba? E w+ Da ti 
Ce ae | CD OOD 


3n+4 
11. yl! = Ax”y “2 )2n+3, 


oem in parametric form with n # —3/2: 
--1 
t= aCe pl i + lly l/2 dp 4 C| Z ; 


yaoC}{aerity”| f daecety ? dr+0a]-r}", 
tlt 


n pt3 eh + /,@\ 73 
hen A mp2 (+2 ) 
Oe a a(t 1) b 
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3n+4 
12. yf), = Ax” y(y!,) m8. 


Solution in parametric form with n # —3/2: 


2 = acre [fa fey ede + C| ne 
y=ocpfaary?| faa) dr+ cy] —rh, 


1 
2n+3 pa pa E G+ Db La 


= ~~ 2(p + 2)a 


h = = 
en Orie eae (+ 2)b 


3m+5 


1 
13. Ye = Ax 2y™(y!,) 2m+3 , 


Solution in parametric form with m # -3/2: 
2 2 
w=ah{aerety?| faery dr +s] -r}, 


a -p-1 
y= pcr pet [/a + pty ne dr +0] ‘ ; 


1 

1 eds. 

where i ee = a rs (22) "7, 
pt 


m+1 Gi 


14. y” = Azyy'. 
Solution in parametric form: 
r=aC; {2r [/ exp(#r’) dt + C)| an expr’), y = bC, [/ exp(4r’) dr + | 3 


where A = Fea b. 
15. y= Arty). 
Solution in parametric form: 
-1 -1 
x = aexp(4r’) [/ exp(477) dr + 0 » y=C; [/ exp(#17) dr + c,| , 
where A = +2a’. 


16. y= Ax yy’). 


Solution in parametric form: 
x=aCi|f expCFr?)dr+C2], y= 6C,{2r| f expr) dr + C| texpcer?)}, 
where A =-+a’b. 


17.0 yf! = Ary yl). 


Solution in parametric form: 


a =taC(7?- (3-37 +Q)) , y= bC!(r4 — 612 + 407 - 3), 
2/5 
where A=£15a*6'/?(—) : 
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18. 


19, 


20. 


21. 


22. 


23. 


24. 


25. 


yi, = Aay yl). 

Solution in parametric form: 
a = taC2"(73 -— 37 +. Cy) 7 (76 — 1574 + 200yr3 — 457? + 1207 +27 — 8C2), 
y = bC2(r4 — 67? + 4Cyr -— 3)", 


Sajal a \ 
= +— — 
where A ti54 b (ss) : 


Ye - Ag S/2yV/2(y! 10/7, 
Solution in parametric form: 
-17.3 “14 2 2/3 
x=aCy (7-37 +C2) (7° - 67° + 4Cy7 — 3)", 
y = bC2"(73 — 37 + Cy) (79 — 1574 + 200 p73 — 457? + 12Cyr +27 - 802), 
3/7 
here A = 28a(ab)'/?(—) 
where a(ab) 7b 
Ynw = Ady’). 
Solution in parametric form: 
z=aCi(r? - bes y = bC}(73 -37+Cr), where A= +$a5/2p?, 
Yen = Ayyi,)- 
Solution in parametric form: 


= aC3(7? —3r+C), y=bCir, where A=-6ab™. 


yeaa grey). 


Solution in parametric form: 


£ = aC\(1? - KG ey Ca. y= bC3(77 -—37r+ Oy where A= Fta¥/7pl/?, 


Yon = Aa Py(y’y. 
Solution in parametric form: 


L= aCy(r3 -37r+ Gy y= +bC8(1 4_ 677 +4Cyr -3), where A= FZ a3H%. 


yl, = Aa yy’ 8/5, 


Solution in parametric form: 


a =aC§(74—672+40)7-3), y= tbO\(72 - 173-37 +)”, 
b \2/3 

— Ty 5q1/24-2 
where A=+415a/~b (=) ; 


yi, = Aa By By’), 


Solution in parametric form: 


x =+taC\(1? — 37 + Cy)9/(r4 — 61? +4Cpr - 3), y= tbC [8 (74 - 67? + 4C or - 3), 


where A= FA ah/3pl/3, 
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26. yl! = Ar/4y(y’ 8/5, 


Solution in parametric form: 


w= aCP(1 4 _ 67? +407 - a, 
y = £b02"(73 - 37 +. Cy) 7 (78 — 1574 + 200 yr? — 457? + 1207 +27 - 802), 


eS 7/4p-2 ee 
where A=t754 b (=) : 


27. ae = Aa 2y$8/2(y! 1/7, 
Solution in parametric form: 
a =aC2(73 —3r+Cy) (79-1574 + 20Cy73 — 457? + 1207 +27 - 802)’, 
y= be —3Tr+ Cy) (74 — 677 +4C 7 - 33, 


3/7 
where A = -280(ab)"/?(57-) : 


28. y= Ary *(y/,) : 
1°. Solution in parametric form with A < t 


G=T(Cyr’+Cor”), y= r, where v=\V1—4A. 
2°. Solution in parametric form with A = i: 
x=7(CyIn|r|+C2), y=’. 
3°. Solution in parametric form with A > + 
g=7Csinvinr+C), y=r’, where v=V4A-1. 


29, yl, = Aw ty ty! )3/?, 


Solution in parametric form: 


war (Cyr’ + Cor’), ys grid tyyCir’ +1 -)Car fp, 
where A= Fk?, v=k2(k*+4)!/2, 


30. = Aa yy’). 
Solution in parametric form: 


r= aC? exp(—27T) [2 exp(3T) —C sin(V3 7) +V3C% cos(V37)] - 
y = bC; exp(—7) [exp(37) +C> sin(V3 T)], 


where A = —16a3/2b-3, 


31.0 oy = Ary (y/ 3, 


Solution in parametric form: 


aCe [2 exp(3T) -—C sin(V3 7) +/3C> cos(V37T) | bCy1e" 
tL = ——. _ q_3x$“_~ ——q_eimeew—wz~s = ’ 
exp(3T) + C) sin (V3 T) y exp(3T) + Cy sin(V3 T) 


where A =—16(ab)?/?. 
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32. 


33. 


34. 


35. 


36. 


yi), = Any? (yl!) 

1°. Solution in parametric form with A < 0: 
x = aC\[cosh(r + Cy) cos T]!/7[tanh(r + C2) — tan], 
y= bce cosh3(r + C2) cos r [tanh(7 + C2) + tan], 


= —5q72p2/3 ( —_ 
where A 5a “b (= 


2°. Solution in parametric form with A > 0: 


a Ne 


x = aC\[coshr — sin(r + C2)J"'/7[sinh r — cos(r +Cy)], yy = bC8[sinh r + cos(r + Cy)]°, 


2/5 
where A= sa*6?/3( =) : 


Yee - Ag s/2y Wy! \/2, 
Solution in parametric form: 
x = aC{'[cosh(r + C2) cos ty 1, y=0C, cosh(r + Cy) cost [tanh(r + C2) — tant], 
where A =—4ab. 
Yn = Aa yy!) 
1°. Solution in parametric form with A > 0: 


ae y= bC? cosh(r + Cy) cos 7 [tanh(r + C2) + tan 7], 


L= aC} [cosh(r + Cz) cos T] 
where A= Jab3o4. 
2°. Solution in parametric form with A < 0: 


3/2 
° 


L= aC} [cosh r — sin(r + C’)] y= bC?{[sinh +cos(T + C)], 


where A = —208/364, 

yt, = Aa? Py(y!)/>, 

1°. Solution in parametric form with A > 0: 
r= aCe’ cosh?(r + C2) cos* r[tanh(r + C) + tan T]°, 
y = bC,[cosh(r + C2) cos T] '/2(tanh(r + C2) — tanT], 


b \2/5 
— 62/372 
where A = 5a‘/~b (=) ; 


2°. Solution in parametric form with A < 0: 
L= aC* [sinh r +cos(r + Cr)]°, y = bC [cosh r — sin(r + C>)\/7 [sinh 7 -—cos(r +C>)], 
b \2/5 
— 6 2/372 (9 
where A =—5a‘/~b (=) : 


Tee = Aa Vy $8/2(y! 8/2, 


Solution in parametric form: 
x = aC} cosh(r + Cy) cost [tanh(r + C2) —tant]?’, y= be? [cosh(r + C2) cost], 


where A = 4ab. 
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37. 


yn = Ar By MA(y! 3, 
1°. Solution in parametric form with A > 0: 
x = aC\[cosh(r + Cy) cos T]/[tanh(r + Cr) + tant], 


y= bC;? [cosh(r + Cy) cos rT]! [tanh(r + Cy) + tan], 


where A= J a/3pt/3, 


2°. Solution in parametric form with A < 0: 


x =aCj[cosht — sin(r + C2) ]°/7[sinh r + cos(r + Cy)! 
y= bC;* [sinh T +cos(7 + C2), 


where A= -3 8/3p4/3, 


> Inthe solutions of equations 38—45, the following notation is used: 


39. 


40. 


41. 


42. 


E=exp(3r), S,;=EB+C, sin(V3 ie S) =2B-C, sin(V3r) +V3C2c0s(V37), 
S3 = 251(S2), —($1),92—S1S2, S4 = 251(S3), — 5($1),53 + $1.83. 


yi, = Any *(y!)/7. 
Solution in parametric form: 
e 2/7 
e=aC\E"/6S; 2g y=bC8E 4353, where A= 7a°*6'/?(—) ; 
yi, = Aay By! )/7, 


Solution in parametric form: 


ole 


a=aCPE g's, y=oCPE 58> where A=702b"/8 ( aaa 


yl, = Aaa 2yA/2¢y! 38/18, 


Solution in parametric form: 
2/5 a \5/13 
t=aC EY Ssis?, y=bCP ES? sis? where A=-208a°/21/ (ss) : 


inn = Ax /*y(y/,). 
Solution in parametric form: 
L= aCe Bes. y= eCtE Ss, where A= —apqa hb? 
yl = Aa gy). 
Solution in parametric form: 
b Ve 


w=aCpE“?S3, y= BC, EV6 s/s), where A =—7al/?p? fn 
a 
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43,0 y! = Aa Py Vy’), 
Solution in parametric form: 


e=aQ Bess? g3 y= pCtE3531, 


44, yl”! = Aa BB yy! 7, 
Solution in parametric form: 
BRuCP HIRE, YStOrE Ss, Sy 
45. y= Aa '/2y7/2¢y! 2/18, 
Solution in parametric form: 


DCP EP ES Sh. yotG bs ss 


p> In the solutions of equations 46-49, the following notation is used: 
T3=tanh(7+C>)—-tanT, 
63= sinh r—cos(7 +C>), 


Ty) =tanh(7+C>)+tan7T, 
62= sinh 7 +cos(7 +C)), 


T, =cosh(7t+C}) cos T, 


6;=coshtT—sin(r+C), 


46. yl! = Ary /"y’)7/s, 
1°. Solution in parametric form with A < 0: 


3/2 7/317 /3 = 
a =aCeT! Ti, y =bC7,/ rts _ where A=-Sa 7510/7 ( 


2°. Solution in parametric form with A > 0: 


t= aCe, "64, y= poles’, 


47. yl! = Aar$/2y/2¢y? 13/10, 
Solution in parametric form: 


where 


_ 5 12/5035 
where A= ae 


25b \2/7 
— _7,13/8,-2 
where A Ta! °b (=) 


5/13 
where A= 208a1/765/? (2) : 
a 


T4= 3173-4, 
64 = 30203-20%. 


aa es 


_> 4 10/7 9a \2/5 
eae cre) Me 


Z / 
SoC eT, as Ee y =bC;?T;T;, where A= -20a(ab)'/?(<) 


48. oy”! = Ar !/Ty(y’ 8/5, 
1°. Solution in parametric form with A > 0: 


a=aChTPT?, y=bC7T2?T%, where A= ee 


2°. Solution in parametric form with A < 0: 


a=aChe?, y=b096,/764, 


49. y= Aa */2y$/2¢y? 17/10, 
Solution in parametric form: 


a=aC0T?T?, y=bC Ter”, 
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where 


Le 
A= (ey 


3/10 
where A= 200¢a0)'/(<-) : 
a 


> Inthe solutions of equations 50-65, the following notation is used: 


R=V+(4r3-1, Fy=2rl(r)+Qo7 FR, Fo=r (RF, -1), F3=47F? FF, 


is the incomplete elliptic integral of the second kind in the form of Weierstrass. 


d 
where 1n)= | = 
50. yf! = Axlyl)”/4. 

Solution in parametric form: 
z=aC,R, y=bCir'F,, where A=F3 a” (¥6a/b)*/4. 
51.0 yl! = Ary /(y,)/4. 
Solution in parametric form: 

c=aC)'F, y=bC?r’Fi*, where A=*F4a 91/2(43a/b)9/4. 

52,0 yl! = Ag /y(y’)?/”. 


Solution in parametric form: 


1 1/7 
gz =a, 'F?, y= oC} F Rebs ah where A= zh q/2p71 (*) , 


53, yl = Aw My yl yy, 


Solution in parametric form: 
c=a0}F FS, y=bC F(A F3-8F?), where A=F4a/%t3/2(a/b)?/?. 
54.0 yl! = Aa /4y(y’)°/7, 
Solution in parametric form: 


w=aCy?F;*, y=bC3F7(R,F)-8F)), where A= = ee a '/4p-1 (= 


55. yf! = Arty’). 


Solution in parametric form: 


g=aCir", y =bCir 1K, where A=+6a°b~. 


56. yf), = Ay(y,,)". 
Solution in parametric form: 


c=aCir'Fi, y=bCR, where A=+4b (F6b/a)?/*. 


57, yf! = Ar ty(y’). 


Solution in parametric form: 
z=aC?Fy;', y=bC{rF;!, where A=+6a°d~. 


58. yl! = Aa y(y’)9/4, 


Solution in parametric form: 


z=aCjr’ Fy’, y=bC;'F, where A= +32q1/267(+3b/a)>/4. 
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59,0 yf! = At VyAhy' 3, 


Solution in parametric form: 
z=aCiF;, y=bC)F?, where A= F473, 
60. yf, = Aa Py /%y’" \, 
Solution in parametric form: 
z=aC;}F,°Fy, y=bC?F,°, where A=F4a¥7p%/6, 


61. yf! = Ary *(y/ 8/7, 


Solution in parametric form: 


=o, y=0CiFe aT getypure( 16617 
c=aCi PF Fh, y=bCy,°F;, where A +754 b (=) ‘ 


62. yl! = Ax "y(y’,)°. 
Solution in parametric form: 


a =aC3F”, y = bC8F;, where A=Faako?. 


63. yf! = Ar y*(y,)°. 


Solution in parametric form: 
a =aC3 Fi F;, y =bC$F;', — where A=FAa'o°. 


64.0 yl = Aa t/2y-7/%(y! )7/3, 


Solution in parametric form: 
a=aCQ\F>(F,F3-8F2y, y=bCF FS, where A=+407/7b-9/(b/ay’?. 
65. yf! = Ary (y,)8/”, 
Solution in parametric form: 


ce 


= wi 
« =aC}F,"(F,F;-8F?), y=bC;F;*, where A= tates : 
a 


p> In the solutions of equations 66-95, the following notation is used: 


dg 
SS = /+(493- 1. 
T if Hagen T a (4° — 1) 


The function 99 = (7) is defined implicitly. The upper sign in the formulas corresponds to the 
classical elliptic Weierstrass function 0 = (7 +C2, 0, 1). The solutions given below are written in 
parametric form. One can assume as the parameter either T, hence = £(T), or 9, hence T = T(g). 


66. yf’! = Ax(y,)>/?. 


Solution in parametric form: 


2 1/2 
a=aCif, y=bCr, where 4=#2 (22) 
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67. 


68. 


69. 


70. 


71. 


72. 


73. 


74. 


75. 


76. 


yl = Ary /4(y')5/?, 


Solution in parametric form: 


3a\ 1/2 
=aC,\(rf - = bC274 a gata. 
x=aC, (*tf-~), y=bCir", where A a b (2 =) : 


yl, = Aa?/3yA/2(y! 9/5, 


Solution in parametric form: 
1/5 
t=aCir gp’, y=bCi(rf-g), where A= 22a V92(Z) : 


yl, = Agcy Py) 7, 


Solution in parametric form: 


g=aCer (rs ft+3reFl), y=bCir*, where A= talb’/843a/b)'/?. 


yl, = Aa 2/3 yA/2¢y! 22/15, 


Solution in parametric form: 


7/15 
=a, r(r Fl) y=bChr “2073 F437 pF), where A= ~Sa7V/3p/2(+ ee 


yl, = Ary?! B¢y! 5/2, 
Solution in parametric form: 
2 6a \ 1/2 
w=aCyr(rf-4r°et6), y=bCPr?, where A= Fath (z aH) : 
y= Aar?/3y/2(y? 27/20, 


Solution in parametric form: 
7/20 
w=aC Pr gFl), y=bCir(r?f—477pt6), where A= = a V/3p1/2 (4 7) 


Yew = Aaly,)/*. 
Solution in parametric form: 

r= GO? Ff, y= bc} o-(ft2rp’), where A= F5a7(3a/b)*/>. 
Yow = Acy(y,)/*. 
Solution in parametric form: 


r= aC (rf +29), y= bC] of + are)”, where A= Wao! (3a/b)*/°. 
Yrn = Axy*(y’)”*. 
Solution in parametric form: 
e=aC 2 (pF ft27e) , y=bC%(rf+2e)/3, where A=-10a5(a/b)?/5. 


yn = Ag Vy S/2¢y! 4/5, 


Solution in parametric form: 
g=aCi (ro F 1) (f + re), y = bC1(f+ re) (rf + 20), 


4/5 
where A =—Sa73/2p7/2 (=) P 
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77. 


78. 


79. 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


2 3 
Yew = A(Y,,)- 
Solution in parametric form: 


r=aCip, y=bCy't, where A=+6a'b~. 
Yon = Ayly’,)'”?. 
Solution in parametric form: 
2/, 61/2 
w=aCiT, y= bOe fF, where A=+— (+—) . 
a 
Yinn = Ax?y* (yi). 
Solution in parametric form: 
= aC}r'@, y=bO;r!, where A=F6a1d°. 


yi, = Ax yy! 7, 


Solution in parametric form: 


1 by 1/2 
a=aCir*, y=bCi{\(rf-), where A= ae (+2) ; 


yo = Aa 2y?/3(y! 9/5, 
Solution in parametric form: 
b \ 1/5 
r=aCi(rf-g), y=bC?7 393, where A= Fal 9H (=) : 
a 


Yorn = Avy B/(y!)?. 
Solution in parametric form: 
C= aC, 1(1* oF 1), y= bCir’, where A= Fha tl. 


yi, = Ax BBy(y’) 7, 


Solution in parametric form: 


g=aCir®, y=bC}r (773 f+3r’pF1), where A= -t 7/85" (£3b/a)!/?. 
y= Aa '2y2/3(y? 3/15, 
Solution in parametric form: 


b \ 7/15 
v=aCtr (73 $437 Fl), y=bC (7 pF 1), where A=SaVl75-/5(—) : 
a 


Ynw = Av? yy’, 
Solution in parametric form: 

r=aCer (7° 9F1), y=bCir’, where A= Fa '9/7, 
ee = Ax? By(y! 1/2, 


Solution in parametric form: 


2; b \ 1/2 
r=aCPrs, y=bCit(r3f—47’o+6), where Aastha (45) : 
a 
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87. 


88. 


89. 


90. 


91. 


92. 


93. 


94. 


95. 


y= Aa !/2y2/3(y! 33/20, 


Solution in parametric form: 


2 b \7/20 
r=aCr(r3 f —47°29 46), y=bC Pr B8(2 pF 1), where A=-Pal413 (42) : 
a 


Ynw = Ady’). 
Solution in parametric form: 
r=aClo*, y=bC]o°(f+2r@’), where A= 4307/26, 
Yn = Aylyi,)”*. 
Solution in parametric form: 
Be aC] of +27p*), y= bey fF, where A= +3b°(3b/a)*/>. 
yo = Aa ry Cy). 
Solution in parametric form: 
z= aCz(f +t re), y =bC] @ (ft re’), where A =+3a7/*p-3/?, 
7/5. 


Vou = Axy(y’,) 
Solution in parametric form: 


r= aC] of an deg, y= oC °(rf +29), where A= —2a71b°(3b/a)?’°. 


yf, = Ar By Wy! y. 


Solution in parametric form: 
z=aC?(ft rey”, y =bCl%(rf +2), where A= da8/3p9/?, 


yf = Aa By Fy), 


Solution in parametric form: 
L= aC} (f + are) (rf + 20)”, y= ocl(rf + Do), where A= da8/3p7/6, 


Yrw = Aa y(y’)>/*. 


Solution in parametric form: 


[2 


a=aC8(rft2e) 3 y=0C" (pF Dt re?) , where A= 10ab7(b/a)?/* 


es = Aa s/2yt/2(y! /5, 
Solution in parametric form: 
-1 eee -1 
r=aCl(ft2r@’) (rf +29), y= bC7"(7? oF 1) (f +279’) , 


b \4/5 
where A= 5a"69?(—) : 
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> In the solutions of equations 96 and 97, the following notation is used: 


_ f Cdr) + O2¥,(7) _ for the upper sign, 
7 Cil,(7) + C.K (1) _ for the lower sign, 


where J,(r) and Y,(7) are the Bessel functions, and I,,(7) and K,(7) are the modified Bessel 
functions. 


96; <2 = Agy™(y’,,)°. 


Solution in parametric form with m # —2: 


1 +22 
z=T"Z, y=br’, where v= A=4(" ) . 
For the case m = —2, see equation 2.5.2.28. 


97,0 yf! = Aa ty Wy), 


Solution in parametric form with | # 3/2: 
g=at¥Z*, y=br(rZ. +uZ), 
—l 1 b 
ey 


<r ae 3-2 
For the case | = 3/2, see canes: 2.29. 


where v = 


> In the solutions of equations 98-106, the following notation is used: 


C1 J, /3(7) + C2¥1/3(7) for the upper sign, 
C111 /3(7) + CK 1/3(7) for the lower sign, 


Uj =7Z)+4Z, Uj=Upt7Z’, U3 =447°73 -2U Ud, 


where J1/3(7) and ¥1/3(7) are the Bessel functions, and I, /3(7) and K /3(7) are the modified Bessel 
junctions. 


98. yf! = Ary /*(y/ 3/2, 
Solution in parametric form: 
y) 1/2 
x=ar ZU), a eats Oe where 4=-2 (+3) : 
a 
99. oy! = Ary yl)”. 
Solution in parametric form: 
g =at 3 Z7U;, y= br 23Up, where A= —~a*b(+3ab)'/?. 


100. yf! = Ar?y ly! 3/7, 


Solution in parametric form: 


gaat“? Z7°U,, y=r'?Z7U?, where A= $3.43/?, 


101. yo! = Aa y7(y/)°. 


Solution in parametric form: 


gaat BZ ?Uur, y=br?Z, where A=+ 
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102. 


103. 


104. 


105. 


106. 


107. 


inn = Ax y(y;,). 


Solution in parametric form: 


v=ar?Z?, y= br2/3U,, where A= (a/b). 


yi, = Aa y(y!y/?. 
Solution in parametric form: 
2 1/2 
gary, y= br 2B ZU, where A= “ (#2) ; 


Yinn = Aa y*(y’)?. 


Solution in parametric form: 


ve =ar*?ZU;), y= PBZ U5), where A= 3a’. 


yl, = Ax? yy’, 3/7. 


Solution in parametric form: 


L= at /3Up, y= br 43 Z-Us, where A=ab~ (+3ab) ci 


Yi, = Ax y (yl)? 


Solution in parametric form: 
L= Faas ial Oba y= br 43 ZU, where A= Fp? 


3n+4 
Ye = Ax”y”*(y') 2n+3, 
In the books by Zaitsev & Polyanin (1993, 1994) it was shown that this equation is reducible 
to a Riccati equation whose solution is expressed in terms of associated Legendre functions. 


2.5.3. Some Formulas and Transformations 


For the sake of visualization, we use the symbolic notation 


{n, m, l} 


to denote the generalized Emden—Fowler equation 


Yen = Aary™(y)). 


Hereinafter we omit the insignificant parameter A (which can be reduced to +1 by scaling the 
variables in accordance with the rule « > az, y — by, selecting appropriate constants a and 6). 


2.5.3-1. A particular solution. 


If m+ +# 1, the generalized Emden—Fowler equation has a particular solution: 


1-I 1 
2-1 oy ee —1 
vapor: aes p-(2% | n+m+1 igi 


1-m-l A(d-m-l) 
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2.5.3-2. Discrete transformations of the generalized Emden—Fowler equation. 


1°. Taking y as the independent variable and x as the dependent one, we obtain a generalized 
Emden-—Fowler equation for x = x(y) with changed parameters: 


" 13-1 
Lyy =—Ay™ 2" (Ly). 
Denote this transformation by F and represent it as follows: 
{n,m I} «~--7) {m, n, 3-]} transformation F. 
The twofold transformation F yields the original equation. 


2°. For m#0,n #-1,1 #1, the transformation t = (yi), w=2"*! Jeads to a generalized 
Emden-—Fowler equation for x = x(y) with changed parameters: 


i <1. ne ; 2m+1 
wy = Btltw n+l (wy) m , 


where B=-— 


m pee 


1 
™ "Denote this transformation by G and represent it as follows: 
nt+t1bl n+1 


1 n 22m+1 
TU ntl om } 
The threefold transformation G yields the original equation. 

Whenever the solution of the transformed equation is obtained in the form w=w(t), the solution 
of the original equation can be written in parametric form as: 


{n, m, 1} -—> { transformation G. 


n+1 + 
A(1- 5 

Different compositions of the transformations F and G generate six different generalized 
Emden—Fowler equations, whose parameters are shown in Figure | (see Subsection 0.6.5). 


1 os 
r=wnl, y=k(w,) ™, where k=| 


3°. In the special case / = 0, the transformation y = w/t, # = 1/t leads to an Emden—Fowler 
equation with the independent variable raised to a different power: 


wh, = AE y™, 
Denote this transformation by 1 and represent it as follows: 


{n, m, O} < > {n-m-3, m, 0} transformation H. 


If | = 0, different compositions of the transformations 7, G, and H generate 12 different 
generalized Emden—Fowler equations, whose parameters are shown in Figure 2 (see Subsection 
0.6.5). 

If ! = 0 and n = 1, different compositions of the transformations F, G, and H generate 24 
different generalized Emden—Fowler equations, whose parameters are presented in Figure 3 (see 
Subsection 0.6.5). 


2.5.3-3. Reduction of the generalized Emden—Fowler equation to an Abel equation. 


The transformation 
z= a v= Ag? ge 
y 
reduces the generalized Emden—Fowler equation to the equation 
(lu— 2? + 2z)vh =[(m+l-1lzt+n-1+2]v. 


Furthermore, using the substitution € = v — 27" + z!~, we obtain an Abel equation of the second 
kind: 


EE, =[(m4+ 2 -3)z +n — 2143] 27 + (m4 1-2? 4+(n—m-24+3)z—-n4+1-2]z'™, 
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2.6. Equations of the Form 
= Ayemy™ (yl 4 + Aramyma(y’ 2 


2.6.1. Modified Emden—Fowler Equation y’”, = Ajay’, + Age" y™ 


2.6.1-1. Preliminary remarks. Classification table. 


For the sake of clarity, below in this subsection we use the conventional notation 
LY ny — ky), = Aa” ly™ 


for the modified Emden—Fowler equation. For k = 0, see Section 2.3. For k # —1, the substitution 
z = a**! leads to the Emden—Fowler equation: 


ii n-2k 
= —— Zz Fl 
Yee hp 
which is discussed in Section 2.3. 
The classification Table 24 represents all solvable equations whose solutions are outlined in 
Subsection 2.6.1. Equations are arranged in accordance with the growth of parameter m. The 
number of the equation sought is indicated in the last column in this table. 


TABLE 24 
Solvable cases of the modified Emden—Fowler equation xy", — ky, = Ax™*ly™ 


a a a a 
arbitrary arbitrary 
(m#-1) (n #—2) 
arbitrary arbitrary _ntmt3 26.12 
(m#-1) (n#-2) aoe 
ai ral 2nt+m+3 


ee se 
ce ee 


| 26.141 | 


= 
ee ae 4-2 a ee 
arbitrary 
(k#-1) oe 
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TABLE 24 (Continued) 
Solvable cases of the modified Emden—Fowler equation xy’, — ky!, = Ax™*ly™ 


a a 
ae 
ata 


| 26.136 | 


a 
ee a 
Pe TREE ton [a 


| 2.61.22 | 


a 
ec 
an ae 


is 


bate 


n ; 


“dl 
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TABLE 24 (Continued) 
Solvable cases of the modified Emden—Fowler equation xy'!,, — ky!, = Ar™*ly™ 


2.6.1.21 


2.6.1.15 
arbitrary 1 


en a z 2.6.1.23 
2.6.1.33 
2.6.1.30 


2.6.1-2. Solvable equations and their solutions. 


1 cy! - tny’, = Ag™ly™, m#-1, n#-2. 
Solution in parametric form: 

ace 

2=aci™ [/a $ Mtlyl/2 dy 4 C| me 


where A= +3(m +1)(n4+2yPa7?h™, 


5. OCT a 


n+m+3 


2.0 ey”! + ————-y’, = Ar™ty™, m#-l1, n#-2. 
mt+1 
Solution in parametric form: 
-1/2 mutt 17/9: -1 
e=ach™ [/ (ery dr+C,] me y=bOr?y [Lf Gere) f dr+C)| 
(ne) aa 
here A =+——a"*b™. 
where GAD a 
2n+m+3 
3 LY. Sar = Arr ly™, m#-l, n#-2. 


Solution in parametric form: 
= 1 2B 1/2 
= exp| - C2 i (c += + —_ pm) dr| ; 


n+2 4 mt+1 
& 1, 2B ong \ 71/2 
y=rexp|Or [ (Cr+ zr Baer ) dr, 
2 
where Sy.2 OA 
(m—1) 


© 2003 by Chapman & Hall/CRC 


4, LY» — tiny’, = Arty, n#-2. 


Solution in parametric form: 


ude 
r= ac; [/ exp(41r7 ydr+ 0] ie , Y= bce exp(47’), 


where A= Fz(n +2P%a"?, 


5. avy” -(n+Dy, = Ac™ ty, n#-2. 
Solution in parametric form: 
204 2A -1/2 
r= exp{ aed [a+5 ria Gi Gao: In | ar}, 
1, 2A 1/2 
y=rexp{Co [ [Cr+ zr Gaye intr] ar}. 
6 acy” t+yl, = Arty”, m#-1. 


Saitensa in parametric form: 
x =Cexp [io +m 1/2 dr| » y=br, where A= +56'™(m +1). 


7, ay” ky! = Arty", k#-1. 


Solution in parametric form: 


=={{[Za5 Invi] i “dr+C,} FT Yr [aa Inr+Ci] m4 aren} 


nn 0 tny’, = Ag ly/3, n#-2. 
Solution in parametric form: 
8/3 a 3n+6/_2 4 43/2 1 278/3 2 
g=aCi(r t3r+C,)™, y=oCir(r*t1)°, where A=+t7a"%b Bie oy, 
9% = =y 4(3n +4)yl = Ag tyS/3, n#-2. 
Solution in parametric form: 


ae : 
a =aC8(r £3r+Cy) 5, y= C37? 41) 437 +O), 


where A= +30" D8/3(n +2). 


10. xy!’ + 4(2n +7)y), = Aa ly!l/2, n#-2. 


Solution in parametric form: 


T dt +n], y= bors? — tdr £0), 


where A = +a pln +2). 


x=aCi| 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


zy, -sny!, = Agrty 2, n#-2. 
Solution in parametric form: 


2. 
g=aC3(r?-37r +02)", y=bC 4? - ne where A= +4(n La eb 


ry, +(2n+5)y!, = Aartyl/2, nz#-2. 
Solution in parametric form: 
— = 
w= ar -3r+ Cy), y = bP? 1) (7-37 +O), 
where A= +48(n + 2a" 2p3/2, 
LY tin -Dy!, = Aart tly$/3, n#-2. 
Solution in parametric form: 
8 4 2 ed 3n+6 3 3/2 

xz=aC; [+(r — 67° + 4C 7 - 3) m2 y= bcy"* (7? -—37+ C2)" ," 

where A= +4(n +27at p83, 


zy! +3n+7)yl = Ag ty s/s, n#-2. 


Solution in parametric form: 


1 = 
2=aC8 [#(r4—-6r?4+4Cyr—3)] PB, y=tbC3"(73 — 3r + Cy) (14-67? + 4Cy7 3) |, 
where A= +¥(n + 2)a-" 98/3, 


1 1,,1/2 
LY, — pny, = Ax” y i n#-2. 


Solution in parametric form: 


T dt We! 
Vi@e—-h 


ay —A(n—Dyl, = Aa ty '/?, n #-2. 


132, 
x=aC, re y= boa where A =+3a7"7b'/?(n +2). 


Solution in parametric form: 


3 
r= [C1e"*” +Cye*" sin(V3 sr) | ne? | 
y= {2Cse7*7 + Cyse*" [V3cos(V3 st) — sin(V3 st)] ie 
where A= s(n +2). 


wy, + 4(2n+7)y’, = Agrty/2, n#-2. 


Solution in parametric form: 


3 
r= [C1e7*7 +C,e%" sin(V3 sr) ] Int | 


_ {2C;se757 +Cyse%7 [v3 cos (V3 st) = sin(V3 st) | 
oF C1 e257 + Cre78T sin(V3 st) 


c) 


where A= Ss n +2). 
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18. 


19, 


20. 


21. 


22. 


23. 


wy, - 4(n-2)y!, = Ag ly/3, n#-2. 
1°. Solution in parametric form with A < 0: 
as a 
xz =aC® [cosh(r + C2) cos T| n42 [tanh(r +C))+ tan T| n+. 
y= boi [cosh(r + C2) cos T] ne 
where A= sa 7 B/3(n +2). 
2°. Solution in parametric form with A > 0: 
pa 
L= aC} [sinh 7 +cos(T + C2)| m2 y= ba [cosh r — sin(r + C2)] oes 
where A= Zar Bn +2). 
cy” +43n+10)y! = Arty /3, n #-2. 
1°. Solution in parametric form with A < 0: 
a4 poe 
o> aC} [cosh(r +C) cos ‘all 3n+6 [tanh(r +C))+ tan T| 3n+6 , 
y = bc3r [cosh(7 + C2) cos T] Me [tanh(7 + C2) + tan 7] ee 
where A= ar 3(n +2). 
2°. Solution in parametric form with A > 0: 
= 
r= aC? [sinh T +cos(T + C2)| 3n+6 , 
y = bC3”"* [cosh — sin(r + C)] ae [sinh 7 + cos(r + C2)] a 
where A = tar? e(n +2), 
cy ty, = Arty. 


Solution in parametric form: 
x = Cy, exp [/@24 [ee ea ei Pp acces dr| > YT. 


cy ty = Arty 2, 


Solution in parametric form: 


a = exp(+7 * = 3017 CD, y= b(tr? — eaw where A= +45°/2, 


cy” +yl = Agty 9, 


Solution in parametric form: 
a =exp(Oir3 £3r+Cy), y= (434/C,)2/8(C,72 £1)”. 
cy! ty), = Arty, 


Solution in parametric form: 


Up y=br?, where A=+1261/?, 


r=C\ exp| 
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> In the solutions of equations 24 and 25, the following notation is used: 


S1 = Ce" + Oye" sin(V3 sr) » So =2C\se*" + Cose 8" [V3 cos(V3 s7) - sin(V3 st) |, 
S3 = 95 —28,(S>)\. 


1 _ 1,-7/5 
24. xyy, —3(n-Dyl, = Ary 1 n#-2. 
Solution in parametric form: 
30 5/9 
Tas". ge bse! , Where A= —a 7 OPSs4(n 49)", 


25. xy, + 4+(5n + 13)y/, = Aartty 7/5, n#-2. 
Solution in parametric form: 


ae 
aoe. aS bses3), where A= — Bea DPS 54(n roy 


> In the solutions of equations 26-29, the following notation is used: 


_ C1 J1/3(7) + C2¥1/3(7) for the upper sign, 
7 C11, /3(7) + C21 /3(7) for the lower sign, 


where J1/3(7) and ¥/3(7) are the Bessel functions, and I, /3(7) and K /3(7) are the modified Bessel 
functions. 


26. wy, -4Qn+Dyl, = Arty '?, n#-2. 


Solution in parametric form: 
1 3 
r= aC}r ni Znt2, y= IG ee + +Z), where A= 4a RP (n 43)". 


27. «yl, —ky!, = Aa ty /?, k#-1. 


Solution in parametric form: 


poe 
e=C(r3Z) ys br 487% (rZi44Zy, where A=F40°/(k +1). 


28. xy’, - tin -Dy! = Arty”, n#-2. 


Solution in parametric form: 
2 30 
x =aCpr nd [72.447 47°72") 742 yobCr ee rz, 
where A =—4a"3(n +2)”. 


29. ay -ky = Arty*, k#-l. 


Solution in parametric form: 
2 aah, = 
e= Or [eZ +4 ZytPL YT, yaor4BZ (rz +i zyserZ |, 


9 
where A= -sb(k +1). 
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> In the solutions of equations 30-39, the following notation is used: 


dg 
=) no = +403 — 1). 
T i Hagia) Be ot (49° — 1) 


The function g is defined implicitly by a first integral; the upper sign in the formulas corresponds to 
the classical Weierstrass elliptic function g = (7 + C2, 0, 1). 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


1 1,2 
LY ny, — pny, = Ary’, n#-2. 


Solution in parametric form: 
= Montane y=bC9, where A=+3a"?b'(n+2). 
cy +y), = Aaty’. 
Solution in parametric form: 
x=Cre’, y=be(r, 0, Ci), 


where A = +607', and the elliptic Weierstrass function o = g(r, 0, C1) is defined implicitly 
Q - 
by the integral 7 = if (423 -—C1) ae dz. 


LY» + tin +5)y! = Ax” *ty’, n #-2. 


Solution in parametric form: 
= 5 +2, -1 2 ,—n-2p-1 2 
z=aCp Tm, y=bCi"T 9, where A=+3a"~°b (n+2). 


zy +(7n+ 15)y’, = Ax™*y’, n#-2. 


Solution in parametric form: 
1 -— 2772 2p-1 2 
g=aC; 7 72, y=bCT’r(7’eF1), where A=+6a "dD (n+2). 


ry, + £(7n +20)y, = Ar™*ty’, n#-2. 


Solution in parametric form: 
—o_ 
L= aCy'r Tnt2), y= oCr?7 (7729 +1), where A= tia’ b(n #9)"; 


cy, —yny, = Ac ty, n #-2. 


Solution in parametric form: 
4 ee 
r=aClp m2(ft2rp’)"?, y=bCi"4o*, where A= F307" b(n +2). 


cy” +yl = Agty/?, 
Solution in parametric form: 
=C (f £27 p* = bo” 
r=Crexplp (ft279)], y=be™, 


where A =¥3b7/2, and the elliptic Weierstrass function o = (7, 0, C1) is defined implicitly 
9 7 
by the integral 7 = / (423-1) as dz. 
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37. 


38. 


39. 


cy, -42n+ Dy), = Axrtty 5/2, n#-2. 
Solution in parametric form: 
3 3 a 
z=aCloni(ft2rg?) 4, y=bC"*(f +279) : 
where A= F4ar b(n +2). 
cy, -4+2n+ Dy), = Axrtty 5/3, n#-2. 
Solution in parametric form: 
3 
w=aC%(rf+2p)m2Z, y=oO(ft2rp?y”, where A=—Za?08/3(n +2). 
cy, —4(6n+5)y/, = Axrtty 5/3, n#-2. 
Solution in parametric form: 
7 
w= aCh(rf +2py FS, y=dOM( f+ 2r—*) (rf +29), 
where A= -far Bn +2). 


p> In the solutions of equations 40-46, the following notation is used: 


R= V+(473-D, Fy=2rl(r)+Qyr FR, KR=7r'(RF-), 


d 
where I(T) = if > is the incomplete elliptic integral of the second kind in the Weierstrass form. 


40. 


41. 


42. 


43. 


44, 


45. 


46. 


1 1-4 
LY ne — pny, = Any”, n#-2. 


Solution in parametric form: 


2 
g=aCi(r Fy)", y=oCr’r', where A= F3a" b(n 4-2): 
ry, + YU, = Aa ty, 
Solution in parametric form: 


tdr _ 1 = 1/5 _ 
= La re = 2 1 
r=C, exp|2 / Jeanne +C7F ~V E47 CD, y =H(ACT/6) 7. 
LY 4(n -)y!, = Ag ly, n#-2. 


Solution in parametric form: 
a3. 
c=aC}(rF')™, y=oCT’F', where A=F3a"b(n+2). 


vy, -43n+4)y/, = Aarttyl/2, n#-2. 
Solution in parametric form: 
2. 
e=aCiF’, y=bC7"4F?, where A=+3a-"769/?(n +2). 
cy, —4+(6n+7)y), = Aartyl/2, n#-2. 


Solution in parametric form: 
5 
c=aC3F, 24, y=oCi4F AF, where A=+8a%3(n +2). 


zy, -4t(n-Dy!, = Arty”, n #-2. 
Solution in parametric form: 
3. 
z=aC8(4rF7 + FS)", y= oes as where A=+ 7a" b(n +2). 
ay! —t(n-3)y), = Arty”, n #-2. 
Solution in parametric form: 


aie 
e=aC8(4rF? = F2) 2, y=oCP? Fr) (4rF? $2), where A=+ 3a" b8(n42)". 
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2.6.2. Equations of the Form y”, = (Aya™y™ + Aga™y™)(y! yl 


See Section 2.4 for the case | = 0; see Section 2.5 for the cases A; = 0 or A> =0. 


2.6.2-1. Classification table. 


Table 25 presents all solvable equations whose solutions are outlined in Subsection 2.6.2. Equations 
are arranged in accordance with the growth of /, the growth of m, (for identical /), the growth of m2 
(for identical J and m , m,; = mz), the growth of n, (for identical /, m , and m2), and the growth 
of nz (for identical J, m , m2, and n;). The number of the equation sought is indicated in the last 
column in this table. 


TABLE 25 
Solvable cases of the equation y= (Aya y™ + Aramy™y(y?y! 


ee a eee 
Any 
a Pe a 
my+2nj+3 my(mi+1—mi +n ay | sai | 268 
“m+n +2 — 
Any 
(#1) ee ated 
Any Any 
(#2) Sate t tos ele a 
Any Any 
(#2) a ee eae 
3m,4+5 
Any | -m-2 1 Any | Any | 2.6.2.21 
2m,4+3 
m,+3 
+4 
ntl 
mt 
2.62.20 


2.6.2.71 
2.6.2.81 
2.6.2.66 


a [Any | Any 
[Any | Any | 
Any | Any 
| Any | Any 2.6.2.68 
| Any | Any | 2.6.2.84 
| Any | Any | 2.6.2.64 
[Any | Any | 


2.6.2.78 
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TABLE 25 (Continued) 
Solvable cases of the equation y/!, = (Aya y™ + Arary™m)(y!)! 


ae ee eee ae wes 


ee eee 

Fo ana ee ae See ae 

Pa em ee eee eee 

Eo ee ee ee ee ee ee 

ee ae es RS ee ee 

Hf} EE EEE 
| 4d 


| 2.6.2.106 | 


a W]e | res | ropes | wofro 


| 4d 


Te feml ef pt | a 
of eae ee eee ae 


[a 


i rt 
| a 
AlN 


= 
w 
= 
n 


RIn 
| 


| 

alc | | 
| 

als | 


| | | 
Np— | Alo ale 
| | re 
fa 
Bln] Bln als 


Ee 
ci 
| 
AlN 
- 
i=} 
< 


In 
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TABLE 25 (Continued) 
Solvable cases of the equation y!”, =(Ajx™y™ +A,a™y™)(y!,)! 


Pe Eee eee aes 


Any Any 
Any 


ee ee 


| 2.6.2.113 | 


PTs Per Po Poe RE Dw [se 
a ee 
Na eee ee eS 
ee ee 
Se ae i A eS I ee 


| 2.6.2.102 | 


| | | 3 | 
PLS Poe RE Pm [ss 
eC Se ae 
: 
ee ee 
ee 


| | 
i i 

| | 
i) Ly nN Nn 
Ht 


a4 


les 
53 


bo 
wloo | Ul 
ee 


Ne 


al 
|} 
fe 
- 


Ne 


| 
f 7 
| 
S| ols 
Mw 
Ulrn 


B 
wln 


i 

5 

at 5 3 
3 3 3 3 
Z 

3 

Z 


Bae 
ALL 
HE 


wir 


wo 


wln 


ery 
as 
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TABLE 25 (Continued) 
Solvable cases of the equation y/,,= (Aya y™ + Arary™)y(y!y! 


Cee ee eT aon 
ee 

2 [= es 
ee 
ee 


2 


ww 


et 
i . Ft i 


Ww] w& 


| 

N to 

| 
NS N 

EAE 


3 ao ea 
SE 
eo a 
ee ee ee 
se ee 

1 
Pea [an [a 
CSS a [a | Fea 
= [ay [an [20250 
ae ee 
es 
es ee 
i 
Pee ee eee 
a 
eae a 26 
ne eee 
Oe 

a 

eee oe oe 
fe 
a 


wl} w] w& 


wo 
= be 


Is 
| 
Is 


aby alc wl~a| r 
SCEECE 
en a a)-] ]- 
elelelalalele 
ee 


Loe) Loe) bo 
sats is als 
iS ey Ae 

ee iL 


wo 
Gof 4s 
|S 
win 
wln 


EE 
: + 
; fe 
Baa 
fof 
elelelele|fele 
eee 


w 
LoS) 
ies) 
ks 


wo 
aro 

= 
a 5, 


- 
+ 
a 


Loe) 

aes 

Re 
as wb 


ele 
+f 
+p 


vo 
ote or 
to ds 
oe he 


Ee 
ais 
Ae 
ihe 
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TABLE 25 (Continued) 
Solvable cases of the equation y!”,, =(Aja™ y™ +Apa™y™)(y!,)! 


Ww] w& 


_s a3 
2 2 


| | | 
NIN] nr 


EE 
| | 
IN | dL] Lo 


be 
| 
Se 


|. 
| | 

N i 
ae 
wlrn | alr 
-|- 
>| PS 
5 

< 


3 
3 


wl] w 


wl wi] vw 


ec 


ww 


EE 
-|- 


| | | | 
BR Wr] win 
|} 
wl 
5 
< 


: - 
-|- 
| 
iS 


- 
- 
| 
Ne 
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TABLE 25 (Continued) 
Solvable cases of the equation y!”, =(Aja™ y™ +Apa™y™)(y!,)! 


fe 


ele 
{|| 
| 
N 
| — 
Ni]n 
-l-f-e 


ww 
E 
es 

Nn 


N 


w | w 

tt 
| 

An ee 


2.6.2-2. Solvable equations and their solutions. 


1 of = (Ary™ + Ary™ (ys), 142, m, 4-1, m2 #-1. 


ww 


1°. Solution in parametric form: 
pul 
L= af G atts Mt dr 4+Cy,  y=br, 


where A; = Belg toh, Az =13 va I-2pl-mat 


2°. Solution in parametric form: 
— 
T= af GC — mts pM dr +C), y=obr, 


My ly jes Moa+1 75.4 
where Ay =———a" 70)", Ay = tg pet, 


20 yl, = (Ary™ + Ary Vy), 1#2, m#-1. 


ae 
Solution: x= Je: + ey m+ 4 (2—I)Ao In y)? dy + C). 


3. Weve = (Ayy™ + Axy”™ (yi), ™m,F -l, M2 F# -1. 


A 
ym) dy +C). 


A 
Solution: 2 =C, fexp(--— ym _ ~ 
m2 


m,t+1 
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4. Yew = (Aiy™ + Azy'\(y,,)’, m #-1. 


A 
Solution: x =C; is exp (-—y"") dy+Cy. 
mt+1 


5. Yn = (Are™ + Ape™ yy’)! 141, ny 4-1, n. #-1. 


1°. Solution in parametric form: 


1 
L=aT, y= bf (C1 47th tM) TT drt Cy, 


nyt1 l 
——4 


where A, = “mpl A, = Mt Eg, 


2°. Solution in parametric form: 


el 
L=aT, y= bf (Ci ce coe ics dr +C, 


where A, = 


nyt1 ah 2p 4, = 4m +1 Seer 
= 1-1 
6 of) = (Are” + Aga (y’)', l41, n#-1. 


Aid —-) 


2s 
aati ete (L-DA> Ina] 1 dnt Op. 


Solution: y= |[o + 


7. oy, = (Are™! + Aga™ )y’,, my #-1, n2#-1. 
Ay 


ee) dz+C. 
not1 


A 
Solution: y=C; fexp(—ao™ + 
nyt+1 


8. oy = (Aya + Ara )y’, n#-1. 


A 
Solution: y=C; le exp(— 2") daz+C. 
n+l 


9. qo (Ayan y™ 4 Aga ™y™ yy’), m,#-2, m2 #-2. 


1°. Solution in parametric form: 


zaar| [(Ct+rmerm) dr + Cy] ie 


2 -1 

y=b [/ (er pgp qr) 0? ar + c,| F 
where A, = eas alae C270) +2), Ar= tiam4ty-m (my +2). 
2°. Solution in parametric form: 


-1 


x= at [fe pm ts ee ak dr+ c,| ; 


-1 


y=b [fer mst omy? dr+ c,| ‘ 


where A, = —sa™ 4pm 2 (my +2), Ar,= ti am4p-m (my +2). 
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10. yf, = (Arey + Are )(y/,)°. 


1°. Solution in parametric form: 


dr » dr = 
v=arT ——————————— + Ch) , yd SS HC] 
Cr+73 47? Ci+73 47? 


where A, = 0b%, A> = +a*b~. 


2°. Solution in parametric form: 


dr is dt as 
2 =aT ————————— + C2} , 1~yH=b ——————— + ()] , 
Ci-Tre tr? Ci-T3 tr? 


where A, = 700%, Ay =+a‘*b. 
LW. yf, = (Art Arey)’. 


Solution: y= [a —2A\x"—-—2A)In x) /? dx+C. 


12,0 yf! = (Aya ty? + Ary * (yh). 


Solution in parametric form: 


x ( —— +¢C 7 ( es +C 7 

=T ’ = % 
VC; — 2A, Int —2 Aor 3 y VC; — 2A, Int —2 Aor : 

13. ye, = (Arey 8? + Ane Py yyt 


Solution in parametric form: 


2 
L= 7 {2016%" + Che" [V3 cos(wr) - sin(wr)] as y= S 


A 
where F = Cye**7 + Che” sin(wr) — a A, =-16k3, w=kvV3. 
2 
14. yf, = (Arey 4? + Ana Py Py). 


Solution in parametric form: 


3/2 


a = (fh Agr*+O 173 +Cyr?+C37) | (4.473 +3017? +207 +C3) 
y= (45-427 44.0173 +Cy1 24.037)", 


where A, =9C,C3—- aC. 


> Inthe solutions of equations 15-18, the following notation is used: 


Ry=V Ci +7347, n= f T+, Fy=7-R,E,, H,=373F?+3(0147)E%, 
1 


R= JVCQ\-1T3 47, m= f 240, Fy=7-RjE), Hy =31°F3+3(-147)E3. 
2 


15. yi, = (Ary*? + Arey *Pyyty. 
Solution in parametric form: 
g=aF?, y=br Ej, 


where A, = +2ab7/3, Ay = $a3/2p7/3(-1) 41; k=landk=2. 
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16.0 yf! = (Apa 7y/% + Any? yy), 


Solution in parametric form: 
g=arHy Fe, y=brE,’, 
where A; = 4a3/2p-9/6(—-1)f, Ao = Fiabl/; k=1landk=2. 


17,0 yl = (Arey + Are \(y/,)’. 


Solution in parametric form: 
r= ar 2B y = br? Hg, 
where A, = ase’, A) = +ta‘b”; k=1landk =2. 


18. oy! = (Ae y+ Ana yy)’. 
Solution in parametric form: 


1/2 


pear Bi... yaor ay. 


where A, = aso”, A) = Faa 4p; k=1andk =2. 


> In the solutions of equations 19-22, the following notation is used: 


= «/6, a7, B= [ +0, Fp=2R\-Ey, Hy=4(r-RiF)+E2, 
aio ppeane m= [ +0, Fy=2R,+E), Hy =4(7-R)F)-E. 


19, yf, = (Ara y™ + Ary), =m #2. 
Solution in parametric form: 
gz =atE;', y = bE; }, y=-—m - 3, 
where A, = +5a™46-™(m + 2), Aj= zab(-1)*; k=landk=2. 


20. yi, = (Ary + Arwy(y,,)'; 141, 1#2. 


Solution in parametric form: 


1-2 
lja7/ 
where A, = ab“! A,(-1)**!, A, = eis (i [+ Ge ey “p heeand k=. 
2ab b 
3m+4+5 
21. yf, = (Aiey™ + Ary” )(yi,) 23. 

Solution in parametric form: 

2m+3 
=aH = bEY” =- 
4 a ko y k oy Y m +4 1 5 2 


1 
7 eae a 1)a 


+ 2 
2 =ab 72 _1)k. pH = 
A(y + 2) (y+2)b , Ap=ab 7% Aj(-1)"; k=1 and k =2. 


where A, = 
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3n+4 
22, yl! = (Ae y + Are )y/,) nt 
Solution in parametric form: 


_2n+3 


2 =ab, y = bHy, y= Tap 
n 


ai 2 1)b 
where A; =— a 42 Ho} Foe 


L 2 
Y Ay =a V2bA,(-1)*; k=1 andk =2. 
Ay +2) abe Oe Ra os a 


p> In the solutions of equations 23-26, the following notation is used: 
dr 2 
Ri=/Ci+7tint, Ey = / Go tCy F=2Ri- By, Hi=4(r-RiFi)+ Eh, 
1 
dr y 
Ry = VC,-T+tIn7, B,= [ 3 +0, Fy, =2R)+ fy, Ay = 4(7 — Ro Fo) — Ez. 
2 


23. yf, = (Ary + Arx)y,. 


Solution in parametric form: 
t= aFy, a bEx, 


where A, = ab! A,(-1)*, A, =t4a7; k=1andk =2. 


24. oy’! = (Ary + Arx)(y’,)’. 
Solution in parametric form: 
t= ak, = bFx, 


where A, = Fib°, A, =a"'bA,(-1)*; k=1andk =2. 


25. yf! = (Ar + Arry™)y’,. 
Solution in parametric form: 
c=aHh, y=bE, 


where A; = ab~.A,(-1)*, A. = aa bs k=landk=2. 


26. yl), = (Aw y + Aa)(y)). 
Solution in parametric form: 
t= ak, y= by, 


where A, = Fra°b,” Ay =a~bA,(-1)*; k=1andk =2. 


> In the solutions of equations 27-30, the following notation is used: 


Ry = Cyr* + Cyr® + C37, 

Ry = (C, + Carye** + C3e", 

R; = Cye** + 8 (Cy sinwr + C3 coswr), 

Q1 = Cikir* + Cokor™ + C3k3r™, 

Qo =(kC, + Cy + kCgr)e** + w03e", 

Q3= kCye** + €° [(sCy —wC3) sinwr + (sC3 + wC>) coswr], 


Si=7(Q1),, S.=(Q2),, $3=(Q3),, 
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where ky, ko, and k3 (real numbers) or k and s + w (one real and two complex numbers) are roots 
of the cubic equation »? — 3Bor = +B, =0. The subscripts of the functions Rm, Qm, and Sm 
(m= 1, 2, 3) are selected depending on the sign of the expression A = 2B} —27B?: 


if A>O~ subscript m=1, 
if A=0> subscript m=2, 
if A<0O> subscript m= 3. 
If 2B} =27B? (subscript 2), then 
k=(¢Br)'?,  w=-2(¢ Br)? if Bi <0, 
k=-(2B)'?, w=24B)'? if Bi>0. 
Remark. The expressions for Rm, and Qm contain three constants C;, Cz, and C3. One of 


them can be arbitrarily fixed to let it be any nonzero number (for instance, we can set C3 = £1), 
while the other constants remain arbitrary. 


27. yl = (Ara 7y + Aay(y,,)?. 
Solution in parametric form: 


r= = y=Rm, where A,;=-B,, A,=-B). 


28. yl, = (Ary? + Arey V(y/)°. 

Solution in parametric form: 

x= FR) ae y=R, where A;=-B), A. =-B,. 

29, yf, = (Arey + Ara yy!) 

Solution in parametric form: 

e=aR8?,  y=b2Q2,-4RmSm+ B)R*,), 

where A, = Sa?/b3B??, Ay =-a~*/50 A Bo. 
30. ee = (Aya 3S y-?/5 + Aga Sy B/Syiy’ 3, 

Solution in parametric form: 

a =aR5/?(2Q?, -4RmSm+BrR?,),  y =b(2Q2,-4RmSm+BrR,) 


where A, = —$a8/50?/> BY Bp, A) = Sa/p3/5 B?. 


> In the solutions of equations 31 and 32, the following notation is used: 


B 

Cie"? + Che"? — as if By > 0, 
fi= 

C; sin(kr) + C2 cos(kT) — ay if By <0, 

2 
B 

RCE =e = S if Bo >0, 

f= 


k[C, cos(kr) — Cy sin(kr)] — a if By <0, 
2 


where k= 3|Bal. 


31. oy = (Art Ana yy’. 


Solution in parametric form: 


a ie y=fi, where A,;=-B), A, =-B,. 
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32. yf, = (Ara Vy? + Ary Vy). 
Solution in parametric form: 


z=fi' fi, y=fy, where A;=-B,, A)=-Bp. 


p> In the solutions of equations 33-36, the following notation is used: 
For B, >0, 
T, = Cye*” + Cre*™ + C3 sin(kr), k= (4B,)'", 
Ty = k(Cye** — Che*7) + kC3 cos(kr). 
For B, <0, 


T, = e*" [C, sin(st) + Cr cos(sT)] + C3e*” sin(st), s= (-4B;) a 


T> = se* [(C, — C2) sin(st) + (C; + Cr) cos(st)] — sC3e~*” [sin(sT) — cos(sT)]. 


33.0 oy! = (Aye 3 y? + Ara SF yy(y/), 


Solution in parametric form: 


A 
rats?) y=n- fe. 
where B,; =—A,, B) =—Az; the constants C';, C2, and C3 are related by the constraint 
C103 = 4 AP AS if A, >0, 


ACC) +0? = zAp AS if Ay <0. 


34, yg, = (Are Py + Are Sy MA VyL). 


Solution in parametric form: 


2A> 2A 
where B,; =—A), B) =—Aj; the constants C';, C2, and C3 are related by the constraint 
C1C3 = ATA if Ay > 0, 


4C\ Cr + Ce = zAp Ay? if Ay <0. 


35. Ye = (Ara Py? + Age (yz). 
Solution in parametric form: 
e=T)?, y=Th, 
where B,; =—A,, By =—Az; the constants C'), C2, and C3 are related by the constraint 
C\C3 =-4Aj' Ap if A, >0, 


4C;C, +03 =-4Aj'A) if Ar <0. 


36. Ug = (Are yA + Ape Sy MP VYyL 


Solution in parametric form: 
3/2 


C= het. al. 
where B,; =—A), B) =—Aj; the constants C';, C2, and C3 are related by the constraint 
C1C3 = -4A, Aj! if A, >0, 


4CC> C3 = -+A,Aj! if Ad <0. 
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> In the solutions of equations 37 and 38, the following notation is used: 
1°. For B, > 0, By #0: 


T, =Cye* + Cre * +C3sinwr, TT, =k(Cye*™ — Coe **) + wC3 coswr, 
where 
k= {3[(B3+3B)" + Bi}, w= {318} +3B)"/?- Bl} 
2°. For —B} < 3B, <0, By > 0: 


V2 AR?C1Cy +wC? =0. 


Ty = Cyr! + Cyr + O37 4+ Cyr ™, Ty = ky (Cyr — Cyr ™) + kn(C3r™ — Cyr), 
where 
ky = {3 0B2 + (B3+3By)"71}", ky = {31Br-(B3 +3B)7q}", 
(C1Co + C3C4)(B3 + 3B,)/? + (C1C2 — C3C4) Ba = 0. 
3°. For —B} <3B, <0, B, <0: 
T, = C, sin wT + Cy cos wy7 + C3 Sinuw»T, Th = wy(C coswyt — C2 sin wT) + W2C3 COS WT, 


where 


1/2 1/2 


w={-2[Bo+(B3+3By) 7, w= {-2[Bo- (B43 By 7b, wi(C7+C3)-w3C3=0. 


4°. For B; +3B, =0, B, >0: 
Ti = (C; ae Cor)e*™ a (C3 oe Cyr)e*7, Th = (kC, oe Cr + kCyr)e** = (kC3 i C4 ae kCyr)e** , 


where fp F 
k=($B))", (C1C4-C2C3)(4B2) 


5°. For B; +3B, =0, Bo <0: 


29 GOre 0. 


T, =(C, + Cor) sinwr+C3rcoswr, Ty =(wC) + C3 +wC27T) coswr + (Cy — wC3T) sinwr, 


where 5 
w= (-2B)',  C\03(-2 By) +03 +03 =0. 


6°. For 3B, < —Bz: 

T, = e*7(C, sinwr + Co coswr) + C3e*7 sinwr, 

Ty = e*  [(kCy + wC}) coswr + (KCy —wC) sinwr)] + C3e*" (wcoswr —k sinwr), 
where 


k= {$B + 3B)", w= {FB +3By77} 


» CyB) +C,(-B3 - 3B)? =0. 
37. ol = (Aya Sy? + Ara yy). 
Solution in parametric form: 
a=T)”, y=Th, where B,=—A,, By =—A. 
38. nae = (Aya 3 y8/3 + Aga S/3y-/3)\(y! 3, 
Solution in parametric form: 


eat, y=T;', where By=-A), By =-A). 
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> In the solutions of equations 39-42, the following notation is used: 


T= Cye’T + Coe +. C37 if B>O, 
1) Cy sinwr + Cy coswr + C37 if B <0, 
pS w(CyeT — Che ¥T) + C73 if B>O, 
2) w(C coswt — Cp sinwr) + C3 if B<0, 


where w= |$ Bp”. 


39. oy! = (Aya 13 + Aga Syl), 


Solution in parametric form: 


e=T), y=T, 


where B =-—A;; the constants C;, C2, and C3 are related by the constraint 


3(A1C} + Ar) -4A(C? +C) =0 if A, >0, 
3(A,C} + Ar) -— 16 ATC) C) = 0 if A; <0. 


40. oy! = (Aye S38 yA + Are By8yy/), 


Solution in parametric form: 


eo Por*.. yar, 


where B =-—A); the constants C;, Cz, and C3 are related by the constraint 


3(A; + A.C?) —4A5(C? +C) =0 if A, >0, 
3(A; + A2C3) — 16A3CC, = 0 if A, <0. 


A. oy! = (Aye y+ Are yy). 


Solution in parametric form: 


where B =-—A); the constants C;, C2, and C3 are related by the constraint 


34,03 -4A3(C} + C7) - 2 ATAy’ =0 if Ar >0, 
34,03 - 16.4300) — 4 AT Ay’ =0 if A, <0. 


42. Ute = (Are Py + Ape Fy \yt)’. 


Solution in parametric form: 


L= (7 - ary (72 - 1) an y= (7 - ar). 


where B =-—A); the constants C;, C2, and C3 are related by the constraint 


34,03 -—4A3(C7 + Ci) - ZATAY =0 if Ar >0, 
34,C3 -16A3C}C,- 2 ATA =0 if Ar <0. 
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> In the solutions of equations 43-48, the following notation is used: 


_ f Jij3(7) for the upper sign (Bessel function), 
bs I,/3(7) _ for the lower sign (modified Bessel function), 


_ {¥%/3(7) _ for the upper sign (Bessel function), 
~ | £4/3(7) for the lower sign (modified Bessel function), 


1. ‘ 
H=Cif+Crg+bw(9 f far-F f gar), o={ 57 for the upper sign, 


-1 for the lower sign. 


43. yl), = (Airy + Ary)”. 


Solution in parametric form: 
e=H, y=br7/, where A;,= +35%, A) = -7b 8. 


44, yy"! = (Ay? + Ary Vy)’. 


Solution in parametric form: 


e=T 3H, y=br?/3, where A; =-208, Ap =+30°. 


45.0 oy! = (Aya yl? + Ary /y(y’)?. 


Solution in parametric form: 


a =art (rH! + +HY, y= br?/3H?, where A, = +4325 3/2, Ay = dap. 


46. yf! = (Apy?/? + Aga Vy? yy’)? 


Solution in parametric form: 


L= at“ H> (rH! + +H)’, y= br 23H, where A, = dap'/8, A) = +493/2 


47, yl! = (Aya ?y + Aga yy’)? 


Solution in parametric form: 
ea=arPlH, y=br?/3 [Fr H? +287H — (rH! ++H)’], 
where A, = 300%, Ay =—-a7"/2bB.Aj. 


48.0 yf! = (Ayr 3? y3/? + Arey? yy’)? 


Solution in parametric form: 


w= ar} H? [F7?H? +287H - (rH. +4H) J", 
y = br?/3 (Fr? H? + 267H — (rH +4 HY], 


where A; = 3a°/2b-'/?8, Ay =-3a3. 
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49, yl = (Aizy™ + Ary™ (yi), m1 #-2. 
Solution in parametric form: 


1 
g=T"H, y=br, en ey. 
where 
4b Bw k k 2m2-—m,+1 
H=C:f+O.9+ 7 (9 [1 far-f [ r*gdr), Ts ae 


ee J,(rT) for the upper sign (Bessel function), 
~ | I(r) _ for the lower sign (modified Bessel function), 


_ J Y.@) _ for the upper sign (Bessel function), 
I~) Kk v(T) for the lower sign (modified Bessel function), 


Ay =£2(m, +262, A,=-0™B, w= 40 for the upper sign, 
7 ‘ ; -1 for the lower sign. 
p> In the solutions of equations 50-56, the following notation is used: 


U, = Ci J.(7) for the upper sign (Bessel function), 
“| Cir) _ for the lower sign (modified Bessel function), 


Gc CiYi(7) for the upper sign (Bessel function), 
¥ | CxK(7) for the lower sign (modified Bessel function), 


Zy =U, +aV,, X,=AU,+bV, Fy =7Z)+vZ,, Gy =rX)+vXp, 


Nad Xe if A = (a1 — anf, 
aU? + BULV, +yV? if A = 4ay— 8°, 


N, = LyGy +X ,F, if A = (a4) — 231), 
. TN'+2uN if A =4ay- 8’, 


No = N2+4472N2 402A ite 2/m for the upper sign, 
> ae ‘ -1 for the lower sign, 


where the prime denotes differentiation with respect to T. 
50. Uy = (Airy + Ara™)(yi,)°. 
Solution in parametric form: 
c= arnt? y= br?/3 
where v = }, A,= +35, Ad= —patb uA. 
51. yf! = (Aizy™ + Aa \(y)°, = m #-2. 
Solution in parametric form: 


w=at’NV2, y=br, 


1 
where vy = ey, A,= +50" (m +2), A= path *w*A(m +2). 


52. yf! = (Ara + Anwy)(y/,)’. 
Solution in parametric form: 


L= ar /3.N1/2, y= br 2/3, 


where v = +, A,= —fatburA, Ad= +353. 
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53.0 yl! = (Aya Py? + Ary (yi, 
Solution in parametric form: 
e=0r- CNN. gab N, 


where v = t, A,= +8a 3/25°3/2, A, = 2aburA. 


54,0 yl! = (Art Ana yyy’). 
Solution in parametric form: 
page NN, gore We 


where v = }, A; =2ab?u*A, A> = +843/2, 


55. yl! = (Arey + Are (yl). 


Solution in parametric form: 
e=arN, y=br?3N Ny, 
where v = i, A,= Bon, Ad= —Zatb uA. 
56. yf! = (Aya 3 + Ana yyy’)? 
Solution in parametric form: 
is ar*/3N2N5}, ip br2/3NN5}, 


=l = —9 @4h-2y2 29, 
where v= 5, A; =-qa*b~urA, Ar = pga 


> In the solutions of equations 57-72, the following notation is used: 


= \/t49} — 291 -Ch, r= f -C1; 


one ae Ch 


= \/+403 +2) -C, r= | 2S __ —C}. 


+463 + = -C, 


The functions ¢1 = g1(T) and ~2 = §£2(T) are defined implicitly by the above elliptic integrals. 
For the upper signs, they are the classical elliptic Weierstrass functions (0, = (tT +C\, 2, Cr) and 
(2 = GAT + C1, -2, Cp). 


57, yl! = (Aya? + Aryl). 
Solution in parametric form: 
T=ayr, y=bdr, 
where A; = +6a7!b~*, Ay =ab-?(-1)**!; k=1andk=2. 


58. yl, = (Ary? + Ara*y (yi)? 
Solution in parametric form: 
z=at'gp, yr=obrl, 


where A, = ab(-1)**!, A, =¥6a7!b3?; k=1 and k =2. 
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59. Ye = (Ary! + Ane?y yt). 
Solution in parametric form: 


g=art(t’g, Fl), y=br’, 
where A; = gab /7(-1) "41, A) = F£a ll’; k=1landk=2. 
60. iy = (Ary + Arw?y Ny). 
Solution in parametric form: 
z=at (ror Fl), y=obr’, 
where A, = gab /7(-1)*"), Aj = Foa 9/7, k=landk=2. 
61. ye, = (Ary + Arx)(y,)”. 
Solution in parametric form: 
w=alfe-Cl*r],  y=br, 
where A; = ab-!A,(-1)*, A, =—2a7!b-'(4+6a/b)!/?; k= 1 and k = 2. 
62. yi, = (Ary + Ara y(ys). 
Solution in parametric form: 
z=ar, y=b[f,—(-1)*r], 
where A, = 2a7'b'(+6b/a)'/”, Ap =a7!bA\(-1)*; k= 1 and k =2. 
63. yy, = (Ary 4 + Arey (yi). 
Solution in parametric form: 
x =al2rf,—2p~+(-1)*'77], y =br', 


where A, = ab /24,(-1)*, A> = -4 —p/4(43a/b)/?; k= 1 andk=2. 


64. yl, = (Arey + Ara */4yyl 7. 


Solution in parametric form: 


a=ar', y=b[2rfe—2pn+(CD'r°), 
where A, = za'/40-1(43b/a)'/?, A, =a/2bA\(-1)*; k =1 and k =2. 


65. yf, = (Ary + Arey yh)? 


Solution in parametric form: 


g=at [27> f_ +677 oy, $24 (-1)*74], y=or’, 
where A, = ab /44,(-1)*, A> = a 'pr/8 (¥6a/b)'/*: k=landk=2. 


66. yl! = (Aya By + Apa 8/8)\(y/ 1/7, 


Solution in parametric form: 


g=at®, y=br [27 fe +67 op $24 (-1)*r‘I, 


where A, = -ta™®o (¥6b/a) ue A, =a"/4bA,(-1)*; k =1andk =2. 
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67. Ye = (Ary + Arey By ye?. 


Solution in parametric form: 
x =art[5t? fp —- 207’ gn + 30-(-1)*r*}, y= bri3, 


4 30a 


1/2 
+) panies 


where A, = ab9/!3.4,(-1)*, Ay = — ar tgt3( 


68. ee = (Aya ?/By + Aga 8/13)(y! 1/2, 


Solution in parametric form: 


g=at?, y=br[5r7 fp — 207 py + 30 -(-1)*r4], 


2 7/13,-1 306 \ 1/2 5 
= + —— /13 — ke — = 
where A, ss b (+) , A=a bA\(-1)"; k=landk =2. 


69. yl, = (Art Ara yyy’. 
Solution in parametric form: 
w=age, y= fe—(1*r], 
where A, =F5ab~, A) = 4 aF/3H 7-141, k=1landk=2. 


70. yf! = (Aya? y77/3 + Ary \(y’,)?. 


Solution in parametric form: 
-1 -1 
e=apy[fe-CD*7], y= b[fe-CD*7] , 
where A; = ar/3p'/3(—-1) R41, Ay =¥3ab; k=1andk =2. 


Toy = (Ary 4 + Anzy (yl). 


Solution in parametric form: 
= 2_ 274,3 m _ yk 14/3 
a=a(fi-7° F4p%), y=blfe-Cl)*7], 


+a3o'/4(Fa/b)/? if k=1, 


here A, =ab-3/2Ay, Ay = 
where A; =a 25 2 (a if k=2. 


72,0 yl = (Aya y+ Aga (y, yr, 
Solution in parametric form: 
e=alfe-CD'r°, y= bg -17 F4p)), 


Fall/4p3(Fb/a)/? if k=1, 


ns SD 
Fal/4p3¢45/a)'/2 if k=2, A, =a?/*bA). 


where A, = { 
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> In the solutions of equations 73-92, the following notation is used: 
The functions P, and P, are the general solutions of the four modifications of the first Painlevé 
equation: 

Pi =16Pi +7, Pi =46P}-7 
(in the case of the upper sign, the equation for P, is the canonical form of the first Painlevé equation; 
see Paragraph 2.8.2-2). In addition, 


Q, =16P? +7, Qo = +6P? —7, 

R, =2P/-7’, R,=2P,+7’, 

S, =37rP|-3P,-7°, Sy = 37 P) -3P),+7°, 
T,=7’P, Fl, Th =7°P) Fl, 

U, = (Pi -2P.Q, + 8P?, Uy = (Phy —2P,Qo + 8P}, 
Vi = PiQ)+ Pi - Qt, Vo = P3Q)— P; - Q3, 

W, =7°Pi+37°P, F147, W, =7°P) +37°P, F1-7°, 


Z, = 6(7° Pi — 47° P, +6)-7°, Zy = 6(7° P; — 41? P, +6)+7°, 
where the prime denotes differentiation with respect to T. 


73. yf), = (Ary + Ara’\(y’,)°. 
Solution in parametric form: 
t=aPy, y=br, 


where A, = ab“3(-1)*, A> =¥6a7'b?; k =1 andk =2. 


74. yl, = (Ary? + Ara (ys )°?. 
Solution in parametric form: 
t=aRy, y=Odr, 


where A, = abA,(-1)**!, A, = ~2a7'b"(+3a/b)!/; k=landk=2. 


75. yl, = (Ary + Ara (yl). 
Solution in parametric form: 
t=atT, y=bRz, 


where A, = 2a7'b"(43b/a)'/?, A, =a7*bA,(-1)**!; k=1andk =2. 


76. yy, = (Ary + Ara?y*\(yi,)?. 
Solution in parametric form: 
z=at Py, y=br, 


where A, = ab*(-1)*, A, =¥6a7'b?; k =1landk =2. 


77. Une = (Ary? + Arey (yn y?. 
Solution in parametric form: 
xr=aSp, y=or', 


where A, = ab-3/44,(-1)**!, A> = -+ —1p-1/4(42a/b)'/?; k = 1 and k =2. 


78. yf! = (Aya S/4y + Aga yy! 72, 
Solution in parametric form: 
g=at*, y=bSk, 
where A; = za/40-1(42b/a)!/?, Ay = a3/*bA,(-1)**!; k =1 and k = 2. 
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79. Une = (Ary! + Ane?y (yi). 


Solution in parametric form: 


r=atTl,, y=br', 


where A; = gab /7(-1)*, A) = Ffa'pl’, k=1landk =2. 


80. yf = (Ary 4 + Arey yy, °/?. 


Solution in parametric form: 
x£=at Ws, y= brs, 


where A, = ab /84,(-1)*, A> = za 'b"/8(F3a/b)\/?; k=landk=2. 


81. yk = (Aw By + Aral). 
Solution in parametric form: 


z=at®, y=br Ws, 


where A, = —ga"/®o1(43b/a)'/?, A, =a /80A,(-1)*; k =1 and k =2. 
82. Une = (Ary! + Arw?’y Ny). 


Solution in parametric form: 
x =atT Tp, y= br, 


where A, = gab V/7(-1), A) = F£a be’; k=1landk =2. 
83. yi, = (Ary 8 + Arey By. 


Solution in parametric form: 
z=atZ,, y=br, 


2 1/2 
where A, = ab~/!3.4,(-1)**!, A, = re (+5) ; k=landk=2. 


84. ee = (Aya ?/By + Aga 4/13)(y! 1/2, 


Solution in parametric form: 


g=at, y=brZy, 


2 7/13p-1 ae ~6 
=— a — /13 —1)*t1. — = 
where A, 3° b (+) , A=a bA\(-1)"*"; k=1andk=2. 
85. oy! = (Ary + Ara yy’)? 


Solution in parametric form: 
c=a(Pyy, y= bP, 


where A, =¥24ab3, A, =2a3/2b-2(-1)*; k = 1 andk =2. 


86. yf! = (Aya 2 y4/? + Ary (yi)? 


Solution in parametric form: 
ear (Pi), yabes, 


where A, = 2a3/2b!/2(-1)*, A, =¥24ab?; k= 1 andk =2. 
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87. = (Arey + Arey’), 


Solution in parametric form: 


L= aP, y = Ug, 


where A, = Zab36%, A) =¥8a7bA); k= 1 andk=2. 


88. yn, = (Ai YS + Ane! Ay MA \(ys). 
Solution in parametric form: 
z= aPe?u,), yabUy; 
where A, = Za®/3pl/3, A) =¥8a7bA); k=1andk =2. 


89. oy! = (Ae? + Ary? yy). 
Solution in parametric form: 
w= aQk, y= (Ph), 
where A, =+¥6a3/2b2, A, = sab'/2(-1) "1; k=landk=2. 


90. yf, = (Ary? + Ane yyy!’ 
Solution in parametric form: 
t=a(Py) Qi, y= (PA), 
where A, = sab 1/2(-1) e+, A, = ¥6a3/2b!/2, k=1 andk =2. 


91.0 yl! = (Aya Fy + Aga yy’). 
Solution in parametric form: 
f=alP. y= oVe, 


where A, = tap, A, =a /30A,\(-1)*; k =1 and k =2. 


92. Yi, = (Arey + Are Fy YL)’. 
Solution in parametric form: 
w=a(PyVyes y=by,', 


where A; = a KIB 11, Ao = —ta8/3pl/3, k=1landk=2. 


p> In the solutions of equations 93-96, the following notation is used: 


1 


-1/2 
4 
Tha 7) dr +C), 


F=Crexr({ 7), G=r+2VR+4Bp, H={(C- 


am 2B itt + 2B kstl 
R= 4 ky +1 ko +1 


2B 
Crt gr + a + 2B In| if k=ky #—1, ky =—1, 


if ky #-1, ky #-1; 


93. yy, = (Are sy™ + Apa me sy™ iy’), 
Solution in parametric form: 
c=TF'?, y=F, 


where ky =—2m,-—3, ky =-2m2—3, Ay =—B,, Ar =—-Bo. 
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m-1 m+s 
94.0 y= (Aicy™ + Any” 2 )(y,,)m8 


Solution in parametric form: 


1 
a=aF 7G, y=bF mat, 
m3 kok! 4aB, 11/k alas 
here k, = k =-———,, k, =0, A, = - Ay =—4ab +1 A; Bp. 
Menor eee oe el Tarr eaDe Pane en eae 


n-1 2n+4 
O3.: = (Aie"y + Ape 2 ) i 


Solution in parametric form: 


n+3 k 2 Jp 40B, 7V/k seal 
here kj =k =-——-, ky =0, A, =- Rl bt |— A, =—4a FT BA, Bo. 
ig apati ie a ee Eersin Woe ee aaa 


96. yl, = (Arey? + Are \(y),)*. 


Solution in parametric form: 


ed TV —Ax 


/ Az 
x cos” y= ae 
97. 


yl = (Ae™y™ + Ara™y™ iy! p/?, 


Solution in parametric form: 


r= Or'Pexp(-5 f 5), y=C;'r'Pexp(5 | - fdr ). 


where 


Vp+4 


A A 
| as ee ee m,+1 ape ee a) if =] -] 
i C2 0m, +1)* ener Nid if m, #-1, m2. #-1, 
A 1 
a a A if -1 =-] 
a C2 0m, +1)" 5 gInt if m, #-1, m2 . 


m2(n+1)-m +n m+2n+3 
98. yn = (Aiw"y™ + Anz my,+1 y™)(y,) myitnt2 , 
Solution in parametric form: 
dr tt n+1 pdr 
CONGO SOE aa a) 
. LPT Fz y : ie mit ld rz 
where z = z(7) is the solution of the algebraic equation 
my+n+2 n+1\7 ow emit. A 
(: _— | (- = ) Tere — T my+n+2 (c: + mt + F), 
m,+1 m,+1 m,t+n+2 
A +1 
Aa ae ees B 
ae (m, +n +2)(m + 1) 
2 . 
———— 1 f =-l, 
m,+nt+2 il meee 
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> In the solutions of equations 99-108, the following notation is used: 
The functions P, and P, are the general solutions of the four modifications of the second Painlevé 
equation (with parameter a = 0): 


Pi =7P,+2P3, Pj! =-1P) +2P}. 


In the case of the upper sign, the equation for P, is the canonical form of the second Painlevé 
equation (with parameter a = 0; see Paragraph 2.8.2-3); 


Q=TPP+Pi-(FIY, Ri=PiFRQ:, 5: =2P1Q,-P2 F RQ, 
Q.=TPP+P}-(BY, Ro=PltPoQ2., $.=2P,Q.+ P3+ PQ); 


where the prime denotes differentiation with respect to T. 


99. oy! = (Arty + Ara )(y),)’. 
Solution in parametric form: 
c=aPy, y=, 


where A, = b9(-1)*, Ay =¥2a7b?; k =1 andk =2. 


100. 9%, = (Aizy® + Arey \(y',)°. 
Solution in parametric form: 
z=at Pky, y=br, 


where A, =5°(-1)*, A) =¥2a7b*; k=1andk =2. 


101. yl, = (Apt Aga yyy! 3, 


Solutions in parametric form: 
e=a(Pyy, y=oPi, Pr= (Pr); 
where A; =#2ab~, A) = za7/26-3/2(1)f; k=landk=2. 


102. y= (Aya /?y? + Ary Vy)’. 


Solutions in parametric form: 
teary PSO “PLS (Pps 
where A, = za3/?(-1)k, A, =F2ab; k=1andk=2. 


103. y= (Alay + Ary’). 


Solutions in parametric form: 
Pegh.. Geb er oy). . Sth 
where A, = 2a°b-3(-1)*, Ay =+2ab-7(-1)*; k=1 andk =2. 


104. yl”! = (Aya ?y* + Ary yi). 


Solutions in parametric form: 
e=aP?[rPet Pt-(PLY],  y=b[r P22 PA- (PDT, 


where A; =—2a?, A) =¥2ab; k=1 andk =2. 
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105. y= (Art Anay/y(y!,°/?. 


Solutions in parametric form: 
= pz) —1Q2 
c=aP, Rr, y=bQy, 


2a~b'/?(2a/b)!/? if k=1, 


—Tpyp-l/2 40(_1)k = 
where A, =+ab'/*A,(-1)", Ad eee ee ped 


106. y/!,, = (Aya /7y + Anyi)”. 


Solutions in parametric form: 
~7Q2 _—pp-l 
x= aQ;, y = bP, Rr, 


—2a'/2b?(2b/a)'/? if k=1, 


2a!/2b2(-2b/a)'/? if k=2 Ay = Fa /bA,(-1)*, 


where A, = { 
107. y/Z, = (Art Arwy (yr. 
Solutions in parametric form: 
r=aSz, y=bQk, 


a?b(2a/b)'/?— if k=1, 


pee its —2, = k — 
where A, =Fab~“A2(-1)", Az ey if k=2. 


108. y= (Alay + Ary(y)?/?. 
Solutions in parametric form: 
r=aQz, y=OSk, 


-ab?(2b/a)'/? if k=1, 


_ 7,2 _4\k 
ab jay? at geo, 2 


where A, = { 
109. yl, = (Arey 5 + Arey PSyiy! 


Solution in parametric form: 


n= aCjS'!? (6CHF - a)" y= (0CtF - a)" 


where S = Cye2*7 + Cye** sin( V3 kr), F=($!)?-2SS" 


TT? 


— _5_,12/5p-3 p.-6 
Ar = 774 b°k. 


110. yl! = (Apa? y + Age yy(y/ 


Solution in parametric form: 


A,)-!1 
w= aly? ZH Cyr [(rZi + LZ) 4772") - +} ; 
: Ay\-1 

y= {oir rg +izyrt7Z? - +} 


where 
Ae 9 353 Ze C1 J1/3(7) + C2x¥1/3(7) for the upper sign, 
aa ; C11, /3(7) + C241 /3(7) _ for the lower sign, 


J, /3(7) and Yj 3(7) are the Bessel functions, and J; /3(7) and 4’; /3(7) are the modified Bessel 
functions. 
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WW. yf, = (Aya yt + Arey \(y/,)°. 
Solution in parametric form: 


r= aC? FM? (ocie- a)" y= (ocia - a) 


where R= /#(43-), F=21 [rea +Oor FR, G = 41F2 $7°(RF — 1), 


A) = FA abo°. 
> In the solutions of equations 112 and 113, the following notation is used: 


B= [( fdr 4+Cy, ke = 41: 


the function E can be expressed in terms of elliptic integrals or lemniscate functions. 


112. yl! = (Aya?y 45 + Apary B/S yy’), 
Solutions in parametric form: 


r= aClE“(rE -k) y= bORE™, where A, = F£a!b4/>k, A, = Fea ys, 
113. yf, = (Arx?y tS + Are yP/\y!). 
Solutions in parametric form: 
t=aC,\E(rE-k), y= bCPE, where A; = F£a'b'/k, Ad= Fah, 
p> In the solutions of equations 114 and 115, the following notation is used: 


A=C2-2C, R=(36A +54Br —2r3)!/2, ao 


—-A Cy, 
piny a a, 
C, tan(+ Az) + C, if A <0; 
VE bie Ae ie” if A >0; 
_ Ci Ci 
W(z)= f V2 
eo A=0, C, <0; 
Chz A f ‘ 
1 2 
pasar A=0, C,>0. 
Cz VIC f é 


14, yy!) = (Apa + Aga SB y?2yy! 3, 
Solutions in parametric form: 


a =art/4(C,W? -20,W + 2)9/4(6C,W -6C, = RP”, 
y = br 3 (C\W? - 20,W +2)°”, 

where A, =—24a8/3b2C,, A. = 36a8/3b4/3B. 

115. y= (Aya Sy? + Apa SB y4Byy’y, 

Solutions in parametric form: 
a =at/4(C,W? -20,W +2) 7/4(6C,W - 6C, = RP”, 
y = br? 2(C,W? -20,W +2) 3/2, 

where A, = 36a8/36-4/3B, A, =—-24a8/3b2/3C). 
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116. 


117. 


118. 


119. 


120. 


121. 


122. 


123. 


124. 


125. 


126. 


127. 


a 


2 1 
= Ux a + Aa” ] yy.) n#-3, n#-1. 


ve Lin +3)? 
Taking y to be the independent variable, we obtain an equation of the form 2.4.2.4 with respect 
tor =2(y): 2” af oe Aa") 
ae ad (n+ 3)? : 


Uew = (ge + Aw )y"(y,). 
Taking y to be the Bg uate variable, we obtain an equation of the form 2.4.2.35 with 


respect to x = x(y): Lyy = y?(Ba- Ar”). 


Yinn = (Ox + Aa )y(yi,)°. 


Taking y to be the emus variable, we obtain an equation of the form 2.4.2.31 with 
respect to x = x(y): a y? (6a — Ax). 


Vile = (12x + Aa! on 
Taking y to be the penne: variable, we obtain an equation of the form 2.4.2.64 with 
respect to x = x(y): Ly y (122 — Ax-5!), 


Yigm = (2x + ee ; 
Taking y to be me nals variable, we obtain an equation of the form 2.4.2.6 with respect 
tox = x(y): Ly y (2a — Ax). 


Yi, = (pa + Ae yyy). 
Taking y to be the eee vane we obtain an equation of the form 2.4.2.26 with 
respect to x = x(y): ry y(- jap Ax5/3), 


Veo = = (oa + relia 
Taking y to be the ae variable, we obtain an equation of the form 2.4.2.10 with 
respect tox = ay): 1), =y"(-qa,"- Ane5/3), 


View = (qe + ee 
Taking y to be the eae variable, we obtain an equation of the form 2.4.2.12 with 
respect to x = x(y): ry, y (4a - Ag5/3), 


Ynw = (-Gax + Aa! oe ; 
Taking y to be the inde pencen variable, we obtain an equation of the form 2.4.2.66 with 


respect to x = x(y): C= y? (Be - Ag5/3), 


Vw = (ger + Aa” \y (yi). 
Taking y to be the eran vanable, we obtain an equation of the form 2.4.2.29 with 
respect to x = x(y): a y(- —U- Ax-1/5), 


Yow = (Ge + eee 

Taking y to be the mee ytt variable, we obtain an equation of the form 2.4.2.14 with 
respect to x = x(y): Ly y(- sn - Ag), 

Yon = (yeu t+ Ax! oye ; 


Taking y to be me mecneroe variable, we obtain an equation of the form 2.4.2.8 with respect 
tor =x(y): xy y?(-42- Ag, 


© 2003 by Chapman & Hall/CRC 


128. 


129. 


130. 


131. 


132. 


133. 


134. 


135. 


136. 


137. 


138. 


yl = (-20x + Ar '/*)y(y/), 


Taking y to be the meet variable, we obtain an equation of the form 2.4.2.33 with 
respect tor =a(y): 2, =y?(20a— Ag), 


Veo = (qe + Axl/)y (yh). 
Taking y to be the as variable, we obtain an equation of the form 2.4.2.37 with 
respect to © = x(y): Ly = y-(-4 52 - Well. 


Yi, = (Ax? + Sax)y (yi), 


Taking y to be fi aoe yenee we obtain an equation of the form 2.4.2.60 with 
respect to x = x(y): co y?(-Ax? — <2). 


Yi, = (Aa? - Sax)y(y’,)°. 
Taking y to be the ee yaueble, we obtain an equation of the form 2.4.2.62 with 
respect to x = x(y): z, (Td Av? + & <2). 


2(n+1 
“= (—— haere Ca yay, n#-3,-1. 
(n+ ae 
Taking y to be the independent variable, we obtain an equation of the form 2.4.2.5 with respect 
; Gs _Ant+)) > Agr?!” 
OL=2 gl = x x”. 
y wy aay y y 


Yorn = (Aa y -2ay\(y))?. 
Taking y to be the independent variable, we obtain an equation of the form 2.4.2.7 with respect 
tox =a2(y): xf, = 2y7e— Ayr” 


Yew = (Aw y? + Fay V(yy). 
Taking y to be the independent variable, we obtain an equation of the form 2.4.2.9 with respect 


tox=a(y): wf}, =—sy?a— Aye V2, 


Yirw = (Aw Py"? + pry yt) 
Taking y to be the ed wales variable, we obtain an equation of the form 2.4.2.11 with 


respect tov = 2(y): 2y, = ay 2g Aya, 


View = (Aa 47/9 — tay \(yi). 


Taking y to be the independent variable, we obtain an equation of the form 2.4.2.13 with 
respect to © = x(y): od = dy ?x — Ay?/3a5/3, 


View = (Aa ?y'? + Say (yt). 

Taking y to be the andepencent variable, we obtain an equation of the form 2.4.2.15 with 
respect to x = ay): a), =—gy?a— Ay V2gAl/2, 

Vow = (Ae Oy" + Gay yh) 

Taking y to be the mac pencen variable, we obtain an equation of the form 2.4.2.27 with 


respect to © = x(y): a sya — Ay?/3g75/3, 
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139. 


140. 


141. 


142. 


143. 


144. 


145. 


146. 


147. 


yi, = (Aa y7/> + ayy). 
Taking y to be the independent variable, we obtain an equation of the form 2.4.2.30 with 


respect tor =2(y): Xj, = ~Sy te — Aya /5, 


Yow = (Aa y? - ory \(y,). 
Taking y to be the independent variable, we obtain an equation of the form 2.4.2.32 with 
respect to © = x(y): iy = 6y7a — Aya. 


View = (Aa '?y? — 202y\(y',)>. 


Taking y to be the independent variable, we obtain an equation of the form 2.4.2.34 with 
respect to = 2(y): 24, = 20y 22 - Aya /2, 


Yen = (Aa y® - Bay yy). 
Taking y to be the independent variable, we obtain an equation of the form 2.4.2.36 with 
respect to x = x(y): toy = By ?x — AySa7. 


ye, = (Aa? ys? 4 Bary *yyl). 


Taking y to be the independent variable, we obtain an equation of the form 2.4.2.38 with 
nm 12, -2 


respect to = £(y): Ly, =—qyy “- Ay3/2q1/2, 

Yi, = (Say? + Avy yl). 

Taking y to be the independent variable, we obtain an equation of the form 2.4.2.61 with 
respect to © = x(y): na =—Ay32? — ay a. 

yi, = kay? + Avy vy). 

Taking y to be the independent variable, we obtain an equation of the form 2.4.2.63 with 
respect to x = x(y): Zi y =—Ay 3a? + aya. 


View = (Aw *y?/? — Lary \(yi)*. 


Taking y to be the independent variable, we obtain an equation of the form 2.4.2.65 with 
respect to x = x(y): oy = 12y 2a — Ay3/2a5/2, 


Vow = (Aw *y7/3 — Dry (ys). 
Taking y to be the independent variable, we obtain an equation of the form 2.4.2.67 with 


respect to z= a2(y): ry, = Bye — Aya /3, 


2.6.3. Equations of the Form y”, = cAa"y™(y’)! + Aa™lymtl(y? yl 


2.6.3-1. Classification table. 


Table 26 presents all solvable equations whose solutions are outlined in Subsection 2.6.3. Two- 
parameter families (in the space of the parameters n, m, and /), one-parameter families, and isolated 
points are presented in a consecutive fashion. Equations are arranged in accordance with the growth 
of !. The number of the equation sought is indicated in the last column in this table. 
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TABLE 26 
Solvable cases of the equation y/”, = cAa”y™(y/,)!) + Aa lymty! jot 


Cee a eae Sree ac Se ee a 
a 
= 
= 
i 

a 


ay 
(n # 0,-1) 2.6.3.41 


Slr 


ean arbitrary 


arial 

auPICETY 

arbitrary 

Ga #- 1) 2.6.3.84 
arbitrary 


(m#=1,-2) 2.6.3.42 
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TABLE 26 (Continued) 
Solvable cases of the equation y”,, = Ax” y™ (yl)! + Ax™ lym ly! yt 


a 
a ES (A 
ei 0 il aet oe 
fo fo | 4 | 4 | 2639 
A SC 
see i ve Ie 
a a 


| | 
ne NINN nS 
i 
Rep R [Rf R 


a 2.6.3.69 


— 
— 


2.6.3.9 


Pid 
Loe ied 


N 


ee ee 2.63.81 
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TABLE 26 (Continued) 
Solvable cases of the equation y”, = cAx"y™(y',)! + Aa lymtlyy! yt 


eS a 


| 
; 


| 
Nw 


| | | 
i Nw 
te 

any pay 


: 
ra 


ww 


; 
Re foe 


2.6.3.10 
2.6.3.18 


- 
H 


t 
I} | 
vie] wo 


: 
lt 
: 
zi 
Aly 
N 
On 
\oS) 
nD 
Oo 


2.6.3-2. Solvable equations and their solutions. 


1. = Agr y™y’ — Ag M3 y™"!, m#-1. 


ne in doramniiite form: 


neat (f +a). y=sontr(f +a)”, 


where A =F(m+ l)a™!-™, 
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200 yf! = Antyty!, - Ac. 


Solution in parametric form: 


r=C; Nee exp(#r’) di +a] y=—Lexpetr?y| fr exp(#r’) di +0] 


3.0 yf = Ar y™(y! P - Ar y™ (y/,), m #-2. 
Solution in parametric form: 
dr v1 dr v1 
wx aCrr( f rer tGa) v= dore({ arts) 


where A =+(m+2)a™ 30-2, 


4. yf, = Ay(y’,)? - Aa ty(y)). 
Solution in parametric form: 


n=—Lewper)[ [7 exp(#1r7) dr £0) y=C\ io exp(Fr’) di +0] 


> In the solutions of equations 5-12, the following notation is used: 


f= / exp(#1r’) dr + Cy. 
5. yf! = Aaty*y’ + Arty". 
Solution in parametric form: 
x=Cyexp4r’)ft, y=b[27+exp4r’)f"], where A=+207. 
6. Yigg = Aa ty (yy + Avy (yl). 
Solution in parametric form: 
x =al2r texpGr*)f1], y=Cyexp4r’)f!, where A=2a’. 
7. ofl = Agty ty! - Arty", 


Solution in parametric form: 


e=C;[2eft exp(Fr?)] y =bf[2rf + exp(Fr2)] where A=+4b°. 


8 of! = Arty *(y)3 - Ary "(y,). 


Solution in parametric form: 
ay es Fa! — 27-1 
z=af [27f + exp(Fr | » y=) [27 f + exp(Fr )| » where A=+ 


9 yf = Axy!, - Ay. 


Solution in parametric form: 


g=at, y=C[2rftexpGr’)], where A= 42a”. 


10. yl, = Aax(y’,) - Ay(y’,)’. 
Solution in parametric form: 


x=C,[2rft exp(¥r7)], y = br, where A=¥2b7. 
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+1 


-1 


1. oy! =2Ary7y! - Ay". 
Solution in parametric form: 


x =aC\[27?f +rexp(Fr*)+ f], y=bC\[27ftexp(Fr’)], where A=F4a~b’. 
12, y! = Ary) -2Ar7y(y),)’. 
Solution in parametric form: 
a =aC,[2rf texp(Fr’)], y=bC,[277ftrexp(Fr*)+ f], where A=F5a°b~ 


> Inthe solutions of equations 13-22, the following notation is used: 
B=Vrrt)-In(Vrtvrt+1)+Q,, F=E 


13.0 yf = Aa ty?y! — Arty, 
Solution in parametric form: 
t=aCiF?, y=bC}r'EF?, where A=-a 9/07, 
14,0 yf = Arty (y),)3 - Avy (y/,). 
Solution in parametric form: 
z=aC}r'EF?, y=bCiF*, where A=-ab?/?, 
15. y= Ary “y! - Ay”. 
Solution in parametric form: 


[r+1 
z=aC}F = y=bCiF"', where A=-—2a7b’. 
T 


16. yf! = Avy’, - Ax y(y’,)*. 
Solution in parametric form: 


T+1 


mo Tite 
T 


+1 
e=aCiF!, y=t07F? — , where A=-—2a°b7. 


17. yl! = Axyy!, + Ay’. 
Solution in parametric form: 
g=aC;'t'E\(tF*+7°F-E’), y=bCiF', where A=a~b'. 
18. y= Aar(y > + Axy(y,)*. 
Solution in parametric form: 
e=aC?F!, y=bC)'r EF’ +r°F-E’), where A=-a'b?. 
19. yf, = Ax(y,)? + Ayyi,)'”?. 
Solution in parametric form: 


T+1 T+1 a 


1/2 
_ ml —po3p-l, | tt —9,2(_2@ 
Er ), y =bCi] F sa where A= 2a ( 9) ; 


aC} * ( 


20. yy, = Axty;,)/? + Ay(y,,)”. 
Solution in parametric form: 


[r+1 [7 +1 by 1/2 
sSacr ee y = 0C;' (F eee Er) , where A=-2b7 (--) ; 
E a6 a 


21.0 yl! = Av tyy’, -2Aay’. 
Solution in parametric form: 
e=aQyrE(rF?+rF-E*)"', y=b0}rEF (rF°+1°F-E’)", 
where A=-2a°61. 
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22. yf! = 2Aa’y*(y!y - Avy (yl). 


Solution in parametric form: 


a =aC}rEF | (tF?+7°F-E’), y=b0\rE(rF°+7°F-E’)", 
where A =—2a7!b?, 


23. y!! = Ax”y’ +nAx”™ ly, n#-1. 


Solution in parametric form: 


1 n 
G=aTrmryl, y= C\e"" (/ pontie PT dr + C2), where A=(n+l)a”'7Z. 


A 
24. oy’! = Ary™(y))* + ; aaa m #-2. 


Solution in parametric form: 


mel os +2 
x = Cye87 (/ ae) e ft dr +n), y=brm2, where A = A228. 
mt+1 
p> In the solutions of equations 25-36, the following notation is used: 
T+ CnT” for the upper sign, 
R= sin(v Int)+Czcos(vInr) for the lower sign, 
Int +Cy forv=0, 
(+v)r’ +1 -v)Co7t’ for the upper sign, 
Q= (1-vC) sinv Int) + (C2 +v)cos(vInt) _ for the lower sign, 
Inv-+14+O4 forv=0. 


25. yf! = Ax yy! — Ary’. 


Solution in parametric form: 
g=art’, y=br’°R'Q, where v=C\, A=ab!. 
The solution is valid for all three cases of the functions R and Q given above. 
26. yf), = Aa’y*(y’,)° - Ary (y’,)’. 
Solution in parametric form: 
z=at’R'Q, y= br, where v=C\, A=a'!b. 
The solution is valid for all three cases of the functions R and Q given above. 


27. Une = Aw (yy? - Ax yly,)'?. 


Solution in parametric form: 


g=aT’, y= sb oF 2QR! -1l+v*), where v=C,, A= (2a/b)!/?. 


28. yg, = Acy (yi)? - AY)”. 


Solution in parametric form: 


r= sar (2QR! -ltv’), y=br’, where v=C), A= (2b/a)!/?. 
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29. yf! = Ary7y’ - Ay". 


Solution in parametric form: 


g=aCirR, y=bC;rQ, where A=a*b*(1¥v’”). 


30. yf), = Ary!) - Ac? yy). 


Solution in parametric form: 


x=aC;tQ, y=bCirTR, where A=a’b7(1 Fv”). 
31.0 yl = Aa ty ty! — Ag s/tyl/?, 
Solution in parametric form: 
a=ar’R’, y=br’Q?, where v=C), A=a/29)/?, 
32. yn, = Aah ?y3/2(y! 3 _ Ag ty Vy! y, 
Solution in parametric form: 
t=ar’Q?, y=br?R?, where v=C), A=al?o/?, 
33. yf! = Av! - Ar?y(y’ yt. 
Solution in parametric form: 
g=ar’R’, y=br[Q*+(1Fv’)R’], where v=C;, A=2a'b. 
34. oy!) = Ary’(y),)* - Ay (y’,)°. 
Solution in parametric form: 
x=ar’[Q?+(1Fv7)R’], y=br’R’, where v=C);, A=2ab?. 
35.0 yf! = Aa*y3 - Ary*(y))t. 


Solution in parametric form: 


z=aCirR, y=bCy7 [Q° +(1F v)R?] sie where A=4(1¥v7)a 0". 


36. yf), = Ax y(y),)* - Aa y7(y’,)°. 


Solution in parametric form: 


x =aC\r [Q? +(1F vy?) R?| me y=bC\rR, where A=4(1Fv7)a‘b™. 


p> In the solutions of equations 37-50, the following notation is used: 
_ f{ IT) + C2Y7) _ for the upper sign, 
~ LL) +C2K,(1) for the lower sign, 


where J,(r) and Y,(7) are the Bessel functions, and I(r) and K,(7) are the modified Bessel 
functions. 


37. yf, = 2Ax” yy), +nAw” ty’, n#0, n#-2. 


Solution in parametric form: 


rag0 eo .. ~ gSver TZ 'GZAYZ), 
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38. oy! = (m+ DAa’y™ (y+ 2ZAcy™*"y), mel, m#-3. 
Solution in parametric form: 
aap" tr YZ IGZ AVZ), y= bCir ”; 


mt+2 mt+3 
where v = — 


—1z,-m-2 
—_ = b . 
m+ 3’ 2 ° 


39. y!! = 2Aatyy’ - Ary’. 


Solution in parametric form: 
r=Ci7*, y=brZ'Z', where v=0, A=-301, 
40. yf! = Agr’y(y’,)° -2Ary (y',). 
Solution in parametric form: 
w=atZ'Z', y=Ci7?, where v=0, A=-ta". 


4A. oy! = Ary? +nAatyy)/?, n#0, n#-1, 


Solution in parametric form: 


—1_4-2v n —2v a 1 
pear; Steere [Z \rZl+vZ)t aon" | 
2 1 2 1/2 
where v = a A=-(n+la™! |- f 
n+1 (n+1)b 


42, y! =(m+DAry™(y,)/? + Ay™ (y,)3/?, m#-1, m#-2. 


Solution in parametric form: 


1 
= 2m-3_-2v -1 ! a 2 = 4-2v 
e=aCy Tr [2 Ch sve at, y = bCyr*~”, 
_dm43 2s: ~ Oh. HH 
where v = 7) : A= (m + 2)b rar 


43,0 yl = 2Aa yl 9/7? — Ag sPy(y! yl, 


Solution in parametric form: 


c=Cir', y=W(rZ'Zit47*), where v=0, A=-4(-2) 1”, 
44.0 yy, = Ary (yi)? -2Ay yy. 
Solution in parametric form: 
g=a(tZ ‘Zit 41°), y=Cir*, where v=0, A= -4-ay”. 
45. yl! = Agty Wy! — Ag?y!/?, 
Solution in parametric form: 
t=C,Z", y=brZ(Z'), where v=0, A=-b'/?, 


46. yf) = Ag! Py (yp - Ar yy). 


Solution in parametric form: 


g=arZ-(Z'y, y=C,Z", where v=0, A=-al/. 
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47. -y!! = Ary *(y),)* - Ay(y’,)°. 
Solution in parametric form: 
wa aG Ore 7G), y=C;Z"', where v=0, A=4a. 
48. y!! = Av? - Ax y(y’,)". 
Solution in parametric form: 
r=C\Z"', y=bZ'QrZ!+7°Z), where v=0, A=4b. 
49, y!! = Ary’ (y))* -2Ay (yy. 
Solution in parametric form: 


g=a0i[r7(Z1y+27rZZ. +7°Z7], y=bC\Z*, where v=0, A= sab. 


50. yf! =2Ar!—- Ar*y(y’ yt. 


Solution in parametric form: 


w=aC,Z*, y=bC[r' (Zi) +2rZZ. +772"), where v=0, A= 5a''d. 


p> In the solutions of equations 51-66, the following notation is used: 


_ f Fis) + ©2¥1/3(7) _ for the upper sign, 
7 T1/3(7) + C2 /3(7) for the lower sign, 
Uj=7Z1.+5Z, Up=Upt7'Z’, U3 =4437°Z? - 2th, 


where J, /3(7) and Y,/3(7) are the Bessel functions, and I, ;3(7) and K1/3(7) are the modified Bessel 
functions. 


51.0 yf! = Ar ty*y’ + 2Ar3yt. 
Solution in parametric form: 
i ori aan Aa CF y= bOype 2 Uy Us where A =2ab’. 
52. yy, = 2Aa ty (yl) + Av ?y (yl). 
Solution in parametric form: 
t=aCz'r?B ZU U3, y= 00243 77Uz!, where A= -207b. 
53. y= Arty Vy’ —4Agsyl/?, 
Solution in parametric form: 
t=aCp 4B ZU, y=b0?74*7Z7USlU}, where A= Fab? 
54,0 yl = 4 Aa! Py (ys - Aa Py (yl) 


Solution in parametric form: 


= uC ZU Ue y= bC\r43Z7U>, where A= F2q'/%, 
55. yl = 2Ag yy! + Ary, 
Solution in parametric form: 
gaat 4BZ7U2, y=bC\r*FZ7Ur, where A= tha l/?p?, 
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56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


yl, = Axty (iy!) +2Aary ly). 
Solution in parametric form: 
xg =a0yr ZU, y= Oot deme fae OF? where 


-1/2 1/2, 


yi, = Acy/*y!, +2Ay 


Solution in parametric form: 


g=a0yr? ZU, y= bCir PZ Us. where 


View = 2Aa (yt) + Aa'/?y(yi). 
Solution in parametric form: 
r= GCin 2 Us, y= bC\yr2/3ZU,, — where 
yl, = 5Az7/s —2Ag Ss y(y! 7. 
Solution in parametric form: 


a =a0ir ZU? y =b08r 8374} + 47° Z3U)), 


yl, = 2Aay*/(y’)4 -SAy/(y/ 


Solution in parametric form: 

L= Or amaee mas (Ure + 47° ZU), y= GET aaa es eas OF hae 
yl = 4Ag'/?y4 = Arty (iy! 1, 
Solution in parametric form: 

e=aCPrPZ°U, ya=bCpr “BZ Ui + 4r BU)”, 
Yew = Aa y (yi )* — 4Aayl/(yi). 
Solution in parametric form: 

2 =aC$r43Z7 (U2 + 4°Z3U,)"7, y= 008r43Z2U?, 
yl, = Aa’* + 2Ary(y,)t. 
Solution in parametric form: 


e=a0yr?3ZU;,  y=bCtr*3Z7U;7(U; -4U3), 


Yrn = 2Axy(y,,) + Ay(y,,)- 
Solution in parametric form: 


2 =aC{r ZU (U3 -4UD, y= 00, zZ0;"”, 


yl, = 2Aa ty + Arty (yy. 
Solution in parametric form: 
w= at PZUs, y= b0yr?3Z4U;  (U} 403)”, 
Yorn = Avy (y’,)* + 2Aa yy). 
Solution in parametric form: 


1/2 
> 


w= a0yr Oh Z"'U;'(UZ-4U3) y= CTF 27U5), 
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A= Fly l/? 
A=2a7b'. 
A=-2ap?, 


where A= fab, 


where A= ab?! ”, 


where A= tia 7p, 


where A= that /?, 


where A= Pao. 


where A= -2av™. 


where A= —Sa'd. 


where A= Sato. 


> In the solutions of equations 67-72, the following notation is used: 
M= C, 80, + xotT)+ Cr, + 5347), 
where ® and W are linearly independent solutions of the degenerate hypergeometric equation: 
TMi, +(5 +7)M}-AM =0. 


The function ® = &(X, 4 z,+7) can be expressed in terms of a degenerate hypergeometric series (see 
equation 2.1.2.70). 


67. yf, = Aryl, + Ary. 
Solution in parametric form: 
z=ar!/?, y=M, where A, =+2a7, A) =+407). 
68. yl! = Aya(y’,)> + Ary(y,)*. 
Solution in parametric form: 
a=M, y=br'/*, where A, =F4b7A, Ap = F207. 
69. yf! = Ayey*y! + Ary. 
Solution in parametric form: 
a=M, y=+tbr'?M!, where A;=70°A, Ay =+b?(A+4). 
70. Yy, = Art (y),)° + Are yy). 
Solution in parametric form: 
a =tarl/?M!, y=M, where A, =Fa°(A+ 4), A, =+a7). 
71. Ys = Aya! yy! + Apa ?yt 
Solution in parametric form: 
ec=M, y=tbr'? MI M!, where A, =+b7\, A, =+40?. 
72. yyy = Are ty (yi)? + Arey (yl), 
Solution in parametric form: 


r= tar/?MM!, y=M"', where A,=¥4a’, A, =F¥a*d. 


3n+2 1 2n4+1 
73. yf, = Ax(y),) mT +nAa” yy!) nT , n#0, n#-1. 
Solution in parametric form: 
dtr -1/n 2 dt 
reac fier) water (fay -O) 
be Bre+1. ~° a 1 \7 Bre +1 : 
1 
+1 +1 bB \ TAT 
where pa = alo? (- mee) ot 
n n*Z a 
m3 po tee 
74, yf = Atm + Day (yl), mez + Ay™ (yl) m2, m#-1, m#-2. 


Solution in parametric form: 


sae e- fgatee 0). emterm( fart) 


2 2 
where k — SUC A = oe Ug Spe [- 
m 


atm + 181 ma 
+1? (m+1)28 , 


b 
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75. yl = Ag ™y™ (yl) — Aa y™ yl), mel, 142, mtl-140. 
Solution in parametric form: 


x=aC\ exp(——> 7), y= iC cma exp(——> = 
where 
BS me (b+ ae k= eine a 
A - ee ariyem j see 


76. yt, = Aa ?y (yy - Aa’ yr tyl yt, #2. 


Solution in parametric form: 


x= Cyexp( [ =) y=Crexp(r+ [ Z), 


1 
where F' = (2-1) [G ees 2 7-1, A=(2-1)?7"8. 


a; = Agty’— Axy. 
con pad Cet Gilet — if AL 
Solution: y= {Ge + Cy In |2|) if A=1. 
78. ll, = Any %yl)— Av "h) 


Cry + Calyl4 if Az], 


Solution in implicit form: x = ee sn Cy li wl) area 


> Inthe solutions of equations 79 and 80, the following notation is used: 


f= att Gr + Or if B #0, 


r+In|r]+C if B=0. 


79. yf! = Avy *(y))' - Ay"), #3. 
Solution in parametric form: 


zg =aC,[r?"! -(8 + 1)f] exp(- fr?" fF dr), y = oC, exp(- [roy dr), 


where 3 = = A=-a) 3p, 


80. yf! = Aa '(y’)! - Ar yy), L#1. 


Solution in parametric form: 


x=aC|, exp(- / ee ee dr), y = bC{[r?"! - (8+ 1] exp(- frp dr), 


1-2 
where ee 


ToT’ A=—al pl, 
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81. oy!) = Ary (yl), + Ara y’,. 

+(Cylal4*1+0,)41 if Ay #1, A. #-1; 
+(C, Injal+C2)4*! if Ay #1, Ay =-1; 
Cy exp(Cy|2|42*!) if A; =1, A. #-1; 
Cp\x|“ if A; =1, A. =—-1. 


Solution: y= 


> In the solutions of equations 82-84, the following notation is used: 
W dr 
82.0 yf! = Ac™ ty (yl - Ac™y™ ly! , m#-1. 


Solution in parametric form: 


U = exp( ; W = Cor"? exp| 


k+1 
kt) i 


e=Oyr' Py, y= O)?uUl?, k=m. 

83,0 yf! = Ant y™ iy)? — Arm sym yy’, m #-1. 

Solution in parametric form: 

g=Oyr Puy? y=CrU, k=m. 
a — m,,! \2 as m+1,/ 

84. yi, =Ar 2 y™(y,)-Axr 2 yy m#-1. 

Solution in parametric form: 

m +3 


Bel, gar PE, k=- 


2 
85. yf! = Ar y™(y, )? — Ar ty™ ty’ , mz#-l1, n#0. 


Solution in parametric form: 


ecron({ 4), yectroo(t fA), key 


where F' = F(r) is the solution of the transcendental equation 


(F +k) 


A 
_ -l m+ 
@ar-pe exp(— : ). 


+1 
86. yf! = Aye” y'(y),)? + Are” ty!, n#0. 
Solution: 


y = C\ exp [/ exp(—22") (F+ C2) "da , where F= fa — A,x”) exp(20") dz. 


7: a= Ay (yy + Agaty™ ty’, mz#-tl. 
Solution: 


cacao SET) peg hee P= for yao SAE ty 


2.6.4. Other Equations (J, + /2) 


2.6.4-1. Classification table. 


Table 27 presents all solvable equations whose solutions are outlined in Subsection 2.6.4. Equations 
are arranged in accordance with the growth of /; (J, > 2). The number of the equation sought is 
indicated in the last column in this table. 
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TABLE 27 
Solvable cases of the equation y/, = Aya™y™ (yl) + Apa™y™ yl )?, Ll #h 


arbitrary arbitrary 
arbitrary 
arbitrary 1-l; 
arbitrary 1-1, 


1 


Equation 
2.6.4.3 
2.6.4.4 


2.6.4.1 
2.6.4.14 


2.6.4.16 


1 2.6.4.18 


arbitrary 2.6.4.13 


eel 
za 2645 


arbitrary 


| | | 
ie all 


arbitrary 


= 
+ 
ua 
— 


arbitrary 


ee 2.6.4.7 


2 
2 
ae a= Ge = nee 
m 2.64.11 


arbitrary 


arbitrary* 


fami) 2.6.4.10 


2.6.4.19 
2.6.4.2 


i) 


— — 


2.6.4.17 
2.6.4.15 


[Satis = 

bay | 

[arbitrary | 

[itary | 

[arbitrary | 

Polite 
2 


| | | 
A SiS — 


ape 
2 


* Form, = —2, see Equation 2.6.4.8 with / = 3. 


2.6.4-2. Solvable equations and their solutions. 


1 oy! = Ary ?y! + Aryl”. 


Solution in parametric form: 


_ Ay 5 = Ay 7? 
x = C exp(AiT) - aa +Co, y= Ear exp(AT) — mm : 
2. yy, = Arey) + Aga /7(y/,). 
Solution in parametric form: 


‘ans Aj 7 A; 2 
L= [4201 exp(—A27T) + i47| » y= Cyexp(—A2T) - rors C». 
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3. Yee = Ary (yi)! + Ary (yn). 
1°. Solution in parametric form with m # —-1: 


x= C+ f (Ayr! + Agr?) fmt dr, ee a 


where f=Cit¢m+) f r(Airh + Ar) dr. 


2°. Solution in parametric form with m = —-1: 


r=Cr + f (Air! + Ayr?) ‘ef dr, y=el, 


where fay f r(Arr + Agr)” dr. 


4,0 yl! = Aya (y,)" + Aga™(y’)”. 


1°. Solution in parametric form with n 4-1: 
1 eS n 
c= fine, y= Cr+ fr(Airh + Agr’) ' poral dr, 
where f =C,+(n+1) f(A? + Agr?) dr. 
2°. Solution in parametric form with n =—-1: 


g=ef, y=CQ) +f r(Arr® + Agr!) ef dr, 
where f= Cy f (Air! + Agr)” dr. 


5 oy! = Ay ™(y),)? + Aw” y!, n#-1, m#-1. 


Solution: exp (Ly) dy =C, [oexo( 0) dx+C). 


6 yf = Ary (y,,)? + Ax” yl, n#-l1. 
1°. Solution for A; # 1: 


y= [a [exo( 2) dx +C,| 


2°. Solution for A; = 1: 


A,-1 


y = Cy exp lo [exo( 2-2") dx. 


n 


7. y= Ay™ (yy + Azxy’., m#-l. 
1°. Solution for A, #—1: 
A -Aj-1 
o= [ci f exp(-Syu""!) du + Ca] 
2°. Solution for A, =—1: 


x = Cyexp lo [exe(-hy™) dy]. 
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8. yn, = Aya! 1-2 y' (yy! + Anat yy, yes 


Solution in parametric form: 


Crexp(/ Taos) ye Ciee({ saa) 
w@ = Cy ex = Cex Ss 
ay Ayr! 4+ Ayt34 — 72 47 > y ne Ayt! + Apr — 7247 
9 Yily = Arey (yl) + Age? Py (yl)? 
Solution in parametric form: 
dt T dt 
OO Gare aoe) =e Gere ee 
. ei Ayr + Ayre — 7247 y a Ayr + Apr — 72 47 


10. yl! = Ac y™ (yp - Ar™y™, m # -2. 


Solution in parametric form: 


ere *exp(-5 V dr Ss _), peas 'exp(5 V dr —— 


W084 V8 
3A 3A 1/2 
— 7-1/2 int _ m m+2 
where V =7 exp( sar ) [os A fr exp( sr ) dr| 
11. yn = Ag? y™(y! 5/2 + Ag™y™(y! i/2, 
Solution in parametric form: 
1 V dr 1 V dr 
t= C7? ex Cyr? ex 
ENON a) ayaa) SHV Pa area) 


Here, the function V = V(r) is defined in parametric form, 7 = T(u), V = V (w), as follows: 
1°. For m#-1, m#-3/2: 


2 bQm+3) 17 


= qu 2m+3 = —_—_ 1 f 
T = au 2m, V= tant iy” (T TL, +VZ), 


_ J CoJv(u)+Y.(u) — for the upper sign, 
where Z= { CG) SAR Gay for the lowersign: J,(u) and Y,,(u) are the Bessel functions, 
and J,,(w) and K,(u) are the modified Bessel functions, 
= m+ i ec 2m + 3) mat = (- 2m +2 mat, 
2m+3 Ab 8(m +1)? A 
2°. Form=-1 
w A pip) 
r= 7aD’ V= ita Lus where Z = C)Jo(u) + Yo(u). 
3°. Form =-3/2: 
1 (1+k)Cou* + —k)u* a op Seal 
2A Cyuk +u-* eae 
eS 1 Cylnu+C,4+1 
mire Wee eee a if A2a—1 
7 2A Cylnut+l1 Nae igs 
1 (C)—k)sin(k Inu) + (1+ kC,) cos(k Inu) Yee eee 
2A C» sin(k Inu) + cos(k Inu) 8? 


where k = \/|1—8A?|. 
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12, y= Are™ yy? + Arey’. 
1°. Solution for nz 4-1: 


y=Crexp([ Pdr), where F=exp( Ae) [crt fa—Aie”)exp( ae) az] 


2°. Solution for ny =—-1, Ay #-1, Ap #¥-n, -1: 
1 Ay -1 
=C [/ Ay (c: fs Apt] _ a) d |: 
: TSAR 4 : Aa aie re - 
3°. Solution for n2 =—-1, A, =-1: 
1 


y=C) exp| [a (C2 +Ine- Atami) da. 


1 
4°. Solution for nz =—-1, A, =—-n,-1: 


y = Cl exp [/ gmt (C: - ae —Aj,ln n) da]. 


1 


13,0 yl = Ay (y,,)° + Ara ty” y!,. 
1°. Solution form, #-1: 


z=C\ exp ([F dy), F=exp (- A) [C2+ fa+Aay™) exp(- Au) ay] . 


2°. Solution form, =—-1, Ay #1, A, #mo+1: 


1 A> -1 
=O0 [/ —A; (c: + 1-A; + eae) d F 
- LExP y ? ae pee eT Ks y 


3°. Solution for m,; =—-1, A; =1: 
A -1 
r=C; exp| / y? (c: +Iny+ 2) dy]. 
my 


4°. Solution form, =—-1, Ay =m. +1: 


a =C\exp [/ greet (C2 - yy + Ay In y) oi dy| ‘ 


p> In the solutions of equations 14 and 15, the following notations are used: 
Oyr* + Cyr? + C37 if By(8B} +27B») <0, 
R= Cyre*t + Cre? if 8B} Sa 27B) = 0, 
Cie*7 +Cre?? coswr if B(8B;} +27B,)>0, 
Oykyr™ + Cokyr® + C3k3r*3 if Bo(8B} + 27B) <0, 
Q=< Ci +krje** + Cy0e"™ if 8B} +27B,=0, 
Cike*? + Cre’ (pcoswr—wsinwr) if Bo(8B} +27B>) > 0, 


where ky, kz, and k3 (real numbers) or k and p+ iw (one real and two complex numbers) are roots 


of the cubic equation 
B- By - +B, =0. 


In the special case 8B} = -27B), we have k= 3B, (multiple root) and o = -4B, (simple root). 
Remark. In the expressions for R and Q, the constant C’3 can be set to any nonzero number 


(for example, one can set C'3 = +1). 
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14.0 y= Ay? y! + Ary”. 


Solution in parametric form: 
c= R, y =Q’, where B,=<A,, By = Ao. 


15. yl! = Aya yy P+ Aga /2(y! 


Solution in parametric form: 


z=Q*, y=R, where B,=—A2, By) =—Aj. 


> In the solutions of equations 16 and 17, the following notations are used: 


rile + Cyt *)+C3 if B2+2B,>0, 
R= Cyr exp(Bir) + C2 if Bi +2B, =0, 
C1 exp(4.Bi7T) cos(wT)+C, if Be +2B, <0, 
7 Bi/2((C,(B, + 2k)r* + Cy(By —2k)t*] if BE +2By)>0, 
Q= C(Byr + 2) exp(4Bi7) if Bi +2B,=0, 
C1 exp(4.B,7)[Bi cos(wr)—2wsinWwr)] if Bt +2B, <0, 


where k= 3\/Bi+2B, and w= 4\/-(B? + 2B)). 


16. yf = Ayy?y!, + Ao. 


Solution in parametric form: 


z=R, y= +Q’, where B,=A,, By = Ad. 


17, yf), = Ar(y),)? + Ase 7y,). 


Solution in parametric form: 


a= 4Q’, y=R, where B,; =—A>, By =—Aj. 


18. yf! = Aye™ yy 2 + Anny. 

w!, dx 
(Aya™ — 1)w 
second-order linear equation (A,x™ — 1)w!!, — Aynya™ wl, + Aya” (Aya™ — 1)?w =0. 


Solution: y = C,exp [- |: where w = w(z) is the general solution of the 


19, oy! = Ayey™ (y/,) + Aga ty y’,. 
wy, dy 
(Any™ + Dw 
second-order linear equation (A,y” + Lwyy - Aymyy™ wy, — Ayy™ (Ary™ +1)?w =0. 


Solution: « = C exp| |: where w = w(y) is the general solution of the 


2.7. Equations of the Form y” = f(x)g(y)h(y/,) 
See Section 2.3 for the case f(x) = const x”, g(y) =consty™, h(w) = const. 


See Section 2.5 for the case f(x) = constx”, g(y) =consty™, h(w) = constw!. 
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2.7.1. Equations of the Form y/”, = f(x)g(y) 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


mo 
eae 


sl 2(m + 1) 
(m + 3) 
See equation 2.4.2.4. 


af Ay”, 


Yrw = B(Py + Ay”). 


See equation 2.4.2.35. 


Yen = & (Gy + Ay). 
See equation 2.4.2.31. 


yl = @7(12y + Ay”). 
See equation 2.4.2.64. 


Yen = &(2y + Ay”). 
See equation 2.4.2.6. 


Yi, = er-(-dy + Ay”), 
See equation 2.4.2.26. 


Yow = €7(-Gyy + Ay”). 


See equation 2.4.2.10. 


Yon = (Fy + Ay). 
See equation 2.4.2.12. 


Yrw = (Gy + Ay). 

See equation 2.4.2.66. 

Ynw = U7(-Zy + Ay”). 
See equation 2.4.2.29. 

Yow = & (Sy + Ay”). 
See equation 2.4.2.14. 

Yon = (Hy + Ay”), 
See equation 2.4.2.8. 


yl, = 27(20y + Ay/?). 
See equation 2.4.2.33. 


Yorn = (By + Ay”). 


Le 


See equation 2.4.2.37. 


Yon = & (Ay? - ey). 
See equation 2.4.2.60. 


Yi, = a? (Ay* + Ly). 
See equation 2.4.2.62. 
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m#-—-3, m#-l. 


17, yf, =a4P(A+ By”). 
See equation 2.4.2.40. 


18. yf!) = (Aat+ Bary”. 
See equation 2.4.2.39. 


19. y= (Aa? + By”. 
See equation 2.4.2.16. 


20. yf! = (Aa! + Ba?)y”. 
See equation 2.4.2.28. 


21. yf, = (Aa + Bay, 
See equation 2.4.2.48. 


22, yf! = (Ar “3 + Ba MA)yS?, 
See equation 2.4.2.49. 


23.0 yf! = (Ar + Bay, 
See equation 2.4.2.24. 


24, yl! = (Aa + Baty, 
See equation 2.4.2.90. 


25. xy! = (At BayyF/3, 
See equation 2.4.2.89. 


26. yl! = (Aa? + By’. 
See equation 2.4.2.47. 


27. yf! = (Aa? + Ba)y?/*. 
See equation 2.4.2.46. 


28. yf. = Alaa? + ba 33) y 5/3, 
This is a special case of equation 2.7.1.37 with c = 1 andd =0. 


29, yl = (Ars + Ba By, 
See equation 2.4.2.25. 


30. = (Aa? + Ba )yV/?, 
See equation 2.4.2.23. 


31. yl, = Alan’ + bat Wy, 
This is a special case of equation 2.7.1.38 with c = 1 andd =0. 


32. y= A(ar8/8 4 bx7/8) 4B yV/2, 
This is a special case of equation 2.7.1.39 with c = 1 andd =0. 


33. oy” = A(ax’/? + bat/3)8/7y?, 
This is a special case of equation 2.7.1.40 with c = 1 andd =0. 
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34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


yl, = (ax? + bx + cy, 


The transformation x = x(t), y = (xt)! * leads to a third-order equation: 2a/a!!", — (is > = 


4 (ax? +baz+c). Differentiating the latter equation with respect to t and dividing it by x}, we 
obtain a fourth-order constant coefficient linear equation: 3x///, = 4ax + 2b. 

Yew = (ax 
The transformation x = 1/t, y = w/t leads to an equation of the form 2.7.1.34: wi = 
(at? + bt+ Ow 3. 


-10/3 -1/3 5/3. 


+ bz + ca )y 


n —2n-3 


yl, = kaa? + bx +0)"y 
This is a special case of equation 2.9.1.21 with f(u)= ku”, Setting u(x) = y(ax2+ba+c) |/? 
and integrating the equation, we obtain a first-order separable equation: (ax7+ba+c)*(ul,)° = 
(40 —ac)u* — a uo? +1. 
y, = Alaa + bY (ca + dy MF y*/?, 
ax+b y 

>» W= 
c“e+d c“e+d 
2.3.1.9: Wee = AA? @w 5/3, where A = ad-—be. 


The transformation € = 


leads to an Emden—Fowler equation of the form 


y!, = Alaa + by/ ae +dy?y'/?, 


a+b 
The transformation € = w= Y _ Jeads to an Emden-Fowler equation of the form 


c+d° 
2,3.1,25: we SAKE “t/a, athe hes A =ad-—be. 


yl, = Alax + byAB (cx + dy7/*y V2, 


+b 
The transformation € = ae ,wW= Y  jeads to an Emden-Fowler equation of the form 
+d c“+d 


2.31.17: we =AX 2¢4/3w1/2, where A = ad —be. 


yi, = Alaa + ee + dy 7/7y?, 


Le 
a+b 
The transformation € = w= it leads to an Emden—Fowler equation of the form 


+d’ +d 
2.3.1.20: Wee = AA ETI G2, where A = ad-— bc. 


yl, = Aexp(ax’ + br) exp(ky). 


The substitution kw = ky + ax? + ba leads to an autonomous equation of the form 2.9.1.1: 
wi, = Ack” + 20k}. 


2.7.2. Equations Containing Power Functions (h # const) 


ee 


2n+1 
“= pase + Az” ] yy), n#-3, n#-1. 


See equation 2.6.2.116. 


Yon = (pa + Aa )y (yh). 
See equation 2.6.2.117. 


View = (6a + Ax )y(y,)”. 
See equation 2.6.2.118. 
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10. 


11. 


12. 


13. 


14, 


15. 


16. 


17. 


18. 


19, 


20. 


Yop = (12a + Aa */)y(y’)?. 
See equation 2.6.2.119. 

Yinn = (2a + Aw )y(y/,). 
See equation 2.6.2.120. 

Ynw = (Ge + Aa )y(yZ). 
See equation 2.6.2.121. 


Yon = Gaga + Ar )y?y/,). 


See equation 2.6.2.122. 

View = (Ze + Aa )y (yi). 
See equation 2.6.2.123. 

Veo = Ga + Aw yy.) 
See equation 2.6.2.124. 

View = (Get + Ax )y (yi). 
See equation 2.6.2.125. 

Vou = (Ge + Aw) "(y,). 
See equation 2.6.2.126. 

View = (get + Aw™/)y (yi)? 
See equation 2.6.2.127. 

Ye = (20a + Aa /)y*(y’)?, 
See equation 2.6.2.128. 

Yew = (qt + Aw'/?)y (yi). 
See equation 2.6.2.129. 

Yi, = (Ax? + Lajy*(y/). 
See equation 2.6.2.130. 

yl, = (Aa? - £a)y*(y',)°. 
See equation 2.6.2.131. 

yl, = (A+ Bal) yA*Py/ 
See equation 2.6.2.15. 

Yow = 0 '(Ay* + By \(y,)” 
See equation 2.6.2.111. 

Yen = &(Ay’ + BYyi,)”. 

See equation 2.6.2.96. 


Yinn = B>(Ay™ + By Wy’). 
See equation 2.6.2.110. 
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21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


You = eM (AYT? + By PAV yy. 

See equation 2.6.2.34. 

View = T° (AYAW? + By PP VYLY. 

See equation 2.6.2.36. 

Yew = (AYA? + By Vy) 

See equation 2.6.2.14. 

Yew = BPAY? + By*(y/)°. 

See equation 2.6.2.115. 

Vow = 2° (At By MV(y,) 

See equation 2.6.2.114. 

Yeu = 0 °/*(Ay? + BYy,)°- 

See equation 2.6.2.35. 

Vw = eA (Ay? + Byy,,)- 

See equation 2.6.2.33. 

Vere = At Pay”? + by )(y7). 

This is a special case of equation 2.7.2.37 with c = 1 andd =0. 
Yew = (AY + By PV YLy. 

See equation 2.6.2.109. 

Yow = @ (AY? + By (ys). 

See equation 2.6.2.13. 

Vere = Atay? + by*y/7(y2)°. 

This is a special case of equation 2.7.2.38 with c = 1 andd =0. 
Tee = Aa /(ay'8/8 + by7/8)4/3(y’ 3, 

This is a special case of equation 2.7.2.39 with c = 1 andd =0. 
yl = Aa*(ay’/3 + by4/3)-18/7y! 3, 

This is a special case of equation 2.7.2.40 with c = 1 andd =0. 
Vw = & (ay? + by + yi). 

Taking y to be the independent variable, we obtain an equation of the form 2.7.1.34 with 
respect to © = x(y): Zo =-(ay? + by + ea /3, 

Ye = aay /3 + by 7/3 + cyt yy). 

Taking y to be the independent variable, we obtain an equation of the form 2.7.1.35 with 
respect to © = x(y): Ey = -(ay7!9/3 + by 7/3 + ey4/)a9/3, 
Yen = tay? + by +)" (yZ,)°. 


Taking y to be the independent variable, we obtain an equation of the form 2.9.1.21 (for 
f(©)=—-€°") with respect to x = x(y): aes =-(ay* + byt+oera22”?, 
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37. 


38. 


39. 


40. 


41. 


42. 


43. 


44, 


45. 


46. 


Yew = At Pay + by(cy + dy A(y,)’. 
Taking y to be the independent variable, we obtain an equation of the form 2.7.1.37 with 
respect to x = x(y): cy =—A(ay + b)°(cy + dy 19/345/3, 
yl, = Aa (ay + b)'/*(cy + dy’). 
Taking y to be the independent variable, we obtain an equation of the form 2.7.1.38 with 
respect to x = x(y): de =—A(ay+ by (ey + d)2a 7/2, 
yl, = Aa? (ay + by 4/3(cy + dy). 
Taking y to be the independent variable, we obtain an equation of the form 2.7.1.39 with 
respect to x = x(y): Loa =—A(ay + by 43 (cy + dy /Sa7'/?, 
Vou = Ax(ay + by (cy + dy/(y,)*. 
Taking y to be the independent variable, we obtain an equation of the form 2.7.1.40 with 
respect to x = x(y): D5 =—-A(ay+ by 9/7 (ey + dy 20/72, 
View = Ady "Cy, + BY?. 
Solution in parametric form: 
e=a(w—-1)\rutRY, y=brhw -iyl?, 


where R= 1/72-—27714+C), u=Fanh(Cy+ f Re" dr), A=-4 1/242) B= zal. 


Yow = Aa! y*[(y))? - By/?. 
Solution in parametric form: 


g=aw+1rutR, y=brw +1, 


where R=./C,-—72-2r-}, u=ttan(C,+ [ R" dr), A=—ja/?p, B= sab. 


Ying = Avy? B? - (yh 1. 
Solution in parametric form: 
e=ail-w) (rut RY, y=brtd-wy, 


where R= \/72-27714+C}, u=stanh(C)+ f R" dr), A=-4 1262 B= tal. 


Vow = Av yy) Ty.) + BY”. 
Solution in parametric form: 
e=at (w=, y=bu?-1) "(rut RY, 


where R= \/72—-27714+C), u=Ftanh(C,+ f R" dr), A=-} 3633/2, B=2a"b. 


Yew = A? yy Ply, - BY. 
Solution in parametric form: 
g=arti-w)y'?, y=b(1-w?) "(ru F RY, 


where R= \/72-27714+C), u=stanh(C)+ [ R" dr), A=-4 36°3/2, B=2a"b. 


Ying = Aa? y'(y!, PLB? - (yi, P17. 
Solution in parametric form: 
eaar (tw) ?,  y=bil+u) "(rut RY, 


where R= ./-72-27!4+C, u=stan(Cy+ f Re" dr), A=-4 363/2, B=2ab. 
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2.7.3. Equations Containing Exponential Functions (h # const) 


2.7.3-1. Preliminary remarks. 


1°. If /#1—m, the equation 
Yoo = Aey™ (Ye) (1) 
has a particular solution: 


1 

y=Be**, where \=————, B=(ANY. 
1-m-l 

2°. If m#0 and / #1, equation (1) can be reduced with the aid of the transformation 


zx 


t=)", wee 


to a generalized Emden—Fowler equation with respect to w = w(t): 


lB 2m4+1 
wy = Btw (wi) ™ , (2) 


1 
where B =-—m [AC - 1] m . Equations of the form (2) are outlined in Section 2.5. 


Whenever the general solution w = w(t) of the Emden—Fowler equation (2) is obtained, the 
solution of the original equation (1) can be written out in parametric form as: 
wl Bal 
z=Inw, y=kw,) ™, where k=[A(Q1-)] ™. 
3°. If l#n+2, the equation 
Yao = Ax"e"(y,)! (3) 
has a particular solution: 
Al + 
y = Aln(Ba), where A=l-n-2, B= (-—_) : 


4°. Taking y to be the independent variable and x to be the dependent one, we obtain from 
equation (3) an equation of the form (1) for x = x(y): 


yo Net \3-l 
Dg =e aa) 
5°. If n #-1 and | # 1, equation (3) can be reduced with the aid of the transformation 


t= (yi), u= ght 


to a generalized Emden—Fowler equation for u = u(t): 


mo 1 1a - 1y2 4 
ey ary until (uz). (4) 


Equations of this form are outlined in Section 2.5. 
Whenever the general solution u = u(t) of the Emden—Fowler equation (4) is obtained, the 
solution of the original equation (3) can be written out in parametric form as: 


1 
c=unl, y=—In(u;)+In 


nt+1 
A(-1) 
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2.7.3-2. Solvable equations and their solutions. 


1 yf! =aer, 


+l er sin?(Cya + ca) if aX>O0, 
In = C2 sinh *(Cia+ Cn) if aX>O0, 


Solution: y= < — 


r : 
In ees cosh?(Cya + ca) if aA <0. 


2,0 yl! = Ae*(y’,)'. 


1°. Solution in parametric form with | # 1: 


eine ort], y=0rf Str) dre cy, 


2°. Solution in parametric form with / = 1: 
= in(+—) » y=C, f- — exp(tr) dr +C. 


3.0 yf! = Ae*y™(y),). 


1°. Solution in parametric form with m # -1: 


r= f F4c, y=rexp[-——( a C2)], 


where the function f = f(7) is defined implicitly by the relation 


1 A 
Can pe ee rye 
rT mt+i1 (m+1)f-r m+l1 


2°. Solution for m = -1: 
y=Cie({ aera): 
4. yy! = Ae*y. 
1°. Solution for A > 0: 
y = Cylp(2VAe*””) + Cy Ko(2W Ae"), 


where J(z) and Ko(z) are the modified Bessel functions. 


2°. Solution for A < 0: 
y = Ci Jo(2V—-Ae*/”) + CrYo(2V-Ae*””), 
where Jo(z) and Yo(z) are the Bessel functions. 


5. yt, = Ae*y (y),)?”?. 


Solution in parametric form: 


z=7’-IMn(Af), y=C\ [27 f - exp(r?)]’, where f= Jexp(r?) dr +Cy. 
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6. Yn = Ae*y(y’,)/?. 


Solution in parametric form: 


v=-In[ACh(VFer-f)], y=2C3(1-f/ 4 


i" where f=In(V/7+V7+1)+C). 


7 yf! = AeY(y’)'. 


1°. Solution in parametric form with | # 2: 
1 ah. 1-2 
z=C, f -dtnF dr +C, y= In[t——_C| a 
- = 
2°. Solution in parametric form with / = 2: 


n=O, [ Sexprdr+ Cr, y=In(+—). 


a 


8 of, = Axrety’. 


1°. Solution in parametric form with n 4-1: 


z=rexp[-——( 7 +a), y= [Fre 


f 
where the function f = f(7) is defined implicitly by the relation 
f 1 T A 1 
in(=-——) ~~ = tin Gy, 
"7 n+l) (ntDf-r n+l. BEEes 


2°. Solution for n = —1: d 
Yy 

=C ——_——_]. 

. 20 (| Saree) 


9 yf = Aa ery? 


Solution in parametric form: 


r=C; [27 f - exp(T”)] s y= 7’ —In-—Af), where f= Jrexp(r?) dr +C). 


10. yf = Are¥(y!)°/”. 


Solution in parametric form: 


s=203(1-f ma y=—In[AC}(f-V7r2+7)], where f=In(/7+V7 +1)+C). 


11. yf! = Ane%(y/)’. 


1°. Solution in parametric form with A > 0: 
t= CJo(2T)+C2Yo(27), yy =In(r/VA), 


where Jo(z) and Yo(z) are the Bessel functions. 


2°. Solution in parametric form with A < 0: 
a =CyIp(27)+ Ci, Ko27), y=lIn (r/V-A ) ; 


where [o(z) and Ko(z) are the modified Bessel functions. 
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12, y!! = Ae”e%y,,)'. 


Solution in parametric form: 


Le 94 ee : ‘ 
aie ae +C, if 141,2; 
where f =< 7+In|r/+C; if /=1; 
1 
Injr|-—+C; if J=2. 
af 


13. y”, = Aexp(ka) exp(ay” + by)(y/,)°. 
Taking y to be the independent variable, we obtain an equation of the form 2.7.1.41 with 


respect to x = x(y): Dy =—Aexp(ay? + by) exp(k2). 


14,0 yl = Ae? yy! )°/?\/ yl = 2B. 
Solution in parametric form: 


x = In[ar(coshu)‘], y=B cosh? u(r tanhu + R)’, 


where a=—-A'B/2, R=,/2Inr+724+Ch, u=OF [RI dr. 


153). n= Ae®y/*(y! 3/2, /2B — yf". 


Solution in parametric form: 


x = Infar(cosu) ‘J, y=B cos? u(r tanut Ry’, 
where a=—-A'B"/2, R=./2Inr—-724+Cy, u=OQ4/ Ro dr. 


16. yf, = Ag e¥y! y’, - B. 


Solution in parametric form: 


1 
r= 7B cos? u(r tanu+t RY’, y = In[br(cos u) +], 


where b= A712, R=\/2In7r—-72+Ch, u=C)4 f Rt dr. 


17.0 yf! = An ety’ ./B-y’.. 


Solution in parametric form: 


1 
r= 5B cosh’ u(r tanhu + Ry’, y = In[br(coshu) ‘J, 


where b= A712, R=./2Intr+72+Ch, u=C)¥ f R'dr. 


2.7.4. Equations Containing Hyperbolic Functions (h # const) 


1. oy”, = Aa[cosh(Ay)}7y’,. 
Solution in parametric form: 


x=acoshu(rtanhut+R), y=u/d, 


where A=a’, R=/21n7+72+Ch, u=C)¥ f dr. 
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2.0 yf! = Aa[sinh(Ay)T7y/,. 


Solution in parametric form: 


x=asinhu(rcothutR), y=u/d, 


where A=a’, R=./21Inr+72+Ci, u=C)¥ f dr. 


3. yl”! = Axcosh(Ay)(y/,)*/?. 


Solution in parametric form: 
= 2 -1/2 _ y\-1 5 
v=a(u'+1) ° (utR), y=rX In(u+ u+l1), 
where A=2a?Vad, R=./C,—72-277!, u=+Htan (Cc: + i R! dr). 


4. y” = Axsinh(Ay)(y/,)>/. 


Solution in parametric form: 
= 2 -1/2 = =] 5 
t=a(u'-1) ° (tutR), y=tr In(u + U -1), 
where A=+2a7Var, R=./C, +72 -2771, u= Ftanh(C + / R! dr). 


5. yl”! = Acosh(Ax)y(y,,)?/?. 


Solution in parametric form: 
= inutvie+), y=be2+1) (rut R), 


where A=—207Vb\, R=./O,—72-27-1, u=+tan (C: + / R! dr). 


6. yf! = Asinh(Ax)y(y’,)°/?. 


Solution in parametric form: 
a=) inutVe—D, y=be?-1) “(rut R), 
where A=72b2Vb\, R= ./C)+72—27-, u=Ftanh (C2 i Fe Ro dr). 


7. yf! = Alcosh(Ax) 1 *y(y/,)?. 


Solution in parametric form: 


a=u/d,  y=bcoshu(rtanhu+t R), 
where A=-b?, R=./2Inr+72+C, u=C)% f R'dr. 


8. oy’! = Alsinh(Ax)]*y(y/,). 


Solution in parametric form: 


e=u/dA, y=bsinhu(rcothu+ R), 


where A=-b?, R=./2Inr+72+Ch, u=C)¥ [ R*dr. 
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2.7.5. Equations Containing Trigonometric Functions (h # const) 


p> In the solutions of equations 1-4, the following notation is used: 
R=V2int=7+Cy, u=Cy4 f R dr. 
1. oy, = Aalcos(Ay)Ty’,. 
Solution in parametric form: 
x=acosu(rtanut+R), y=u/r, — where A=a”’. 


2. Vee = Awlsinry)l"y;,. 


Solution in parametric form: 
x=asinu(rcotu# Rk), y=u/r, — where Asa, 


3. yf’! = Alcos(Ax)T*y(y’,)?. 


Solution in parametric form: 
z=X1u, y=bcosu(rtanu+R), where A= —b. 


4. Ye_ = Alsinx)Iy(y,)- 
Solution in parametric form: 


z=X1u, y=bsinu(rcotutR), where A=-b*. 


> In the solutions of equations 5-8, the following notation is used: 
R=VrP=2r1+0, u=ttanh(Cr+ f Rar). 


5. -y’!, = Axcos(Ay) (y’,)°/?. 


Solution in parametric form: 
r= a(1 = w) (ru +R), y= AT arccosu, where A= 2a(-ad)'/?. 


6. - yl, = Aw sin(Ay) (y/,)°/. 


Solution in parametric form: 
“= a(1 = u’) Wry FR), y=X'arccosu, where A= 2a(ad)'/?. 


7. -y!!, = Acos(Ax) y(y’,)°/?. 
Solution in parametric form: 


-1/2 


x=X'arccosu, y= b(1 = u’) (ru ¥ R), where A= Oy hh 


8.’ = Asin(Az) y(y/,)°/?. 


Solution in parametric form: 


x=Xtarccosu, y= b(1 = w) (ru +R), where A= —2b6-2(br)!/?, 
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2.7.6. Some Transformations 
For the sake of visualization, we also use the symbolic notation {f, g, h} to denote the equation 
Yrw = fil@guyhiy,). (1) 


1°. Taking y to be the independent variable and zx to be the dependent one, we obtain an equation 
of similar form for x = x(y): 


xy = 9 yf@ hia), — where 7 (w) =—why(1/w). 


Denote this transformation by F. 


2°. The Backlund transformation 


d ! 
#= | ay a= [ fi@de, where w=y;, (2) 


leads to an equation of similar form for the function y = 9(Z): 
Vee = (Dg H)hoG;). 


where the functions f, g2, and hz are defined in terms of the original functions f, g), and h; 
parametrically by the relations 


_ : dw ; 
frol®) = w, #= fay’ 
“ei _ 
2D = a= [ fia)de: 
= 1 dg = 1 
Cy 
MS ene ae = ae) 


Denote transformation (2) by G. 
For equations of the form (1) in which f;, g;, and h; are power functions of their arguments, 
the transformation G (up to a constant factor) is considered in Subsection 2.5.3. For equations (1) 
with exponential functions f; and gj, the transformation G is discussed in Subsection 2.7.3. 
Whenever the solution 7 = y(Z) of the transformed equation is found, the formulas 


1 
g=f fi@ar, j=—, 
ny) 
can be used to obtain the solution of the original equation (1) in parametric form, x= 2x(%), y= y(Z). 


3°. The twofold application of the transformation G to the original equation yields an equation of 
similar form: 

Use = f(Dga(Dhs Go). 
where the functions f3, g3, and h3 are defined in terms of the original functions f;, g;, and h; 
parametrically by 


2 1 ss 
f@=——, = f g)dy: 


gity) 
~ 1 - fwdw. 
g3(y) = ia y= Fata: 
nsi=2, w= fe, 
ie 


The threefold transformation G yields the original equation. 
Different compositions of the transformations F and G generate six different equations of the 
analogous form, which are shown in Figure 4 (see Subsection 0.6.5). 
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1 
4°. In the special case g(y) = y™, h=1, the transformation x = —, y= me leads to an equation 
T T 


of similar form: 


Denote this transformation by H. 
For g(y)=y™ and h=1, different compositions of the transformations F, G, and H generate 
twelve different equations of the form (1). 


2.8. Some Nonlinear Equations with Arbitrary 
Parameters 


2.8.1. Equations Containing Power Functions 


2.8.1-1. Equations of the form f(a, y)y", + 9(%, y) = 0. 


1 oy! = ay? + be. 
The transformation y = bk3w, « = kz, where k = 6!/ 5(ab)!/ 5, leads to the first Painlevé 
transcendent: w’!, = 6w? +z (see Paragraph 2.8.2-2). 


20 oy! =ay>+bryte. 


The transformation y = (2/ a)'/26'/3w, 2 =b-!/3z leads to the second Painlevé transcendent: 
w!, =2w3 + zw + (a/2)'/2b-'e (see Paragraph 2.8.2-3). 


3. oy! = bay tay”. 


n 


This is a special case of equation 2.9.1.2 with f(x) =—ba”. 


4.0 y! =aar"y + bkattyt-War*y?, 


This is a special case of equation 2.9.1.3 with f(x) =—ax” and g(x) = bx*, 


5. yy’! = (az? + bx +0)y”. 


This is a special case of equation 2.7.1.36 with n = 1. 


6 oy! =abrty"/ + ax? + 20. 
The solution is determined by the first-order equation ax(y/, + 2by'/?) = w(2, y,C), where 
the function w is defined implicitly by w—In|w + a!/?| = a7!/2(y!/? + ba)? +. C. 


-3/2 
’ 


7. yf! = (ay* + bry + cx? + ay + Bx +7) a #0. 


The substitution 2aw = 2ay + bz + leads to an equation of the form 2.9.1.21: 


w -w7( w ) 
ad VAg?+Br+C]’ 
_ 4ac-b° pa 208 —ba on fe 


— ¢3/,¢2 -3/2 
where f(€)=€?(a€°+1) °°, A hae ae es 


Se Ay??? + (ax? + ba + c)y??. 


3/2 11 


The transformation x = x(t), y = (x})°/* leads to a third-order equation: 2x2!’ —(a!!,)° = 
4naly + 4 (ax? +bx-+c). Differentiating the latter equation with respect to ¢ and dividing it 
by x}, we arrive at a fourth-order constant coefficient linear equation: 3a}, =2Av/,+4ar+2b. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


yl, = AaB yA 4 (aa + ba + eg 4) y 5/3, 


The transformation x = 1/t, y = w/t leads to an equation of the form 2.8.1.8: wi, = 
Aw/3 + (at? + bt + Ow ?/?, 


y., = (ay + bx +c)”. 
This is a special case of equation 2.9.1.4 with f(€) = &”. 


yl, = (ay + bx)” +. 
The substitution aw = ay + bx? leads to an autonomous equation of the form 2.9.1.1: 
wr, =a"w" +c+2a1d. 


CE 


View = AT” (ay + a)”. 
This is a special case of equation 2.9.1.15 with f(€) = AE" and b=c=0. 


yl, = A(ax + b)"(ca + dy™-™y™. 


+b 
The transformation € = sae , Wwe 2 leads to the Emden—Fowler equation 
cx +d ca +d 


Wee = A(ad — be) ?E"w"™, whose solvable cases are outlined in Section 2.3. 


eee = cay Pk (qy™ + ba”), 


This is a special case of equation 2.9.1.8 with f(€) = c€&-"*-™ 3 aE" + by 
ee = cay 2rk2m-3 (gyn + ba”™)*, 
This is a special case of equation 2.9.1.9 with f(€) = c€ 2" 2" 3 (al2" + by”. 


xy! =ar"y™! + by. 


This is a special case of equation 2.9.1.11 with f(z) =az +. 


xy! = n(n + Ly + axe” + Fe ldabidiee Tila 


This is a special case of equation 2.9.1.12 with f(€) =a+b&™. 


xy! = k(k + 1)y + aah Sh (6g2ht1 c)y™. 


The transformation € = ba***! +¢, w = yax* leads to the Emden—Fowler equation 
Wee =ab?(2k + 1)°E"w™, whose solvable cases are outlined in Section 2.3. 


(ay + bx*)y’!, = 1. 


This is a special case of equation 2.8.1.11 with n =—1 and c=0. 


(2 + a)*y?y”, = bax. 
xt+a 


The transformation € = In 


, we Ls leads to an autonomous equation of the form 
x 


(y? + ax? + 2ba + cy yt, +sy =0. 

Dividing by the coefficient of y/’,, and multiplying by ax(xy!, — y)+ b2zy!, -—y)+cy!,, we 
arrive at an exact differential equation. Integrating the latter, we obtain a first-order equation: 
sy 


(ax? + ba + c)(y{,)° — 2(ax + b)yy;, + ay” + pra + bere 
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22. (ax + by*(cx + dy”, =sy + A(ax + b)*(ca + d)™*y™. 


k 
+b +b\ he 
The transformation € = n(= ), = (= ) oe leads to an autonomous 
cx+d cx+d c“e+d 
equation: we, —(2n + 1)we + (rn? +n—-sA*)w = AX?w™, where n= 4, A =ad-—be. 


23. (ax+byt+c)"y!!, = k(axr+ By +)". 
This is a special case of equation 2.9.1.16 with f(w) =kw!™. 


24. (ax+byt+c)"y!!, = k(ax+ By +)". 
This is a special case of equation 2.9.1.17 with f(w) =kw*”. 


25. (ay” + ba”)y”, +ca"3 = 0. 
This is a special case of equation 2.9.1.8 with f(€) =—c(aé" + by. 
26. (ay + bx™)y”, + cy” = 0. 
This is a special case of equation 2.9.1.8 with f(€) =—c€"3(a&” + bys 


27. (ay + bx” )y”, +cy'" > = 0. 


This is a special case of equation 2.9.1.9 with f(€) = —c€?"3(a&?" + by, 
28. (ay” + ba™)y” +ca™y™ > = 0. 

This is a special case of equation 2.9.1.8 with f(€) =—cé™™ 3(aé” + by’. 
29. (ay?" + bx” )y” + ca™y?"?™ = 0. 


This is a special case of equation 2.9.1.9 with f(€) = —c€2"-?""3(a&?" + by, 


p> See also equations 2.7.1.1—2.7.1.40. 


2.8.1-2. Equations of the form f(a, yy", + 9(2, yyl, + h(a, y) = 0. 


30. yf! +3yy, t+yr tary =0. 


This is a special case of equation 2.9.2.1 with f(x) =ax”. 


31. y+ (ayt ba™)y’, + bna™ ty = 0. 
This is a special case of equation 2.9.2.4 with f(x) = ba”. 


32, yf! + Qay + ba”)y’, + aba” y” = cx™. 
This is a special case of equation 2.9.2.5 with f(a) = bx” and g(x) =ca™. 


33. cy” =nyl +ba™y tarry, 


This is a special case of equation 2.9.2.9 with f(x) =—ba™. 


2n+1 + bath y™, 


This is a special case of equation 2.9.2.20 with f(y) =a+by™. 


34. xy’) =ny, tax 


nmtn-1,.m 
. 


35. vy”, =—-—(n+Dy), tax"! + br y 
This is a special case of equation 2.9.2.30 with f(€) =a+b&™. 
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36. 


37. 


38. 


39. 


40. 


LY» = (ax®’y” +k- 1y,,. 
Solution: 


dy 1 , 1 

= (+ —2", h Fiy)= Mau 
FYy)+C, ee pcre. ont! 

ay” +ary’, =ay" +b. 

This is a special case of equation 2.9.2.23 with f(y) = ay” + b. 


xy” =-(n+m+4 ry’, -nmy + ax 


This is a special case of equation 2.9.2.31 with f(€) = a&*. 


nk+n-2m,_k 
y”. 
xy! +axy’ + by =ca"y™ 


The transformation x = €°, y= €°w, where a=+——, B=+ D=(1-a)*—4b, 


2vD “> 
leads to the Emden—Fowler equation Wee = sodenarms “821 | whose solvable cases are 
outlined in Section 2.3. 


(ax* + by”, tary’, + cy” = 0. 
This is a special case of equation 2.9.2.24 with f(y) = cy”. 


2.8.1-3. Equations of the form f(a, y)y”,,+9(2, y(yi.)° + hia, yy), + r(a, y) = 0. 


41. 


42. 


43. 


44, 


45. 


46. 


47. 


48. 


49. 


yl, = (y,) -2axy’!, + 2ay + b. 

The substitution y = w+ tax? leads to an autonomous equation of the form 2.9.3.25: 
wi = (wi, +2aw -—atb. 

yl = aly, +by+cxry+Bytkats. 

The substitution w=y/,+by+czx leads to a Riccati equation: w!,=aw*+bw+(k—-be)r+cts. 
yl, = ax" (xy! —y) +br™ 

This is a special case of equation 2.9.3.2 with f(x) = ba™, g(x) =0, and h(x) = ax”. 

yt, = ax" (y! + by) + by +cx™ 

The substitution w = y/, + by leads to a Riccati equation: w!, = ax"w* + bw +ca™ 


yt, = (aa? + ay + ba" (y!, — axy) + cx™ 


2. 


The substitution w = y’, —axy leads to a Riccati equation: w’, = ba"w* —arw +cx™ 


Yen = (ax + by +0)"Laly’,)” + Bl. 
This is a special case of equation 2.9.4.37 with f(u) =u” and g(v) = (av? + B)*. 
ry, + ax(y,)? + sui, +by*+cy+k=0. 


The substitution w(y) = z(y/,)? leads to a first-order linear equation: wy, + 2aw + 2by* + 
2cy+2k =0. 


cy”, t+ax(y,) —by*y! = 0. 


Solution: 
ey 1 
nae =C,+In|[2I, where Fi(y)=b if ert y* dy + oO 
ry, + ax(y),)? = (ba’y” +k- 1y,. 
Solution: avd : 
€ y k n 
$$ =C)4+=-2", h F(y)=b Way” dy. 
FatG, 2+7 where f(y) Je y dy 
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50. ay’! =2y+ar (ry! + y)* + ba™ 
The substitution w = zy’, + y leads to a Riccati equation: rw’, = ax"w? +2wt+bar™ 


51. ay!’ =a(a+Dyt ba(ay!, + ay) +cx™ 
The substitution w = zy’, + ay leads to a Riccati equation: rw’, = ba" w* +(a+ 1l)w+car™ 


52. ying = (Y,) - a 
1°. Solution (a is any): 


y = Cl, exp(C22) - exp(—C2). 


AC, rahe 
2°. Solution for a < 0: 
: xJa xa 
y = Cy; sin (4) +C cos (45) : 
VC? +Cy VC? +C3 


There are also singular solutions: y=+2,/a+C. 


53. yy - t(y, Y = aa’? + bar +e. 
The substitution y = w*/? leads to a special case of the equation 2.8.1.8 with \ = 0: 
4w!!, = 3(ax? +br+ cw /3, 

54. 3yy”’, -2(y’,)* = aa + br +e. 


The substitution y = w? leads to an equation of the form 2.8.1.5: 9w!!, = (az* +bx+c)w 


55. 2yy”, =(y))? + be" y’* —a. 
This is a special case of equation 2.9.3.5 with f(x) =—bax 


n 


56. yy, = ny.) -ay”? + bay” 
This is a special case of equation 2.9.3.8 with f(x) =—ba 


m 


m yr, 


57, yy =nly,) +ax*y* + bx 
This is a special case of equation ee with f(x) =—ax*® and g(x) =—ba™. 


58. (n+ 2)yy!, —(n+ I(y,)? = (ax? + bx +0)”. 
The substitution y = w”*? leads to an equation of the form 2.7.1.36: 


nu 


—2n-3 
re : 


1 
= wep” +bx+c)"w 


59. yy! = (y,,)? +ax" yy’, + bay” 


m 


This is a special case of equation 2.9.3.7 with f(a) =—ax” and g(x) = —ba 
60. ayy”, + b(y,)* + (a" +A) yy’, = 0. 
a+b 1 
Solution: y ae Ci [exp -— fo +)” dx dx+C. 


61. yy” -(y, =ayl, + byte. 
1°. Solution: 
y = C; sinh(C3x) + C2 cosh(C3x) + a+ bOS, 
where the constants C’;, C2, and C’3 are related by the constraint (C 7—-C3)C3 +ab+c+b°C; 2=0, 


2°. Solution: 


y = C sin(C3x) + C2 cos(C3x) + a - bo 
where the constants C';, C2, and C’3 are related by the constraint (C 7+03)03 +ab+c-0°C;” =0. 
There is also a singular solution: y =—c/b. 
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2 
62. yy - (YL) = aryl), + aryl, + aoy +6. 
Particular solutions: y=C er" — bag!, where C is an arbitrary constant and A = A; 9 are roots 
of the quadratic equation (a@2a9 + b)\? +a, agA + aj, =0. 


63. (yt+ax)y”, = ba (xy), -y)’. 
The substitution y=—ax+2z leads to the equation 122", +222! —ba™3(z!)° =0. Having 
set w = 2/,/z, we obtain a Bernoulli equation: xw!, + 2w + x2(1 —bz")w? = 0. 

64. (y+axr + by”, -(yl-ay,+c=0. 


Solution: 
y= Cia? + Cox + C3, 


where the constants C), C2, and C3 are related by the constraint 4C, C3-C3+2bC\-aCz+c= 0. 
65. «yy! =ax(y,-yy, +azrky’. 

This is a special case of equation 2.9.4.64 with f() =a&, 9) =1,k =n-1,ands=m+2. 
66. yy’ + y(yy =ax+d. 


Having set 1/y=u',(«), we obtain a third-orderequation: —u!,u!”,,+3(u!,) =(ar+b)(ul,)°. 


Taking wu to be the independent variable, we obtain a constant coefficient linear equation for 


e=a(u): vl", =artb. 


67. (a? -2°)(b* - yy, + (a? - a )y(y!,)” = x(b* - y”)yl,. 


x 
Solution: arcsin - = C, +C) arcsin > 


68. (xy, —y+a)y,, = boy!) + bry’, + bo. 
The contact transformation 


X=y,, Yoay,-yta, Yyaa, Yxx =1/yy 


Zz? 


where Y = Y(X), leads to a linear equation: (b)X* + b,X + bo) Y¥¥x -Y =0. 
Inverse transformation: 


t=Yy, y=XYx-Yta, y,=X, Yeo =1/Yxx 


2.8.1-4. Other equations. 


69. yf = ax (ry! -y)™. 
This is a special case of equation 2.9.4.58 with f(a) = az” and g() = &™. 
70. yf! =a7y t+ bay! +ay)™. 
The substitution w = y/,+ay leads to a Bernoulli equation: w!, = aw +ba"w™. 
71. yf! = (ax? + ay + bay’, —axy)™. 
The substitution w = y’, —axy leads to a Bernoulli equation: w!, =-arw+ba"w™. 
72, yf! = an y(cy! —y)™. 
This is a special case of equation 2.9.4.59 with f(€) =a&é™. 
73. yf, =axty"y! (vy! -y)™. 
This is a special case of equation 2.9.4.60 with f(y) = ay” and g() = &™. 
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74. 


75. 


76. 


77. 


78. 


79. 


80. 


81. 


82. 


; 2n+m 
(ry,-y) ” 
This is a special case of equation 2.9.4.24 with f(€) = a€*. 


mw nk-1, mk-1 
Yow = aL y 


Yon = ka (yi) (ay! - y)- 
The Legendre transformation x = w;, y= tw;—w, where w = w(t), leads to the generalized 
Emden-Fowler equation: w}, = rl w ’(w;) “. Solvable equations of this type are outlined 


in Section 2.3 and Section 2.5. 


” ee ee eae ee k 
Vow = an” y"™ (y,) nem (ry, -y)”. 


This is a special case of equation 2.9.4.25 with f(€) =a€. 


ye, = ar" (xy! —y) + ba™ (ry! -y)*. 


This is a special case of equation 2.9.4.4 with f(a) = ax” and g(x) = ba™. 


xy!’ =2y+ax"(xy, + y)™. 


The substitution w = xy!,+y leads to a Bernoulli equation: xvw!, =2w+axr"w™. 


xy! =n(n-Dyt+ax”(xy!, - ny)*. 

This is a special case of equation 2.9.4.3 with f(r) =ar". 

ay” =alat ly + ba (ry, + ay)™. 

The substitution w = xy!,+ay leads to a Bernoulli equation: aw!, = (a+ 1l)w+ba"w™. 
(Yon) = ary’, —y) + BY, +7. 


Differentiating the equation with respect to x yields: 
Equating the second factor to zero and integrating, one obtains: 


y= or’ + tBar+ Cpa? +Cix+Co. (2) 
The integration constants C’; and the parameters a, 3, and y are related by the constraint 
403 = BC; —aCy +7, which is obtained by substituting the above solution (2) into the original 
equation. 

In addition, there is a singular solution, which corresponds to setting the first factor in (1) 
equal to zero: 


y =C\r+Co, where BC, -aCy+7=0. 


a 


(yy + 2ayy!), + bry’, + cy, - aly’)? - by!) +k =0. 
Solution: 


y= Cia? + Cyx + C3, 


where the constants C, C2, and C3 are related by the constraint 4C’ i +a(4C,C3- Ci)- bC + 
2cC, +k =0. 
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2.8.2. Painlevé Transcendents 


2.8.2-1. Preliminary remarks. Singular points of solutions. 


1°. Singular points of solutions to ordinary differential equations can be fixed or movable. The 
coordinates of fixed singular points remain the same for different solutions of an equation.* The 
coordinates of movable singular points vary depending on the particular solution selected (i.e., they 
depend on the initial conditions). 

Listed below are simple examples of first-order ordinary differential equations and their solutions 
having movable singularities: 


Equation Solution Solution’s singularity type 
y, =-y? y =1/(z- 20) movable pole 

y, =1/y y =2./2- 20 algebraic branch point 
uaa! y = In(z - 2) logarithmic branch point 


y, =-yln’y =y=exp[1/(z—z0)] _ essential singularity 


Algebraic branch points, logarithmic branch points, and essential singularities are called movable 
critical points. 


2°. The Painlevé equations arise from the classification of the following second-order differential 
equations over the complex plane: 
Yoo = zy, Ye)» 

where R = R(z, y, w) is a function rational in y and w and analytic in z. It was shown by P. Painlevé 
(1897-1902) and B. Gambier (1910) that all equations of this type whose solutions do not have 
movable critical points (but are allowed to have fixed singular points and movable poles) can be 
reduced to 50 classes of equations. Moreover, 44 classes out of them are integrable by quadrature or 
admit reduction of order. The remaining 6 equations are irreducible; these are known as the Painlevé 
equations or Painlevé transcendents, and their solutions are known as the Painlevé transcendental 
functions. 

The canonical forms of the Painlevé transcendents are given below in Paragraphs 2.8.2-2 through 
2.8.2-7. Solutions of the first, second, and fourth Painlevé transcendents have movable poles (no fixed 
singular points). Solutions of the third and fifth Painlevé transcendents have two fixed logarithmic 
branch points, z = 0 and z = oo. Solutions of the sixth Painlevé transcendent have three fixed 
logarithmic branch points, z =0, z=1, and z= 00. 

It is significant that the Painlevé equations often arise in mathematical physics. 


2.8.2-2. First Painlevé transcendent. 


1°. The first Painlevé transcendent has the form 
yt, = by +2. (1) 
The solutions of the first Painlevé transcendent are single-valued functions of z. 


The solutions of equation (1) can be presented, in the vicinity of movable pole zp, in terms of 
the series: 


ac get ne ve 


1 1 1 2 
Q2=—7G2%p, 23=—-G, A4=C, as=0, A6 = QZ» 


where zp» and C’ are arbitrary constants; the coefficients a; (j 27) are uniquely defined in terms 
of z and C. 


* Solutions of linear ordinary differential equations can only have fixed singular points, and their positions are determined 
by the singularities of the equation coefficients. 
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2°. In a neighborhood of a fixed point z = zo, the solution of the Cauchy problem for the first 
Painlevé transcendent (1) can be represented by the Taylor series (see Paragraph 0.3.3-1): 


y = A+ B(z- 2) + $(6A°+ 202 — 20) + $(L2AB + 1)(z — 20)? + (6.434 B?+ Azo)(z- Z0)4+ >, 


where A and 8B are initial data of the Cauchy problem, so that y|.-., = A and Yele=xo = B. 


Remark. The solutions of the Cauchy problems for the second and fourth Painlevé transcendents 
can be expressed likewise (fixed singular points should be excluded from consideration for the 
remaining Painlevé transcendents). 


3°. For large values of |z|, the following asymptotic formula holds: 
yr Zo (42/4 —a; 12, b), 


where the elliptic Weierstrass function (¢; 12, b) is defined implicitly by the integral 


dy 
a a 
V4o% - 129-6 
a and b are some constants. 
The first Painlevé transcendent (1) is invariant under scaling of variables, z = AZ, y = M39, 
where A° = 1. 


2.8.2-3. Second Painlevé transcendent. 


1°. The second Painlevé transcendent has the form 
yi, = 2y? + zy +a. (2) 


The solutions of the second Painlevé transcendent are single-valued functions of z. 
The solutions of equation (2) can be represented, in the vicinity of a movable pole zp, in terms 


of the series: 
m CO 
y= S- blz — Zp)" 
n=1 


+ 
Zz ap 
b= -ZM2, by =-F(m+a), b3=C, b= 42p(m + 3a), 
bs = qhg [(27 + 81a? — 223)m + 108a —216C zp], 


where m=+1; zp» and C’ are arbitrary constants; the coefficients b,, (n 2 6) are uniquely defined 
in terms of zp) and C. 


2°. For fixed a, denote the solution by y(z, a). Then the following relation holds: 


y(%, -a) = —y(%, Q), (3) 
while the solutions y(z, a) and y(z,a-— 1) are related by the Backlund transformations: 
2a-1 
y(z,a—-1)=-y(z, a) ED —eG ae es 
2a-1 


==_— -1)-— 
NE Ne) ya =A Dy Gea Ly ee 


Therefore, in order to study the general solution of equation (2) with arbitrary a, it is sufficient to 
construct the solution for all a out of the band 0 < Rea < 5. 
Three solutions corresponding to a and a+ 1 are related by the rational formulas: 


gee Ya + YaQyz +2) +2a—1 


> 


where Yq, stands for y(z, a). 
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The solutions y(z,@) and y(z,—a — 1) are related by the Backlund transformations: 


2a+1 
Qyl(z, a) + 2y2(z,a)+ 2’ 
2a+1 
Qyl(z,-a — 1) + 2y2(z,-a-1)+2° 


yz, a — 1) > y(z, a) + 
y(z, @) 7 y(Z, a — 1) 4. 
3°. For a=0, equation (2) has the trivial solution y =0. Taking into account this fact and relations 


(3) and (4), we find that the second Painlevé transcendent with a = +1, +2, ... has the rational 
particular solutions: 


1 1 322 
+1) =7F— D)=atl(—- 
y(z, +1) set y(z, 42) +(- =): 


For a= 3, equation (2) admits the one-parameter family of solutions: 


we 
y(Z, are where w= v2 [Ci a(42”) + OY 3(B2"”)], (5) 
(Here, the function w is a solution of the second-order linear equation w!), + sZw =0; see 2.1.2.2 and 
2.1.2.7 with n = 1.) It follows from (3)—(5) that the second Painlevé transcendent for all a =n + + 
with n =0, +1, +2, ... has a one-parameter family of solutions that can be expressed in terms of 
Bessel functions. 


2.8.2-4. Third Painlevé transcendent. 


1°. The third Painlevé transcendent has the form 


1y2 ! 
1 5 
p= Gy Lays Beat. (6) 
yoy 2 y 


In terms of the new independent variable ¢ defined by z = eS, the solutions of the transformed 
equation will be single-valued functions of ¢. 
Any solution of the Riccati equation 


a-—k 
rg Mee (7) 


y, = ky? + 


where k? = y, c? =-6, kG +c(a—2k) =0, is a solution of equation (6). Substituting z = ArT, 


U 1, . d : 
y= rea where \7 = oe into (7), we obtain a linear equation: 
U c 


k-a 
ut + 


nes Nie 


whose general solution is expressed in terms of Bessel functions: 


1 = 
u,+u=0, 


aq oe le Jo (tT)+CpY a oo) 
2k 2k 


2°. In some special cases, equation (6) can be integrated by quadrature. Rewrite equation (6) in the 
form of integro-differential relations in two ways: 


(4) (S-wi)e¥+2(E ay) et -2 {[(G-w)e + (F -au)e d¢; (8) 
Me [Sewers (Z +au)e dé, z=e. (9) 
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It is obvious from (8) that for a = 3 = y =6 =0, the general solution has the form: y = C2. 
Adding (9) multiplied by 2 to (8), we obtain 


Ve - Ve é 2\ 2¢ B a de + BeSy 
Subtracting (9) times 2 from (8) yields 
Ye\? Ue 6 
(=) Eee (S 7 vw’) es + 2(2 = ay) e& =-4 foes +aeSy) de. (11) 
y y y y 
Substituting 6 = 6 = 0 into equation (10) and 7 =a =0 into equation (11), we arrive at 
Ye)? 4M 
(=) +22 —2ayes —yy?e = Ci, (12) 
y y 
/ %. t 6 9. 
(=) = GMC x Opa BP Cs (13) 
y y Y y 


Equations (12) and (13) are integrable by elementary functions. Substituting y = es/ v into (12), 
we obtain an autonomous equation: 


(uty =2avt+7+(14+Cy)v. (14) 
As a result, we find: 
ae if C,=-1, B=5=0 
eS 1 = is — ps 3 
2(a? In? z + 2aC Inz + C2 —7) : 
1 
—————— if Cy =-1, 6 =0; 
y z(,/ylnz+C) ae ee 
gm . 
Ge 4 Ke" 4 Ke ee es 
Qa a? —y(1+C}) 
h = — SS 2] . 
where C, #0, Ky Goa AGeGoe +C; 


Accordingly, equation (13) is reduced to equation (14) with the substitution y = ve‘. 


If 8 =-a and 6 =~y, the substitution y =e” brings equation (6) to the following form: 


1 2a, : 
we, + —w, = — sinw + 2ysin2w. 
z z 


2.8.2-5. Fourth Painlevé transcendent. 


1°. The fourth Painlevé transcendent has the form 


1\2 
3 
yl, = “ 4s sv +4zy* + 2(2" -—a)y + =. (15) 


The solutions of the fourth Painlevé transcendent are single-valued functions of 2. 
The Laurent-series expansion of the solution of equation (15) in the vicinity of a movable pole 
Zp is given by: 
_ om Mm» oe 
y= =e, = By 73% +2a—4m)(z — Zp) + C(z — %) Tues Zp), 
where m=1; 2 and C’ are arbitrary constants; and the a; (j = 3) are uniquely defined in terms 
of a, 8, Zp, and C. 
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2°. If the condition 3 +2(1+am)* = 0, where m = +1, is satisfied, then every solution of the 
Riccati equation 


y, = my? +2mzy—-201 +am) 
is simultaneously a solution of the fourth Painlevé equation (12). 


Equation (15) is invariant under the transformation y = Ay, z = AZ, a ad’, 3 = 8, where 
Me=1, 


3°. Two solutions of equation (15) corresponding to different values of the parameters a and 
are related to each other by the Backlund transformations: 


y = —(y, —q-2szy-sy”), g =-28, 


za 
y=-— (Gf —p+ 28H +59), — p?=-28, 
2sy 


26 =-(a@s-1- 1p, 4a =—2s — 2a — 3sp, 


where y = y(z,a, 2), y = y(z, a, B), and s is an arbitrary parameter. 


2.8.2-6. Fifth Painlevé transcendent. 


1°. The fifth Painlevé transcendent has the form 


n _ _3Y> ,o-y 1y (ay+2) +724 Ord (16) 
2 y 


Yee Qy(y— 1 me ny z yl 


If we pass on to the new independent variable z= eS, the solutions are single-valued functions of ¢. 
Solutions of the fifth Painlevé transcendent (16) corresponding to different values of parameters 
are related by: 


y(%, a, B, > 0) = y(-Z, a, B, = 0), 


1 
2,Qa,—P, =) = 
n : : ) yz, —B, —a,—Ys 6) 


2°. On setting z =e? in (16), we obtain 


3y-1 2 B 
= (yp) + y- 1 (ay t+ —) tye’ + 
Vite Duly) Y? (y-1) ( y a vy 


If y =46 =0, equation (17) is reduced, by integration, to a first-order autonomous equation: 
= (y-1)V2ay? + Cy - 28, 
which is readily integrable by quadrature. 
If the condition 
y= V-26 (1 + /-26- V2a) 
is satisfied, any solution of the Riccati equation 
zy, = V2ay? + (V-26 z-V2a- V/-28)y + /-28 (18) 


is simultaneously a solution of the fifth Painlevé transcendent (16). Equation (18) can be reduced to 
the degenerate hypergeometric equation 2.1.2.70. 


SyYtD aoe (17) 
y 


-1 
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2.8.2-7. Sixth Painlevé transcendent. 


1°. The sixth Painlevé transcendent has the form 
1ysl 1 1 2 1 1 1 
ve. =5(-+— + —)w -(=+ + yt 
y y-l y-z zZ Zz-1 y-Z 
-Dy- -1 -1 
yy DY Plat pa +) z ge aT 

z(z—1) yy (y-1P (yz? 

In equation (19), the points z =0, z=1, and z = ow are fixed logarithmic branch points. 
Painlevé found two integrable cases of the equation. First, if a= 8 =y = 6 =0, the general 

solution of equation (19) has the form: 

y = E(Ciw1 + Chu», 2), 


where E(u, z) is the elliptic function, defined by the integral 


(19) 


E d 
u= | — (20) 
0 vyy-Iy-z) 
with periods 2w, and 2w , which are functions of z. Secondly, if a=G=y=0, d= +, the general 
solution of equation (19) has the form: 
y = E(w+Cyw, + Cru», 2), 
where w #0 is any particular solution of the linear equation 
sill 2z-1 s 1 ae 
2% x(z-1) A4z(z-1) 


and E(u, z) 1s the elliptic function defined by formula (20). 


/ 
W, 


0 


2°. Solutions of the sixth Painlevé transcendent (19) corresponding to different values of parameters 
are related by: 


1 
VOB O90) —— =? 
v(s- a Be 6) 
1 
y(Z, —6, “7s a, 0) = ae se See eer 
v(—. Qa, B, Y> 5) 
i 1 ia 
u(z, B, -a, d+ 53 ty) an eo 


The successive application of these relations yields 24 equations of the form (19) with different 
values of parameters related by known transformations. 


3°. Every solution of the Riccati equation 


iS V2a an Az+ pb v8 
ve Liat Be eds 


where 


_ V2a-(at+B+yt9) _ ¥28-(at+ 8-7-9) 


Via-V=B-1 ° "2a V=2B-1 

is simultaneously a solution of equation (19) if 2a —./—26 # 1 and the condition 
2V20(38-a+y-6)+2./-28 Ba- 8-7 +5)+4V-a8 (B-a+y-5-1) 
+(a+B+7+6) +2(a-B-y—4aB —-2ay- 285) =0 


is satisfied (one should take the value of ./—a that coincides with \/a,/—{). 


® References for Subsection 2.8.2: P. Painlevé (1900), B. Gambier (1910), G. M. Murphy (1960), E. L. Ince (1964), 
A. S. Fokas and M. J. Ablowitz (1982), V. I. Gromak and N. A. Lukashevich (1990), R. Conte (1999), A. R. Chowdhury 
(2000). 


» 
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2.8.3. Equations Containing Exponential Functions 


2.8.3-1. Equations of the form f(x, y)y”, + 9(z, y) = 0. 


1. oe aer**FY + b, 


The substitution w = y + (A/G)x leads to an autonomous equation of the form 2.9.1.1: 
wi, = aeP™ +b, 


2, Weeder" 
The transformation z=e*”y""!, w= y../y leads toa first-order equation: z[(n-1)w+A]w! = 
yy) 
az—w. 
3... ane are”. 


The transformation z= 2"e*, w=y/, leads to a first-order equation: 2(Aw+n+2)w! = 
az+w. 


4.0 y!! =be*yt+ ay”. 
This is a special case of equation 2.9.1.2 with f(x) =—be**. 


5. yf! = My + aexp[A(n + 3)aly”. 
This is a special case of equation 2.9.1.29 with f(€) =a”. 


6 yf = My +aet*y™, A#0. 


The transformation =e”, 


pb—-3A-—mr 
2X 


a 
u=ye leads to the Emden—Fowler equation Uge a ais MTs 


where n = , whose special cases are given in Section 2.3. 


7. qo Ny + aer™*)® (be?® +4. ce)" y™, A#0. 
The transformation € = be»* +c, w = ye** leads to the Emden—Fowler equation 
a 
Wee = pew” whose special cases are given in Section 2.3. 
—m-3 


8. yl = Ny + Ae (ae® + B)”(ce™” +d)" y™. 


ae" +b yer" 


cer 4d? ee 4d 
wee = AQAA) °E"w"™, where A = ad —be (see Section 2.3). 


The transformation € = leads to the Emden—Fowler equation 


9, y!!, = aexp(ax” + Bx) exp(yy) + b. 
The substitution w = y+ (ax? + 3x)/7 leads to an autonomous equation of the form 2.9.1.1: 
wi, =ae™ +b+2ay1. 


10. ay’, =ax"’e% +n. 


This is a special case of equation 2.9.1.31 with f(€) =a€. 


2.8.3-2. Equations of the form f(a, yy’, + 9(a, yy}, + A(z, y) =0. 


2ax,n 
. 


11. yf), = ay, + be***y 
This is a special case of equation 2.9.2.17 with f(y) = by”. 
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ane, n-1 
. 


12. yl), =-ay!, + be®”*y 
This is a special case of equation 2.9.2.36 with f(€) = bé”"|. 


Axr,,m 
. 


13. y!) + ay!, + by =ce**y 
The substitution €=e* leads to an equation of the form 2.8.1.39: Cyt Hat] Eye tby =cOy™, 


—2v)xe, n-1 


14. yy! =-(u+v)y, —vpy + ae™ y 
This is a special case of equation 2.9.2.37 with f(€) = aé”""|. 


15. y” =Ay,,+ bry + ae? y?. 


This is a special case of equation 2.9.2.14 with f(x) =—ba. 


16. yl”, =Ayl, + bey + ae? yy. 


This is a special case of equation 2.9.2.14 with f(a) =—be"”. 


17. yl), = ay, + bexp(2ax + cy”). 
This is a special case of equation 2.9.2.17 with f(y) =bexp(cy”). 


18. y” +3yy, +y%t+aery = 0. 


This is a special case of equation 2.9.2.1 with f(x) = ae”. 


19. yf! = axey’, + ae’. 


Solution: y=C,x—-In (-a dl reO!* dx + C2) : 


20. y!!, = 2ae*yy!, + ae”y’. 
Solution in parametric form: 


2 


fh —_ ia. 297-l. 7! 
r=In(57-). y=—a Cyr? Z(rZ! + Z). 


Here, Z =C,J\(7)+ CoYi(7) or Z= Ci L(7) + Cr Ki (7), where J,(7) and Y;(r) are the 
Bessel functions, and J,;(7) and K,(r) are the modified Bessel functions. 


21.0 oy! =axr"e4y! +anz”™"e. 


Solution: y=C,x—-In lc: -a / xz” exp(C) x) dz| : 


22, yf! = ae®y ly! + 2ae?y!/?, 


Solution in parametric form: 
> Ct By es _- +2) £2 = 2 Y 
L= in(t—f) Fr, y=Cj [27 + exp(#r )f] , where f= [/ exp(#+r°) dt + c,| ‘ 


23. yl’ + (2ay + be**)y’ + Abe?” y = 0. 
Integrating yields a Riccati equation: y’, + ay* + be**y =C. 


24. yf! = (ae%*y + B)y’. 
dy 


Solution: | ee 


1 
=—Cra ae. 
Bp 
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25. yf = ae" (y! +1). 
Solution: y=-In (Cre - 


y =—a@ —In(C - az). 


e*). To the limiting case C', + —1 there corresponds 
1+ Cy 


” ea n oAY 
26. ry, t+ Y, =axre™’. 
This equation is encountered in combustion theory and hydrodynamics. The transformation 


€=Inz, w=Ayt+(n+1) Ina leads to an autonomous equation of the form 2.7.3.1: Wee =are”. 
Solution in parametric form: 


t n+l 
x =exp[C; + f(t], y= 7 Tt FO) 
where 

1 if VCz + 2are? — JCr if Cy >0 

LOD) V Cz + 2are? +. JCr 4 , 

2 
H=<- if Cy =0, 
f@ Jaahat if Cy 
IO 4a )et 
2 peng ON if C) <0. 


27. avy”, =nyl, +arrter™, 


This is a special case of equation 2.9.2.20 with f(y) = ae. 


28. vy”, = ny), +ax"*! exp(ay™”). 


This is a special case of equation 2.9.2.20 with f(y) = aexp(Ay™). 
29. ay!’ +ay! = ae. 


The substitution t = In |z| leads to an equation of the form 2.7.3.1: y{, =aer. 
Solution: 


"2 -+ in sce sin2(C; In|z| + ca) if ad>0, 


y= -+ In sce cosh?(Cy In |z| + C2) if ari\<0. 


30. a’y! +ay! = acer +b. 
This is a special case of equation 2.9.2.23 with f(y) = ae* +b. 


31. a’y!! +ay!), = kee +b. 
This is a special case of equation 2.9.2.40 with f(€) = kE + b. 


32. (ax? +b)y” +ary’, +ce*” = 0. 


This is a special case of equation 2.9.2.24 with f(y) = ce. 


33. (ae + by”, + acy’, + cy” = 0. 
This is a special case of equation 2.9.2.34 with g(a) = ae** +b and f(y) =—-cy”. 


34. (ae + b)y”, + ae**y’, + ce*¥ = 0. 


This is a special case of equation 2.9.2.34 with g(x) = ae?* +band f(y) = —ce, 
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2.8.3-3. Equations of the form f(a, y)y”,,+9(x, y(yi.)° + hia, yy, + r(a, y) = 0. 


35. y!! = aly’) — be*4 + cx”. 
This is a special case of equation 2.9.3.18 with f(a#) =—ca 


n 


36. yl! = aly’,)” — be** + ce** 
This is a special case of equation 2.9.3.18 with f(a«) =—ce 


AL 


Ste. Y= aly’)? + bx" e% +cx™ 


This is a special case of equation 2.9.3.17 with f(a) =—ba” and g(x) =-ca™ 


38. yl, = aly!) + be? + kar™ 


Le 
m 


This is a special case of equation 2.9.3.17 with f(a) =—be and g(a) = —kx 


39, yy’! = aly),)? + betYr* + cer. 


This is a special case of equation 2.9.3.17 with f(x) = —be** and g(x) =—ce". 
40. y!! +ay"(y) + ber +c=0. 

This is a special case of equation 2.9.3.25 with f(y) = ay” and g(y) = be*” +e. 
4. oy! +acdr(y!) + by” +c= 0. 

This is a special case of equation 2.9.3.25 with f(y) = ae*Y and g(y) = by” +c. 


42, y” +ae(y!) + beM4¥ +c=0. 

This is a special case of equation 2.9.3.25 with f(y) = ae*Y and g(y) = be" +c. 
43. y! =ay"(y),) + bey’. 

This is a special case of annie 2.9.3.38 with f(y) = ay” and g(x) = be** 
ae, ae*4(y’)? + bry’ 

This is a special case of equation 2.9.3.38 with f(y) = ae*” and g(x) = br”. 


45. y!! = acy’) + ber y’. 


ae 


This is a special case of equation 2.9.3.38 with f(y) = ae*” and g(x) = be". 


46. y!! =ae(ry’, —y) + be”. 
This is a special case of equation 2.9.3.2 with f(x) = be", g(x) = 0, and h(x) = ae*” 


47. yy ” ny, y= a= ae”. 


The substitutions y=+ exp(+ swts +Ax) leads to an autonomous equation of the form 2.7.3.1: 
wi, =2ae. 


48. 2yy”’, = (y),)? + ber*y’” -a. 


This is a special case of equation 2.9.3.5 with f(x) =—be*”. 
49. yy” =n(y,)? -ay'”? + ber*y’. 


This is a special case of equation 2.9.3.8 with f(x) =—be*”. 
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50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


yy, — (YY = aer*y*, 


1°. For k #2, the substitution y = exp( 
(k-2)w 


i x) leads to an autonomous equation of 
the form 2.7.3.1: wi, =ae 
2°. Solution for k = 2: In|y|=Cyi2+C,+aX7e*. 


YY» = UY, Ytax™y? + ber Py™!, 
This is a special case of equation 2.9.3.9 with f(a) =-ax™ and g(x) =—be 


AL 


YY» = ny.) +acr®y? + ba™y™!, 


This is a special case of equation 2.9.3.9 with f(a) = —ae* and g(x) = —bax™ 


yy, = ny)? + aer*y? + beh? y™", 


This is a special case of equation 2.9.3.9 with f(a) = —ae*” and g(x) = —be"”. 


Yin — (Yi, = a exp(Ga? + Axx). 
The substitutions y=+ exp(4 zwt+s 160744 Ar) leads to an autonomous equation of the form 
2.9.1.1: wi, =2ae" — 28. 


YYn — (y,)? +ay’=b exp (3x? + Az). 
The substitutions y=+ exp(> swt 43a? +5 +x) leads to an autonomous equation of the form 
2.9.1.1: wil, =2bew — 20+ 8). 


YY, — (Yi) = aexp(Ax? + Ax) y” 


1 
1°. Fork #2, the substitution y=exp [w+ ok (Ba? +A2)| leads to an autonomous equation 


2 
elk-2yw = B 


f the form 2.9.1.1: wit, = . 
of the form Wag =O 7h 


2°. Solution for k = 2: 


In ly| = Cia + Cp +a fe —t) exp((Bt? + At) dt. 


YY n (y,,)? +ay*=b exp (Ga? + Ax)y* 


1°. For & # 2, the substitution y = exp [w + 5 (82° + Ax) | leads to an autonomous 
26 
2-k 
2°. For k=2, the substitutions y=+e™ leads toa linear equation: wi’, (, = bexp(Gr" +Ax)-a 
Solution: 


equation of the form 2.9.1.1: w/!, = be®?” —a— 


In|y| = -S2 +Cx+Cz,4+ b[ —t) exp (Bt? + At) dt. 
xo 


yi tay, - ty’, = e* (boy? + bry + bo). 
The substitution w(y) = e~*(y/,)” leads to a first-order linear equation: wy, +2aw = 2boy? + 
2byy +2bo. 


yy, = (yr tax" yy! + ber? y’. 


This is a special case of equation 2.9.3.7 with f(x) =—ax” and g(x) = —pe**, 
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60. 


61. 


62. 


63. 


YVrw = (YR) tae” yy!, + ba” y”. 

This is a special case of equation 2.9.3.7 with f(a) = —ae** and g(x) =—bx”. 
yy, = (y),) +ae*yy’, + beM*y?. 

This is a special case of equation 2.9.3.7 with f(a) = —ae*” and g(x) = —be"”. 


Yirn + CY!) = (beP**7Y + B)y’. 
1°. Solution with y #—-a: 


e°Y dy 1 
SON Gk eee. ge Ga (orpy 
F@+G, 5 a where (y) ak e€ 
2°. Solution with y =—a: 
e°Y dy 1 
=i 
/ by+ Cy . 


Yen = ae?*(y" + by) + by + ce. 


, 


The substitution w = y/, + by leads to a Riccati equation: w/, = ae?*w* + bw + ce”. 


2.8.3-4. Other equations. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


yl, + be y™(y! > + ay’, = 0. 
This is a special case of equation 2.9.3.35 with f(y) = by™. 
yl + be Pr4(y’ 3 + ay! = 0. 


This is a special case of equation 2.9.3.35 with f(y) = be*. 
Yen = ae" (yi) + ae" yy, 


Solution: x =Cyy-In (a | ye dy + C2). 


ye, = axre(y,) + ae%(y,). 


Solution in parametric form: 
x=C\e* (/ Te" dr+ C2), y = Inr. 


yl, =axe(y)) + 2are%(y! )*. 
Solution in parametric form: 


= 
g=alQyr?Z \(rZ1+Z), y= in(s=-), 


Here, Z = Cy J\(7)+ Ci¥\(7) or Z = Ci (7) + Cy Ky (7), where J,(7) and Y;(r) are the 
Bessel functions, and [,(7) and K,(7) are the modified Bessel functions. 


yt, = 2ax’e%(y’ 3 + ax e4(y!)*. 


Solution in parametric form: 
-1 
TSC, at exp(Fr’) f]’, y =In (4) F7*, where f= [/ exp(Fr?) dr + c,| ; 
a 


Yon = ane*y” (yy + aery"(yi,)- 


Solution: « =Cyy-In (a / ye dy + C2) ; 
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71. 


72. 


73. 


74. 


75. 


76. 


77. 


78. 


79. 


80. 


Yen = ae*[(y!)? + (y/)") 
Solution: « =—In (Cre + i 


x= -y-—In(C) + ay). 


ad G eV). To the limiting case C', — 1 there corresponds 
02 


yi, = ae*(y’,)>/? + ae* yy). 


Solution in parametric form: 


velnt?, y=—2a?r*[Z\(rZ) +2Z)F 47°], 


where 


C1 Jo(7) + C2¥2(7) for the upper sign, 
C\lh(7)+C,K2(r) _ for the lower sign, 


J>(r) and Y2(r) are the Bessel functions, and [>(7) and K>(r) are the modified Bessel 
functions. 


yl, = axe*(y,)>/? + ae%(y!)°/”. 


Solution in parametric form: 


a= -2a?r [ZZ +2Z)F $77], y=lnr’, 
where 
_ f CiJo(r) + C2¥2(r) — for the upper sign, 
~ | Cyha(t) + Cy K2(7) _ for the lower sign, 
Jx(T) and Y3(7) are the Bessel functions, and J(7) and Kk (7) are the modified Bessel 


functions. 


Tie = -ay’, + ber? y*(y! yr, 


This is a special case of equation 2.9.4.17 with f(y) =—by* and n =m +2. 


-k 
= —-k+1 k 
Veg = a te ee Oe) 


This is a special case of equation 2.9.4.31 with f(€) = bE. 


yl = yf, + Aexpl(n + 2-Daly(y/,)'. 
The substitution £ = e* leads to the generalized Emden—Fowler equation yz, = A€"y”™ (yey 
which is discussed in Section 2.5. 


Yow = CY) + Ax” exp[(m +1 -Dyl (yi). 
The substitution w=e” leads to the generalized Emden—Fowler equation w”’,,= Ax" w™ (wi, 4 
which is discussed in Section 2.5. 


al-k 
Yow = — Zp Ye) + baP**PeOM(y,)*. 


This is a special case of equation 2.9.4.30 with f(€) = bE. 


Yen = ay (Yi) + bEr4 (yi). 
This is a special case of equation 2.9.4.13 with f(y) = ay” and g(y) = be”. 


Yen = aE (yl,) + by” (Yi,)*. 
This is a special case of equation 2.9.4.13 with f(y) = ae*Y and g(y) = by”. 
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81. yf), = ae(y/,) + be (y!,)*. 
This is a special case of equation 2.9.4.13 with f(y) = ae*Y and g(y) = be". 
82. y!! =a’y + bey’, + ay)*. 
The substitution w = y!, + ay leads to a Bernoulli equation: w!, = aw + be?*w*. 


83. y!! = ae [(y))* + (yt) P11, k #2. 


Solution in parametric form: 


1 
s=r-[ 2-o, y= [ Z+e, where F'= [a(2—k)e7 +Ch] k2 +], 


84. y!! =ax"(ry’, -—y) + be? (ry’, —y)*. 
This is a special case of equation 2.9.4.4 with f(a) = ax” and g(x) = ber”, 


85. yo! =ae*(ry’, —y) + ba (zy’, —y)*. 
This is a special case of equation 2.9.4.4 with f(a) = ae®* and g(x) = bx”. 


86. y!! = ae*(ry’, —y) + be (xy! — y)*. 
This is a special case of equation 2.9.4.4 with f(x) = ae» and g(x) = be". 
87. cy” t+y!, =ax"er4(y/)™. 


The transformation ¢ = xy, w=a2""™*e*Y leads to a first-order linear equation: ag we = 
AC+n—m+1. 


88. xy” + my), +axP™ 71 erA¥(y’)” = 0. 


This is a special case of equation 2.9.4.14 with f(y) = ae”. 


= a -1 
89. xy + yl, = (axe + ba™™ )\(y!,)™. 
The transformation ¢ = zy!,, w = 2” "*1eAY leads to a first-order separable equation: 
C™ (aw + bywe =(AC+n-—m+ lw. 


90. Yin = (yi) + be**y"(y),)*. 
This is a special case of equation 2.9.4.68 with f (€) = bE, g(¢) = ¢*, andn =m—k+2. 
91. yyy, = (yi) + (aer*y” + by” ™ (yl). 


The transformation £€ = y/,/y, w = e**y"*™~ leads to a first-order separable equation: 
E™(aw + b)ywe =[(n+m—-2)E+A]w. 


2.8.4. Equations Containing Hyperbolic Functions 


2.8.4-1. Equations with hyperbolic sine. 


1 oy! = My + a(sinh Ax)” y”. 
This is a special case of equation 2.9.1.34 with f(€) =a”. 


2.0 yf! = bsinh(Ax) y +ay™. 
This is a special case of equation 2.9.1.2 with f(a) =—b sinh(Az). 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


y., = asinh”(ay + bx) + f. 
This is a special case of equation 2.9.1.4 with f(w) =a sinh” w + 6 andc=0. 


y., = a(y + bsinh x)” - bsinh x + c. 

The substitution w = y+ bsinhz leads to an autonomous equation of the form 2.9.1.1: 
wi, =aw" +c. 

yl, + 3yy,, ty? + asinh(Ax) y = 0. 

This is a special case of equation 2.9.2.1 with f(x) = asinh(Az). 


yl, tay"(y.) + bsinh™” y +c = 0. 
This is a special case of equation 2.9.3.25 with f(y) = ay” and g(y) = bsinh™ y +. 


yl, t+ asinh” y (y/)* + by™ +c = 0. 


This is a special case of equation 2.9.3.25 with f(y) =asinh” y and g(y) = by™ +c. 


yl, t+ asinh” y (y,)* + bsinh™ (Ay) + c = 0. 
This is a special case of equation 2.9.3.25 with f(y) = asinh” y and g(y) = b sinh” (Ay) + ¢. 


Yrw = ay(y’,) + bsinh™ y (y’,)*. 
This is a special case of equation 2.9.4.13 with f(y) = ay” and g(y) = bsinh” y. 


Yen = asinh” y (y’,)” + by™(y!,)*. 
This is a special case of equation 2.9.4.13 with f(y) =asinh” y and g(y) = by™. 


zy” = ny, +ax?"" sinh™ (Ay). 


This is a special case of equation 2.9.2.20 with f(y) =a sinh” (Ay). 


2yy”, = (y!,)? + bsinh™ (Ax) y* - a. 
This is a special case of equation 2.9.3.5 with f(a) =—b sinh” (Az). 


yy, = ny) —ay*” + bsinh™ (Az) y?. 

This is a special case of equation 2.9.3.8 with f(x) =—6 sinh” (Az). 

yy, = ny, YP +ax™y? + bsinh*(Ax) y™*1. 

This is a special case of equation 2.9.3.9 with f(a) =-ax™ and g(x) =—b sinh* (Az). 
yy, = (yy + ax” yy’, + bsinh” (Ax) y’. 

This is a special case of equation 2.9.3.7 with f(x) =—ax” and g(x) = —b sinh” (Az). 


yy, = (yi, + asinh” (Ax) yy’, + bay’. 

This is a special case of equation 2.9.3.7 with f(x) =—a sinh”(Ax) and g(a) =—bx™. 
ay” +ay’, = asinh” (Ay) + b. 

This is a special case of equation 2.9.2.23 with f(y) =a sinh” (Ay) + 0. 


(ax* + by”, + axy’, + sinh” (Ay) + c = 0. 


This is a special case of equation 2.9.2.24 with f(y) = sinh” (Ay) +c. 
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2.8.4-2. Equations with hyperbolic cosine. 


19, 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


yl, = My + a(cosh Ax)" 3 y”. 
This is a special case of equation 2.9.1.35 with f(€) =a”. 


yl, = beosh(Ax) y + ay. 
This is a special case of equation 2.9.1.2 with f(x) =—b cosh(Az). 


y., = acosh”(ay + bx) + 3. 
This is a special case of equation 2.9.1.4 with f(w) =a cosh” w+ @ andc=0. 


y,, = a(y + bcosh x)” - bcosh x + c. 

The substitution w = y+ bcoshz leads to an autonomous equation of the form 2.9.1.1: 
wl =aw" +e. 

yl + 3yy,, ty? + acosh(Ax) y = 0. 

This is a special case of equation 2.9.2.1 with f(a) = acosh(A2z). 


yi, tay"(y,) + beosh™ y+c=0. 
This is a special case of equation 2.9.3.25 with f(y) = ay” and g(y) = bcosh” y +c. 


yl, t+ acosh” y (y+ by™ +c=0. 
This is a special case of equation 2.9.3.25 with f(y) = acosh” y and g(y) = by™ +c. 


yl, t+ acosh” y (y!)? + bcosh™ (Ay) + ¢ = 0. 

This is a special case of equation 2.9.3.25 with f(y) = acosh” y and g(y) = bcosh” (Ay) +c. 
Yirn = ay(y’,y + beosh” y (y’,)*. 

This is a special case of equation 2.9.4.13 with f(y) = ay” and g(y) = bcosh”™ y. 

Yon = acosh” y (y’,)” + by™(y’,)*. 

This is a special case of equation 2.9.4.13 with f(y) = acosh” y and g(y) = by™. 


zy” = ny’, + ax?” cosh™ (Ay). 
This is a special case of equation 2.9.2.20 with f(y) = acosh”™ (Ay). 


2yy”, = (y!,)? + bcosh”(Ax) y” - a. 
This is a special case of equation 2.9.3.5 with f(x) =—b cosh” (Az). 


YY» = ny.) -ay*” + beosh”™(Ax) y”. 
This is a special case of equation 2.9.3.8 with f(x) =—b cosh” (Az). 


yy, = ny, +ax™y’ + beosh* (Ax) y™. 
This is a special case of equation 2.9.3.9 with f(a) =-ax™ and g(x) =—b cosh*(X2). 


yy), = (yy + ax” yy’, + bcosh”™ (Ax) y’. 
This is a special case of equation 2.9.3.7 with f(x) =—ax” and g(x) = —bcosh™ (Az). 


YY ve = (y,,)? +a cosh” (Ax) yy, + ba™ y”. 


m 


This is a special case of equation 2.9.3.7 with f(x) =—acosh”(Ax) and g(a) = —ba 
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35. 


36. 


ay” +ay’, = acosh”(Ary) + b. 
This is a special case of equation 2.9.2.23 with f(y) = acosh”(Ay) + b. 


(ax* + b)y”, + axy’, + cosh” (Ay) +c = 0. 
This is a special case of equation 2.9.2.24 with f(y) = cosh”(Ay) + ¢. 


2.8.4-3. Equations with hyperbolic tangent. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


yl, = btanh(Az) y +ay™. 
This is a special case of equation 2.9.1.2 with f(x) =—b tanh(Az). 


y., = atanh” (ay + bx) +f. 
This is a special case of equation 2.9.1.4 with f(w) =a tanh” w + 6 and c=0. 


y”, + 3yy!, +y° + atanh(Ax) y = 0. 
This is a special case of equation 2.9.2.1 with f(z) =a tanh(A2). 


y”, + ay"(y.,) + btanh™ y +c =0. 
This is a special case of equation 2.9.3.25 with f(y) = ay” and g(y) = btanh” y +c. 


yy, + atanh” y (y’,)? + by™ +c=0. 
This is a special case of equation 2.9.3.25 with f(y) =atanh” y and g(y) = by™ +c. 


y.., + a tanh” y (y,,)? + btanh™ (Ay) +c = 0. 

This is a special case of equation 2.9.3.25 with f(y) =a tanh” y and g(y) = btanh” (Ay) +c. 
Yew = ay(y,,)” + btanh™ y (y,)*. 

This is a special case of equation 2.9.4.13 with f(y) = ay” and g(y) = btanh” y. 

Yen = atanh” y (y/,)? + by™(y’,)*. 

This is a special case of equation 2.9.4.13 with f(y) =a tanh” y and g(y) = by”. 


zy = ny, +ax7"*" tanh” (Ay). 


This is a special case of equation 2.9.2.20 with f(y) = a tanh” (Ay). 


2yy””, = (y,,)? + btanh™ (Ax) y? — a. 
This is a special case of equation 2.9.3.5 with f(a) =—b tanh” (Az). 


YY» = ny.) -ay*” + btanh™ (Az) y. 
This is a special case of equation 2.9.3.8 with f(a) =—b tanh” (Az). 


n+ 


yy, = ny, +ax™y? + btanh*(Ax) y 
This is a special case of equation 2.9.3.9 with f(a) =-ax™ and g(x) =—b tanh“ (Xr). 


yy, = (yy + ax” yy’, + btanh™ (Ax) y”. 
This is a special case of equation 2.9.3.7 with f(x) =—ax” and g(x) = —b tanh” (Az). 


yy, = (yy + atanh”(Ax) yy), + bay”. 


m 


This is a special case of equation 2.9.3.7 with f(x) =—a tanh”(Az) and g(a) = —ba 
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51. 


52. 


ay” +ay’, = atanh”(Ay) +b. 
This is a special case of equation 2.9.2.23 with f(y) =a tanh”(Ay) + b. 


(ax? + b)y”, + axy’, + tanh”(Ay) +c = 0. 
This is a special case of equation 2.9.2.24 with f(y) = tanh”(Ay) +c. 


2.8.4-4. Equations with hyperbolic cotangent. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


yl, = bcoth(Ax) y + ay”. 
This is a special case of equation 2.9.1.2 with f(x) =—bcoth(Az). 


y,, = acoth” (ay + bx) + 3. 
This is a special case of equation 2.9.1.4 with f(w) = acoth” w+ 6 and c=0. 


Vow + 3YY;, + y+ acoth(Ax) y = 0. 
This is a special case of equation 2.9.2.1 with f(x) = acoth(Az). 


Yirw + ay” (yy + bcoth™ y+c=0. 
This is a special case of equation 2.9.3.25 with f(y) = ay” and g(y) = bcoth” y +c. 


yl, + acoth” y (y,)? + by™ +c =0. 
This is a special case of equation 2.9.3.25 with f(y) =acoth” y and g(y) = by™ +c. 


y,, + acoth” y (y,,)? + bcoth™ (Ay) +c = 0. 

This is a special case of equation 2.9.3.25 with f(y) =acoth” y and g(y) = bcoth”™ (Ay) +c. 
Yrn = ay(y’,y + beoth™ y (yi,)*. 

This is a special case of equation 2.9.4.13 with f(y) = ay” and g(y) = bcoth” y. 

Yinn = acoth” y (yZ)’ + by™(y!,)*. 

This is a special case of equation 2.9.4.13 with f(y) =acoth” y and g(y) = by”™. 


zy” = ny, +ax**! coth™ (Ay). 


This is a special case of equation 2.9.2.20 with f(y) = acoth™ (Ay). 


2yy”, = (y!,)? + bcoth™ (Ax) y? — a. 
This is a special case of equation 2.9.3.5 with f(a) =—b coth” (Az). 


YY» = ny.) -ay*”? + beoth™ (Ax) y”. 
This is a special case of equation 2.9.3.8 with f(a) =—b coth”™ (Az). 


n+l 
. 


YY, = Uy, +ax’y? + bcoth*(Ax) y 
This is a special case of equation 2.9.3.9 with f(x) =—ax™ and g(a) =—b coth* (Az). 


yy, = (yy + ax” yy’, + bcoth™ (Ax) y?. 
This is a special case of equation 2.9.3.7 with f(x) =—ax” and g(x) = —bcoth™ (Az). 


yy, = (yy + acoth” (Ax) yy’, + bay”. 


m 


This is a special case of equation 2.9.3.7 with f(x) =—acoth”(Az) and g(x) = —ba 
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67. 


68. 


ay” +ay’, = acoth”(Ay) +b. 
This is a special case of equation 2.9.2.23 with f(y) =acoth”(Ay) + b. 


(ax* + b)y”, + ary’, + coth”(Ay) +c = 0. 
This is a special case of equation 2.9.2.24 with f(y) = coth”(Ay) +c. 


2.8.4-5. Equations containing combinations of hyperbolic functions. 


69. 


70. 


71. 


72. 


73. 


74. 


75. 


76. 


yl, = ’y + asinh” (Ax) cosh" 3(Ax) y™. 


The transformation € = tanh(Ax), w = — 
cosh(A2) 


Wee = a\7é"w"™, which is discussed in Section 2.3. 


yl, = y + acosh”(Ax) sinh" 3(Ax) y™. 


The transformation € = coth(Ax), w = oe 
sinh(\2) 
Wee = a\7é"w"™, which is discussed in Section 2.3. 


yl, = aly’, sinh x — y cosh x)” + y. 
The substitution w = y/, sinh x — ycosh leads to a first-order separable equation: wi, 
asinha w*. 


yl, = aly’, cosh x — y sinh x)” + y. 


The substitution w = y!, coshz — ysinhz leads to a first-order separable equation: wi, 
acoshz w*, 


sinh xy’), + + cosh x y’, = asinh(Ay) + 6. 
This is a special case of equation 2.9.2.34 with g(x) = sinh x and f(y) =a sinh(Ay) + b. 


cosh xy’), + 4 sinha y’, = acosh(Ay) + b. 
This is a special case of equation 2.9.2.34 with g(x) = cosh x and f(y) = acosh(Ay) + b. 


yy, + (yy + asinh(Bx)yy’, + bcosh(Ax) + c = 0. 
This is a special case of equation 2.9.3.6 with f(x) = asinh(Gz) and g(x) = bcosh(Az) +c. 


yy, -(y,) + asinh(Bx)yy’, + bcosh(Ax)y” = 0. 
This is a special case of equation 2.9.3.7 with f(z) =a sinh(@z) and g(x) = bcosh(Az). 


2.8.5. Equations Containing Logarithmic Functions 


2.8.5-1. Equations of the form f(x, y)y", + 9(@, yy}, + h(a, y) = 0. 


y., = by(ax +mIny). 
This is a special case of equation 2.9.1.27 with f(z) = bIn z. 


yl, = bx*(ay+ninz). 
This is a special case of equation 2.9.1.28 with f(z) = bIn z. 


yl, = ax (ny -Inz). 
This is a special case of equation 2.9.1.8 with f(€) =aln€. 
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leads to the Emden—Fowler equation 


leads to the Emden—Fowler equation 


4.0 y” =ar3?Q2mny-Inz). 

This is a special case of equation 2.9.1.9 with f(€) = 2a In€. 
5. yf =kin"(ay+ bx) +s. 

This is a special case of equation 2.9.1.4 with f(w) =kIn” w+s andc=0. 
6 yf =y?[2my-In(az’ +0). 

This is a special case of equation 2.9.1.21 with f(w) =21nw and b=0. 


7 ay! =ar(ytalna+tb)” +a. 


This is a special case of equation 2.9.1.36 with f(€) = €”. 


8 a’y! = n(nt+Dytar”*(ny+nInz). 


This is a special case of equation 2.9.1.12 with f(€) =aln€. 


1-m 
9 ay! + ty +Agx 2 (alna+b)"y™ =0. 
The transformation € = alnz+6, w = ya > leads to the Emden—Fowler equation: 
Wee + Aaé"w™ = 0 (see Section 2.3). 
10. vy” = ny’, +ax7™*! In™ (Ay). 


This is a special case of equation 2.9.2.20 with f(y) = aIn™ (Ay). 


n-1 


1. vy! =-(n+Dy, tar” (ny + ning). 


This is a special case of equation 2.9.2.30 with f(€) =aln€. 


12. zy! =(aytningz)y’. 
This is a special case of equation 2.9.2.39 with f(€) = In €. 


13. xy!’ +aQay+Ing + by’ +y =0. 
Integrating yields a Riccati equation: y’, + ay? +(Inz +b)y =C. 


14. xy”, =aln*(by)y’. 
This is a special case of equation 2.9.2.21 with f(y) =a In* (by). 


15. ay” +ay!, =aln”(Ay) +b. 
This is a special case of equation 2.9.2.23 with f(y) =aIn"(Ay) +b. 


16. (ax*+ by”, + axy!, +cln(Ay) = 0. 
This is a special case of equation 2.9.2.24 with f(y) = cIn” (Ay). 


2.8.5-2. Other equations. 


17, yf! tay™(y, +bIn™ y+c=0. 
This is a special case of equation 2.9.3.25 with f(y) = ay” and g(y) = bIn™ y+. 


18. y!, =ay™(yl)? +biln™ (Az) yl. 
This is a special case of equation 2.9.3.38 with f(y) = ay” and g(x) = bIn™ (Az). 
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19, 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


yt, tain” y (yy + by™ +c=0. 
This is a special case of equation 2.9.3.25 with f(y) =aln” y and g(y) = by™ +c. 


yt, =aln” y (yl) + ba™y!. 
This is a special case of equation 2.9.3.38 with f(y) =aIn” y and g(x) = ba™. 


y, =aln”y (y,,)? + bIn™ (Ax) y’,. 
This is a special case of equation 2.9.3.38 with f(y) =aln” y and g(x) = bIn™ (Az). 


Yon = ary '(y))* -2aa Iny (y’,)°. 
Solution in parametric form: 


e=AM(F+27rP +4InCF)]'”, y= CiF, 
-1 
where F' = exp(#r’) [/ exp(4r’) dt + C| SiS (+4aC?) se 


yl, =2amaey?-axty*(y)yt. 


Solution in parametric form: 


c=CiF, y=A(F +27 44In(CF)]"”, 
- —2 —2 PED A da hh 20 
where F' = exp(+7 [/ exp(+r )dr +0 v= (t5aC?) 


Vere = ay(y,,) + bIn™ y (y;,)*. 
This is a special case of equation 2.9.4.13 with f(y) = ay” and g(y) = bIn™ y. 
Yee = ain” y (y’,)” + by™ (y’)*. 
This is a special case of equation 2.9.4.13 with f(y) =aln” y and g(y) = by™. 


n+l 


yy, = ny, Pr +ax™y? + bIn*(Ax) y 
This is a special case of equation 2.9.3.9 with f(a) =-ax™ and g(x) =—b In*(Az). 


YY» = (y,,)? +aln"(Ax) yy! + ba™ y”. 
This is a special case of equation 2.9.3.7 with f(x) =—aIn”(Az) and g(a) = —ba™. 


yy, = (yy tax” yy, + bIn™ (Ax) y?. 
This is a special case of equation 2.9.3.7 with f(x) =—ax” and g(x) = —bIn™ (Az). 


Yen = (ax +niny)(y;,). 
This is a special case of equation 2.9.3.40 with f(€) = In €. 


2.8.6. Equations Containing Trigonometric Functions 


2.8.6-1. Equations with sine. 


1. 


a 


Youn = -ry + a(sin Ax)" y-™ 
This is a special case of equation 2.9.1.40 with f(€) = a&-""3. 


-3 
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2. Vow = -\y + Asin” (Ax + a) sin™(Ax + b) yy, 
sin(Ar + a) y 


The transformation € = a0a eb) w= enon ED leads to the Emden—Fowler equation: 


Wee = ALA sin(b — a)]7E"w"™ (see Section 2.3). 


3.0 oy’! = bsin(Ax)y + ay”. 
This is a special case of equation 2.9.1.2 with f(#) = —6 sin(Az). 


4. y! =asin"(ay + bx) + 3. 


This is a special case of equation 2.9.1.4 with f(w) =a sin” w+ 6 and c=0. 


5. y., = a(y + bsinz)” + bsinx +c. 
The substitution w = y + bsing leads to an autonomous equation of the form 2.9.1.1: 
wl =aw" +e. 

6 of! +3yy, ty? +asin(Ax)y = 0. 
This is a special case of equation 2.9.2.1 with f(x) =a sin(A2). 


7 oy! +ay"(y) + bsin™ y+c=0. 
This is a special case of equation 2.9.3.25 with f(y) = ay” and g(y) = bsin™ y +c. 


8 oy’! = ayy.) + bsin™ (Az) y’,. 

This is a special case of equation 2.9.3.38 with f(y) = ay” and g(x) = bsin™ (Az). 
9, yl! =ay"(y,,) + bsin™ y (y/,)*. 

This is a special case of equation 2.9.4.13 with f(y) = ay” and g(y) = bsin™ y. 


10. y”, +asin” y (y)* + by™ +c= 0. 
This is a special case of equation 2.9.3.25 with f(y) =asin” y and g(y) = by™ +c. 


11, oy” +asin” y (y/)* + bsin™ (Ay) +c = 0. 
This is a special case of equation 2.9.3.25 with f(y) =asin” y and g(y) = bsin™ (Ay) +c. 


12, y”, =asin” y(y,)? + bay’. 

This is a special case of equation 2.9.3.38 with f(y) =asin” y and g(x) = ba’. 
13. y”, =asin” y(y’)* + bsin™(Ax) y’,. 

This is a special case of equation 2.9.3.38 with f(y) =asin” y and g(x) = bsin™ (Az). 
14. y”, =asin” y(y/)* + by™(y))*. 

This is a special case of equation 2.9.4.13 with f(y) =asin” y and g(y) = by”™. 


15. vy” =ny’, +ax*""! sin™ (Ay). 
This is a special case of equation 2.9.2.20 with f(y) =a sin™ (Ay). 


16. 2yy’’, = (y),)* + bsin(Ax) y? - a. 
This is a special case of equation 2.9.3.5 with f(a) = —b sin(Az). 


17. yy, = ny.) -ay*”? + bsin(Ax) y”. 


This is a special case of equation 2.9.3.8 with f(«) = —6 sin(Az). 
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18. 


19, 


20. 


21. 


22. 


23. 


24. 


YY» = ny.) +axn™y’ + bsin®(Ax) yl. 


This is a special case of equation 2.9.3.9 with f(x) =—-ax™ and g(x) =—b sin*(Az). 


n+l 


yy, = ny.) +asin(Ax) y? + bsin(ux) y 
This is a special case of equation 2.9.3.9 with f(a) =—a sin(Ax) and g(x) = —bsin(uz). 


yy, = (yy + ax” yy’, + bsin”™ (Ax) y. 

This is a special case of equation 2.9.3.7 with f(a) =—ax” and g(x) =—bsin™ (Az). 
YY» = (yi)? +asin” (Ax) yy’, + ba™ y”. 

This is a special case of equation 2.9.3.7 with f(a) =—a sin"(Az) and g(z) =—ba™. 
ay”! +ay’, = asin”(Ay) + b. 

This is a special case of equation 2.9.2.23 with f(y) =asin”(Ay) + b. 


(ax* + b)y”, + ary’, + sin”(Ay) +c = 0. 
This is a special case of equation 2.9.2.24 with f(y) = sin"(Ay) +c. 


mH 
. 


sin? xy”, = n(n +1—nsin? xy + a(sina)""™"*?y 
This is a special case of equation 2.9.1.44 with f(€) =a&™. 


2.8.6-2. Equations with cosine. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


a 


Unu = -dy + a(cos Ax)" y 
This is a special case of equation 2.9.1.41 with f(€) = a&-""3. 


-3 


yl, =—r’y + Acos™(Ax + a)cos™ (Ax + by yr". 


Ax + 
The transformation € = pene w= Perea leads to the Emden—Fowler equation: 


Wee = A[A sin(b — a)}7E"w "3 (see Section 2.3). 


yl, , = beos(Ax) y + ay”. 
This is a special case of equation 2.9.1.2 with f(x) =—bcos(Az). 


Y, = acos”(ay + bx) + J. 


This is a special case of equation 2.9.1.4 with f(w) = acos” w+ 6 and c=0. 


y., = a(y + beosx)” + beosx +c. 
The substitution w = y+ bcosz leads to an autonomous equation of the form 2.9.1.1: 
wil =aw" +e 


rr = 
yl, + 3yy,, ty? +acos(Ax) y = 0. 


This is a special case of equation 2.9.2.1 with f(«) = acos(A2). 


Verw + ay”(y’,)” +beos” y+c=0. 
This is a special case of equation 2.9.3.25 with f(y) = ay” and g(y) = bcos™ y +c. 


yt, = ay (yl) + bcos (Ax) y’,. 
This is a special case of equation 2.9.3.38 with f(y) = ay” and g(a) = bcos™ (Az). 
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33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


Yrw = ay" (y’,) + Beos™ y (y;,)*. 
This is a special case of equation 2.9.4.13 with f(y) = ay” and g(y) = bcos™ y. 
yl, tacos” y (y’,)? + by™ +c = 0. 


This is a special case of equation 2.9.3.25 with f(y) =acos” y and g(y) = by™ +c. 


yl, tacos” y (y,,)? + bcos™ (Ay) +c = 0. 


This is a special case of equation 2.9.3.25 with f(y) =acos” y and g(y) = bcos™(Ay) + ¢. 


yl, =acos” y (y,)? + bay’. 


This is a special case of equation 2.9.3.38 with f(y) =acos” y and g(x) = ba™. 


Yn, = acCos” y (y,,)? + bceos™(Ax) y,. 


This is a special case of equation 2.9.3.38 with f(y) =acos” y and g(x) = bcos™ (Az). 


Yorn = acos” y (y’,)y” + by™(y))*. 
This is a special case of equation 2.9.4.13 with f(y) =acos” y and g(y) = by”. 


cy, = ny’, +ax7"*" cos™ (Ay). 


This is a special case of equation 2.9.2.20 with f(y) = acos™(Ay). 


2yy”, = (y.,)? + bcos(Az) y? - a. 
This is a special case of equation 2.9.3.5 with f(a) =—bcos(Az). 


4n-2 


yy, = ny.) —ay*” + beos(Ax) y’. 


This is a special case of equation 2.9.3.8 with f(x) =—bcos(Az). 

YY» = ny.) +ax™y’ + beos*(Ax) y™*!. 

This is a special case of equation 2.9.3.9 with f(x) =—ax™ and g(x) =—bcos*(Az). 
yy), = ny)? + acos(Ax) y? + beos(ux) y”*. 

This is a special case of equation 2.9.3.9 with f(a) =—acos(Ax) and g(x) =—bcos(px). 


yy, = (yy + ax” yy’, + beos™ (Ax) y*. 
This is a special case of equation 2.9.3.7 with f(x) =—ax” and g(x) =—bcos™ (Az). 


YY» = (y,,)? +acos"(Ax) yy’, + ba™ y”. 
This is a special case of equation 2.9.3.7 with f(a) =—acos”(Ax) and g(x) =—ba"™. 


ay” +ay’, = acos”(Ay) + b. 


This is a special case of equation 2.9.2.23 with f(y) =acos™(Ay) + b. 


(ax* + b)y”, + ary’, + cos”(Ay) +c = 0. 


This is a special case of equation 2.9.2.24 with f(y) = cos"(Ay) +c. 


cos’ xy”, = n(n +1—ncos* x)y + a(cos 2)"™"y™, 


This is a special case of equation 2.9.1.45 with f(€) =a&™. 


© 2003 by Chapman & Hall/CRC 


2.8.6-3. Equations with tangent. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


yl, = btan(Ax)y +ay™. 
This is a special case of equation 2.9.1.2 with f(x) = —b tan(Az). 


y., = atan”(ay + bx) + . 


This is a special case of equation 2.9.1.4 with f(w) =a tan” w+ 8 andc=0. 


Vow + ay" (yy + btan™ ytc= 0. 


This is a special case of equation 2.9.3.25 with f(y) = ay” and g(y) = btan™ y +c. 


yl, = ayy)? + btan™ (Ax) y!,. 
This is a special case of equation 2.9.3.38 with f(y) = ay” and g(x) = btan™ (Az). 


Yen = ay" (yi) + btan™ y (yi,)*. 
This is a special case of equation 2.9.4.13 with f(y) = ay” and g(y) = btan™ y. 


yl, tatan” y(y))? + by” +c=0. 


This is a special case of equation 2.9.3.25 with f(y) = atan” y and g(y) = by™ +c. 


yl, tatan” y (y,)? + btan™(Ay) +c = 0. 
This is a special case of equation 2.9.3.25 with f(y) =a tan” y and g(y) = btan™ (Ay) +c. 


yi, = atan” y (y,,)? + bay’. 

This is a special case of equation 2.9.3.38 with f(y) =atan” y and g(x) = ba™. 

yl, =atan” y(y,) + btan™(Ax) y’. 

This is a special case of equation 2.9.3.38 with f(y) =a tan” y and g(x) = btan™ (Az). 
a” n 42 m, 1 \k 

Yoo = atan” y(y,) + by (y,)”- 

This is a special case of equation 2.9.4.13 with f(y) =a tan” y and g(y) = by™. 


zy = ny, +ax*"*! tan™ (Ay). 


This is a special case of equation 2.9.2.20 with f(y) = a tan™ (Ay). 


yy, = ny YP +ax™y? + btan*(Ax) yy"). 


This is a special case of equation 2.9.3.9 with f(a) =-ax™ and g(x) =—b tan® (Ax). 


yy, = (yy + ax” yy’, + btan™ (Az) y’. 
This is a special case of equation 2.9.3.7 with f(a) =—ax” and g(x) =—btan™ (Ax). 


2,/0 


xy’, + ry, = atan”(Ay) + b. 
This is a special case of equation 2.9.2.23 with f(y) = atan™(Ay) + b. 


(ax* + byy”, + axy’, + tan™(Ay) +c = 0. 


This is a special case of equation 2.9.2.24 with f(y) = tan”(Ay) + ¢. 
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2.8.6-4. Equations with cotangent. 


64. y!!, = beot(Ax) y tay”. 
is is a special case of equation 2.9.1.2 with f(x) =—b cot(Az). 

This is a special f equation 2.9.1.2 with f(a) =—b cot(Ax) 
65. yy’, = acot”(ay + bx) + 3. 

This is a special case of equation 2.9.1.4 with f(w) =acot” w+ 8 andc=0. 
66. yf! +ay"(y)) + beot™ y+c=0. 

is is a special case of equation 2.9.3.25 wit =ay” an = bcot™ y+c. 

This i pecial f equation 2.9.3.25 with f(y) = ay” and g(y) = bcot™ y 
67. yf! = ay™(y.,)* + beot™ (Az) y’,. 

This is a special case of equation 2.9.3.38 with f(y) = ay” and g(x) = bcot’™ (Az). 
68. yo! = ay™(y’,)* + beot™ y (y,)*. 

This is a special case of equation 2.9.4.13 with f(y) = ay” and g(y) = bcot™ y. 
69. y! +acot” y(y,) + by™ +c=0. 

This is a special case of equation 2.9.3.25 with f(y) =acot” y and g(y) = by™ +c. 
70. yy’! +acot” y (yy + beot™ (Ay) +c = 0. 

This is a special case of equation 2.9.3.25 with f(y) =acot” y and g(y) = bcot™ (Ay) + ¢. 
71. yf! = acot” y (yy + ba™y’. 

This is a special case of equation 2.9.3.38 with f(y) =acot” y and g(a) = ba™. 
72. yf’! = acot” y (y/,)* + beot™ (Az) y/.. 

This is a special case of equation 2.9.3.38 with f(y) =acot” y and g(x) = bcot’™(Az). 
73. yf’! = acot” y (y.,)* + by™(y,)*. 

This is a special case of equation 2.9.4.13 with f(y) =acot” y and g(y) = by™. 
74. vy”, =nyl +ax*! cot™ (Ay). 

This is a special case of equation 2.9.2.20 with f(y) = acot™ (Ay). 
75. yy! =ny, Yr +axr™y* + beot*(Ax) y™*. 

This is a special case of equation 2.9.3.9 with f(a) =-ax™ and g(x) =—b cot® (Az). 
76. yy! =(y,) +ax"yy! + beot™ (Ax) y*. 

This is a special case of equation 2.9.3.7 with f(a) =—ax” and g(x) =—bcot’™ (Az). 

2,4 


77. xy!’ + xy), = acot™(Ay) + b. 
This is a special case of equation 2.9.2.23 with f(y) = acot™(Ay) + b. 


78. (ax? +b)y”, + ary’, + cot”(Ay) +c =0. 
This is a special case of equation 2.9.2.24 with f(y) = cot”(Ay) + ¢. 
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2.8.6-5. Equations containing combinations of trigonometric functions. 


79. 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


91. 


92. 


93. 


Vicar = -ry +a cos” (Ax) sin™ (Ax) ee, 


The transformation € = cot(Axr), w = ern leads to the Emden—Fowler equation: 
sin(Ax 
Wee =ar7é"w"3 (see Section 2.3). 
yl, =—r’y + asin” (Ax)[sin(Ax) + b cos(Ax) |" yr. 
The transformation € = 1+ bcot(Az), w = OE leads to the Emden—Fowler equation: 
sin(Ar 


Wee = a(bAy2E™ wy r™3 (see Section 2.3). 


yl, = aly’, sinz — ycosx)* — y. 


The substitution w = y/, sina — ycosa leads to a first-order separable equation: 


asinzw*. 


yl, = aly’, cosx + ysinaz)* — y. 


The substitution w = y!,cosx + ysina leads to a first-order separable equation: 


acosxw*. 


y= cosa) y + a(cot x)” y”. 


Le 


This is a special case of equation 2.9.1.43 with f(€) =a”. 


yl, = Usinz)y + a(tanaz)”y”. 
This is a special case of equation 2.9.1.42 with f(€) =a”. 


nm-2, m-1 


yl, = (n+ Ij(tanax)y!, + ny + a(cos x) y 
This is a special case of equation 2.9.2.44 with f(£) = aé™1, 


y,, + 2ay + bsinx)y’, + b(cos x)y = 0. 

Integrating yields a Riccati equation: y’, + ay? + W(sinx)y =C. 

ay” +ax* tana y’, + naz tanx —n-Dy = be"™*(cosx)**y™. 
This is a special case of equation 2.9.2.47 with f(€) = bE”. 


sinx y!) + 5 cos xy’, =ay" +b. 

This is a special case of equation 2.9.2.34 with g(x) = sin x and f(y) = ay” +b. 

sinx y!) + 4 cos x y’, = asin” (Ay) + 6. 

This is a special case of equation 2.9.2.34 with g(x) = sinx and f(y) =asin"(Ay) + b. 


sina y’), + 4 cosa y’, = acos”(Ay) + b. 
This is a special case of equation 2.9.2.34 with g(x) = sin x and f(y) = acos™(Ay) + b. 


sina y’’, + + cosa y’, = atan”(Ay) + b. 
This is a special case of equation 2.9.2.34 with g(x) = sin x and f(y) = atan”(Ay) + b. 


yy, + (yy + asin(Bx)yy!, + beos(Ax) +c = 0. 
This is a special case of equation 2.9.3.6 with f(z) = a sin(Gx) and g(a) = bcos(Ax) +c. 


yy, —(y,,)* + asin(Bx)yy’, + bcos(Ax)y? = 0. 
This is a special case of equation 2.9.3.7 with f(z) = a sin(Gz) and g(x) = bcos(Ax). 
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2.8.7. Equations Containing the Combinations of Exponential, 
Hyperbolic, Logarithmic, and Trigonometric Functions 
lL oy! =Myt+ae*(Iny + Az). 
This is a special case of equation 2.9.1.29 with f(€) =aln€. 
2, yf =-ay!, + be (Iny + az). 
This is a special case of equation 2.9.2.36 with f(€) = bin €. 
3. oy’! = ay’, + be?” In” (Ay). 
This is a special case of equation 2.9.2.17 with f(y) = bIn”(Ay). 
4. yy! = ay! + be? sin” (Ay). 
This is a special case of equation 2.9.2.17 with f(y) = 6b sin”(Ay). 
5. yy”! = ay’, + be**” tan” (Ay). 
This is a special case of equation 2.9.2.17 with f(y) = b tan”(Ay). 
6 yf +atanzy! + db(atanz — by = ce°™(cosx)**y™>. 
This is a special case of equation 2.9.2.46 with f(€) = c€é™?. 
7 yf! = aly’, — be*¥ + csinh(Az). 
This is a special case of equation 2.9.3.18 with f(a) =—csinh(Az). 
8.’ = aly’)? + beosh”(Ax)e™ +cx. 
This is a special case of equation 2.9.3.17 with f(x) = —bcosh”(Ax) and g(x) =—-cx™. 
9 yf! = aly)? +bn(Axje™ + cx™. 
This is a special case of equation 2.9.3.17 with f(x) = —bIn”(Ax) and g(x) =-cx™. 
10. y= aly.) + bin” (Ar)e% + ce”. 
This is a special case of equation 2.9.3.17 with f(x) = —bIn”(Ax) and g(x) = —ce’*. 
1. oy”, =aly,)* - bet + csin(Az). 
This is a special case of equation 2.9.3.18 with f(a) =—csin(Az). 
12, y”, =aly,)* + bsin™(Axje® + cx™. 


This is a special case of equation 2.9.3.17 with f(a) =—bsin”(Az) and g(a) =-cx™. 


13. yy, = aly;,) + bsin™(Ax)e™ + ce”. 


This is a special case of equation 2.9.3.17 with f(a) =—bsin”(Ax) and g(a) = —ce””. 


14. y!! +acr%(y)?+bIn y+c=0. 
This is a special case of equation 2.9.3.25 with f(y) = ae*Y and g(y) = bln" y +c. 


15. y!! +ae%%(y!) +bsin® y+c= 0. 
This is a special case of equation 2.9.3.25 with f(y) = ae*Y and g(y) = bsin” y +c. 


16. yy’, =ae4(y))* + bin (uax)y). 
This is a special case of equation 2.9.3.38 with f(y) = ae*Y and g(x) = bIn” (ux). 
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17. y”, =ae®4(y!)* + bsin™(ux)y’. 
This is a special case of equation 2.9.3.38 with f(y) = ae*Y and g(x) = b sin” (ps2). 


18. y”, =ae4(y!)* + btan”(ux)y’,. 
This is a special case of equation 2.9.3.38 with f(y) = ae*®Y and g(x) = b tan” (ux). 


19 yy” +aln” y (yl)? + ber +c=0. 


This is a special case of equation 2.9.3.25 with f(y) =aln” y and g(y) = be*” +c. 


20. y’/ =aln” y(y,,) + be**y 


/ 
This is a special case of equation 2.9.3.38 with f(y) =aln” y and g(x) = be>*. 
21.0 oy’, =aln” y (y,,)” + bsin™ (Ax)y’,. 
This is a special case of equation 2.9.3.38 with f(y) =aln” y and g(x) = bsin’™ (Az). 


22, y” +asin” y (y/)? + ber*# +c = 0. 

This is a special case of equation 2.9.3.25 with f(y) =a sin” y and g(y) = be*” +e. 
23. y!!, = asin” y(y,,) + bey. 
This is a special case of equation 2.9.3.38 with f(y) =a sin” y and g(a) = be”. 


24. y!!, = asin” y(y,)? + bIn™(Az)y’,. 
This is a special case of equation 2.9.3.38 with f(y) =asin” y and g(x) = bIn’™ (Az). 


25. yy!’ =atan” y(y))* + ber? y’. 
This is a special case of equation 2.9.3.38 with f(y) =a tan” y and g(x) = be*”. 


26. yf! + be® cosh(Ay)(y’,)? + ay’, = 0. 
This is a special case of equation 2.9.3.35 with f(y) = b cosh(\y). 


27. Yj, + be sin(Ay)(y’,)° + ay’, = 0. 
This is a special case of equation 2.9.3.35 with f(y) = b sin(\y). 


28. sy’, =arlnze%y’, +ae¥. 
a a 
si a(n fee) fn) 
olution: y nie 2 & xe xv a nz 
29. yyy, = ae*(y,)° +ae*ylny (y',)’. 
Solution: x =—In [ecw (Cc: + = [ye dy) 
1 


a 


C, Iny). 


30. yy, =(y,)? + ae** yy! + bsin™(vx)y’. 


This is a special case of equation 2.9.3.7 with f(a) = —ae*” and g(x) =—b sin"(v2). 
2xe,,/ 


31. (ae + b)y”, + ae**y’, = cosh”(Ay) + ¢. 
This is a special case of equation 2.9.2.34 with g(x) = ae>* +b and f(y) = cosh” (Ay) +c. 


32. (ae + b)y”, + ae**y’, = tanh” (Ay) +c. 
This is a special case of equation 2.9.2.34 with g(x) = ae?* +b and f(y) = tanh”(Ay) +c. 
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33. (ae + by”, + ae**y’, = In" (Ay) + ¢. 
This is a special case of equation 2.9.2.34 with g(x) = ae>* +b and fy =In"Qy) +c. 
34. (ae + by”, + ae**y’, = sin”(Ay) +c. 


This is a special case of equation 2.9.2.34 with g(x) = ae>* +b and f(y) = sin"(Ay) +c. 


35. (ae + b)y”, + ae**y’, = tan”(Ay) +c. 
This is a special case of equation 2.9.2.34 with g(x) = ae>* +b and f(y) = tan"(Ay) +. 


36. sinzy’/, +t cosa y’, = ae +b. 


This is a special case of equation 2.9.2.34 with g(x) = sin x and f(y) = aer¥ +b. 


37. sinzy’’, + cosa y’, = acosh”(Ay) +b. 
This is a special case of equation 2.9.2.34 with g(x) = sin x and f(y) = acosh”(Ay) + b. 


38. sinvy!’ + 4 cos x y’, = asinh”(Ay) + 6. 
This is a special case of equation 2.9.2.34 with g(x) = sin x and f(y) = asinh”(Ay) + b. 


39. sinvy!’ + + cos x y’, = a tanh” (Ay) + b. 
This is a special case of equation 2.9.2.34 with g(x) = sin x and f(y) = a tanh” (Ay) + b. 


40. sinzy’,+4cosry’,=aln” y +b. 
This is a special case of equation 2.9.2.34 with g(x) = sinx and f(y)=aln” y+. 


2.9. Equations Containing Arbitrary Functions 


p> Notation: f, g, h, yp, and w are arbitrary composite functions of their arguments indicated in 
parentheses just after the function name (the arguments can depend on &, y, y’,). 


2.9.1. Equations of the Form F(z, y)y/,,, + G(x, y) = 0 


2.9.1-1. Arguments of arbitrary functions are algebraic and power functions of x and y. 


1. Yew = F(y)- 
This autonomous equation arises in mechanics, combustion theory, and the theory of mass 
transfer with chemical reactions. The substitution u(y) = y/, leads to a first-order separated 
equation: uw), = f(y). 


Solution: / [a1 +2 i fy) dy fa dy=Chta. 


Particular solutions: y = Ax, where A, are roots of the algebraic (transcendental) 
equation f(A,) =0. 


2. yn + f(x)y = ay”. 
Yermakov’s equation. Let w = w(x) be a nontrivial solution of the second-order linear 


F : dz 
equation w’,, + f(a)w =0. The transformation £ = / Sa BS ® teads to an autonomous 
w w 


equation of the form 2.9.1.1: 2g, = az, 
dx \? 
Solution: Cy’ =aw’ +u’ (Cr +Cy / a) : 
w 
‘O) Reference: V. P. Yermakov (1880). 
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10. 


11. 


12. 


13. 


14. 


Yen + F(@)y = gi (ay - g?(a)y”. 
Generalized Yermakov’s equation. 


Solution: y=w le +2 f g(x) o) 1/2 


a 
w 
linear equation w/t, — f(xz)w =0. 


, where w = w(z2) is the general solution of the 


y., = f (ay + bx +0). 
The substitution w = ay + ba +c leads to an equation of the form 2.9.1.1: wi, =af(w). 


yn. = fy+ax’ + br +e). 
The substitution w=ytazx?+ba+c leads to an equation of the form 2.9.1.1: w!!,, = f(w)+2a. 


Te = f(ytax” + ba? + cx) -an(n- Dar, 
The substitution w=y+ax"+bzx7+czr leads to an equation of the form 2.9.1.1: w!!,, = f(w)+20. 


Yinn = & f (ya). 

Homogeneous equation. The transformation t = —In|z|, z = y/x leads to an autonomous 
equation: zi, — z, = f(z). Reducing its order with the substitution w(z) = w;, we arrive at 
the Abel equation ww! — w = f(w), which is discussed in Subsection 1.3.1. 


Yoo = @> f(ya). 
The transformation = 1/x, w=y/a leads to an equation of the form 2.9.1.1: Wee = f(w). 


Yon = 2° f(ye), 
Having set w = yx~!/?, we obtain “# (ew!) = zww!, + 2f(w)w!,. Integrating the latter 


equation, we arrive at a separable equation. 


Solution: / lo: + que +2 i fw) dw| rae =Cy)+Inza. 


Yen =U" f(a" y). 

Generalized homogeneous equation. 

1°. The transformation t = Ina, z = 2*y leads to an autonomous equation of the form 
2.9.6.2: z,+(2k—-1)z,+k(k-1)z= f(z). 


2°. The transformation z= 2-*y, w = «y!,/y leads to a first-order equation: z(w —k)w!, = 


zlf(z)+w-w". 


Yon = ye f(ary™). 
Generalized homogeneous equation. The transformation z = «"y™, w = ry',/y leads toa 


first-order equation: z(mw+n)w! = f(z)+w- w. 


Yn, = n+ Day + 2°" f(yx”). 

This is a special case of equation 2.9.1.46 with yw =a”. 

f= a? f(aya/? + ba!/?), 

The substitution w=ayt+ba leads to an equation of the form 2.9.1.9: w!,=ax7/? f(wa7'/7). 


x(a + a)y” = f(y/z). 
zt+a 


The transformation €= In 


,2= au leads to an autonomous equation of the form 2.9.6.2: 
x 


Zee - Xe = a” f(z). Reducing its order with the substitution w(z) = Be, we arrive at an Abel 
equation of the second kind: ww! —w = a” f(z). See Subsection 1.3.1 for information about 
an Abel equation of the second kind. 
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1 b 
15. Ue, = (A+ Gr=+e). 
wb x x 


x 
The transformation € = 1 /2, w=y /« leads to an equation of the form 2.9.1.5: Wee = 
flwtal +b&+0). 

1 ax+by+ec 

i, ie — gee 

ax+by+c° \ax+Byt+y7 


This is a special case of equation 2.9.1.18. 
1°. For a8 — ba =0, we have an equation of the form 2.9.1.4. 


2°. For a@ —ba #0, the transformation 
Z=X-X, W=Y-Yo 
where 29 and yo are the constants determined by the linear algebraic system of equations 
axto+byo+c=0, axtot+Byoty=9, 


leads to a homogeneous equation of the form 2.9.1.7: 


in Le fw a+ b& 
=F (G): whete FO = aes (S28). 
7 ae 1 (ee) 
. Yow ~ (an + by +o ax + By +77" 


This is a special case of equation 2.9.1.20. 
1°. For a8 — ba =0, we have an equation of the form 2.9.1.4. 


2°. For a@ —ba #0, the transformation 
Z=2-Xy, W=Y-Yo, 
where Zo and yo are the constants determined by the linear algebraic system of equations 
ato+byo+c=0, axtot+Byoty=9, 
leads to a solvable equation of the form 2.9.1.8: 


a), 


w"! == F(“), where F(£)= aol (Ae 


18. pick 1 p (Sete te) 
ayx+byyt+ecy a3x + b3y + © 
a, b&b Cy 
Let the following condition be satisfied: |a. 62 c)| = 0. 
a3 63. €3 


For a2b3— 3b) #0, the transformation 
Z=X-X, W=Y-Yo, 
where Zo and yo are the constants determined by the linear algebraic system of equations 
arXo + b2Yo +O = 0, A3Xo9 + b3Yo +03 = 0, 
leads to a homogeneous equation of the form 2.9.1.7: 


w= -F(=), where F(€)= 


1 (ree). 


ay + bE 3 + b3€ 


© 2003 by Chapman & Hall/CRC 


1 (eet). 


art Byt+7 
For af — ba #0, the transformation 


19.  — 

Yaw x?(ax + by +c) 
Z=2-X%, W=Y-Yo, 

where 29 and yo are the constants determined by the linear algebraic system of equations 
ato+byo+c=0, axtot+Byoty=0, 


leads to an equation of the form 2.9.1.14: 


2(z+a9)wl, = F(=), where F(€)= : t( als ). 


atb&* \at+ BE 
20. y= 1 p(B te), 
2 (aux + byy + €4)3" \a3x + b3y + C3 
a, b&b Cy 
Let the following condition be satisfied: |a2. 62 c)|=0. 
a3 63. 3 


For a2b3—a3b2 #0, the transformation 
Z=X-X, W=Y-Yo, 
where Zo and yo are the constants determined by the linear algebraic system of equations 
A2Xo + byyo + Co =0, A3X9 + b3yo +.¢3 =0, 


leads to a solvable equation of the form 2.9.1.8: 


om 1 aa cia es oe a2 + br 
wt, ==F(=), where F(€)= mae Gee), 


a ve-¥s(— 4), 
Vax? +ba+e 


Setting u(a)=y(ax?+ba+c)!/? and integrating the equation, we obtain a first-order separable 
equation: 


(aa? + ba +c)(ul,)? = (40° —ac)u* +2 fu fw) dut+C\. 


+ Bx + 
22. (ax? + bx + c))/y", = f (ee). 


Vax? +ba+e 


1 
Setting w=ay+ Px +7 and denoting f(z) = — 7 (2), we obtain an equation of the form 


2.9.1.21: wit, = w*y(—~—). 
Var-+br+e 


23. (axz” + by’, =an(n-Da"y +y7f (—_+_). 
ax” +b 


d 
The transformation € = ‘i ae 
ax” 


+b?” w= = leads to an autonomous equation of the 
form 2.9.1.1: Wee =w?f(w). 
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24. 


25. 


Yi, = (ax + by? y!/? f(y)? + cx) + 2c. 
The solution is determined by the first-order equation 
(ax + by, + 2c/y) = (cx + Vy, C), (1) 
where the function vy = (u, C’) is the general solution of the Abel equation of the second kind: 
pyr, — aut bey = 2f(u). 


Abel equations of this type are discussed in Subsection 1.3.3. By the change of variable 
y/? =u-—cx, equation (1) is reduced to the form 2(az + b)(u —cx)u!, = y(u, C). 


ive ic (ca +d)" ( (ax + b)"y ) 


we (aa +b)?" \ (ca + dyn 
+b +b)” 
The transformation € = In ( a ), = ae leads to an autonomous equation of 
ce+d (cx + d)r*! 


the form 2.9.6.2: 


Wee —(2n + lwe + n(n + lw = A’ f(w), where A =ad-—be. 


2.9.1-2. Arguments of the arbitrary functions are other functions. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


You = eC f(e**y). 
ee - oer ene 
1°. The substitution z = e“*y leads to an autonomous equation: 2/),,—2az!,+a°z = f(z). 


2°. The transformation z = e**y, w = y',/y leads to a first-order equation: z(w+a)w! = 
z'f(z)—w’. 

Yew = yf(e**y™). 

Equation invariant under “translation—dilatation” transformation. The transformation 
z=e%y™, w=y'./y leads toa first-order equation: z(mw+a)w! = f(z)—w”. 

yl, = 2 fee), 

Equation invariant under “dilatation-translation” transformation. The transformation 
z=ax"e, w= czy’, leads to a first-order equation: z(aw+n)w! = f(z)+w. 

Yew = vy +e” f(ye**). 

This is a special case of equation 2.9.1.46 with 7) =e”. 
yn, = fly +ae* +b) - ade”. 

The substitution w = y +ae*” +b leads to an equation of the form 2.9.1.1: w”, = f(w). 
ay” =a f(a"e¥) +n. 

The substitution y = w—n In leads to an equation of the form 2.9.1.1: wil, = f(e”). 


y., = f(y +asinh x + b)-—asinhz. 


The substitution w = y+asinhz +b leads to an equation of the form 2.9.1.1: wi, = f(w). 


y., = f(y + acosh« + b)-—acosh x. 


The substitution w = y+ acosha + 6 leads to an equation of the form 2.9.1.1: w%,, = f(w). 
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y 
34. y” =» inh Ax)? f ( ——— ). 
Yow yep sinh XP) dence 


This is a special case of equation 2.9.1.46 with ¢# = sinh Az. 


35. y” =» hrw)3¢(—2~-). 
Vow y + (cosh Ax) H(— x) 


This is a special case of equation 2.9.1.46 with = = cosh Az. 


36. ay” =a°f(y+alma+b)+a. 


The substitution w = y+aInz +b leads to an equation of the form 2.9.1.1: w”,, = f(w). 


y 1 y 
37. oy”! =- + (—). 
Yaw z7Inx = (Inzx)3 f Inz 


This is a special case of equation 2.9.1.46 with # = Ina. 


38. yf, = f(y+asing + b)+asinx. 


The substitution w = y+asinz +b leads to an equation of the form 2.9.1.1: w”,, = f(w). 


39. y= f(yt+acosxz +b)+acosz. 


The substitution w = y+acosa +b leads to an equation of the form 2.9.1.1: wil, = f(w). 


y 
40. yl, =-r’y + (sin Ar)” 


This is a special case of equation 2.9.1.46 with # = sin Az. 


41. yf, =—\y + (cos Ax) fF ( —— ). 


This is a special case of equation 2.9.1.46 with ¢ = cos Az. 


42. yl” = 2Asinz)’y + (tanx)’ f(y tanz). 


This is a special case of equation 2.9.1.46 with = cot z. 


43. y/! = 2(cosx)~y + (cot x) f(y cot x). 


This is a special case of equation 2.9.1.46 with # = tan z. 
3n+2 » f(y sin” x). 
The substitution x = € + + leads to an equation of the form 2.9.1.45: 


e2 mo 2 ° 
44. sin’'xy,,, =n(n+1-nsin* x)y + sin 


cos’ € Yee=n(n+1—n cos? £)y + cos*”*? € f(y cos” €). 


3742 


45. co ay”’, =n(n+1—ncos’ x)y + cos” x f(y cos” x). 


The transformation € = | cos”” a dz, w = ycos” x leads to an autonomous equation of the 
form 2.9.1.1: Wee = f(w). 


46. y= vee y + v4(5)> b= Wie). 


y 
w 
Solution: Jc: +2 i fw) dw| eae =Cy+ 


leads to an equation of the form 2.9.1.1: Wee = f(w). 


dx 
w(x)” 


d. 
The transformation € = / w= 
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47. 


vl, = ot (L+yp) + type, -26LM, = le), v= ve). 
~ ~ 


d. 
The transformation ¢ = i, aa w= ue + leads to an autonomous equation of the form 
p p 
2.9.1.1: wi = f(w). 
Solution: == aa = =2f5 +C, where F(w) = | fw) dw. 


2.9.2. Equations of the Form F(z, y)y”, + G(x, y)y!, + H(x,y) =0 


2.9.2-1. Argument of the arbitrary functions is x. 


1. 


ye +3yy, ty? + f(xy = 0. 


-1 
The substitution y=w ( / w dx) leads to a second-order linear equation: wi/,,+ f(a)w =0. 


Yew + Oyy;, + 4y* + 4f(w)y + f(a) = 0 
The substitution y = w/,/w leads to a third-order equation of the form 3.5.3.11: wwii! + 
3wi,we, +4f (aww, + fi(r)w? =0 


yn. +3fyy.t+ Py + fy +gay=0, f= f(x). 


- 
The substitution y=w ( / fw dx) leads to a second-order linear equation: w/’,,+9(z)w=0. 


yn, + lay + f(a)ly!, + fi (a)y = 0. 
Integrating yields a Riccati equation: y’, + f(x)y+ say? =C. 


You + Ray + fa)ly, + af(a)y’ = g(a). 
On setting u=y/, +ay’, we obtain u/, + f(x)u = g(x). Thus, the original equation is reduced 
to a first-order linear equation and a Riccati equation. 


You + By + f@ly, + y+ f@)y’ + g(a)y + h(x) = 0 
The substitution y = u/, /u leads to a third-order linear equation: uw!’ + f(x)ull, + g(x)ul, + 
A(x)yu = 0. 
a , 3 2 U 2 me 
Yoo tly +3f@)ly, -y + f@)y +1f,(@) +2f'@)ly = 0. 


The transformation 
y=F(x)w(z), z= [Fro dz, where F(a#)=exp - i f(a) as| ; 


leads to an autonomous equation of the form 2.2.3.2: w!!, +ww!,—w? =0. 


nly , 2n-1 


yl, — (n+ Dg(a)y = f(x)y + gi (x)y” -g*(x)y 


ale 
Solution: y=w le +(1-n) i g(ayw" dx ie , where w = w(x) is the general solution 


of the second-order linear equation w/!,, = f(x)w. 
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9 acy” —ny) + f(@)y =ar7rty?, 


—n/2 


The substitution w = yx leads to Yermakov’s equation 2.9.1.2: 


wi, +2 [af(a) — tn(n+2)}w =aw™. 
10. yf +(2fy+g)y., + fy +giy=0, f=f(x), g=g(z). 
Integrating yields a Riccati equation: yl, + fy’ t+ gy=C. 


2 
ll. yi, + (3fy+ 7) ue + Py + fly +Qfg+hy+gl, + = =0. 


Here, f = f(2), 9 = G(2), h=h(2). 


Solution: y= aT where wu = u(z) is the general solution of the linear equation: 
x)U 


/ w' 
"(B+ )ut, + fou=0, 
W 


- 


and w = w(«) is the general solution of another linear equation: w/!,, + h(x)w = 0. 


12, y! + [3 f(a)y + 2g(x) + hia)y ly’, + f7(x)y? + [Fi (x) + 2f(x)g(x)ly* 
+[g,(a) + g°(x) + 2f(x)g(@) - p(a)ly + h(x) + 2g(x)h(w) + h?(x)y™ = 0. 
The solution satisfies the Riccati equation y’, + f(a)y? + [g(x) -— 2(a, C)]y + h(x) = 0, where 
z = 2(a, C) is the general solution of another Riccati equation: z/, + 2? = plz). 


2 
13. y+ (2tu+29-5- 2) yi +ny+ t+ 
y sy 
Here, f = f(x), g =g(), and h= A(z). 
The solution is determined by the Abel equation of the second kind yy’, = (Inw)i, y- 
f(x)y—g(x), where w =w(z2) is the general solution of the linear equation: w!!,,+h(x)w =0. 
Abel equations of the second kind are discussed in Section 1.3. 


Pro, 29 g¥ 
: yy 


14.0 y” -Ayl + f(xy = ae®*y?. 


—rAx/2 


The substitution w = ye leads to Yermakov’s equation 2.9.1.2: 


we, + [f(@) - 40 Jw =aw®. 
15. yy. +9,¥,tfy=ae%y, f=flx), g=9(2). 
The substitution w = ye9/* leads to Yermakov’s equation 2.9.1.2: 


wre tlf—- FG) — t92,]w = aw. 


16. y+ Amtan(Ax)y’, + f(xy = alcos(Ax) "yy. 


This is a special case of equation 2.9.2.15 with g = —m Incos(A2). 


2.9.2-2. Argument of the arbitrary functions is y. 


17. yf, = ayl, + 7°" fly). 
Multiplying both sides by e 


Solution: /[o: +2 / fy dy| fc dy =C,+ “<%*, 


~2a@ we obtain an equation of the form 2.9.2.34. 
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18. 


19, 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


Vou = FYE: 
Solution: / noo =C)+2, where F(y)= / fly) dy. 


Yon = [e°* fly) + aly. 
The substitution w(y) = e°*y 


/ 
zx 


tas dy I es s 
Solution: parce =o $7 6 , where Fw)= [ fo) dy. 


leads to a first-order separable equation: Wy = fly). 


ryy, = ny, +a"! fly). 


Multiplying both sides by 27°"! 


, we obtain an equation of the form 2.9.2.34. 
1°. Solution for n # —1: 


n+l 


[[et2 firma] ay =e +Cp. 


“n+1 


2°. Solution for n = —1: 
-1/2 
[[c+2 ft@ay] dy =+In|a]+C. 


LY ne» = S(yy,- 
The substitution w(y) = xy!, /y leads to a first-order linear equation: yWy =—-w+1+ f(y). 


5 [x* f(y) +k- 1] ae 

Solution: / noe =C)+ zat, where Fy) = /, fy) dy. 

ay”, + xy, = fly). 

The substitution x = +e? leads to an equation of the form 2.9.1.1: yi, = f(y). 
(ax? + by!’ taxy!, + f(y) = 90. 


The substitution € = / leads to an autonomous equation of the form 2.9.1.1: 


Yee + f(y) =0. 


dz 
Vvaxr> +b 
(ae** + by”, + are y’ + f(y) =0. 
This is a special case of equation 2.9.2.34 with g(x) = ae?” + b. 


sina y!) + 4 cosx y’, = f(y). 
This is a special case of equation 2.9.2.34 with g = sin x. 


cos xy’) - + sinx y’, = f(y). 


This is a special case of equation 2.9.2.34 with g = cos x. 


2.9.2-3. Other arguments of the arbitrary functions. 


28. 


Vow = F(y)y!, + g@). 
Integrating yields a first-order equation: y/, = / f(y) dy+ i g(a) dz+C. 
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29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


Vow t (f(x) + gy)lyi, + fi (a)y = 0. 
Integrating yields a first-order equation: y!,+ f(x)y + / gly) dy =C. 


ry, +(n+ Dy’, = a" f(yx™). 
The transformation € = 2”, w = yx” leads to an autonomous equation of the form 2.9.1.1: 
n wee = f(w). 


xy” +(n+m+ Dey), +nmy = gr?” f(yx”). 


1°. For n #m, the transformation € =2”"™, w = yx” leads to an autonomous equation of 
the form 2.9.1.1: (n- my Wee = fiw). 


2°. For n =m, the transformation € = Inz, w = yx” leads to an autonomous equation of 
the form 2.9.1.1: Wee = f(w). 


ay”, = f(y/x\(ey!, - y)- 

This is a special case of equation 2.9.3.42 with g(a) = h(x) = 0. 

ay”, = fy/x\(ey!, - y)- 

This is a special case of equation 2.9.4.61 with g(z) = z. 

IV ew + 7IeVe = FY), Gg =9(x). 

Integrating yields a first-order separable equation: g(ay(y),y° = 2 ( fly) dy+C1. 
Solution for g(x) = 0: 


[[et2 [tear] ay=cre — 
uce= Py, + ( 


$2 Ue Mee ye & (F), v= e@, v= ve. 


The transformation & = / z dz, w= 7 leads to an autonomous equation of the form 


2.9.1.1: Wee = f(w). 


Yew = —ay,, + e°” flye**). 


The transformation =e”, w=ye°” leads to an equation of the form 2.9.1.1: Wee =a’ f(w). 


You t (ut vy, tupy =e f(yer*), 
1°. For #v, the transformation € = e“”)”, w = ye#* leads to an autonomous equation 
of the form 2.9.1.1: (u— v) wee = f(w). 


2°. For pp =v, the substitution w = ye”” leads to an autonomous equation of the form 
2.9.1.1: Wee = f(w). 


zy” — ny), —alax + n)y = 27"*1e3% f(ye), 

This is a special case of equation 2.9.2.35 with y = xz” andy =e™%. 

LY ny = fv e™)y;,. 

The transformation z = x"e*¥, w = xy’, leads to a first-order separable equation: 
z(awt+n)yw) =[f(z)+ lw. 
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40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


xy! +axy!, = f(x"e), 
The transformation z = x"e*¥, w = xy’, leads to a first-order separable equation: 
z(awt+n)w) = f(z). 


ay” —-az’y’, —-n(az + n+ ly = 2"*e** f(yx”). 


This is a special case of equation 2.9.2.35 with y = e°* andy =a”. 


+ +a)y=e ge f(ye**), p=(a). 
yp 


The transformation € = ‘| pe dx, w = ye** leads to an equation of the form 2.9.1.1: 
Wee = f(w). 


ay” +ay’ = fiy+alma+bin’z). 
The substitution x =e! leads to an equation of the form 2.9.1.5: yj, = f(yt+at+ bt’). 


yi, -(n +1) tanz y’! — ny = cos” x f(y cos” x). 


Th 


This is a special case of equation 2.9.2.35 with y = cos”! x and w = cos” x. 
yi +(m-—n)tanz y’, — n[(m + 1) tan* x + Ly = cos?” x f(y cos” x). 
This is a special case of equation 2.9.2.35 with y = cos™™” « and w = cos” x. 


yi, tatanz y’, + D(a tana — b)y = cos** x e** f(ye®*). 


This is a special case of equation 2.9.2.35 with y = cos® x and 7) =e”. 


3n+2 


ay” +ax* tana y’, + n(axtanz —n-Dy = 2°" cos? x f(yx”). 


This is a special case of equation 2.9.2.35 with y = cos® x andy =a”. 


ay” -az’* cotry! -n(axcotzr+n+ Dy = 2°" sin x f(yx”). 


This is a special case of equation 2.9.2.35 with y = sin® x andw =a”. 


2.9.3. Equations of the Form 


M 
F(a, yun, + 2 Gr(2, y(yi)™ =0 (M =2, 3, 4) 
m=0 


2.9.3-1. Argument of the arbitrary functions is 2x. 


1. 


Yon = fay, tay) + a7y. 
The substitution w = y/, +ay leads to a Bernoulli equation: w!, = aw + f(x)w”. 


Yoo = f(a) + gary’, - y) + h@ Vay’, - y). 
The substitution w(x) =y',—y leads to a Riccati equation: w!,=af(x)+xg(x)w t+ah(ryw?. 


cy” t+(at ly, = f(x\(xy!, + ay). 
The substitution w = zy’, + ay leads to a first-order separable equation: w!, = f(x)w”. 


YY. ~ (YL) = f(x). 
1°. The substitution y = ae**w leads to a similar equation: ww’, - (w',)? =a7e f(z). 


2°. The substitutions y = +e“/? leads to the equation wu”, =2f(a)e™. For f(x) = kerr +32, 
see 2.7.1.41. 


© 2003 by Chapman & Hall/CRC 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


2y Yn — (Yi) + f(a)y? +a =0. 
1°. Differentiating with respect to x, we obtain a third-order linear equation: 


2Yrve + 2F(@)yi, + fe(@)y = 0. 
2°. The substitution y = z? leads to Yermakov’s equation 2.9.1.2: 2//,.+ tf(a)z = -jaz% 


3°. If uw and v are two solutions of the second-order linear equation 4y’".+ f(a)y=0, which 
satisfy the condition (uv!, — u!,v)* =a, then y = uv isa solution of the original equation. 


YY, + (YL) + flayy’, + g(a) = 0. 
The substitution u = y? leads to a linear equation: u!’,+ f(x)ul, + 29(x) =0. 


YY vw — (Yn) + F(e)yy’, + g(a)y? = 0. 
The substitution u = y/,/y leads to a first-order linear equation: u!,+ f(x)u+ g(x) =0. 


yy, — ny.) + f(xy? + ay”? = 0. 


1°. For n = 1, this is an equation of the form 2.9.3.7. 


2°. For n # 1, the substitution w = y'” leads to Yermakov’s equation 2.9.1.2: w!, + 
(1—n)f(zw + a(1 —n)w = 0. 


Yen — UY.) + flay? + g(ayy”™ = 0. 
The substitution w=y!™ leads to a nonhomogeneous linear equation: we +0—n)f(a)ywt 
(1 -—n)g(x) = 0. 


YY, t aly!) + f(x)yy!, + g(x)y’ = 0. 
The substitution w = y**" leads to a linear equation: w’,, + f(x)wi, + (a+ 1)g(x)w = 0. 


Yen —2Y,,) - (fy +29)u,+ fy’ +9,¥=9, f= fx), g=9(a). 
Integrating yields a Riccati equation: y/,+Cy*+ fyt+g=0. 


Woo -Y,) +(fy+o9u,+ fy -g.y=9 f= f@, g=9@). 
Integrating yields a Riccati equation: y’, + fy>+Cy-—g =0. 


ye ty +2fy? +2Af + gyt+g+t 2hly, + f?y* +2foy" 
+ (2f) +97 +2fh)y’ + (gi, + 2gh)y+hi,+h?-p=0. 


Here, f = f(x), 9 = 9(2), h = h(x), p = p(2). 
The solution satisfies the Riccati equation y/, + f (x)y?+9(x)yt+h(x)—z(2,C)=0, where 
z = 2(a, C) is the general solution of another Riccati equation: z/, + 2? = plz). 


Winn = Flay’). 
The substitution w(x) = xy/,/y leads to a Bernoulli equation 1.1.5: xw!, =w+[f(x)- 1]u. 


Yow + fey.) + g(@)yyl, + heyy? = 0. 
The substitution u = y’/y leads to a Riccati equation: u!,+(1+ f)u2+guth=0. 


(y+aax)yy, = f(aeyl, - y). 
The substitution y = —ax + xz leads to the equation xzz",, + 2z2!,— a3 f(x)(z',) =0. On 
setting w = z/,/z, we obtain a Bernoulli equation: rw', + 2w + [x — 2° f(a)]w? = 0. 


Yon — UY.) + fae + g(a) = 0. 
The substitution w =e~%” leads to anonhomogeneous linear equation: w!,,—ag(a)w=af (a). 
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18. 


19, 


20. 


21. 


22. 


Yow — UY,,)” + be* + f(x) = 0. 


The substitution w = e~%¥ leads to Yermakov’s equation 2.9.1.2: w’!,, —af(x)w = abw’. 


yn, = f(xy, sinh x - y cosh)? + y. 


~ 


The substitution w = y/, sinha — ycosh leads to a first-order separable equation: w/, = 
sinh x f(x)w?. 


yn, = Fay! cosh x - ysinh x)” + y. 


The substitution w = y’, cosha — ysinh leads to a first-order separable equation: w!, = 
cosh f(x)w?. 


yl = fay), sina - y cosx)? - y. 
The substitution w = y!,sinx — ycosa leads to a first-order separable equation: w/, = 
sina f(x)w”. 


y= f(xy, cos x + y sin xy -y. 
The substitution w = y/,cosx + ysinz leads to a first-order separable equation: wi, = 
cos x f(x)w?. 


2.9.3-2. Argument of the arbitrary functions is y. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


Yun + aly’) - Fy, =e” fly). 


The substitution w(y) = e*(y!,)? leads to a first-order linear equation: Wy + 2aw =2f(y). 


Yon + ay’) = [e?” fly) + Bly; 
Solution: 
et dy 1 
— SC +se™, whete = fem dy. 
F(y)+C, 2 B (y) fly) dy 
Yen + Fyyl) + gly) = 0. 
The substitution w(y) = (y!,)° leads to a first-order linear equation: Wy +2 f(yw+2g(y) =0. 


yi, + Fwy) - Syl, = e* gly). 
The substitution w(y) =e~*(y/,)* leads to a first-order linear equation: Wy +2 f(y)w =29(y). 


Yen = Ef (Wy). 
Taking y to be the independent variable, we obtain a linear equation with respect to x = x(y): 
ayy =—Fy)e. 


y”, + [x f(y) + gy)? + h(y(y,,) = 0. 
Taking y to be the independent variable, we obtain a linear equation with respect to © = x(y): 
yy — hy)ey — Fy)a— gy) =0. 


Yoo + FWY) + GWYLY + RLY) = 0. 
The substitution w(y) =(y/,) leads to a Riccati equation: Wy +2 f (yw? +2g(yw+2h(y)=0 
(see Section 1.2). 
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30. ay’, + ax(y,,)— f(yyl, = 0. 
Solution: 
e%Y dy 


For =C)+In|z|, where F(y)= if e f(y) dy+ “et. 


31. wy + Sy), = ef (yd(yi,) + gy) 
The substitution w(y) = xy) leads to a first-order linear equation: Wy =2f(yw + 2g(y). 


32. wy’! +aax(y’,)’ = [ax* f(y)+k—-I1]y%. 
Solution: 


Beside oe ae F( y= feo K )d 
F@+Gy = 2 k ’ y oe y Y. 


33. ay!’ + [x* f(y) + al(y’,)° = 0. 
Taking y to be the independent variable, we obtain an equation of the form 2.9.1.2 for x=x(y): 
ew BO ax = 0. 


34. yy, = a '[f(y) + gry, - y) + h(yays, - y)"lyi,. 
The substitution w(y) = xy;, —y leads to a Riccati equation: w,, = f(y) + g(y)w + hiyyw?. 


35. yl! +e f(y(y,) + ay, = 0. 
The substitution € = e~*” leads to an equation of the form 2.9.4.36 with g(z) = az 
" ry3 _ 
Yee — af (y(Ye) = 0. 


36. Ure + FWY.) + GUY,” + RY) = 0. 
The substitution w(y) =(y',)? leads to a Riccati equation: Wy +2 f (yyw? +2g(y)w+2h(y)=0. 


3. 


37. xy + 27m! F(yy(y’)4 +my’, = 0. 


This is a special case of equation 2.9.4.18 withn =4 andy=a2™. 


2.9.3-3. Other arguments of arbitrary functions. 


38. yn = F(YY’,Y + g(@)y;,. 
Dividing by y/,, we obtain an exact differential equation. Its solution follows from the 
equation: 


Inlyil= | fydy+ [ g@)de+0. 


Solving the latter for y/,, we arrive at a separable equation. In addition, y = C; is a singular 
solution, with C’, being an arbitrary constant. 


f(ary™) 
a eerie -— Y)Yin« 


39. 


! 
LYe 


The transformation z = 2”y™, w= leads to a first-order separable equation: 


2(mw +njw! = [f(z)- 1(w? - wv). 
40. yy’, = fle**y™ (yi). 


The transformation z = e*”y", w = y',/y leads to a first-order separable equation: 
2(nw + ayw, = [f(z)- 1]w?. 


© 2003 by Chapman & Hall/CRC 


41. 


42. 


43. 


ay, = f(y/x(ay!, — Wy, - 
This is a special case of equation 2.9.4.20 with k = 2. 


- y y i] 
Vow = © (ey, — ¥) [t (=) : o(—)us + h(=) oi]. 
x x x 
The transformation z = y/z, w = xy!,/y leads to a Riccati equation: zw! = 27h(z)w? + 
[zg(z) — 1]w + f(z). 


yi, = Boye? yy)). 
This is a special case of equation 2.9.4.21 with n =—3/2, m= 1, and f(z) = zy(z). 


2.9.4. Equations of the Form F(z, y, y’,)y/’,. + G(x, y,y/,.) = 0 


2.9.4-1. Arguments of the arbitrary functions depend on x or y. 


1. 


Yon = f(avyy, tay)® + a7y. 
The substitution w = y/, +ay leads to a Bernoulli equation: w!, = aw + f(x)w*. 


Yen + fay’, + gaxyy,,)* = 0. 
The substitution u(x) = y/, leads to a Bernoulli equation: u!, + f(x)u+ g(a)u* =0. 


Yen = (Nn — Day + f(aey, - ny)”. 
The substitution w = x”y!,-—na”™y leads to a first-order separable equation: w', = 
gntk-nk f(x)yw*. 


Yew = F(a\(ey’, -y) + g(a\(wy!, - y)*. 
The substitution w(x) = xy’, — y leads to a Bernoulli equation: w!, = xf(x)w+ xg(x)yw*. 


ry, t(a+ ly’, = f(x(ry!, + ay). 
The substitution w = zy’, + ay leads to a first-order separable equation: w!, = f(x)w*. 


Yn, = at f(x) /(y,) -2ay. 


Setting u=y/,, we rewrite the equation as follows: (u!,—a)’[ f(x)? =u?-2ay. Differentiating 
both sides with respect to x and dividing by (u!,—a), we obtain a second-order linear equation: 
ful = fil + Punas 

There is also the solution: y = sa(x +C0Y. 


Yn = F(x) yl (ey! - y)- 


The Legendre transformation « = w}, y = tw;—w leads to an equation of the form 2.9.4.40: 
1 
MW 


OF Vio 


filx)yye, + frolz)yy,, + ayy + falcyy!, + fs(a)y? = 0. 
The substitution w(x) =y/,/y leads to the Abel equation (fyw+ fr)w!, + fpw2+(frt f3yw? + 
faw + fs =0, where fx = fx(x). 


yl, = Fay, sinh x - y cosh x)* + y. 


The substitution w = y!, sinha — ycosh leads to a first-order separable equation: w/, = 
sinh x f(x)w*. 
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‘ k 
10. y., = f(x)(y,, cosh x -— y sinh x)” + y. 
The substitution w = y!,cosha — ysinh leads to a first-order separable equation: w/, = 
coshz f(x)w*. 
—_ * k 
11. View = f(xy}, sinx —ycosx)” — y. 
The substitution w = y!,sinx — ycosa leads to a first-order separable equation: w/, = 
sina f(x)w*. 
_ ° k 
12. yf), = f(xy! cosa + ysinaz)” - y. 
The substitution w = y/,cosx +ysinz leads to a first-order separable equation: wi, = 


cos x f(x)w*. 


13. y= FWY + 9Wy,)*. 
The substitution w(y) = y/, leads to a Bernoulli equation: Wy = fywtgyw!. 


14, ey + ar™m'! Fy\(yl)” + my’, = 0. 


This is a special case of equation 2.9.4.18 with p=a27™. 


= k 
15. yf, =e" [fw(ey, - y) + (yey, - y) "| yi. 
The substitution w(y) = xy! —y leads to a Bernoulli equation: Wy = f(ywtg(yw*. 


16. y= f(y(ay!, -y)' 7). 


The transformation «= tw,—w, y=—w}, where w = w(t), leads to an equation of the form 


1 


17, yl + et” Fly(y),)” + ay’, = 0. 
This is a special case of equation 2.9.4.18 with y =e 


ax 


/ 
Pr ’ 


18. yf! +0" f(yy,)” - 9 ves 0, p=(a). 


The substitution € = / (a) da leads to an equation of the form 2.9.4.36: Vee +f(y)(yg)” =0. 
19. fy. + foun = FIM +f" hwy”, —f = f(a). 


dz 
The substitution € = / ——— leads to an autonomous equation of the form 2.9.4.13: 
VF(z) 


Yee = Gye)” + hye)”. 


2.9.4-2. Arguments of the arbitrary functions depend on x and y. 


20. Une = fy/aay, — wy)” 
The transformation z=y/zr, w=<xy/, /y leads toa Bernoulliequation: zw! =—w+z* f(z)u*. 
There are particular solutions: y= Ca and y=C, (fork >0). 
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21. 


22. 


23. 


24. 


25. 


26. 


27. 


m= Fey) yy mem 
Le xz 
x 
2nt+m 
The transformation z=2"y"™, w=2xy!,/y yields: z(mwtn)w!, =z Gai f(Qw mm +w—-w 


2n+m 
We divide both sides of this equation by w +m and introduce the new dependent variable 


2 


C=w nam — Ww 7am, As a result, we obtain a first-order linear equation: 


(n+m)z¢, =-C+ arr iC 


n-kn-km 
Vow = —J——— 21, + NY" Fay yn. 


Passing on to the new variables z= a"y" and w =<xy/, /y, we arrive at a first-order equation: 


n(1—k) 


z(mw +n)w, = w—wt f(zw*". 
km 
k-1 
The substitution ¢ = wl - zw leads to a linear equation: z¢! = ——C+ f(z). 
= m 
m+km+kn 
Ve = —— $$ (yi, + ay fe" y™ yi). 


Passing on to the new variables z= x2" y™, w = xy’, /y, we arrive at a first-order equation: 


1+k 
2(mw+n)w, = w+ my? + f(zw., 
n 
2h mp Nm py F 3 ‘ k+1 

The substitution ¢ = ee + Pe leads to a linear equation: 2¢, = eT pl f(). 

f(a” mm) 2n+m 
yi, = 4 ey, -y) 

Ly 


2n+ 
This is a special case of equation 2.9.4.25 with k = seus ' 


f(x"y™) 2n+m—nk 
Yeo = yy mm ey, Wy)" 


The transformation z = «"y™, w = xy’, /y leads to a first-order equation: 


: k-1 2nt+m—nk k > 
z(mw+njw, =znm f(zjw nem (w—-1)"+w-w". 


2nt+m ne 
Multiplying both sides by w +m" _and passing on to ine? ney. variable ¢ = w ee w nem , 


we arrive at a Bernoulli equation: (n+ m)z¢! =-C +z ae nam f(z)c*. 


Fe y 
View = "eu, - w)|F(— \yt +9(= CAME 
The transformation z= y/a, u=ay',/y leads to a Bernoulli equation: zu! =[zf(z)- lJu+ 
zk g(z)u*, 

= 20fY E k (Y 
Veo = E(x’, — y) f(=) +a“*(ey!, —y) 9(—). 
The transformation «=-1/t, y=—w/t leads to an autonomous equation of the form 2.9.4.13: 
wr = f(w)(wy)? + giw)(wy)*. 
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28. 


29. 


30. 


31. 


32. 


33. 


34. 


eT Ne roe ky gary”) 


Yon = ye) nem (xry’,—y) yi, (xy! - y). 


m n 
The transformation z=2"y™, w=xy',/y, followed by the substitution ¢=w +m —w nm , 
k-1 
leads to a Bernoulli equation: (n+m)z¢! = [g(z) — 1]¢ + z2+m fwoc*. 


hry”) 


nw F(aey™) gntm g(a" Yy™) 
= + — 


m 
ame 2 
Sy ee) nem yi, (ey, -— y) + (y!, nem (xy! -—y). 


m 
The transformation z = 2"y™, w = xy',/y, followed by the substitution ¢(z) = wn+m — 
n 1 1 
w n+m, leads to a Riccati equation: (n +m)zC) =zntm h(z)C? +[g(z)-1]¢+ 2 nem f(z). 


al1-k 


Yew = —>— a) +e flare \(yZ,)*. 
n2-k 
Passing on to the new variables z = #"e*¥ and w = xy!,, we have 
1-k 
z(aw+n)w, = SE ay aaa f(2u". 
n2—-k 
pte, 7 -k : ? . a -k n 1-k 
Multiplying both sides by w™™ and introducing the new variable v = Fan” + Tope ; 
—k 
we obtain a first-order linear equation: ZU, = ut f(z). 
n 
a 2-k 
Ven a ee ey 
mi-k 


Passing on to the new variables z = e**y™ and w = y!,/y, we have 


Pie k 
a [up t few . 


z(mw +a)w, = —w? 


Multiplying both sides by w~* and introducing the new variable v = =u i = i ants 
we obtain a first-order linear equation: mzv!, =(k-—2)u+mf(z). 
a y! 
You =~ Va n(=*) + f(erry™ )y,,. 
The transformation z = e*”y™, w = y!,/y leads to a first-order equation: 
z(mw + a)w!, = — winw —w?4 fw. 
m 


Dividing both sides by w and passing on to the new variable v = mw+alnw, we obtain a 
first-order linear equation: mzv! =—-v+mf(z). 


| a n ay a ’ 
Yon =U f(x2"e°) exp “7 te F 
The transformation z = x"e*”, w = xy/, leads to the first-order equation z(aw +n)w), = 
a a 
w+ f(z) exp (-<w) , which can be reduced, with the aid of the substitution ¢ =w exp (=) ; 
n n 
to a linear equation: nz¢! =¢+ f(z). 
a 
Vow = ae): In(ay’,) + fie"e*)(y',)”. 
The transformation z = xe, w = xy!, leads to the equation 
a 
2z(aw+n)jw) = w—-—w* Inw +w’ f(z). 
n 
Dividing both sides by w? and passing on to the new variable v = alnw —nw™! 
a first-order linear equation: nzv) =—v+nf(z). 


, we obtain 
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2.9.4-3. Arguments of the arbitrary functions depend on zx, y, and y/. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


Vow = F(x)g(Y%,)- 
The substitution u(x) = y! leads to a first-order separable equation: w!, = f(x)g(u). 


Vow = F(y)gly;,)- 
The substitution u(y) = y/, leads to a first-order separable equation: uu = f(y)g(u). 

In addition, there may exist solutions of the form y = Ax +C’,, where A are roots of the 
equation g(A) = 0, C’ is an arbitrary number, or y = B, where B are roots of the equation 


f(B) =0. 


Vow = f(ax + by + c)gly;,). 
For b = 0, we have an equation of the form 2.9.4.35. For b # 0, the substitution u(a#) = 


y + (ax+c)/b leads to an equation of the form 2.9.4.36: ull, = f(bu)g (u' = =) ‘ 


Yon =U" f(a" y’,). 


The substitution w(z) = 2” y', leads to a first-order separable equation: «w!, = f(w)+nw. 


Yen = YF" Yi)» 
The substitution w(y) = yy}, leads to a first-order separable equation: ywwy = f(w)t+nw”. 


ios fy.) 
ee JLy 


d 
Setting u = y', and passing on to the new variables t = / an and w = 2,/z, we have 
U 


y =(w})*. Differentiating the latter with respect to x, we obtain a second-order linear equation: 
du 


=i ay: 


wi, = g(t)w. Here, the function g(t) is defined parametrically: g = qu, t 


r f(y)) 
ji 


ro Jaxry +b ; 
Setting u=y/,, we rewrite the equation as follows: [/z ul, /f (w} =ayt+bzx"!. Differenti- 


d : . ; : 1 du 
ating both sides with respect to x and passing on to the new variables t= — | ——, z=,/2, 


2/ flu)’ 


we obtain an equation of the form 2.9.1.2: 2/4, = au(t)z—bz?. 


Setting u = y/,, we rewrite the equation as follows: [u’, / fw) =ay+ bz’. Differentiating 
d 
both sides with respect to x and passing on to the new variable t = / aa we obtain a 
U 


second-order linear equation for x = x(t) integrable by quadrature: 22}, = 2bx+au(t). Here, 
du 


Flu) 


the function u = u(t) is defined implicitly: ¢= 


You = 
Vax + by? 
Taking y to be the independent variable, we obtain an equation of the form 2.9.4.42 for 


MH? rafal (aly. 


E=Z(Y): Cyy = (art by?) 
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44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


-1/2 
y= (ax? + bry + cy” + ax + By +7) / fly},). 
The transformation «= At+ Bu+C, y= Dt+Pu+Q, where u= v(t), reduces this equation 


by selecting appropriate constants A, B, C', D, P, and Q, to an equation of the form 2.9.4.41, 
2.9.4.42, or 2.9.4.43. 


He f(y) 


ey. 
°e  Jaxy + bx3/2 + cx 


Setting u = y!,, we rewrite the equation as follows: [./« u!,/ fw] =ayt+b/@+t+e. 


1 d 
Differentiating both sides with respect to x and passing to the new variables t = a ra 
U 
and z=,/2, we obtain a second-order linear equation: 22} =2au(t)z+b. Here, the function 
1 du 
u = u(t) is defined implicitly: t= — | ——~. 
ere. BC) 


phe. f(y’) 
Taking y to be the independent variable, we obtain an equation of the form 2.9.4.45 for 
aay): 0, = (ary + by? +eyy FA /a (at). 


y= FY) 
°e  Jaxy + bx? + cx3/2 + dx 


The substitution aw = ay + bx leads to an equation of the form 2.9.4.45 for w = w(z): 
woos fw; <a b/a) 
“ Vaaw + cx3/? + dx 


sf fiyy) 
e axy + by? + cy3/? + dy 


Taking y to be the independent variable, we obtain an equation of the form 2.9.4.47 for 
E=Z(Yy): Cyy = (ary + by? + cy3/2 + dy)” fa fat aly’. 

Vow = © (wy, ~ WF (Yi). 

The Legendre transformation «=w}, y=tw;,—w (y!,=t, y!, =1/wi}) leads to an equation 
of the form 2.9.3.14: ww, =[fO)'(w}). 


-1 
Yew = [@F(Y,,) + yoy.) + hy] - 
The Legendre transformation z=w}, y=tw;—w (y),=t, yl, =1/wi}) leads to a second-order 
linear equation: w;, =[f(t)+ tg@]w; — gw + A(t). 


(xy), tay, —y + by, = fly,)- 
The contact transformation 


X=y,, Yo=ay,tay,-ytb, Yyaarta, Yxy=1/yt., 


where Y = Y(X), leads to a linear equation: f(X)Y¥y—-Y =0. 
Inverse transformation: 


r=Yx-a, y=XYx-Y +}, Y, =X, Yew =1/Vxx 
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52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


fYDYce + IY, + h(x) = 0. 
Integrating yields a first-order equation: 


[ tau f oy) dy+ [ h(x)de =C, where u=y,. 


Yow = Yt fla)g(y;, + ay). 
The substitution w = y/,+ay leads to a first-order equation: w!, = aw + f(x)g(w). 


2 = 
fly), + ax)y’), + (yy + 2ayyt, + a) = 0. 
The contact transformation 


X=yltaz, Y=1yl)+ay, Very, Yex=—, 
yl +a 


where Y = Y(X), leads to a linear equation: f(X)Yfy+2Y =0. 
Inverse transformation: 


1 1 
= —(X -Yx se DY A) pa. 

& a ( x)» y a [ ( x) ih Ue X: 
ui. = #" f(y, -=). 

x 
The substitution w = y’, — 7 Jeads to a first-order separable equation: xw!, =—w + f(w). 

x 
Zaft 


¥y 
(cy, - lary’, + acyl, - ay) = «5 (yl, +02), 


The contact transformation (a # —1) 


at+2 
St y — pati, a 1 _ atl mo (a+1)x 
MSY gta, LOSE ye ey, Yaar, Oe Cala ar er rer 
x LV\rg tary, — ay 


leads to a linear equation: f(X)Y¥y =(a+ DY. 
Inverse transformation: 
XY, +aY 


1 1 4 
=(Yy)atT = —-(XYy -Y\(¥y) at ‘=. 
x ( x) at > y rn XxX )¢ x) at > Ya (a+ 1Yt 


Veo = flay, -— Wy) 

The Legendre transformation x =w}, y = tw; —w leads to an equation of the form 2.9.3.27: 
mo -17,,.4\3 

we = Uf(w)l (wy. 


Vow = F(x)g(ayl, - y)- 
The substitution w = xy!,—y leads to a first-order separable equation: w!, = xf(x)g(w). 


a 


You = Ey” flay, — y)- 

The transformation x = 1/t, y= w/t leads to an autonomous equation of the form 2.9.4.36: 
Wo nm I 

wy = w" f(-w}). 


yy, = a! f(yg ay’, - y)yl,. 


The substitution w(y) = xy, — y leads to a first-order separable equation: Wy = f(y)g(w). 


Yew = f(y/x)g(ay;, - y). 
The transformation x = 1/t, y = w/t leads to an autonomous equation of the form 2.9.4.36: 
wr = fw)g(-w;). 
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62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


ayy!) + 207(y!,) = f(y! +y). 

The contact transformation 

1 
= / Ae, i a 

X=ry,+yY, Y=2 Ye Yy =&, xX Gal Gye 


where Y = Y(X), leads to a linear equation: f(X)Yyy =Y. 
Inverse transformation: 


Y Y 1 2Y- 
=Yy! =X. fo _ Ug en as AE Oh ee 
z xX? y ye Ue Oey’ Vex Wye (Yi) 
o _ Y (Te 
Wo =F 7 ae 


The substitution w(x) =<y/, /y leads to a first-order separable equation: aw’, = f (w)+w—w’. 


3 2 2! ry), 
yo =u yy -aty +a *yfla"y™)9( 7 e 


The transformation z = 2"y™, w = xy!/y leads to a first-order separable equation: 
z(mw +njw! = f(z)g(w). 


Veo = Un —-Vxy + f(a)g(a"y’, — nay). 
The substitution w = x”y!,-—na”™y leads to a first-order separable equation: w/, = 


x” f(x)g(w). 


2,/0 


zy” tary, —ay= 2? f (arty! — 2% 


y). 
The contact transformation (a # —1): 


+2 
oy y _ atl 1 _ atl moo (a+ 1)x* 
X=y,ta-—, Yaa y,-ay, Yy =a", Yxx = aor To 7 ; 
x x Vex + ary, —ay 


leads to an autonomous equation of the form 2.9.1.1: f(Y)Yy¥y =atl. 
Inverse transformation: 
1 1 __4a XYL+aY 
=(Yy)at =——(XY, -YVY,) aT, yf = —+—__. 
x ( x) > y Sat XxX )¢ x) i > UP (a+ 1Y} 
yi, =a ty’, + x f(x"e™)g(ry’,). 
The transformation z = x"e*¥, w = xy’, leads to a first-order separable equation: 
z(aw+n)yw) = f(z)g(w). 
Yen = Y (YY + fle y™)gy,,/Y)- 
The transformation z = e**y™, w = y!./y leads to a first-order separable equation: 
z(mw +a)yw! = f(z)g(w). 


(yi, + wy, +y,) =e flery’,). 
The contact transformation 
= ! a, fo ae a 
X=e*y,, Y=y,ty, Yx=e*, Yxx yay 
where Y = Y(X), leads to a linear equation: f(X)Yfy =-Y. 
Inverse transformation: 


g=-ni¥e. Gay aA eax: 


Yow — Uy =e" f (eyl, - e*y) (ys, - Y)- 


1°. The substitution w = y/,—y leads to a first-order equation: w/, =e” f(e*w)(w’, + w). 
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71. 


72. 


73. 


74. 


75. 


76. 


77. 


78. 


79. 


80. 


2°. The contact transformation 
X =e*(y!,-y), Y =(y,-y’, ge =2e*y!, ae =2e Ie Yau ~ Va 
leads to a linear equation: Yyy =2f(X). 


yl, = F(x)g(y!, sinh x — y cosh x) + y. 

The substitution w = y!, sinha — ycosh leads to a first-order separable equation: w/, = 
sinh x f(x)g(w). 

yl, = f(x)gy!, cosh x — y sinh x) + y. 


The substitution w = y/,coshz — ysinh leads to a first-order separable equation: wi, = 
cosh x f(x)g(w). 


Yn, = F(x)gyi, sinx - y cos x) - y. 
The substitution w = y!, sing — ycosa leads to a first-order separable equation: w/, = 
sin x f(x)g(w). 


yn, = f(x)g(yi, cosx + y sin x) - y. 
The substitution w = y!,cosx + ysina leads to a first-order separable equation: w/, = 
cos a f(a)g(w). 


Wee + 590, =FWRYLVI), g=9(a). 
The substitution w(y) = YoVI leads to a first-order separable equation: wwy = f(y)h(w). 


f (ay? = bx) y’" + (2ay%3 = 3by) (2ay,y”, - b) = 0, b+#0. 
The contact transformation 


3y"! 
e= ')? _ ba, Y =2 ')3 _ 3by, YL =3y', yl = Lx 


leads to a linear equation: f(X)Yy¥y+3Y =0. 
Inverse transformation: 


Beyroe4 3 pod on 3bY xx 
gprx’ Be Y = y= Ue Mas OS wee Gay 


You = f(y + ay). 
The substitution w(y) = (y'.)° +ay leads to a first-order separable equation: Wy =2f(w)+a. 


Yow = fyg(y? + 2ay) - 
The substitution w(y) = (y',)°+2ay leads to a first-order separable equation: Wy =2f(y)g(w). 


yl = fly? -2axy!, +2ay). 
The substitution y = w + sax? leads to an autonomous equation of the form 2.9.4.78: 
wi, = f(w? +2aw)—a. 


Yew — Yn =O F (YT - 9") (Yen -Y)- 
The contact transformation 


X= e"(yl, _ y)s Y= (yl. _ ys ve = Qe yl, pen =2e 2a Yen Ve Ye 


Yea —Y 


leads to an autonomous equation of the form 2.9.1.1: Yyy =2f(Y). 


© 2003 by Chapman & Hall/CRC 


81. xy + ty’, = f(xy’? + ay). 


The substitution w(y) =2(y!,)*+ay leads to a first-order separable equation: Wy =2f(w)+a. 


82. y!! + sy’, =e f(e"y? + ay). 


The substitution w(y) = e* (yl P+ay leads to a first-order separable equation: Wy =2 f(w)+a. 


83. f(a(y’,)* - bar) y”, = [ak(y!,)**! — b(k + Dy] [ak(y,)* ty, - 6}. 
The contact transformation (ab # 0, k #—1) 


X=a(yl)t—ba, Yaak! —wk+Dy, Yesk+Dyl, Yz_=—Ct Due 
: ; ° ' - ak(y,)*lyt, — 6 


leads to a linear equation: f(X)Y¥y =(kK+ DY. 
Inverse transformation: 
ae a(Yy)* 7 xX _ any? 7 ye ee 
~bkED® bd? 9 bk+D™ Bee’? 7” : 


84. PY, + 54Un =Sleys tay), v=Hla). 
The substitution w(y) = p(x)(y!,)? + ay leads to a first-order separated equation: Wy = 
2f(w)+a. 

85. PY, + 74,Ue = Swa(eyy +2ay)-a, y= la). 
The substitution w(y) = y(x)(y',)? + 2ay leads to a first-order separable equation: Wy = 


2f(wMgw). 


” ietiee pees : nl 

86. Yao = EY (YL) rime? FC), «= C = (Uz - Y)CY,) PIM. 
The Legendre transformation « = w}, y =tw}—w leads to an equation of the form 2.9.4.25: 

" 1 tw iad n+1 


ab 
=a b 
Wy = =| (w,) @! (tw,—w), where a =-————., b=-m. 


tw LF(t¢w) n+m+2’ 


2.9.5. Equations Not Solved for Second Derivative 


1. f(w)(yZ,, - a)” = (yi, -2ay +b. 


Differentiating with respect to x, we obtain 
Vw — V2FY rae + fe Yee ~ We — Uf) = 0. (1) 


. : : dx 
Equating the second factor to zero and making the transformation € = ‘| —, w=yi,,we 
arrive at a second-order constant coefficient linear equation of the form 2.1.9.1: 
" 1 / 
Wee —W = xOf,, (2) 


whose right-hand side is to be expressed in terms of €. Substituting the solution of equation (2) 
into the original one, we obtain a relation connecting integration constants. 


1 b 
Equating the first factor in (1) to zero, we find the singular solution: y= gale Cy + Ta" 
a 
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2, f(a(y%,, - ay) = (y, YP - ay’ +b. 
Differentiating with respect to x7, we obtain 
Vox — AYI2F Urine — We) + fe Yirw — WY) ~ 2y%,] = 0. 
Equating the second factor to zero, we arrive at a third-order linear equation: 
2f era — We) + fe(Yox — ay) — 2y, =0. 
Equating the first factor to zero, one can find the singular solution. 


30 = f (yea) 
The substitution w(x) = y/, leads to an equation of the form 1.8.1.7: 2 = f(w/,). 


4. y= f(yy,)- 
The substitution w(y) = s(y/,) leads to an equation of the form 1.8.1.8: y= f(w,). 


5. y=axr?+br+c+ f(y”). 
The substitution w= y—az?—ba—c leads to an equation of the form 2.9.5.4: w= f(w"!,,+2a). 


6. ry, =yr+aly,, ar by) +c+ fly). 
The Legendre transformation z= w}, y=tw,—w (y/,=t, yl, =1/w;) leads to an equation 
of the form 2.9.5.5: w=at* + bt+c+ fl /wi, 


7 fae) t FY ce = Var 
Solution: y= 5O;2" +af(Cy)+C. 


8. fYyn t= (YY + (YY: 
Differentiating with respect to 7, we obtain 
[f' Wee +9) — 2YeelYere + Yr) = 0. 
From the equation y/” + y!, = 0, it follows that: 
y= Asin(v+C,)+C2, where A* = f(C)). 


Equating the expression in square brackets to zero, we arrive at the singular solution in 


parametric form: 
po f PL yon tice, 
4f(u)— [fue] 


9. = yf (Yea/Y)- 
transformation t= y*, w= (y'.)? leads to an equation of the form 1.8.1.11: w= tf?(w}). 


10. yy, = (Yi) +f (Yen /Y): 
1°. Solution: 
f(C%) 


y = Ciexp(C22) + —~— 40,02 


exp(—C2). 


2°. Solution: 
y = C) sin(C3x) + Cy cos(C32), 
where the constants C', C2, and C’3 are related by the constraint (C; + CAC? + f(-C}) = 


3°. Solutions: y=+a/-f(0)+C. 
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11. 


12. 


13. 


14. 


15. 


16. 


y=af(a°y’,)- 


The transformation « = 1/t, y= w/t leads to an equation of the form 2.9.5.4: w = f(w}}). 
wy, Y= f(eyy,)» 

This is a special case of equation 2.9.5.16 with py = x”. 

xy’, —y = fer" yy) 

This is a special case of equation 2.9.5.16 with y = e>*. 


cy, y= fina yy,). 
This is a special case of equation 2.9.5.16 with y = Inz. 


ry’, -—y = f(sinaz y’,). 

This is a special case of equation 2.9.5.16 with y = sin z. 

ry, -Y=LPYLn)» P= P(x). 

The transformation € = af = dx, w = ry’, — y leads to an equation of the form 1.8.1.8: 
~ 

w= f(we). 


2.9.6. Equations of General Form 


2.9.6-1. Equations containing arbitrary functions of two variables. 


Vow = F(a, yi.) 
The substitution w(x) = y/, leads to a first-order equation: w!, = F(x, w). 


You = Fy, Y,,)- 
Autonomous equation. The substitution w(y) = y/, leads to a first-order equation: ww 
Fy, w). 


he 
= 
Yn, = Flax + by, y’,). 


The substitution bw =azx+by leads to an equation of the form 2.9.6.2: wi,,=F (bw, Ww, =) : 


1 iy 
Vas —F(-, y',). 
Homogeneous equation. This is a special case of equation 2.9.6.6 with k = 1. 
ie 1 p(teuee i 
ve axrt+byt+e \axr+Byty 


1°. For a@ — ba = 0, the substitution bw = ax + by +c leads to an autonomous equation of 
the form 2.9.6.2. 


2°. For a@ —ba #0, the transformation 


a]? 


z£=k£-%Q, W=Y- Yo, 
where Zo and yo are the constants determined by the linear algebraic system of equations 


axot+byp+c=0, aro+Byoty=0, 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


leads to a homogeneous equation of the form 2.9.6.4: 


we, = -a(%, w!), where (£€,u)= —_F( 


bf 
4 at bé& = ). 


ane. 


Yen = BOF (ay, chy’). 


Generalized homogeneous equation. The transformation t = Inz, w = «*y leads to an 
equation of the form 2.9.6.2: wi, + (2k -1)wi+k(k-1)w = Fw, wi + kw). 


y x“ 
Vow = F(a", ave): 


Generalized homogeneous equation. The transformation z = «"y™, w = ry',/y leads toa 


first-order equation: z(mw+n)w!) = F(z,w)+w- w. 


2 
yi, = ay + F(a, y!, + ay). 
The substitution w = y’, + ay leads to a first-order equation: w/, = aw + F(a,w). 


Yo (a’a* + a)y + F(a, y,, — axy). 

The substitution w = y/, —azy leads to a first-order equation: w!, =-arw + F(a, w). 
y 

Yow = F(a, is =). 


The substitution w(2) = Y.. eh leads to a first-order equation: cw!, =—-w+xF(z,w). 
x 


Vow = F(x, xy), — y). 
The substitution w(x) = xy’, — y leads to a first-order equation: w!, = «F(a,w). 


Yen = Fy, wy’, -y)- 
The substitution w(y) = xy! — y leads to a first-order equation: (y+ ww, = Fly,w). 


ry, t(a+ ly’, = F(a, ry’, + ay). 
The substitution w = xy!,+ay leads to a first-order equation: w/, = F(a, w). 


2,/0 


xy’), =2y+ F(a, ry’, + y). 
The substitution w = xy!, + y leads to a first-order equation: rw!, =2w+F(z,w). 


2,/0 


xy’, =a(at yt F(x, ry), + ay). 


The substitution w = xy!,+ay leads to a first-order equation: rw, = (a+ 1l)wt+ F(a2,w). 


2 
Yew = 2ayy,, + F(a, y,, - ay’). 
The substitution w = y/,—ay* leads to a first-order equation: w!, = F(a, w). 
Ys = e°* F(e*”y, etry’ i 
The substitution w = e*”y leads to a second-order autonomous equation of the form 2.9.6.2: 
wi, —2aw!, +a°w = F(w, w!, — aw). 
Yow = UF (e*y™, y!,/Y)- 
Equation invariant under “translation—dilatation” transformation. The transformation 
z=et%y™, w=y',/y leads toa first-order equation: z(mw+a)w!, = F(z,w)—w?. See also 
Paragraph 0.3.2-7. 
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19, 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


mod n / 
Von =U F(x"e™, ry). 


” 


Equation invariant under “dilatation—translation” transformation. The transformation 
z=a"e, w = xy! leads to a first-order equation: z(aw + n)w, = F(z,w)+w. See 
also Paragraph 0.3.2-7. 


mo 2a a -a , 
Une = © F(xe™, eO4y!,). 


The transformation z = re*”, w = e*%y!. leads to a first-order equation: (azw + 1)w! = 


F(z, w)— aw”. 


yi, = ae’y’ + F(x, y!, - ae). 


The substitution w = y', —ae® leads to a first-order equation: w’, = F(x, w). 


a 


yl, = (e* + e*)y + F(a, y/, —e*y). 
The substitution w = y’, —e”y leads to a first-order equation: w!, =-e"w + F(a, w). 


yi. = F(a, y/, sinh x -— y cosh x) + y. 


The substitution w =y/, sinh a—y cosh leads to a first-order equation: w/, = F(a, w) sinha. 


y= F(a, y/, cosh x - y sinh x) + y. 


The substitution w=y/, cosh a—y sinh x leads toa first-order equation: w!,= F(a, w) cosh. 


yl, = 2’ F(ay+ bing, xy). 


The transformation z = ay+blInz, w = xy’, leads to a first-order equation: (aw +6)w! = 
F(z,w)+w. 


y., = yF(ax + biny, y!,/y). 
The transformation z = ar+blIny, w =y/,/y leads to a first-order equation: (bw +a)w) = 
F(z, w)-—w?. 


y., = F(a, y/, sin - y cos x) - y. 
The substitution w = y/, sinx — ycosz leads toa first-order equation: w/, = F(z,w) sing. 
y., = F(z, y/, cosa + ysin x) - y. 


The substitution w = y’,cosx+ysina leads toa first-order equation: w!, = F(a, w) cosa. 


Wi. =(e'+¢),)yt+F(ay,-9y), p= (a). 
The substitution w = y’, — yy leads to a first-order equation: w!, =—pw + F(z, w). 


Pow Poa 
You = ——Yy + F(a,y, = yy), p = 9(a). 
4 9 
L% ~% 
The substitution w = y’, - —y leads to a first-order equation: w/, =-—{w + F(a, w). 
p p 


View = Pun t Put F(a, y,- 9), P= 9la,y). 
The substitution w = y/, — p(x, y) leads to a first-order equation: w/, = F(a, w). 


Punt fh, = PY fu) f= f@). 
The substitution w(y) = fy!, leads to a first-order equation: WwW, = By, w). 
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33. yf, = F(a, y). 


Let F # y(a)y+v(a), Le., the equation is nonlinear. Then its order can be reduced by one 
if the right-hand side of the equation has the following form: 


Fe. =F" E{ uns [[EsiturV+ fae ac}, 
where 
E=exp(kf fldr), V= ff? gE "de, w= f?Ey-V; 


® = O(u), f = f(x), and g = g(#) are arbitrary functions, and k is an arbitrary constant. 
The integral in (1) can always be expressed in terms of E and V. The following cases are 
possible: 


1°. For fi”. 40, 


F(a,y) = f°? BO) + tf? DF FL - ED |y + AF? (fol, - fig + 2kg) + ef OPEV. 

2°. For f =az’+batce, f, #-2k, fl # Zk, 

F(a, y)=f??EO(u)t4 f?(2 fg) —figt2kg)+(k+4A)f8?EV, where A=4ac—b. 
3°. For f=$-2kz, 

F(a, y) = f°[®(y+W)+ fgi,+2kg], where W=- / f'gdz. 
4°. For f= tka + B, 
F(z,y) = 8(f?y-U) +f? (f9i, + 2kg) + EE a0 where U= ita dx. 
In all these cases, the transformation 
t= [ fae, us fl?Ey- V 


leads to the autonomous equation u//,+2ku)+k*u = (u), which is reducible, with the aid of 
the substitution z(u)=w!, toan Abel equation: zz!,+2kz+k*u=®(u) (see Subsection 1.3.1). 


If & = 0, the solution of the original equation for case 1° is as follows: 


du dx 
| paper 8 Ft where Y(u)= f ®(u) du. 


If & = 0, the solution of the original equation for case 2° is given by: 


+C), where W(u)= few du. 


2 [ ——“4 __ -: /_" _ 
J8U(u)—Aw+C, J aa’?+brt+e 


34. oy”! + ay’, + by =e F(y,/y, y”,/y)- 
1°. The substitution y = e**w leads to an autonomous equation: 


wi, + QA + aw, + +ar+4 byw = F(wi, + Aw, wi, + 2Aw!, + w). 


zx 


2°. Particular solution: y= ke**, where k is a root of the algebraic (transcendental) equation 
k(* + aA +b) = F(R, kX’). 
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35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


ayy + ary”, + asyyn, + aay.) + asyy’, + acy” = er F(y,/y, uv, /y)- 


Aa /2 


The substitution y = e w_ leads to an autonomous equation. 


View = Ve Fi (Ye /Y> Yrw/Y) + YF(YL/Y Yow/Y) +O Fs(Ye/Ys Vow/Y)- 
The substitution y = e**w leads to an autonomous equation. 


F (yyy B'Yp, — TY, +y) =0. 


Solution: 
y= CyalIna+Chr+Cs, 


where C’ is an arbitrary constant and the constants C’; and C3 are related by the constraint 


F(Ci, C3) =0. 


Fy, /Ys YY nw — Yi) = 0. 
1°. Solution: 
y = C, exp(C3x) + Cy exp(-—C32), 


where the constants C, Cy, and C3 are related by the constraint F (C2, AC, CC}) =0. 


2°. Solution: 


y = Ci cos(C3x) + Cy sin(C3x), 
where the constants C';, C’y, and C3 are related by the constraint F’ (-C3, —~(C? + C2)C3) =0. 


Fyy ys yun, + 2) = 0. 


Solutions: 
y= + Cx? +2Cox + C3, 


where the constants C', C2, and C3 are related by the constraint F'(C,C3—- Cs; C1) =0. 


2 3 
F(us Ys vs teats) 
; = 


a 
Yew 2 6 


Solutions can be found from the relation (y—C 1)” = 2C>(x—.A)+C?, where F(C;, A)=0. 
The question of whether there are other solutions calls for further investigation. 


a a 
F(y—# + ay), y!22) =0. 
y Yo 
A solution of this equation is any function that solves the first-order separable equation: 


Vy = Cy a C4, 


where the constants C'; and C) are related by the constraint F\(aC,—-aC) = 0. 


at a 


y y 
F( ey ee 2) = 0. 


Ve Ve 
A solution of this equation is any function that solves the first-order separable equation: 


y,, =Cie 4% +C), 


where the constants C'; and C) are related by the constraint F\(C',-—C) = 0. 
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2.9.6-2. Equations containing arbitrary functions of three variables. 


43. Fly’, cy”, —y!, vy), -2axy’, + 2y) =0 
Solution: 
y= Cie +C hx + C3, 
where the constants C, C2, and C3 are related by the constraint F'(2C), —C, 2C3) = 0. 
0) Reference: E. L. Ince (1964). 


44.0 F (Yes Cee — Yer 2YY cw — Ye)) = 0 
Solution: 
y= Cie’ +e 4 Ce 
where the constants C;, C2, and C’3 are related by the constraint F(2C), —C, 4C, C3-C3) =0. 


3, 


45. F(x Vou? LY. + 2y). zr 2a” my ry’, - y) = 0. 
Solution: 


C 
y= Cx + Cr + ay 
x 
where the constants C, C2, and C3 are related by the constraint F'(2C3, 2C,—-C2) = 0. 
46. F(x arnt ry, + (a+ Dy, xy’ +axry’, - ay) = 0. 


Solution: 
y= Cyn" + Cyx + C3. 


The constants C), C2, and C3 are related by the constraint (a(a+ 1)C), (a4+1)Co, -aC3) =0. 


3,0 


47, F(y yy’, yy +92, cyyy, + xy? — yy’) =0. 
Solution: 
y =O," +2C 4 + C3, 


where the constants C',, C2, and C’3 are related by the constraint F'\(C'C3 —- Ce C,—-C) = 0. 


48.0 F (2, Y,- Ys Yow — Yr Yow ~ Yn) = 0 
The substitution w = y/, — y leads to a first-order equation: F(a, w, wi), + w, w!,) =0. 


49. F(a, y,, + OY, Yn -a Yo Urn + 2Y!, ae 0. 
The substitution w = y/, + ay leads to a first-order equation: F(x, w, w!,-— aw, wi,) = 0. 


aq yl? +1 (y’2 + 13/2 
50. F(z a eee | =0 
Le Le You 


It is known that all functions of the form (2 — C1)? + (y— ©)? = A”, where A = A(C, C2) 
is determined from the algebraic (transcendental) equation F(C,, Cy, A) = 0, are solutions 
of the original equation. 


51. F(e*y", Une + ee y- ry’, (x + lye.) = 0. 
Solution: 
y=Cye* + C2 4+C3, 


where the constants C', C2, and C3 are related by the constraint FC), C2, C3) = 0. 
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52. F(yi./Ys YY cw ~(Yads (YF YJ U/Uey ) exp (-e/y,/Y )) = 0. 
Solution: 
y = C, exp(C3x) + Cy exp(—C32), 
where the constants C;, C2, and C3 are related by the constraint F(C%, 4C\C2C2, 2C;) =0. 


a” 


53. Fly” -y, y//, sinha - y!, cosh x, (y”,)? - (y’,)”) = 0. 
Solution: 
y = C; sinh z + Cy cosha + C3, 


where the constants C', Cy, and C3 are related by the constraint F'(—C3,—-C}, C? - C3) =0. 


54. F(ay!',, xy” -zy,,+y, y,-y,zmna) =0. 
Solution: 
y=Cyrlnx+C 24 +C3, 
where the constants C', C2, and C3 are related by the constraint F'(C,, C3, C; + C2) =0. 
yl yl! yl! (y’ ? 
F( —u.-Y aan - In —— = 0. 


ae Yo ae Le 


55. 


Solution: 


y = C; exp(C27) + C3, 


where the constants C', C2, and C3 are related by the constraint F'(C,-C2C3, —InC)) = 0. 


56. Fly! +y, yi, sina — y’, cosa, (y’/,)? +(y1)*) =0. 
Solution: 
y=C\sinz+C,cosx+C3, 


where the constants C', Cy, and C3 are related by the constraint F'(C3,-C, C? + C3) =0. 


57. Fly, cy?, cy”, + ty!,)= 0. 

The substitution w(y) = x(y/,)? leads to a first-order equation: F (y, Ww, sw) =0. 
58. F(y, 9Y), OYse + FF eYel=9, p= ola). 

The substitution w(y) = p(x)(y!,)? leads to a first-order equation: F’ (y, w, +wy) =0. 


2.9.7. Some Transformations 


1. yt =F (-, =) = 0. 


The transformation €=1/z, w = y/« leads to the equation Wee + F(€,w) =0. 


20 yf an(nt+Daryt ar F(a, xy). 


2n+1 
od 


The transformation € = x w=ax"y leads to the equation (2n + 1)w?, = F(E€,w). 


cx+d 
50, 
ax+b ax+b 


+d 
The transformation € = = w= y leads to the equation Wee + A?°F(E,w) = 0, 


axt+b’ ax+b 
where A = ad— be. 


3. yl! + (art oy F( 
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10. 


11. 


12. 


13. 


ay” +axy), + by+ F(a, y) =0 
The transformation x = €”, y = €#w, where the parameters v and yw are found from the 
simultaneous algebraic equations 


2n+1+(a-1)v=0, wt(a- 1) + bv? =0, 
leads to an equation of the form 
wee + EM FE”, E*w) = 0. 
yl =n(n+Dary+ a Far?! +b, xy). 


The transformation € = az?"*! +b, w=2"y leads to the equation a?(2n+ 1)’w¢. = F(€,w). 


yl = My + e&?* F(ae*® + b, ery). 


Le 


The transformation € = ae” +b, w = ey leads to the equation Wee = (2ad)7F(E, w). 


4 3 eore ae» +b erry 
yo = My + ———__——_ F | ————_., —————_— 
oe (cer + d)3 ceA® +d ce»tid 
ae2** + ert 


The transformation € = leads to the equation 


Dr ge — 
cer +d ce*** +d 


Wee =(2A\)°F(é, w), where A =ad-—be. 


i ¥y 
" = y+ sinh“(Ax) F( coth(Ax), ———— }. 
eee; ia ™) Ne ane) 
The transformation € = coth(Az), w = — — leads to the equation Wee =r F(E, w). 
sinh(Ax) 


& y 
" = \y + cosh(A F (tanh —— 
Vow y (Ax) (Ax) SiGe) 


The transformation € = tanh(Az), w = leads to the equation Wee =? F(E, w). 


ee, 
cosh(A2) 


ay t+ 4tyt ve F(amne +, +) = 0. 
se 


The transformation €=alnzx+b, w= ve leads to the equation Wee t+a’F(E, w) =0. 


Va 
axr-a 
\ar? = 1p? y!", eS F(in fiat} ——| : 
zt+1 |? — 1] 
. ax-a y F PA 
The transformation € = 1n ———, w = —==— leads to the equation AWee =F(€,w)+w. 
w+ |? — 1| 


Yin t My +sin3(Ax) F (cottrx, a =0. 
sin(Ax) 


The transformation € = cot(Ax), w = leads to the equation Wee +A7F(E, w) = 0. 


ash: 
sin(Axr) 


Ys + Ny + cos?(Ax) F (tamcac), Z a! 7 
cos(Ax) 


The transformation € = tan(Ax), w = leads to the equation Wee +A? F(E, w) = 0. 


y 
os(Ax) 
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in(Ax + 
14,’ + My + sin (Aa +b) (a a! = 
sin(Az + 6)” sin(Ax + 6) 
sin(Ag + a) y 


The transformation € = = ————\ leads to the equation 


sin(Ax +b)’ - sin(Az + b) 


wee + Asin(b-a)]°F(E, w) = 0. 


15. (a + ry, + F (arctan ¢ + b, — =0 
z2+1 


The transformation € =arctanz+b, w= leads to the equation Wee +wt+F(€, w)=0. 


y 

V22+1 

16. (a2 +1) y+ F (arceot« +b, — =0 
x2 +1 


The transformation € = arccot7+b, w= leads to the equation Wee t+wt+F(€, w)=0. 


y 
Var24+1 
17. yi + F(a, y) = 90. 


The transformation x = y(z), y = wv ay, leads to the equation 


1 3 WW 2. 
Wye + Fen = ae ) Je + a (ayy F (, way", ) =0. 


The sign of the parameter a must coincide with that of the derivative vy‘. 


18. yy + f(x, Wy, + g(x, yy)” = 0. 
Taking y to be the independent variable, we obtain the following equation with respect 
tor=a(y): 2, —g(z, yx’, - f(x, y) =0. 


19. F(X, Ys Ys Yew) = 9. 
Applying the Legendre transformation x = w}, y =tw;—w, where w = w(t), and using the 
relations y/,=tand y/),, =1/wi, we arrive at the equation 


W 


1 
F(wi, tw, —w, t, —) =0. 
w 


Given a solution of the original equation, the corresponding solution of the transformed 
equation is written in parametric form as: 


t=y,, w=2y,-y, where y=y(z). 
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Chapter 3 
Third-Order Differential Equations 


3.1. Linear Equations 
3.1.1. Preliminary Remarks 
1°. A homogeneous linear equation of the third order has the general form 
®ve + frD)Vex + file) + folwy = 0. (1) 


Let yo = yo(@) be a nontrivial particular solution of this equation. The substitution 


y = yo(2) fi 2(x) dx 
leads to a second-order linear equation: 
fayo2" + 3 fayo + fryo)2’ + Bfay9 +2 fry + fiyo)z = 0, (2) 


where the prime denotes differentiation with respect to x. 


2°. Let y; = y(@) and yo = y2(x) be two nontrivial linearly independent particular solutions of 
equation (1). Then the general solution of this equation can be written in the form: 


y =Ciy + Cry. + C3 (vo fw dx-y: [ ybdz), (3) 
where 
y = exp (-/ 2 dx) (yiys - Y\Y2) ae 


For specific equations described below in 3.1.2—3.1.9, often only particular solutions will be 
given, and the general solution can be obtained by formula (3). 


3°. A nonhomogeneous linear equation of the third-order has the form 


SDV ere t flDY re + fi @ye + fol@y = g(a). (4) 


Let y: = y:(x) and y2 = yo(x) be two linearly independent particular solutions of the cor- 
responding homogeneous equation (1). Then the general solution of equation (4) is defined by 
formula (3) with: 


1 
p=h*eF (1 + — / BN? dx), where F = / i dx, A=yy3—y}Yy2- 
C3/ fs fs 
1 
4°. The substitution y= z exp (-5 } 7 dx) reduces equation (1) to a form from which the second 
3 
derivative is absent: 
2 + (9 — $954 G1) 2! + (—Z92 — F412 + HPI + Yo) 2 =0, 

where yx = fx/f3 (k =0, 1, 2). 
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3.1.2. Equations Containing Power Functions 


wu 


3.1.2-1. Equations of the form f3(7)yi.. + fo(@)y = g(2). 


Loy t+ Ay=0. 
Solution: 
= Ci + Cyx + C327 if A= 0, 
7 C, exp(-ka) + Cy exp($ka) cos (3 ka) +03 exp($ka) sin(Ska) if \ #0, 


where k = \!/3, 


2 yf! t+ Ay=an*+brte. 


1 
Solution: y=w+ Sax" +bx+c), where w is the general solution of the equation 3.1.2.1: 


wi +rAw = 0. 


3. Yom ary +b. 
This is a special case of equation 5.1.2.3 with n = 3. 

4, oy +(ax + by =0. 
For a = 0, this is an equation of the form 3.1.2.1. For a #0, the substitution a€ =axr+b 
leads to an equation of the form 3.1.2.3: ygee + a€y = 0. 


5. yf! tary = be. 


The substitution =. leads to an equation of the form 3.1.2.126: ry ceet 3U get faky = 40. 
2 3,3 
6 yf, + Ba°a —arx”)y = 0. 
Integrating, we obtain a second-order nonhomogeneous linear equation: y!, + ary), + 
(a°x? — a)y = C exp($az”) (see 2.1.2.31 for the solution of the corresponding homoge- 
neous equation). 
7 ofl = any. 


This is a special case of equation 5.1.2.4 with n = 3. 


1°. For 6 =—9, —7, -6, -9/2, -3, -3/2, 1, and 3, see equations 3.1.2.17, 3.1.2.14, 3.1.2.11, 
3.1.2.19, 3.1.2.10, 3.1.2.18, 3.1.2.3, and 3.1.2.5, respectively. 


2°. The transformation 2=t~!, y=ut~ leads to an equation of similar form: u!”’,,,=—at7?°u. 


LLL 


3°. For 3 #—3, the transformation € = a9*9)/3, w = 29/3y leads to an equation of the form 


3.1.2.69: Swele + —v* we + (v? — 1 -av7&?)w = 0, where v = 35. 


8. Yon t [aca*” - 3a?na?""! + an(n-1)xz””]y = 0. 


n+l 


ntl 
Particular solution: =exp (- 
ue n+l 


; The substitution y=exp (- = i ) i z(x) dx leads 
n 


to a second-order linear equation of the form 2.1.2.47: z!,-3ax"z!.+(3a7?2°"—3anz"")z=0. 


a 


9. LY ee ~ a*(ax +3)y = 0. 


Particular solution: yo = xe". The substitution y = xe°” if z(a) dx leads to a second-order 
equation of the form 2.1.2.108: xz", + 3(ax + 1)z/, + 3a(ax+2)z =0. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19, 


ay”! =a(a*—-Dy. 


This is a special case of equation 3.1.2.175. Solution: y = 2(Cya2™ + Cya™ + C32x°), 
where n, and nj are roots of the quadratic equation n* +an+a?—1=0. 


6,00 2 
LY ee = ay + bx". 


The transformation x = t!, y = wt leads to a constant coefficient linear equation of the 
form 3.1.2.2: wi, +aw+b=0. 


3 3,4 = 
(a -a)"(x2 - by yn — CY = 9, ab. 
i : : : 
The transformation ¢=In mab We ae leads to a constant coefficient linear equation: 
L- gL 
(a—b) (wt, — 3wi}, + 2w}) — cw = 0. 
2 3,0 
(ax° + bx +c) yi,» = ky. 
dz y 
The transformation € = i; ss 6 = ST _ Leads to a constant coefficient 
ax*+bat+e ax? +bx+e 


linear equation: Wege + (4ac— b* we =kw. 


7,00 3 
LY ee = ay + bx”. 


The transformation x = ¢!, y = wt? leads to a linear equation of the form 3.1.2.3: 
wi, +atw+b=0. 


7,0 


LY ng + (ax + by = 0. 


The transformation « = t!, y = wt leads to a linear equation of the form 3.1.2.4: 


wi, — (bt +a)w =0. 


ey! +(a>-3a7x)y = 0. 
The transformation « = t!, y = wt leads to a linear equation of the form 3.1.2.6: 
wi, + Bet -at)w =0. 


9M 
XL Usee = YU: 


The transformation x=t"!, y=wt~ leads to an equation of the form 3.1.2.5: wi, +at?w =0. 


3/2, 
C"' Veae = 2 


This is a special case of equation 5.1.2.8 with n = 1. 


9/2, 
eT" Upeae = AY: 


This is a special case of equation 5.1.2.9 with n = 1. 


3.1.2-2. Equations of the form f3(a)y/"".. + fi(a)y!, + fo(a)y = g(a). 


20. 


21. 


an 
Youn 


Integrating, we obtain a second-order nonhomogeneous linear equation: y”,, + axy', + 
(aa? + ab — ajy = C exp($az’) (see 2.1.2.31 for the solution of the corresponding 
homogeneous equation). 


+aby!, +a7x(3-b-azx*)y = 0. 


an 
Youn 


Solution: y=u“”"», where u is the solution of the second-order linear equation u”,,taru=C. 


+axry’ +any = 0, n=1, 2,3,... 
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22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


awn 


Ym t axy.,, — 2ay = 0. 
The substitution w = xy/,—2y leads to a second-order linear equation of the form 2.1.2.2: 
wi, taxcw =0. 


yt tary’, + (ax + b*)y =0. 
Particular solution: yo =e °”. The substitution w = y!, + by leads to a second-order linear 


equation of the form 2.1.2.12: w'!, —bw!, + (ax +b’)w =0. 


an 
Youn 


Integrating yields a second-order linear equation: y",, — by!, + (ax + b*)y = Ce* (see 
2.1.2.108 for the solution of the corresponding homogeneous equation with C' = 0). 


+ary’, +(abr+a+ by = 0. 


an 
Youn 


Integrating yields a second-order nonhomogeneous linear equation: y/’,,+(ax+b)y=C' (see 
2.1.2.2 for the solution of the corresponding homogeneous equation). 


+(ax + by’ + ay = 0. 


Ym + (ax + by’, -ay = 0. 

Vir ay 
az+b (ax+b) 
leads to a second-order linear equation of the form 2.1.2.67: £22, + 3z¢ + a?é*z=0. 


Particular solution: yo = ax+b. The transformation €=ax+b, z= 


an 
Youn 


The substitution a€ = az + leads to a linear equation of the form 3.1.2.21 with n = 3: 
Yeee + ay, + 3ay = 0. 


+ (ax + by’ + 3ay = 0. 


an 
Youn 


The substitution a€ = ax + +b leads to a linear equation of the form 3.1.2.48 with n = 1: 
Yeee + 2aky, + ay =0. 


+ (2ax + b)y’, + ay = 0. 


an 
Youn 


The substitution w = y!, + by leads to a second-order linear equation of the form 2.1.2.108: 
wi, — bw!, t+arw =0. 


+ (ax — b*)y’ + abry = 0. 


awn 
Youn 


Integrating yields a second-order linear equation: y’!,, — by! + axy = Ce” (see 2.1.2.108 


for the solution of the corresponding homogeneous equation with C' = 0). 


+ (ax — b*)y’, + a(bz + Dy = 0. 


an 
Youn 


The substitution w = y/, + cy leads to a second-order linear equation of the form 2.1.2.12: 
wi —cw!, + (ax+b+)w =0. 


+(ax + by’, +claxz +b+c?)y =0. 


yt, + (ax + by’! +cx(c?x? + ax + b-3c)y = 0. 
Particular solution: yo = exp (-}cx"). The substitution y = exp (-4cx’) / z(x) dx leads to 


a second-order linear equation of the form 2.1.2.31: 2”, -3carz!.+ 3c’x? +ax+b-3c)z =0. 


awn 
Youn 


This is a special case of equation 3.1.2.47 with n = 1. 


+ax’y’ +axy =0. 
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34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44, 


45. 


an 
Youn 


The substitution w = ry!, —2y leads to a second-order linear equation of the form 2.1.2.7: 
wi, tar-w =0. 


+ax’y’, —-2ary = 0. 


mt 2ap2y,f 2 = 
Venn ~2 LY, tary =0. 


Integrating yields a second-order linear equation: y/),, + ary’, -—ay =C exp(4az’) (see 
2.1.2.108 for the solution of the corresponding homogeneous equation with C' = 0). 

Yorwa 
The substitution w = y/, + by leads to a second-order linear equation of the form 2.1.2.31: 
wi, — bul, + (ax? + b*)w = 0. 


+ ax*y’, + b(ax? + b*)y = 0. 


ye t(a- 1)b?27y', + bx(aba” + 2a + 1)y = 0. 


Lee 
Integrating, we obtain a second-order nonhomogeneous linear equation: y/’,, — bay’, + 
(ab’2? + b)y = C exp(-+b2") (see 2.1.2.31 for the solution of the corresponding homo- 
geneous equation). 
Yrwa 
Integrating yields a second-order nonhomogeneous linear equation: y”,, + (ax? + byy =C 
(see 2.1.2.4 for the solution of the corresponding homogeneous equation). 


+(ax’ + b)y’ +2ary = 0. 


an 
Youn 


Integrating yields a second-order linear equation: yy’, + by!, + ax?y =Ce> (see 2.1.2.13 for 
the solution of the corresponding homogeneous equation with C' = 0). 


+(ax* —b*)y’ + ax(2-bax)y = 0. 


awn 
Youn 


The substitution w = y/, + cy leads to a second-order linear equation of the form 2.1.2.13: 
wi, —cwl, + (az? +b+c?)w =0. 


+ (ax’ + b)y’ + c(ax* +b+c?)y =0. 


yt, ~ 3b'x? +a + 3b)y’, + 2bx(b?x? — a)y = 0. 

1°. Particular solutions with a> 0: y, =exp($ba?+2/a), yo =exp($ba*-«/a). 

2°. Particular solutions witha<0: y1 =exp(4b27) cos (x la| ), y2=exp(4+b2”) sin (x lal 3 
3°. Particular solutions witha =0: yi = exp(4ba) » Y=a exp(+b2’). 


yl, + (ax? + bx + c)y’, + ka[(a + k?)a? + bx +c -3k]y = 0. 
Particular solution: yo = exp(—$ka’). The substitution y = exp (-4ka) / z(x) dx leads 


to a second-order equation of the form 2.1.2.31: 2”,-3kaz!.+ [(a+3k?)x* +ba+c—3k]z=0. 


an 
Youn 


This is a special case of equation 3.1.2.49 with n = 2. 


+(ax* + bx)y’, —2(ax? + by = 0. 


awn 
Youn 


The substitution w = xy!,—2y leads to a second-order linear equation of the form 2.1.2.7: 
wi, tax"w =0. 


+axr"y’ —2axr”™"y = 0. 


an 
Youn 


Integrating yields a second-order nonhomogeneous linear equation: y’, +ax"y = C' (see 
2.1.2.7 for the solution of the corresponding homogeneous equation). 


taxr"y’, tanx”™y = 0. 
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46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


yr tar™ ty’ +a(m+3)a™y = 0. 


The substitution «=t"', y=wt~ leads to an equation of the form 3.1.2.45 withn =—m-—5: 
wi, tat” > wt —a(m + 5)t™w = 0. 


mt 2n-1 


yr tarry’ +anz 


y=0. 
vane. 


Gots Heed 2 2 = = , 
Solution: y=C)aJ7(u)+CraJ,(u)Y_,(u)+C32Y;(u), where v = dnt)” u n+)? 
J,(u) and Y,,(w) are the Bessel functions. 


an 
Youe 


+2ax"y! +anaz™'y = 0. 

Solution: y= Ciwt +Cywyw2+ C3w%. Here, w, and w2 are a fundamental set of solutions 
of a second-order linear equation of the form 2.1.2.7: 2w”,, + az"w =0. 

yt tax + bx” )y’ — ax” + bx”™™)y = 0. 

The substitution w = xy!, — 2y leads to a second-order linear equation of the form 2.1.2.10: 
we tan” +b” yw = 0: 


yt tax + bx” )y’ —cl(a + c?)ax*” + (b+ 3en)a*"" + n(n - Dax” Jy = 0. 
n+l n+1 
Particular solution: yo = exp( |, The substitution y= exp( c ) | z(x) dx leads to 
n+l n+l 


a second-order equation of the form 2.1.2.47: 2//,.+3ca"2!/,+[(a+3c?)2?"+(b+3en)a”!]z=0. 


cy’ tay, + b(b'x + a)y =0. 


The substitution w = y!, + by leads to a second-order linear equation of the form 2.1.2.108: 
cw, —baw!, + (bx + a)w =0. 


cy! taxry!, —[b(a + b’)x +a + 3b"]y = 0. 


ba 


Particular solution: yo = xe”. The substitution y = xe i z(a) dx leads to a second-order 


linear equation of the form 2.1.2.108: az!" + 3(ba + 1)z/, + [(a + 3b7)a + 6b]z = 0. 


a 


cy’ +(b-a’x)y!, + aby = 0. 


The substitution w = y/,+ ay leads to a second-order linear equation of the form 2.1.2.108: 
rw, —axw!, + bw =0. 


vy’, + (ax? + bay’, — 2(ax + by = 0. 

The substitution w = xy! —2y leads to a second-order linear equation of the form 2.1.2.2: 
wi, +(art+b)yw =0. 

xy’, + (ax? + ba)y’, —2(ax? + by = 0. 

The substitution w = xy!, —2y leads to a second-order linear equation of the form 2.1.2.4: 
wi), + (ax’ + byw = 0. 


ww 
Lee 


(ax + by” +cy!, + k(ak’x + bk? + c)y = 0. 


The substitution w = y’,+ ky leads to a second-order linear equation of the form 2.1.2.108: 
(az + b)yw!!,, —k(axr + byw!, + (ak’a + bk? +. cw = 0. 


mt 


(ax +2)y"  -abxy’, + 2a7y = 0. 


Particular solutions: y, = x, y=e", 
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58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


an 


3 3 
(acx + be -a)y).. —C (ax + b)y!, +acy = 0. 


Particular solutions: y; =ar+b, y =e”. 


ws 
Lee 


(ax + b)y + (cx + d)y’, + s[(as” +0)“ + bs” + djy = 0. 


The substitution w = y!,+ sy leads to a second-order linear equation of the form 2.1.2.108: 
(ax + byw), — s(ax + b)w!, + [(as? + c)a + bs? + d]w =0. 

(ax + by”, + (c-—ak)x + d— bk" ly, + k(ca + d)y = 0. 

The substitution w = y!, + ky leads to a second-order linear equation of the form 2.1.2.108: 
(ax + byw!) —k(ax + byw!, + (ca + dyw =0. 

(ax + by!” , -(arx? - 3a7x + b*)y’, + abx(a?z? - 3a — b*)y = 0. 


Lee 


Particular solutions: y, = eb Yo = exp (-4a2’). 


ay! by), +ax*y +2bx = 0. 


The substitution y = x7w leads to an equation of the form 3.1.2.173: aw!!! + 6a7w!! + 
(az? — 12)w+2b=0. 


ay! + (ax* + bx —m?—m)y’, + (m- (ax + b)y = 0. 


The substitution w = ry’, + (m— 1)y leads to a second-order linear equation of the form 
2.1.2.108: cw!’ -—(m+1)w!, + (ax + byw = 0. 


wy!" + (ax? + ba +c)y’, —k[(a+ k*)a + bx + cly = 0. 


The substitution w = y!,— ky leads to a second-order linear equation of the form 2.1.2.135: 
rw tkar-w!, + (at k?)x? + bx + clw = 0. 


wy’! +(ax" — b* - by), + a(b- 1a” ly = 0. 


The substitution w = xy’, +(b—1)y leads to a second-order equation of the form 2.1.2.67: 
rw, —(b+ lw! tar" |w =0. 


ay! + (ax! — b — by’, + a(b- Day = 0. 


The substitution w = xy!, + (b— 1)y leads to a second-order linear equation of the form 

2.1.2.67: cw", — (6+ 1l)w), +ax"w =0. 

ay! sax" "(n+ax™)y’! + ax"(n-n* + 2a72?")y = 0. 
ntl 


n+l 
1°. Particular solutions withn #-1: y, = exp( = ), Y2 =x exp( ae ). 
n+1 n+1 


2°. Particular solutions withn =-1: y;=2%, y=a2", 


ws 
Lee 


xr(ax + by’ + a(cx + dy’ -2(cx + dy = 0. 


The substitution w = xy’, —2y leads to a second-order linear equation of the form 2.1.2.108: 
(ax + byw!’ + (cx + dw =0. 


zy’!  +(-a’)cy! + (bx? +a? —- ly = 0. 


For a = +1, we have a constant coefficient equation of the form 3.1.2.1. For b = 0, we obtain 
the Euler equation 3.1.2.175. 
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70. 


71. 


72. 


73. 


74. 


75. 


76. 


77. 


1°. If b #0 and a is a positive integer greater than 1, then the solution is: 


3 


ye" S- Cy exp(—Ant) Px (2), 
k=l 


where A;, Az, and A3 are roots of the cubic equation 3 = b and P(x) are polynomials of 
degree < 3(a—1). 


2°. Denote the solution of the original equation for arbitrary (including complex) a by yg. 
Then the following recurrence relation holds: 


Yor3 = bya + (2a+ 3)a'y! — (at 1)(2a + 3)(ay!, — 2 ya), (1) 


where the prime denotes differentiation with respect to x. 

Since the functions ys; = e~**, corresponding to three values of \ determined by the 
equation \? = b, form a fundamental set of solutions, formula (1) makes it possible to find 
all y,, for any integer values of n not divisible by 3. In particular, y2 = (a7! + \)e~**, where 
=p, 


ey + (407 + ax)y’, ay = 0. 


Solution: y = C)rJ2(x) + Cra J,(x)Y,(a2) + C3xY,2(x), where J,(x) and Y,(a) are the 
Bessel functions; 4v2 = 1-a. 

ay! + xlax’ + 3b(1 - b)]y!, + 2b(aa” + b? - y = 0. 

1°. Particular solutions witha >0: y, =2° sin(z/a), yo = «° cos (a/a). 

2°. Particular solutions witha <0: y,; =2° exp (-a —a ) » Y=? exp(x —a ie 

b+1 


3°. Particular solutions witha =0: y,;=2°, y= 


ay! + a(ax*+brt+c)y +(k-D(ar?+brt+c+k? +k)y =0. 


The substitution w = ry’, + (&k —1)y leads to a second-order linear equation of the form 
2.1.2.131: awl, —(k+ lawl, + (az? + ba +ce+k? +k)w =0. 
ay”! tary’, + (b-1)(ax”" + b* + b)y = 0. 


The substitution w = xy!, + (b— Ly leads to a second-order linear equation of the form 
2.1.2.132: 2?w!, — (b+ l)cw!, + (ar! +b? + bw =0. 

ay! + a(ax” + b)y’, —2(ax™ + by = 0. 

The substitution w = xy’, —2y leads to a second-order linear equation of the form 2.1.2.118: 
rw, +(az" + bw =0. 

ay! + a(ax” +b-c)y! +(c-D(ax” +b +c*)y = 0. 

The substitution w = xy!, + (c— Ly leads to a second-order linear equation of the form 
2.1.2.132: 2?wl, -—(ct l)cw!, + (arz" +b+c?)w =0. 

ey! +(av" +1-n ry’), + [bx + a(n - 1x?” +n? - Ly = 0. 

The transformation € = x"/n, z = x" 1y leads to a constant coefficient linear equation: 
Zee t az, + bz =0. 


an 


x(ax + b)Yeee + (Cx - bm? - bm)y,, + (m—-D(c + am? + am)y = 0. 
The substitution w = xy’, + (m-—1)y leads to a second-order linear equation of the form 


2.1.2.172: a(ax + byw!) — (m+ 1)(axr + byw), + (c+ am? + amyw =0. 
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78. 


79. 


80. 


an 


x(aa” + ba + CY von 


+ay’ -2y=0. 
The substitution w = xy!,—2y leads to a second-order linear equation of the form 2.1.2.179: 
(ax* + ba t+cywl,,+w=0. 


5. 


ry”, = a(xy!, —2y). 
a [Ci +0 exp(/a/x) +03 exp(-Va/z) | if a>O, 


Solution: y= 
oo Sie ere He as0: 


oy! +ax*y’ + (b-2ax)y = 0. 


The transformation « = t"!, y = wt leads to a constant coefficient linear equation of the 
form 3.1.2.82 with a2 =0: wij, + aw; — bw =0. 


dH 


3.1.2-3. Equations of the form f3(x)y/""., + olay, + fi@)yl, + fo(@)y = g(a). 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


an 
Youn 


Solution: y = e-@"(C, + Coa + C327). 


+3ay”, + 3a7y’, + a®y = 0. 


mu MW 7 
Yawn + 22U ny + 1y, + aoy = 0. 


A third-order constant coefficient linear equation. 
Denote P(A) = 3+ apd +0a1\ + a0. 


1°. Let the characteristic polynomial P(A) be factorizable: 
P(A) = (A= AY)(A = A2)(A — 43), Where Ay, Az, and A3 are real numbers. 
Cie! + Cre” + C3e%3" if all the roots A, are different, 
Solution: y= 4 (Cy +Cyx)e** +C3e8* if Ay = Ad FAs, 
(Cy + Cox + C327)e™* if Ay =A. = A3. 


2°. Let P(A) = (A= A1)(A2 +. 20, + bo), where bt < bo. 
Solution: y = Cye*!* + e7%'*(C cos pax + C3 sin x), where pu = 4/09 — be 


Ym + BY, + (bx + c)y’, + (abe + ac + b)y = 0. 


Integrating yields a second-order linear equation: y",, + (ba + cy = Ce (see 2.1.2.2 for 
the solution of the corresponding homogeneous equation with C' = 0). 


an 
Youn 


This is a special case of equation 3.1.2.113 with n =0 and m = 1. 


+3ay”’, + 2(bx +.a”)y’, + bax + 1)y = 0. 


yt, tay, + (ba? + cx + d)y’, + a(bu? + cx + d)y = 0. 


The substitution w = y/, + ay leads to a second-order linear equation of the form 2.1.2.6: 
wi, + (ba + cx + dw =0. 

Yom + OY, + bx" y’, +abz"y = 0. 

The substitution w = y!, + ay leads to a second-order linear equation of the form 2.1.2.7: 
wi, +ba"w =0. 


yn t3ary,, +3a*x*y’, + (aba? + b)y = 0. 
The substitution y = w exp (-4.a2”) leads to a constant coefficient linear equation of the form 


3.1.2.82 with a2 =0: wh! — 3awi, + bw =0. 


LLL 
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88. 


89. 


90. 


91. 


92. 


93. 


94. 


95. 


96. 


97. 


98. 


99. 


awn 
Youn 


+ary”, + (abr + a—b*)y’, + aby = 0. 


Particular solutions: y;=e°*, y.=e i exp(2bax - ax’) dx. 


yn, t3axry!, +(2a*x* +a + by, + abzry = 0. 
Solution: y=C wr +Cowyw2 + C3w%. Here, w, and w» are linearly independent solutions 


of a second-order equation of the form 2.1.2.28: w/t, +arw!, + zbw = 0. 


an 
Youn 


+3axry’!, + (2a7x? + 2bx + a)y’, + D(2ax? + Ly = 0. 


This is a special case of equation 3.1.2.113 with n = 1 andm=1. 


yt, t3ary,, +3(a*x* + a)y!, + (ax? + br + chy = 0. 
The substitution y = exp (-4a27) w leads to a linear equation of the form 3.1.2.4: 
wl! +[(b-3a7)e +clw =0. 


LLL 


awn 
Youn 


+3axry’), +[2(a? + b)x? + aly’, + 2bx(ax’ + 1)y = 0. 


This is a special case of equation 3.1.2.113 with n = 1 and m =2. 


Yn + (ax + by’, + (abe +a+tc)y’, + bcy = 0. 
Integrating yields a second-order linear equation: y’”, +axy!,+cy =Ce™ (see 2.1.2.28 for 


the solution of the corresponding homogeneous equation with C' = 0). 


an 
Youe 


+(abz +a+ by”, +ab’zy’, -ab’y = 0. 
Particular solutions: yj =, y= et 


Yon + (ax + by” +[(ab+ c)x + aly’, + c(bx + 1)y = 0. 
Integrating yields a second-order linear equation: y!, + ary!,+cxy = Ce” (see 2.1.2.28 


for the solution of the corresponding homogeneous equation with C' = 0). 


an 
Youn 


+(ax+b+c)y’,, +(acz + be+s)y’, +s(ax + b)y = 0. 


Particular solutions: yy, = ere, Yy2 = e’* where A; and A» are roots of the quadratic 
equation 7 +c\+s=0. 


an 
Youn 


+ (ax + by”, + (cx + 2a)y’, + al(c- ab)x? + bly = 0. 


Particular solution: yo=exp (-5ax”) . The substitution y=exp (-4a2”) y 2(x) dx leads toa 


second-order linear equation of the form 2.1.2.31: 2/”,+(b-2a2x)z),+[a?x?+(c-2ab)x—-a]z=0. 


yt, + (ax + byy”, + (ca + dy’, + (aca? + (ad + be)x +c + bdly = 0. 
Integrating yields a second-order linear equation: y/’,, + (ca+d)y=C exp (-Sax? oe ba) (see 


2.1.2.2 for the solution of the corresponding homogeneous equation with C' = 0). 


an 
Youn 


+(ax + by” + (ax? + Bx + yy’, —klax? + (ak + Bx +k? + bk + ly = 0. 


The substitution w = y!, — ky leads to a second-order linear equation of the form 2.1.2.31: 
wi, +(ax+b+k)w!, + lax +(ak+ Bx +k? +bk + 7]w =0. 
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100. 


101. 


102. 


103. 


104. 


105. 


106. 


107. 


108. 


109. 


110. 


111. 


ye wy! +(at+b-Day! — aby = 0. 


The following three series, converging for any x, make up a fundamental set of solutions: 


(3n)! 
S  (a— 1)(b- 1)(a—4)(b- 4)... (a-— 3n + 2)(b- 3n +2) cere 
y2= “a+ » —- = ene = , 
o x , = (a—2)(b—2)(a—5)(b—-5)...(a-3n+1)(B-3N41) any 
a a C2 ©) 


awn 
Youn 


The substitution w = xy, — 2y leads to a second-order linear equation of the form 2.1.2.45: 
wy, tax"wi, +ax"w =0. 


+axr"y” —2ax"y = 0. 


an 
Youn 


1°. Particular solutions with b>0: y; =exp(-aVb), yo = exp(xvV). 
2°. Particular solutions with b <0: y, = cos (av —b ) » Y2 = sin (av —b ve 


+axn"y" — by! -abz"y = 0. 


an 
Youn 


Particular solutions: y;=2, y= 2”. 


taxr"y” -2ax”"y! +2ax”y = 0. 


ye tany!, +ba™ ly’ — (at bay = 0. 
The substitution w = xy!, —2y leads to a second-order linear equation of the form 2.1.2.45: 
wh tar"wi, +(at bz”! w =0. 


yr tary” +abe"y’, + b(ax” — by = 0. 
Particular solutions: y; = exp (-tbz) cos(b2), Yo = exp (-5bz) sin(+3bz). 


an 
Youn 


Particular solutions: yj, = cos(4+a°vb) > w= sin(ta°vb). 


-1 2 1 
+ax"y”  -(ax”™ - bx*)y’, + ba(ax”* + 3)y = 0. 


awn 


yr tarry”! +(abz” + anz”™" — b*)y’, + abnz”'y = 0. 


Particular solutions: y; =e°*, y.=e | exp (2b2 =. ; 2) de: 
n 


an 
Youn 


Particular solution: yo = 2. 


tarry” +ba™y! —br™y = 0. 


an 
Youn 


The substitution w = y",,+b2™y leads to a first-order linear equation: w!,+az"w = 0. 


taxr"y” +br™y! +ba™ (ax! + m)y = 0. 


My taxy”, —b2ax” + 3b)y’, + b(ax” + 2b)y = 0. 


Youn 
ba ba 


Particular solutions: y; =e", yo = xe 


yt tary” +(abx” —b? + c)y’, + clax” — b)y = 0. 


Particular solutions: y, = e>!* Are 
equation \* + bA+c=0. 


» Yo =e”, where A; and Az are roots of the quadratic 
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112. 


113. 


114. 


115. 


116. 


117. 


118. 


119. 


120. 


121. 


122. 


123. 


124. 


Ye tary”, +(be™ — cy’, -clacz” + bx™)y = 0. 


Particular solution: yo =e°”. 


awn 
Youn 


Solution: y= Ciwt +Chwyw2+ C3w5. Here, w, and w2 form a fundamental set of solutions 
of the second-order linear equation: w/!,, +ax"w', + 4ba™w = 0. 


2,2 = aia! 
+3axn"y") + (2a°a*” +2bx™ +anz”™)y’ + b2ax”™*™ +ma™")y = 0. 


an 
Youn 


Particular solutions: y, = e 
equation \* +a\+b=0. 


= (a" -a)y’, + (ax” — by’ + bx” y. 


A\x Ax 


» Yo =e”, where A; and Az are roots of the quadratic 


an 
Youn 


Particular solutions: y , = e 
equation 7 +c\+m+c? =0. 


+(ax” + b)y”, + (acz” + be + my’, + (m+ c?)(ax” +b-c)y = 0. 


Ax Ax 


», Yo =e”, where A; and Az are roots of the quadratic 


an 


Yom + (ax” — by”, +ca™y! - babe” + cx™)y = 0. 


Particular solution: yo = e°”. 
aw 


Youn 


Particular solution: yo =e" 


+(x" +a)y”, + (ax” +ba™)y’ +abzry = 0. 


ax 


an 
Youn 


Integrating yields a second-order linear equation: y!’,tax"y!,+ba2” !y=Ce™ (see 2.1.2.45 
for the solution of the corresponding homogeneous equation with C' = 0). 


+(ax” + c)y”, + aca” + (an + by” Ty’, + Blea”! + (n- 1x” Jy = 0. 


an 
Youn 


+(ax” + bry’! + b(ax™*! + 2)y’ +abx"y = 0. 


Particular solutions: y,; = exp (-4ba’), y= exp(—4b2”) J exp(4be") dz. 


mw n+1 n+l 


yt, + (ax” + bx)y”, + (aba! + bex + b- cy’, + clabx™"! — aca” + by = 0. 


Particular solutions: y;=e“", y.=e / exp (2c = bx”) dx. 


an 


Unow + (abxr™ + ax”! + b)y!, + ab’x”y! ~ab'a”"y = 0. 


Particular solutions: yj; =2%, y= et 
an 


Youn 


1°. Particular solutions with c > 0: y,; =cos (a/c) » p= sin(z/c). 


+(ax” + bx™)y”’ + cy), + c(ax” + ba™)y = 0. 


2°. Particular solutions with c <0: y,; =exp (-a« —C ) > Y2 =exp (a./-c Je 


an 


/ 
Youn 


yy, 
nem _ ace” +bma™))y = 0. 


nt+m m-1 


+(ax” + bx™)y”! + (aba + bex™ + bmx 
+ c(abx 
mt+1 


Particular solutions: y; =e, yy=e™ / exp (2cx - ) dx. 
mt+1 


mw u" = 
LY ae + Une tary = 0. 


The substitution w = zy leads to a constant coefficient linear equation of the form 3.1.2.1: 


Ww pa 
Wrae t aw = 0. 
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125. 


126. 


127. 


128. 


129. 


130. 


131. 


132. 


133. 


134. 


135. 


a 


LY ne — 3NY,, tary = 0, n=0, 1, 2,... 
1d 


Solution: y = 23"" (= 
y a dz 


wi! 
Werax 


—)" (5) , where w is the general solution of equation 3.1.2.1: 
x 
+aw =0. 


ws 
Lee 


2ryr, + 3y,, taxy =b, a#0. 


4 
LZ d 
Solution: y = y Co I ae where A;, Az, and 3 are roots of the cubic equation 


2 +a=0; A4 =-00 for x >Oand A4 =+00 for x <0. In addition, the constants C, are 
related by the constraint \/a(C, + Cy) + C3 + C4) + b = 0, and the integrals are taken along 
straight lines. 

cy 


The substitution w = xy leads to an equation of the form 3.1.2.3: w 


+ 3y,, +ax*y = b. 


ww 


nae TOLW = bz 


a 
TU paw 


The substitution w = xy leads to an equation of the form 3.1.2.5: w 


+ 3y7 + ax‘y = bx. 


ww 


3 
nage TOL w = be. 


LY + AY, + aby’, + bay = 0. 


The substitution w = y/, + by leads to a second-order linear equation of the form 2.1.2.108: 
" +(a—-bz)wi,+ baw =0. 
yn" 


Solution: 


+(a+b)y”,-xy!,-ay =0, a>0, b>0. 


3 
By 
y= y Cy f Te kas a 1] O2/2—t dt, 
Vw 
v=1 


where 7; =—1, 3; = 2 = 0, 62 = 1; for x > 0, y3 = 1 and 33 = +00; for x < 0, 73 = —oo and 
B3=-1. 


LY nn + AY), + (D- yxy’, —c(ac + bx)y = 0. 


The substitution w = y!,—cy leads to a second-order linear equation of the form 2.1.2.108: 
W+(cxt+a)yu'l, + (bx +acyw =0. 


aw 


cy tay”, +[(c-b*)x + ably’, + cla - bx)y = 0. 


Particular solutions: y= erie, Yy2= e* where A, and Az are roots of the quadratic equation 
Mv +bA+C=0. 
cy tay, + bay! + bat n—-Da™'y = 0. 


The substitution w = y”,,+bx"y leads to a first-order linear equation: xw!, + aw = 0. 
a 
TU paw 
The substitution w = y/, + ay leads to a second-order linear equation of the form 2.1.2.108: 
rw, + bw!, —abw =0. 


+ (ax + by’, - a*by = 0. 


a 
TU paw 


The substitution w = xy/, — y leads to a second-order linear equation of the form 2.1.2.108: 
cw, + (av +b-1)w!, + craw =0. 


+ (ax + by!’ + cry’, -cy =0. 
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136. 


137. 


138. 


139. 


140. 


141. 


142. 


143. 


144. 


145. 


146. 


147. 


148. 


LY + (ax + 3)y"), + (bax + 2a)y! + (cx + b)y = 0. 
The subsinon w = xy leads to a constant coefficient linear equation of the form 3.1.2.82: 


wi! / =. 
wi, Faw, + bw), +cw =0. 


yn 


2 t (ax + 3)y" + a(bx + 2)y!, + b[b(a - b)x + aly = 0. 
Solution: y= a7 Cie Ws Ele cos( bz) Ceo sin(*3ba)]. 


a 
TU paw 


Particular solutions: y;=2, y2 =e 


+ [a(b+ Dax + bly’! + a7*bry’, — aby = 0. 


ak 


LY» —(& + 2a)y’.,, — (x -2a-l)y!, + (a@- Dy = 0. 


Solution: y=Cye*+2™! [Cylq41(@)+C3Ka+1(2)], where I,(x) and K(x) are the modified 
Bessel functions. 


dey” -A(a +a-Ly”, + (Qe +6a-5)y’, + (1-2a)y = 0. 


Solution: y = Ce” + x%e*/?[CyIq(x/2) + C3Ka(a/2)], where In(z) and K(z) are the 
modified Bessel functions. 


2ryl, t3(2ax+k)y!! + 6(bx + ak)y’, + (2cx + 3bk)y = 0, k>0. 


Solution: 


4 
Av 
y=>o0, fe [POO dz, Cy=-C1-Ca-Os, 


v=1 


where P(z) = 2274+ 3az2+3bz +e; Ay, Ao, and A3 are roots of this polynomial, which are 
assumed to be different; A4 =—oo for x > 0 and A4 = +00 for x < 0. 
cy!  +(ax+ by”, + [(act+s—c*)ax + bcly’, + s[(a-c)x + bly = 0. 


Particular solutions: y; = erie | Yy2 = e* where A; and A> are roots of the quadratic 


equation 7 +c\+s=0. 
cy! + (az? +b+2)y”, —ab(b+ ly =0. 
This is a special case of equation 3.1.2.145 with n = 2. 
ay 
Integrating the equation twice, we arrive at a first-order linear equation: xy!,+(ax?+b—2)y= 


Ci +C x. 


+ (ax? + by”, + dary’, + 2ay = 0. 


ye t(ax” +b +2)y!, —ablb+ Dax” y = 0. 


Youn 
The substitution w = xy', + by leads to a second-order linear equation of the form 2.1.2.45: 
wi tar” lw! —a(bt l)a”w = 0. 


a 
TU paw 


+(ax” + 3)y” + (2ax”" + bar)y’, + Dax” + 1)y = 0. 
Particular solutions: y, = x! cos (xvb), Y= x} sin (xvb). 


cy! + (ax +3)y" + es +2ay’ + abe” + ax” — b’x)y = 0. 


Particular solutions: y; =a! exp (-4ba) cos( Sor), yo = 2 1 exp (-4br) sin(Bbz). 


cy! + (ax +3)y + (abe” + 2ax”" — b*x)y’! + b(ax”" — by = 0. 


BLe 
1 —-ba 


Particular solutions: y, = al, Yy2=xu-e 
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149, 


150. 


151. 


152. 


153. 


154. 


155. 


156. 


157. 


158. 


159. 


160. 


161. 


aw 
Lee 


+ [D(a + Da +b? + y+ bay’, — by = 0. 
bx 


(ax + b)y 
Particular solutions: y; =, yo=e° 


wt 
Lee 


(ax + by!” +k(ax + by” + (ca + dy’ +k(ca + dy = 0. 
The substitution w = y’, + ky leads to a second-order linear equation of the form 2.1.2.108: 
(ax + byw!’ + (cx + dyw =0. 


ws 
Lee 


(ax+b)y"” +(cat+d)y” +[(ar(+ceu)x+bAtduly,+(A+ p?)[(c-ap)x+d—byly = 0. 
Particular solutions: y; =exp(s;x), y2 =exp(s2x), where s; and s are roots of the quadratic 
equation s?+ us+A+ p> =0. 

(ax+b)y),+(cx+d)y”.,—k[(3ak +2c)x +3bk +2dly’ + k?[(2ak+c)a+2bk+dly =0. 
Particular solutions: y, =e**, y= axe**. 


ws 
Lee 


(ax + by” + (ca + dy”, +sax(ax + byy’, + s[cx* + (a+ d)x + bly = 0. 


The substitution w=y'!,,+say leads toa first-order linear equation: (ax+b)w!,+(ca+d)w =0. 


(l-a)y’"” + x(ax —2a + ly”, + (-ax? + 2a-1)y!, + 2a(x- Dy = 0. 
Particular solutions: y; = x’, yo=e”. 


an 


my t(ca+ dy +sx(ax + by’, +sx""[cx? + (an + d)x + bnly = 0. 


(ax + b)y 


The substitution w=y/!,.+sx”y leads toa first-order linear equation: (az+b)w!,+(cx+d)w=0. 


(ax-ly!”!  +a(abe™*!-2br”-a7)y”_ +(2bx” aba” +.0”)y’, +2ab(axr-l)x”y = 0. 


Particular solutions: y; = x, ya =e. 


ay! +3acy”, —3y, +axr7y+b=0. 


Solution: y = (w/x)!,, where the function w = w(2) satisfies a constant coefficient linear 


equation of the form 3.1.2.2: wi! +aw =b. 


2,4 ” ’ Die ee 
LY ne + Ory,, + Oy, tary = 0b. 


The substitution w = ay leads to a constant coefficient linear equation of the form 3.1.2.2: 
wi taw =b. 


ay!  -3(n+m)cy, + 3n3m+ ly -2’y=0, m,n=1, 2, 3,... 


Solution: 


n-1 m-1 3 
d 
a. ..7- we, tines = Wher ony e224 
y = [[@-3n-) [[ 6-3-2) S° Che, b=a5-, 
=0 =0 k=l 
where the wy», are three roots of the cubic equation w* = 1. 


2,0 ” , 3 
LY ae + OCY,, + Oy, tax y =b. 


The substitution w = x”y leads to a linear equation of the form 3.1.2.3: w/"", tazw = b. 
ay! -An+ Day”, -(ax*-6n)y’,+2axy=0, n=1, 2, 3,... 
Solution: 
_ { C1 + Coat + C37?! if a=0, 
C\(ax* — 4n +2) + Cre*V* P(x) + Cpe *V" Q(x) if a #0, 


where P(x) and Q(x) are some polynomials of degree < 2n +2. 
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162. 


163. 


164. 


165. 


166. 


167. 


168. 


169. 


170. 


171. 


172. 


ay! + 3acy”, + (4072 +1-4a7b*)y’ + 4a y=0. 


Solution: y = C1 Jp (x) + Cy Jy (a) Y, (2%) + C3Y?(x%), where J,(z) and Y;(z) are the 
Bessel functions. 


3 g2ot 


wy’! taay’), + (bx + cy’, + a(bx + cy = 0. 


The substitution w = y/,+ay leads to a second-order linear equation of the form 2.1.2.111: 
zw, + (br + cw =0. 


gy! + ax*y! +(ba” + c)y’, + a(bu” + c)y = 0. 


The substitution w = y/,+ay leads to a second-order linear equation of the form 2.1.2.118: 
rw, +(br” +c)w =0. 


yl -(a@+a)ry!’, +a(2x + ly’, -a(x+ Dy = 0. 


Solution: y = Cye” +a4%t)/2 [Co Ja+1 (2/ax ) + C3Ya41(2Var)], where Ja(z) and Ya(z) 
are the Bessel functions. 


aryl! — (a? -2a)y", - (a? +07 — Sy’ + (a? - 24 +07 - Fy = 0. 


Solution: y= Cie" +./a@ [CrIa(x) + C3K,(2)| , where I, (x) and K,(x) are the modified 
Bessel functions. 


aryl! —2a(a ly’, + (a? -2ar + 4 -a*)y’, + (a? - ty = 0. 


Solution: y = Cie" + /xe*/? [CrIa(a/2) + C3Kq(x/2)], where [,(z) and K,(z) are the 
modified Bessel functions. 


ay! —3(a@-—a)xy”, + [207 + 4(b- a)x + a(2a - Dy, - 22x -2a+ Dy = 0. 
Solution: y= Ciw? +Cyw w2+ C3w%. Here, w, and w2 are a fundamental set of solutions 
of a second-order linear equation of the form 2.1.2.108: ew! +(a—x)wi, + bw =0. 


wy +a[(at+c)x + bly’) +[(ac+ a)x? + (be + 3)a + ylyi, + clax* + Bx + yy = 0. 


The substitution w = y’,+cy leads to a second-order linear equation of the form 2.1.2.146 
withn =1: 2?w'!, + a(axt byw! + (ax? + Bxr+y)w =0. 

gy! +(axv”*! + bax)y!’, + [a(b-2)a” + cly,, t+a(c—b+ Day = 0. 

Particular solutions: y,; = 2”™', y. = x”, where m, and mz are roots of the quadratic 
equation m? + (b-—3)m+c—b+2=0. 

2a(x - Dy!” 


vn + 32a - ly! + Qax + by’ +ay =0. 
Solution: y= Cywi +Chww2+ C33. Here, w, and w2 forma fundamental set of solutions 
of the equation 2a(¢-1)w!!,+(2a—-1)wi+ (Sax+ +b- +) w=0, whichis reduced, by means 


of the substitution x = cos? €, to the Mathieu equation 2.1.6.29: 2wee =(at+b—2+acos2&)w. 


a 


2 
(a2X° + QL + Q0)Y i nn 


+ (byx + boy’), + (c1x + Coy’, — meyy = 0. 


Here, c; # 0 and m is a positive integer. A solution of this equation is a polynomial of 
degree m that can represented as follows: 


m 
1\f 
y= (-—) {a™ Ia '[(ax? + aya +. a9)D? + (byt + bo)D? + oD} "2, 
peor 


v+1 
i with vy #-1. 


where D = 
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173. 


174. 


175. 


176. 


177. 


178. 


179. 


180. 


181. 


182. 


183. 


184. 


185. 


ca ale + 6x7y"" , + (ax? -12)y+2b=0. 


Solution: y = (w/ zr’), where w = w(x) satisfies a constant coefficient linear equation of 
the form 3.1.2.2: wi! +aw =b. 


LLL 


3, 2,/0 


xy,”  tax’y,, + bry’, + (a-2)by = 0. 
This is a special case of equation 3.1.2.175. Solution: y = C,a7~-* + Cyx™ + C32", where 
n, and nz are roots of the quadratic equation n*-n+b=0. 


3,4 2, ’ _ 
Lr" ne FOXY, + bry, +cy = 0. 


The Euler equation. The substitution t = In |z| leads to a constant coefficient linear equation 
of the form 3.1.2.82: yi, + (a—3)yj,+(2-—a+ by, + cy =0. 


3, 


ay! +3ar7y”, + 3a(a- Day’, + [bx* + a(a-1)(a - 2)]y = 0. 
The substitution w = x°y leads to a constant coefficient linear equation of the form 3.1.2.1: 
Whee + bw =0. 


LLL 


3,0 


yl! +3azr7y” + 3a(a- Day’, + [bx” + ala - (a -2)ly = 0. 


mt 
LLL 


The substitution w = x%y leads to an equation of the form 3.1.2.7: wi!!! + ba” 3w =0. 
ay! +30 —a)a?y!!, + 2[4b?c?x + 1-407? + 3a(a-1)]y/, 

+ [46*c7(c - a)a** + a(4v7c? — a”)]y = 0. 
Solution: y =C a7 J2(ba°) + Cpr? J, (b2°)Y, (bx) + C32°Y,7(bx*), where J,(u) and Y,(u) 


are the Bessel functions. 


ay! + (ax? + by”, +2(2a-9)ay’, + 2(a-6)y = 0. 


Integrating the equation twice, we arrive at a first-order linear equation: x*y/,+[(a—6)a*+b]y= 


Cy +C x. 


ay! +a7(ax + by” +cry’, +clax+b-2)y = 0. 


Particular solutions: y;=2™, y2 =”, where n, and nz are roots of the quadratic equation 
n2—-n+c=0. 

3,0 2 ” 2). 32 , 2 2 a 
L\Y ng +E (2axr + by), + x(a°x’ + 2abz + c)y,, + (a°ba* + be - 2c)y = 0. 


ak ax 


Particular solutions: y; =e z™, where n, and nz are roots of the quadratic 


equation n?-n+c=0. 


x”, y=e 


ey! tary” + bry’, + bax” —2)y = 0. 


Particular solutions: yy = 2", y2 = 2x”, where m, and my) are roots of the quadratic 
equation m*-—m+b=0. 


ey! +a7(ax” + by”, + 2(ax” +b-Dy!, + ax” +b-3)y = 0. 


Particular solutions: y; =cos(Inz), y2 =sin(nz). 


3,4 2 n au” 
LY ne +E (ax” +b+c+ Ny, 


+ alan” + (act Ba" +7+ bely;, + (c- (ax + Bx” +y)y = 0. 
The substitution w = xy’, + (c— Ly leads to a second-order linear equation of the form 
2.1.2.146: aw! + 2(ax” + byw!, + (ax?" + Ba" +7)w = 0. 


+ (ca + d)x*y!!, + s(ax + bry’, + s[(c-2a)x + d- 2bly = 0. 


3,0 
(ax + D)2°Y 
Particular solutions: yy=2™', yo=2"™, where n, and nz are roots of the quadratic equation 


n2—-n+s=0. 
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186. 


187. 


6,7 Sow 


LY ne + Ory, —ay + 2bx = 0. 


The substinition : x=t! leads to an equation of the form 3.1.2.62: t7y///,-6yt+at?y—2bt=0. 
ea" tay” +a(bx**!42na” +cx)y +[2bka**! +n(n-la ly, +bk(k-Da*y =0. 
Integrating the equation twice, we arrive ata first-order linear equation: («”+a)y!,+(bz*+c)y= 


Cc; +C x. 


3.1.3. Equations Containing Exponential Functions 


3.1.3-1. Equations with exponential functions. 


1. 


10. 


yt, — ae” (a7e* + 3ade*” + d”)y = 0. 


AL 


Particular solution: yo = exp (Se) . The substitution y = exp (Se z(x) dx leads to 


a second-order linear equation of the form 2.1.3.27: 2!’ +3ae**z/,+(3a7e* + 3are**)z =0. 


yl taerty! +ade>y = beM. 


Integrating yields a second-order linear equation: y’”,, + ae*”y = bu te"* + C' (see 2.1.3.1 
for the solution of the corresponding homogeneous equation with b = C' = 0). 

yt tay’ + baer” + b*)y = 0. 

The substitution w = y'/, + by leads to a second-order linear equation of the form 2.1.3.10: 
w', — bw, + (ae** + b?)w = 0. 


Yooa tae*y’, + [a(A— ber” - b*]y = 0. 

Integrating elds a second-order linear equation: y’, + by!, + (ae** + b*)y = Ce” (see 
2.1.3.10 for the solution of the corresponding homogeneous equation with C' = 0). 

Yrwa 
The substitution w = y'/, + by leads to a second-order linear equation of the form 2.1.3.10: 
wi), — bw', +ae**w =0. 


+ (ae»* — b’)y’ + abe**y = 0. 


yt, + (ae — B*)y’ + a(A- b)e*”y = 0. 

Integrating yields a second-order linear equation: y'!,, + by’, + ae*”y = Ce” (see 2.1.3.10 
for the solution of the corresponding homogeneous equation with C' = 0). 

Yorwa 


The substitution w = y/, + cy leads to a second-order linear equation of the form 2.1.3.10: 
wi, —cw!, + (ae +b+0?)w =0. 


+ (aer* + b)y’, + c(ae*” +b+c?)y =0. 


an 


Yoo T (ae 


2rAQx 


+ be>*)y’ — c(ae* + be®” + c*)y = 0. 


The “aubstitution w = yi, —cy leads to a second-order linear equation of the form 2.1.3.27: 
wi) + cw!, + (ae + ber” + c?)w = 0. 


yi, — 3ae*(aer* + Ady’, + ae>*(2a7e* — Ny = 0. 
Particular solutions: y; = exp(<e? =) > W= wexp(+e*). 

Yn, — Bare + 3are* + b)y!, + os 2A” _ 2b— dN )y = 0. 

1°. Particular solutions with b>0: y; = exp( Se? = *-avb), yo = exp(e At +avb). 


2°. Particular solutions with b<0: y; =exp(+ X e) cos (av— b), Y= exp(+ X oe) sin (av— b). 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19, 


20. 


21. 


22. 


23. 


an 
Youe 


The substitution w = y/, + ay leads to a second-order linear equation of the form 2.1.3.1: 
wi, tbe**w = 0. 


+ay, + ber*y’ +abe>”y = 0. 


an 
Youn 


Integrating yields a second-order linear equation: yy’, + (be*” +c)y = Ce (see 2.1.3.2 for 
the solution of the corresponding homogeneous equation with C' = 0). 


+ayy, + (be*” + oy’, + [b(a + Ne” + acly = 0. 


mw 2rAx 


Youn 
The substitution w = y! + ay leads to a second-order linear equation of the form 2.1.3.27: 
wit, + (be + ce**)w = 0. 


+ ay”), + (be + ce*)y’, + a(be* + ce**)y = 0. 


an 
Youn 


The substitution w = y/, — by leads to a second-order linear equation of the form 2.1.3.27: 
wi, + (ae + byw!, + b(ae** + byw = 0. 


+aecr*y” —b(ae* + b)y = 0. 


mw Aw, , Av,, — 
Vane + ae Yy.,,, — by, -abe**y = 0. 


1°. Particular solutions with b>0: y); = exp (-xvb), Yo = exp (evo). 
2°. Particular solutions with b <0: y, = cos (aV—b ) » y2=sin (av —b Me 


Yoon + ary”, + abe**y’, + by =0. 


The substitution w = y/, + by leads to a second-order linear equation of the form 2.1.3.27: 
wi! + (aer” — b)yw!, + bw = 0. 


yr, tae*y” +aber*y’ + b*(ae*” — b)y = 0. 


Particular solutions: y; = exp (-4bz) cos(Sbz), Yo = exp (-4ba) sin(~Bbe). 
yr, tay” —b(2ae*” + 3b)y!, + b*(ae** + 2b)y = 0. 
ba 


Particular solutions: y; = eo, Yy2 = re 


an 
Youn 


Particular solution: yo = e°”. 


+aer*y” + (beX® —c*)y’, — c(ace** + be" )y = 0. 


yt, tay” + (abe —b? + cy’, + caer — by = 0. 


Particular solutions: y, = efit Yy2 = e2* where 8, and (> are roots of the quadratic 
equation 37 +b3+c¢=0. 


Mm i taer*y”! +[a(b+Ad)e>” — bly, + abre*”y = 0. 


Youe 


Particular solutions: yj =e°", y. =e" / exp (202 = se) dz. 


an 
Youn 


The substitution w = y/, + by leads to a second-order linear equation of the form 2.1.3.27: 
wi, +ae*w', — abe**w = 0. 


+ (ae + b)y”’, —ab’er*y = 0. 


an 
Youn 


The substitution w = y/, — cy leads to a second-order linear equation of the form 2.1.3.27: 
wi, +(ae** +b+ cui, +c(ae*” +b+0w =0. 


+ (aer™ + by’. - c(ae** +b+c)y = 0. 
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24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


awn 
Youe 


The substitution w = y/, + cy leads to a second-order linear equation of the form 2.1.3.27: 
wi + (aer* +b-cwl,+cw =0. 


+(ae>* + b)y”’, + c(ae®” + b)y’, + cy = 0. 


an 
Youn 


Particular solutions: y; =e°", ys=e +b/a. 


+ (be + 2a)y’), — a(be* + a)y’, -—2a°y = 0. 


an 
Youn 


Particular solutions: y; = eit Yy2 = e2* | where 8, and ( are roots of the quadratic 
equation 3? +a3+b=0. 


= (e** —a)y’!, + (aer* — b)y’, + be*”y. 


an 
Youn 


The substitution w = y/, — sy leads to a second-order linear equation of the form 2.1.3.27: 
wi, +(ae** +b+s)wi, + [(as+cje** +bs+dt+s7]w =0. 


+ (aer™ + by’, + (ce>” + d)y’, -s[(as + cje’* +bs + d+s7ly =0. 


an 
Youn 


The substitution w = y/, — sy leads to a second-order linear equation of the form 2.1.3.27: 
wi, +(ae** +b+s)w!, + (ce + ase** + bs +d+s*)w =0. 


2rAx 


+ (aer* + b)y”, + (ce*** + dy’, —s(ce* + ase** + bs + d+s”)y = 0. 


yt, + (aer* + b)y’!, + (ce** + dy), — ke? [k(a + ke” 
+ (ar + 3kA + bk + c)e**® + 7+ BA + dly = 0. 


k k 
Particular solution: yo = exp( 5”). The substitution y = exp(+e™") / z(x)dx leads 


to a second-order linear equation of the form 2.1.3.27. 
yt, + (2ae**+ b)y””, + ae**(aer* + 2b + 3A)y), + ae**[a(b + 2A\)e>*+ bA + A’ Jy = 0. 
Particular solutions: y ; = exp (-<e*") » Y2=Lexp (-< ). 


an 
Youn 


Particular solution: yo =e 


+ (ae” — b)y’!, + cet” y’, — b(abe** + ce"®)y = 0. 


ba 


/ 
i 


an 
Youn 


Particular solution: yo =e™ 


+(e** + ay”, + (ae** + be" )y’ + abe” y = 0. 


ax 


an 
Youn 


The substitution w = y",,+cy leads to a first-order linear equation: w/, + (ae** + be!” )w =0. 


+ (aer” + be" )y””, + cy’, + c(ae®” + be )y = 0. 


awn 


(A+v); 
Youn uP 


/ 
ae 


(Atv x 


+ (ae** + be””)y” , + [abe + b(c + v)e”® —c*]y 


+ c[abe ~ace** + bve”® ly = 0. 


: . = = b 
Particular solutions: y; =e", y=e™ [exp Q2cr - —e"*) dx. 
v 
aw 


Youn 


Particular solutions: y; =e"", y»=e"* +b/p. 


(A+p)x 


+ ae** (bet + 2y)y”, — wlabe + ply’, -2apre*y = 0. 


wa 
Lee 


(ae” + by —ae”y = 0. 


Particular solution: yo = ae* +b. 


an 


(bee™ + a+ C)Y nn (bce + a3 + yy’, +ac(a* -c”)y = 0. 


Particular solutions: y; =e, y.=e°" +5. 
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38. (aer* + byy’ + (ce®” + dy”, + k(ae*” + by’, + k(ce®” + dy = 0. 


LEE 


1°. Particular solutions with k >0: y; =cos (vk), Yy2 = sin(xvVk ). 
2°. Particular solutions with k <0: y =exp (-av-k Ds yo = exp (av-k I 


3.1.3-2. Equations with power and exponential functions. 


39, of!” + aer*y’ + br(ae + b’x* - 3b)y = 0. 


Youn 


Particular solution: yo = exp (-4b2"). 


40. yf! + (ax +t bey’ —ae**y = 0. 


Youn 


Particular solution: yo =az +b. 


4. oy!" + (art bje**y’, -2ae>”y = 0. 


Youn 


Particular solution: yo = (ax + b). 


42, yf, tae" yy, + ba” y!, + ba” axe” + ny = 0. 


The substitution w = y/!,.+ SS leads to a first-order linear equation: w!, + ae>*w = 0. 


43. my i taxer?y” + (bx? -ae**)y’ + br(axe® + 3)y = 0. 


Youn 


1°. Particular solutions with b>0: y; = cos (4 rb), Y2 = sin(42°V/b). 
2°. Particular solutions with b <0: y; = exp (-52°V-b), Yy2 = exp (-4a°V-b). 


44, yf!" +arr7er*y”, —-2arer*y’, + 2ae**y = 0. 


Particular eae Yy=z, w= x. 


45. i + (ax + be**)y” + a(bre + 2)y’, + abe**y = 0. 


Youn 


Particular solutions: y ; = exp (-4az’), yo = exp (-ja2°) [exp(4a2”) dz. 


d r 2 X 2h = 
46. yy!) + (abxe*® + be®” + a)y’, + abe y’, - a*be**y = 0. 


Youn 


Particular solutions: y;=2, y2=e°”. 


47, "+ ax™(be® + 2r)y”, —- Mabe" e** + A)y’, — 2a x”y = 0. 


ene 
AL 


Particular solutions: y; =e*", y2= Ent 4 b/X. 


48. oy”! + (ax” —2be**)y””_, — be** (2ax” — be** + 3d)y’, 
+ be?” [ax (be®* — A) + 2brA€?” - A’ Jy = 0. 


b b 
Particular solutions: y; = exp(+e™*) > Ww=r exp(e™*). 
49, xy’ +ayl!, + x(be®* + c)y’, + [b(Ax + a)e®” + acly = 0. 
The substitution w = y"’,, + (be*” +c)y leads to a first-order linear equation: rw!, +aw =0. 


50. vy”! +axrer*y’ —2ae*”y = 0. 


The substitution w = xy!, —2y leads to a second-order linear equation of the form 2.1.3.1: 
wi, +ae*w = 0. 
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51. zy’ =(e** -ax)y”, + (ae — bar)y’, + be?” y. 
Particular solutions: y, = ein Yy2 = e2* where 3, and ~ are roots of the quadratic 
equation 37 +a3+b=0. 


52, avy”! + (axe +3)y”, + a(bx +2)e**y’, + D(abre®* + ae®* — b*x)y = 0. 


Particular solutions: y, = a! exp (-4b2) cos(Bbz), Y2 = a! exp (-4bz) sin(Bbe). 


53. ay!” +a(axe®* + b)y”, + [a(b—2)xe*” + cly’, + a(c— b+ 2)e**y = 0. 
Particular solutions: y; = #@™, y, = 2, where n; and m2 are roots of the quadratic 
equation n* + (b—3)n+c—b+2=0. 


3, 2 Az, , Ag = 
54.0 wy t bre “yl, t+ ary, + a(be —2)y = 0. 
Particular solutions: y; = @™, y, = #™, where n; and m2 are roots of the quadratic 
equation n?-n+a=0. 


55. ay!”  +a7(ae + by”, + x(abe*” +c-—b)y’, + cae” — 2)y = 0. 
Particular solutions: y; = @™, y, = #™, where n; and n> are roots of the quadratic 
equation n*+(b-—1)n+c=0. 


56. (ae*+bar)y’" —ae*y =0. 


Lee 


Particular solution: yo = ae” + bz. 
x 2,4 p 
57. (ae* + bx*)y) 7, — ae"y = 0. 
Particular solution: yo = ae” + ba’. 


58. (axe” +b)y’”’ + by =0. 


LEE 


Particular solution: yo =ax+be™”. 


59. (ax*e* + by!” + by = 0. 


Lee 


Particular solution: yo = az’ + be. 


3.1.4. Equations Containing Hyperbolic Functions 


3.1.4-1. Equations with hyperbolic sine. 


1 oy! tay + bsinh’ zy! +absinh’ xy = 0. 
The substitution w = y/, + ay leads to a second-order linear equation of the form 2.1.4.1: 
w+ bsinh’ 2 w =0. 

2. em + asinh” (Ax)y’) + by! + absinh”(Ax)y = 0. 


Youn 


1°. Particular solutions with b>0: y, = cos (evo), Yy2 = sin (evo). 
2°. Particular solutions with b <0: y); = exp (-av —b ) > w= exp(xv —b Me 


3. wy  tasinh”(Ax)y” + ba™y! + bae™" [ax sinh” (Ax) + my = 0. 


Youn 


The substitution w=y",,+bz™y leads to a first-order linear equation: w!,+asinh”(Az)w =0. 


4. Mm tasinh”(Ax)y”, + absinh”(Ax)y!, + b?[asinh”(Ax) - bly = 0. 


Yoon 
Particular solutions: y; = exp (-4bz) cos(2bz), Yo = exp (-4b2) sin(Bbe). 
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5. yf! + asinh”(Ax)y’, — b[2a sinh” (Ax) + 3b]y/, + b?[a sinh” (Ax) + 2b]y = 0. 
Particular solutions: y, =e°", y) = xe”. 
6 yf” + asinh’ xy”, + (absinh” x + c—b*)y’ + c(asinh” x — b)y = 0. 


Particular solutions: y, = exp(A;%), yo = exp(A2x), where A; and , are roots of the 
quadratic equation A? + bA +c =0. 


7 oof! + axsinh xy”, + (bx* -—asinh"x)y’, + bx(ax’ sinh” x + 3)y = 0. 


Particular solutions: y; = cos(>2? Vb) > y= sin(+a?Vb). 


8. of” + ax’ sinh” (Ax)y”, —2ax sinh” (Ax)y’, + 2a sinh” (Ax)y = 0. 
Particular solutions: yj =2, y= x. 


9 oy = (sinh” a — a)y’, + (a sinh” x - b)y’ + bsinh” x y. 


Particular solutions: y, = exp(A;%), yo = exp(A2x), where A; and , are roots of the 
quadratic equation A? +a\+b=0. 


10. vem + (@ sinh” « + bx)y’., + b(ax sinh” x + 2)y’, + absinh” x y = 0. 


Youe 


Particular solutions: y; = exp (-4ba’), y= exp(—4b2?) J exp(4b2") dz. 


11. acy”! +a(asinh’ x + b)y’, —2(a sinh? x + b)y = 0. 
The substitution w = xy!, —2y leads to a second-order linear equation of the form 2.1.4.1: 
w!!, + (asinh? x + byw = 0. 


12. ay!” +(az’ sinh” x + br)y’”, + [a(b-2)ax sinh” x + cly’, + a(c— b+ 2)sinh” x y = 0. 
Particular solutions: y,; = #2”, y. = x”, where m, and mz are roots of the quadratic 
equation m? +(b—3)m+c—b+2=0. 


13. ay!” + 27(asinh"z + by”, + x(absinh”x + c— by! + c(asinh” x — 2)y = 0. 
Particular solutions: y,; = 2”™', y. = x”, where m, and mz are roots of the quadratic 
equation m?+(b-1)m+c=0. 


ws 
Lee 


14. sinh” xy” + ay”, + aby’, + b°(a - bsinh” z)y = 0. 
Particular solutions: y,; = exp (-+bz) cos(b2), Yo = exp (-5bz) sin(+bz). 


wt 
LEE 


1°. Particular solutions with b>0: y) = cos (xvb), y2 = sin (cvVb). 
2°. Particular solutions with b <0: y); = exp (-xV-b), Y2 = exp(xv—b ). 


15. sinh” xy!" + ay!) + bsinh” x y’, + aby = 0. 


wm 
LEE 


+ay”, —b2a+3bsinh”x)y’, + b°(a + 2bsinh”x)y = 0. 
ba 


16. sinh” x y 
Particular solutions: y, =e°”, y) = xe 


17. sinh? xy! + yy”, + [(b- a”) sinh” x + aly’, + 61 -asinh”x)y = 0. 
Particular solutions: y, = ere, Yy2 = e’* where \; and A> are roots of the quadratic 
equation \7+a\+b=0. 

18. sinh” (Ax)y! + aay’! -2axy!, +2ay =0. 


Lee 


Particular solutions: yj =2, yo = 2”. 
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19, 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


sinh” x y’”’ 


sinh” x y’”’ 


Lee 


Particular solutions: yj; =, yo =e 


Lee 


+(asinh”z +axr+ Dy", +a7xry’, —a’y =0. 


ar 


+ (ax sinh” x + ly”, + a(x +2sinh”x)y’, + ay = 0. 


Particular solutions: y ; = exp (-4a2’), Yo = exp (-+a2") J exp(4a2”) dz. 


x sinh”x y 


wt 
Lee 


+ (3sinh”x + x)y’’ + (ax sinh” x + 2)y’, + a(sinh” x + x)y = 0. 


Particular solutions: y; = 2 ' cos(z/a), yo =2"' sin(rV/a). 


x? sinh” x y 


ws 
Lee 


+ax’y’! —2ax sinh” x y’, + 2(2sinh”x — a)y = 0. 
1 2 


Particular solutions: y;=2 , yx =x". 


x? sinh” x y 


Particular solutions: y; = gz, Yar. 


x? sinh” x y 


aw 
Lee 


aw 
Lee 


+ax’y’! -6x sinh” x y’, + 6(2sinh” x — a)y = 0. 


3 


+ax7y", +a(a-sinh”x)y’, + (a—3sinh”x)y = 0. 


Particular solutions: y; =cos(Inz), y2 =sin(nz). 


x? sinh” x y 


aw 
Lee 


+a7(sinh”x + a)y”, + cla -(b+1) sinh” x]y’, + b(2 sinh” x — a)y = 0. 
Vb vb 


Particular solutions: yy=a@ Y", yo=2”. 


3.1.4-2. Equations with hyperbolic cosine. 


awn 
Youn 


+ay”, + bcosh(2x)y’, + abcosh(2x)y = 0. 


The substitution w = y/, + ay leads to a second-order linear equation of the form 2.1.4.9: 
wi, + bcosh(2x)w = 0. 


an 
Youn 


+ay”, + beosh’ x y’, + abcosh’ x y = 0. 


The substitution w = y!, + ay leads to a second-order linear equation of the form 2.1.4.10: 
w+ bcosh’ x w = 0. 


an 
Youn 


+acosh”(Ax)y’’, + by’, + abcosh”(Ax)y = 0. 


1°. Particular solutions with b>0: y, = cos (cvb), y2 = sin (cvVb). 
2°. Particular solutions with b <0: y; =exp (-av-b), y2 = exp(avV/—b 6 


an 
Youn 


+acosh"(Ax)y”, + bx™y!, + bx™ [ax cosh” (Ax) + my = 0. 


The substitution w=y/!,+ba™y leads to a first-order linear equation: w’,t+acosh"(Ax)w =0. 


em + acosh”(Ax)y!’ + abcosh”(Ax)y’, + b*[a cosh” (Ax) — bly = 0. 


Youn 


Particular solutions: y; = exp (-4b2) cos(2bz), yo = exp (-4ba) sin(Boe). 


em + acosh”(Ax)y!’ — b[2a cosh”(Ax) + 3b]y’, + b*[a cosh” (Ax) + 2b]y = 0. 


Youn 


Particular solutions: y; =e°”, y) = xe 


an 
Youn 


ba 


+acosh"z y”’, + (abcosh” x + c— b*)y’, + c(a cosh” — b)y = 0. 


Particular solutions: y, = exp(A;2), yo = exp(A2x), where A; and , are roots of the 
quadratic equation A? + bA +c =0. 
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33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


yt, tax cosh”x y”, + (bx? —acosh”x)y’, + bx(ax” cosh” x + 3)y = 0. 


Particular solutions: y; = cos(>2? Vb) » y= sin(+a?Vb). 


an 
Youn 


+ ax? cosh” (Ax)y/’, -— 2ax cosh” (Ax)y’, + 2a cosh” (Ax)y = 0. 


Particular solutions: y;=2, yo = 2. 


an 
Yoon 
Particular solutions: y, = exp(A;2), yo = exp(A2x), where A; and , are roots of the 
quadratic equation A? +a\+b=0. 


= (cosh” x — a)y’), + (a cosh” x - b)y’, + bcosh” x y. 


an 
Youn 


+(acosh”x + bx)y”’, + b(ax cosh” x + 2)y’ + abcosh”x y = 0. 


Particular solutions: y; = exp (-4ba’), y= exp(—4b2) J exp(4b2") dz. 


cy’, + ela cosh(2x) + bly’, — 2[a cosh(2x) + bly = 0. 


The substitution w = xy!, —2y leads to a second-order linear equation of the form 2.1.4.9: 
wit, + [acosh(2z) + b]w = 0. 


DUS as + x(a cosh? x + b)y!, —2(a cosh’ x + b)y = 0. 


The substitution w = xy!, —2y leads to a second-order linear equation of the form 2.1.4.10: 
w!!,, + (acosh’ x + byw = 0. 


LY)» = (cosh x -ax)y’’, +(acosh”x — bx)y’ + bcosh”x y. 


Particular solutions: y, = exp(A;%), yo = exp(A2x), where A; and , are roots of the 
quadratic equation A7 +a\+b=0. 


ay! +(ax* cosh"x + bx)y’””, + [a(b—2)x cosh" x + cly’, + a(c—b+ 2) cosh” x y = 0. 


Particular solutions: y,; = 2”™'!, y. = x”, where m, and mz are roots of the quadratic 
equation m? + (b—3)m+c—b+2=0. 


zy” + 2*(acosh”x + b)y””, + x(abcosh”x +c —b)y’!, + c(a cosh” x — 2)y = 0. 
Particular solutions: y,; = 2”, y. = x”, where m, and mz are roots of the quadratic 
equation m* +(b-1)m+c=0. 


an 
Le 


2 é 
cosh” xy’), + ay’, + aby’, + b*(a - bcosh”x)y = 0. 


Particular solutions: y; = exp (-5bz) cos(¥Zbz), yo = exp (-5bz) sin(3bz). 


ws 
Lee 


1°. Particular solutions with b>0: y, = cos (xvb), y2 = sin (cvVb). 
2°. Particular solutions with b <0: y); =exp (-«V-b), Y2 = exp(xvV—b Ns 


cosh” xy’), + ay’, + bcosh” x y’, + aby = 0. 


ws 
Lee 


+ay!!, — (2a + 3bcosh"x)y’, + b°(a + 2bcosh”x)y = 0. 


Particular solutions: y, = e°”, y = xe”. 


cosh” x y 


2 = 
cosh” xy’). + Yi, + [(b- a”) cosh” x + aly’, + b(1 -acosh”x)y = 0. 
Particular solutions: y, = ere, yo = e’* where \; and A» are roots of the quadratic 
equation \*+a\+b=0. 
cosh”(Ax)y, + ax*y’” —2axy!, +2ay =0. 


cen 
2 


Particular solutions: y;=2%, yo =x’. 
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wn 


n ” 2 U Dip a 
coe + (a2cosh”r+axrt+ljy, +a°ry, —a’y =0. 


ax 


47. cosh”x y 


Particular solutions: yj; =2, y.2=e 


wt 
Lee 


48. cosh”x y’/"_ + (ax cosh” x + 1)y’), + a(a + 2cosh”x)y’, + ay = 0. 


Particular solutions: y; = exp (-4azx"), yo = exp (-ja2°) [exp(4a2%) dz. 


aw 
Lee 


49. xcosh"zx y + (3 cosh” x + x)y”’, + (ax cosh” x + 2)y’ + a(cosh”x + x)y = 0. 


Particular solutions: y; =a‘ cos(zVa), y=2' sin(zV/a). 


50. a cosh™z yl +ax7y”, —2x cosh” x y’, + 2(2 cosh” x — a)y = 0. 


Particular solutions: y; =a ', y.=2”. 


3 2 - 
51. ax cosh"x yy!" +ax*y!, —6x cosh” x y’, + 6(2 cosh” x — a)y = 0. 


Particular solutions: y;=27, y2=2°. 


ws 
Lee 


3 2 
52. «x cosh"a yy)” +ax~y,, + x(a—cosh"x)y’ + (a—3cosh”x)y = 0. 


Particular solutions: y ; =cos (In |x|), y2 = sin (In |x|). 
53. a> cosh" y””  +27(cosh”x +a)y”, +z[a-(b+1) cosh” x]y’, + b(2 cosh” x —a)y = 0. 


Particular solutions: y; = ave, Yy2 = av?, 


3.1.4-3. Equations with hyperbolic sine and cosine. 


54. yy + lasinh(2x) + bly’, + a cosh(2zx)y = 0. 


Youn 
This is a special case of equation 3.1.9.26 with f(x) = sla sinh(22) + 6]. 
55. y.., + [asinh(2x) + bly’, + 2a cosh(2x) y = 0. 
Integrating yields a second-order linear equation: y/!,, + [asinh(2x) + bly =C. 
56. yy!’ + [acosh(2x) + bly’, + asinh(2x)y = 0. 
Solution: y= Cui +Cowywrt+ C3w. Here, w, and w2 form a fundamental set of solutions 
of the modified Mathieu equation 2.1.4.9: 4w’,, + [acosh(2x) + b]w =0. 
57. yy’, + [acosh(2x) + bly’, + 2a sinh(2x) y = 0. 
Integrating yields a second-order linear equation: y!,, + [acosh(2x) + bly =C' (see 2.1.4.9 
for the solution of the corresponding modified homogeneous Mathieu equation with C' = 0). 
58. y/” + (bcoshx —a”)y’, + b(sinh x — a cosh x)y = 0. 


This is a special case of equation 3.1.9.29 with f(#) = bcosha. 


3.1.4-4. Equations with hyperbolic tangent. 


59, y/” —a* tanh(az)y = 0. 
Particular solution: yo = cosh(axz). The substitution y = cosh(azx) / z(a)dx leads to a 


second-order linear equation of the form 2.1.4.43: 2”, + 3a tanh(az)z/, + 3a*z =0. 
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60. Yn, = ay’, + (1-a) tanh y. 
This is a special case of equation 3.1.9.30 with f(x) = a and g(x) = coshz. 


61. me 3a’y’, + 2a3 tanh(ax)y = 0. 


Youn 


Particular solutions: y; =cosh(ax), y2 = x cosh(az). 


62. yf), = atanh” zy’, + tanh (1-a tanh” z)y. 


This is a special case of equation 3.1.9.30 with f(a) = a tanh” and g(a) = coshz. 


63. yf tay, + [btanh(Ax) + cly!, + a[btanh(Ax) + cly = 0. 


The substitution w = y!, + ay leads to a second-order linear equation of the form 2.1.4.22: 
wit + [btanh(Az) + c]w = 0. 
64. yf” tay”, — A[2a tanh(Ax) + 3Aly/, + 7[2a tanh?(\z) + 2A tanh(Ax) - aly = 0. 


Particular solutions: y, =cosh(Ax), yo = xcosh(Ax). 


65. Y,., -tanhz y,’,-ay), +atanha y = 0. 
1°. Solution fora >0: y= C) exp(—#/a) + Cr exp(a./a) + C3 cosh a. 
2°. Solution fora <0: y=C) cos(x./—a) + C2 sin(a,/—a) + C3 cosh ax. 


66. yf” + atanh”™(Ax)y”, + ba™y! + ba" [ax tanh”(Ax) + my = 0. 


Youn 
The substitution w=y",,+ba'y leads to a first-order linear equation: w’,+atanh”(Az)w =0. 


67. yf! + atanh”(Ax)y”, + abtanh”(Ax)y’, + b’[a tanh” (Az) — bly = 0. 


Youn 
: Cece = til V3 = 1 n( 3 
Particular solutions: y; = exp( +ba) cos(2ba), y= exp( +bar) sin(2ba). 
68.” + atanh”(Ax)y”, — b[2a tanh”(Ax) + 3b]y/, + b?[a tanh” (Ax) + 2b]y = 0. 
ba ba 


Particular solutions: y; =e°", yo = xe 


69. yf t atanh”(Ax)y,,, + [ab tanh” (Ax) + c- b*]y’, + c[a tanh” (Az) - bly = 0. 


Particular solutions: y, = exp(Q,x), y2 = exp((2x), where (3, and (3) are roots of the 
quadratic equation 37 +b3+c=0. 
n, tl 


70. im tar” y., —(2ax” tanh x + 3)y’, + [ax”(2 tanh’ « - 1) + 2tanh ay = 0. 


Youn 


Particular solutions: y; =coshz, yo = «cosh. 


ht h”*? 


71. em +e tanh” sy” —-(2a tan x-a tanh” «+2 tanh x)y = 0. 


Youn 


x+3)y’ +(2a tan 
Particular solutions: y; =coshz, yo = «cosh. 


72. tax tanh"s y”, + (bx? -atanh"x)y’, + bx(ax? tanh” x + 3)y = 0. 


Youn 
Particular solutions: y; = cos(>2? Vb) » y= sin(+a?Vb). 
73. yf! + ax’ tanh”(Ax)y”, -2ax tanh”(Ax)y’, + 2a tanh” (Ax)y = 0. 
Particular solutions: yj =2, y= x. 
74. -y,, = (tanh” x — a)y’’,, + (a tanh” x — b)y’, + btanh” x y. 
Particular solutions: y, = exp(A;%), yo = exp(A2x), where A; and , are roots of the 
quadratic equation A? +a\+b=0. 
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75. em + (atanh”a + ba)y’’ + b(ax tanh” « + 2)y’, + abtanh” x y = 0. 


Youe 
Particular solutions: y,; = exp (-4ba’), y= exp(—4b2?) J exp(4b2") dz. 


76. ” ,tlax™(tanh x —b) — bly’! + [a(b? - Dax” - ly’, + blax” (1 - b tanh x) + Ly = 0. 


Venn 
ba 


Particular solutions: y; =e’”, y2 =cosha. 


77, yf! + [A tanh(Az)(ax” -1)-ar" "Jy", -anNa"y’, +ara'y = 0. 


Youn 


Particular solutions: y; =2Z, yo = cosh(Az). 


78. yy!” +(atanh”*! x — abtanh”a — by”, 
+ [a(b? - 1) tanh” - Jy’, + b(-abtanh”*! x + a tanh” + Iy = 0. 


Particular solutions: y; = ae y2 = cosh x. 


79, ay’! +(aa? tanh” x + br)y””, +[a(b-2)a tanh” + cly’, + a(c—b+2) tanh” Zz y = 0. 


Particular solutions: y,; = 2”, y. = x”, where m, and mz are roots of the quadratic 
equation m? + (b—3)m+c—b+2=0. 


80. a3y’” + a7(atanh”s + b)y”, + z(abtanh"« + c — b)y’, + c(a tanh” x — 2)y = 0. 
Particular solutions: y,; = 2”, y) = x”, where m, and mz are roots of the quadratic 
equation m?+(b-1)m+c=0. 


81. tanh"x yy” + ay! +aby!, + b'(a—btanh”x)y = 0. 


Particular solutions: y; = exp (-$b2) cos(bz), yo = exp (-4ba) sin(*36z). 
82. tanh” xy!” +ay!) + btanh” zy’, + aby = 0. 


1°. Particular solutions with b >0: y, = cos (xvb), Yy2 = sin (avo). 
2°. Particular solutions with b <0: y); = exp (-av —b ) > w= exp(xv —b i 


83. tanh" yy” + ay’! —b(2a + 3b tanh” x)y’ + b?(a + 2btanh”x)y = 0. 


VEL 
ba 


Particular solutions: y; = eo, yo = re 


84. tanh yy” + y+ [(b- a’) tanh” z + aly’, + b(1-atanh”x)y = 0. 


Lee 
Particular solutions: y, = e!* Are 


equation 7 +a\+b=0. 


» Yo =e”, where A; and Az are roots of the quadratic 


85. tanh”(Ax)y’ + ax’*y”, -2ary’, + 2ay = 0. 


LEE 
Particular solutions: yj; =, y= x. 


86. tanh’ yy” +(atanh"2 +ax+ Dy” +a7ry’, —a’y =0. 


Particular solutions: y;=2, y.=e°”. 


87. tanh” xy)” + (ax tanh” + 1)y, + a(a + 2tanh”x)y’ + ay = 0. 


Particular solutions: y; = exp (-4a2’), Yo = exp (-4a2") [exp(4a2”) dz. 


88. xtanh”s y?” + (3tanh”a + x)y, + (ax tanh” x + 2)y’, + a(tanh” x + x)y = 0. 


Particular solutions: y; =a 'cos(z/a), y.=2' sin(zV/a). 
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3 2 
89. a tanh” yy!" + aay!) -— 20 tanh” sy’, + 2(2 tanh” x — a)y = 0. 


re 
2 


Particular solutions: y;=27', y) = 2. 


90. a tanh’ ay” + any”, — 6x tanh” x y’, + 6(2 tanh" — a)y = 0. 


2 


Particular solutions: yj =a, y.=2°. 


91. aitanh’xy’” + ax’*y”, + 2(a—tanh”x)y’ + (a —3tanh”x)y = 0. 


Particular solutions: y; =cos (In |x|) » y2=sin (In |x|). 


92. a> tanh’x yy!” +a7(tanh"2 +a)y’!, +a[a—(b+1) tanh” zy’ + b(2 tanh” x —a)y = 0. 


LLL 
Particular solutions: y; = ae, Yy2 = av?, 


3.1.4-5. Equations with hyperbolic cotangent. 


93. yy” —a>coth(ax)y = 0. 


Yoon 
Particular solution: yo = sinh(ax). The substitution y = sinh(az) / z(a%)dx leads to a 


second-order linear equation of the form 2.1.4.52: 2”, + 3acoth(az)z/, + 3a*z =0. 


94, sem = OY, + (1-a)cothz y. 


Youn 


This is a special case of equation 3.1.9.30 with f(a) = a and g(x) = sinha. 


95. yl” -3a7y’, + 2a coth(ax)y = 0. 


Particular solutions: y; =sinh(ax), y2 = xsinh(az). 


96. em = acoth"s y’ +coth x(1-acoth”x)y. 


Youn 


This is a special case of equation 3.1.9.30 with f(x) = acoth”s and g(a) = sinha. 


97, yf + ay, + [bcoth(Ax) + cly’, + a[b coth(Ax) + cly = 0. 
The substitution w = y!.+ ay leads to a second-order linear equation of the form 2.1.4.44: 
wit, + [bcoth(Ax) + c]w = 0. 


98. yf” tay”, - A[2acoth(Ax) + 3Aly’, + A7[2a coth?(Ax) + 2A coth(Ax) - aly = 0. 


Youn 
Particular solutions: y;, =sinh(Ax), y2 = x sinh(Az). 
99, yf ~cotha y, —ay!, + acothz y = 0. 
1°. Solution fora >0: y=C) exp(-2./a) + Co exp(a./a) + C3 sinha. 
2°. Solution fora <0: y=C; cos(x./—a) + C2 sin(a,/—a) + C3 sinh x. 


100. y/”” +(acothz —ab-—b)y”, + (ab’-a- Dy’, + b(-abcothz +a+ ly =0. 


Particular solutions: y, = ee, y2 = sinh x. 


101. y+ acoth"(Ar)y”, + ba™y!, + bx” [ax coth”(Ax) + mly = 0. 


Youn 


The substitution w=y"",,+ba'”y leads to a first-order linear equation: w’,t+acoth”(Az)w =0. 


102. yi", + acoth”(Ax)y"", + abcoth” (Ax)y’, + b*[a coth”(Ax) - bly = 0. 


Youw 


Particular solutions: y,; = exp (-4bz) cos(Sbz), Yo = exp (-4ba) sin(Bbe). 
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103. 


104. 


105. 


106. 


107. 


108. 


109. 


110. 


111. 


112. 


113. 


114. 


115. 


116. 


117. 


em + acoth”’(Ax)y’,, — b[2a coth”(Ax) + 3b]y’, + b*[a coth” (Ax) + 2b]y = 0. 


Venn 
ba 


Particular solutions: y; =e°", yo = xe 


an 
Youn 


Particular solutions: y, = cos(527 Vb) > Y= sin(+a?Vb). 


+azcoth’z y’’, + (bx* -acoth’x)y’, + bx(ax* coth”x + 3)y = 0. 


yt, tax’ coth”(Ax)y”, -— 2ax coth”(Ax)y’, + 2a coth”(Ax)y = 0. 
2 


Particular solutions: yj =2%, y= 2°. 
ye, tax"y” —(2ax” coth x + 3)y’, +[ax”(2 coth” x - 1) +2 cothz]y = 0. 
Particular solutions: y; =sinhz, y2=2sinhz. 

Dees 


Particular solutions: y; =sinhz, y2 =xsinhz. 


h”*! h”*? 


+acoth"s y”, -(2acoth”*’x + 3)y’, + (2a coth”**z - a coth”x +2 cothx)y = 0. 


an 
Youn 


+(acoth”x + bx)y’’, + b(ax coth”« + 2)y’, + abcoth” x y = 0. 


Particular solutions: y,; = exp (-4bx’), y= exp(—4b2") J exp( 4b") dz. 
™ + [Acoth(Ax)(ax” — 1) - ax” "Ty", - aay’, +arar1y = 0. 


Youn 


Particular solutions: y,; =, yo = sinh(Az). 


ay! + (ax? coth”x + bry!” + [a(b-2)x coth”x + cly!, + a(c—b +2) coth”z y = 0. 


Particular solutions: y,; = z”™!, y. = #'?, where m, and mz are roots of the quadratic 
equation m* + (b-—3)m+c—b+2=0. 


ay”! +27(acoth’x + by”, +x(abcoth”x +c-— b)y’, + cla coth”x - 2)y = 0. 


Particular solutions: y; = #™, y = x”, where mj, and mz are roots of the quadratic 
equation m? +(b-1)m+c=0. 


ws 
LEE 


coth"x y” + ay”, + aby’, + b°(a — bcoth"x)y = 0. 
Particular solutions: y; = exp (-4b2) cos(2bz), yo = exp (-4ba) sin(Bbz). 


ws 
Lee 


1°. Particular solutions with b >0: y, = cos (xvb), Yy2 = sin (avo). 
2°. Particular solutions with b <0: y; = exp (-«V-b), yo = exp(xvV—b ty 


coth” az yi" + ay!) + bcoth” x y’, + aby = 0. 


coth”x y” + ay”, —b(2a + 3bcothx)y’, + b°(a + 2b coth"x)y = 0. 


LUE 
ba 


Particular solutions: y, =e°", y =e 


coth”x y” + yy! + [(b— a”) coth”x + aly’, + b(1-acoth"x)y = 0. 
Particular solutions: y; = erie | Yy2 = e’* where A; and A> are roots of the quadratic 


equation \* +a\+b=0. 


coth"(Ar)y”  +ax7y”, -2axry’, + 2ay = 0. 


Lee 


Particular solutions: yj =, y= x. 


a 


coth” xy” + (acoth"z +ax+ Dy”, +a7xry! -a7y =0. 


Particular solutions: y;=2, y.=e°”. 
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118. coth"« yi’, + (ax coth”a + 1)y!’, + a(a + 2coth”x)y!, + ay = 0. 


Particular solutions: y ; = exp (-4a2’), Yo = exp (-4a2") J exp(4a2”) dx. 


119. xcoth”x y’ + (3coth”« + x)y’’, + (ax coth”x + 2)y’, + a(coth”x + x)y = 0. 


Lee 


Particular solutions: y; =a‘ cos(zVa), y.=2' sin(zV/a). 


3 2 e 
120. x coth’x y!"  +ax*y”, -2xcoth”x y’, + 2(2coth”x - a)y = 0. 
Particular solutions: y, = al, Y2 = x. 
3 2 = 
121. x coth"x yy!" +ax*y”, -6xcoth’ x y’, + 6(2 coth”s — a)y = 0. 
Particular solutions: y, = a, Y2 = x, 
3 2 = 
122. x coth’x yy!" +ax*y”, + x(a-coth"x)y’, + (a-3coth”x)y = 0. 


Particular solutions: y ; = cos (In x) > w= sin(In cae 


123. x coth" xy” +2°(coth" +a)y”, + x[a-(b+1)coth” rly’, + b(2 coth” x —a)y = 0. 


Particular solutions: y, = a Ve, Yy2 = av?, 


3.1.5. Equations Containing Logarithmic Functions 


3.1.5-1. Equations with logarithmic functions. 


1. mM ag In” (Ax) y" + by’, +ab In” (Ax)y = 0. 


Youn 


1°. Particular solutions with b>0: y, = cos (xvb), y2 = sin (cvVb). 
2°. Particular solutions with b<0: y; = exp (-«V-b), y2 = exp(xv—b ). 


20 yf! taln cy”, +abln’ xy, + b°(aln” x — by = 0. 


Particular solutions: y); = exp (-4bz) cos(bz), Yo = exp (-4b2) sin(~Bbe). 


30 of! tain (Ax)y’!, — b[2a In” (Ax) + 3b]y’, + b[aIn” (Ax) + 2b]y = 0. 
Particular solutions: y, = e°”, y) = xe”. 
400 yf! +aln cy”, + (abin” x +c-b*)y’ +c(aln” x — by = 0. 


Particular solutions: y, = exp(A;%), yo = exp(A2x), where A; and » are roots of the 
quadratic equation A? + bA +c =0. 
5. oy t(aln” x + bys +cy!, +c(aln” x + b)y = 0. 


1°. Particular solutions with c > 0: y, =cos (a/e) » y= sin(z/c). 
2°. Particular solutions with c<0: y,; =exp (-a./—e ) > Y2=exp (a./-c ie 


6 oy, = Un” x -a)y,,, + (aln” & - by’ + bin” x y. 
Particular solutions: y, = exp(A;2), yo = exp(A2x), where A; and , are roots of the 
quadratic equation A? +a\+b=0. 


ws 
Lee 


7 Int ay”! +ay!+aby, +b (a-bIn" x)y =0. 


Particular solutions: y,; = exp (-4bz) cos(Sbz), Yo = exp (-4b2) sin(Bbe). 
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10. 


wt 
Lee 


ty! +[(a-b?) In” x + bly, + a(1—bIn” xy = 0. 
Ax 


In” xy 
Particular solutions: y, = ene, y2 =e 
equation \* + b\+a=0. 


, where A; and Az are roots of the quadratic 


In” xy! tay”, — b2a + 3bIn” x)y’, + (a +2bIn” x)y = 0. 


LEL 
Particular solutions: y; = eo, y2 = axel, 


In” (Ax)y” 


Lee 


1°. Particular solutions with b>0: y, = cos (xvb), Yy2 = sin (avo). 


+ay,, + bin™(Ax)y!, + aby = 0. 


2°. Particular solutions with b <0: y; = exp (-av-b), y2 = exp(avV/—b ). 


3.1.5-2. Equations with power and logarithmic functions. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19, 


20. 


vem + (ax + b)In"(Ax)y!, -—aln”(Ax)y = 0. 


Youn 

Particular solution: yo =az +b. 

Yum + (ax + b)In”(Ax)y!, -2aln”(Ax)y = 0. 
Particular solution: yo = (ax + b). 


Yom tain” xy!) + (bax +c) y!, + (abe ln” x + acln” x + b)y = 0. 
Integrating yields a second-order linear equation: y!,, + (br +c)y = C exp (-a / In” a dx) 


(see 2.1.2.2 for the solution of the corresponding homogeneous equation with C' = 0). 


an 
Youn 


The substitution w = y’,,+ba'y leads to a first-order linear equation: w',+aIn"(Ax)w =0. 


+aln(Ax)y”, + ba™y! + ba™" [az In” (Ax) + my = 0. 


ye tarin” xy’, +(bx* -aln” x)y’, + br(ax? In” x + 3)y = 0. 


Particular solutions: y; = cos(>2? Vb) » y= sin(+a?Vb). 


an 
Youn 


+(aln” « + bx)y’’, + b(ax In” & + 2)y’ + abIn” x y = 0. 
Particular solutions: y; = exp (-+bx’), Y= exp(—4b2") [exp(4b2") dz. 


awn 
Youn 


The substitution w = y/, + by leads to a second-order linear equation of the form 2.1.5.13: 
wi, tazln” ew!,-aln” cw =0. 


+ (ax In” x + by”, + a(bx -1)In” xy’ -abIn” xy = 0. 


an 


yt, + (abeln” x +aln” x + b)y”, + ab?aln” zy’, — ab? In” zy = 0. 


Particular solutions: yj =, y= ee 


yt, tax? In’ (Ax)y”, —2axn”(Ax)y!, +2aIn™(Ax)y = 0. 
Particular solutions: yj; =, y= x. 


cy! tary”, —b(bx In? x + ly’, —ab(bx In’ x + Dy = 0. 


The substitution w = y/, + ay leads to a second-order linear equation of the form 2.1.5.3: 
rw, — (ba In* «+ byw = 0. 
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a 


21. vy) tal” (Ax)yy, + bry, + abln"™(Ax)y = 0. 
1°. Particular solutions with b >0: y), = cos (xvb), y2 = sin (xvVb). 
2°. Particular solutions with b <0: y); = exp (-av —b ) > w= exp(xv —b ie 


22, ay” +arine yy”, + (abrina -b’x + a)y’, + aby = 0. 


Particular solutions: y;=e°*, y.=e / gO ela42b)@ dy, 


23. xy), = (In x -ax)y”, +(aln” « - bx)y’ +bIn” x y. 


Particular solutions: y, = exp(A;%), yo = exp(A2x), where A; and , are roots of the 
quadratic equation 7 +a\+b=0. 


24. «yi! +(axln” x + 3)y!, + (2aln” x + bx)y’, + b(ax In” « + 1)y = 0. 


Particular solutions: y, = x! cos (vb), Y2 = a! sin (xvb). 


25. xy’) +(axiIn” x + 3)y%, + (abs In” x + 2a In” & - bx)y’, + b(aln” x - b)y = 0. 


Particular solutions: y, = al, Y2 = ate ot, 


26. vy”! +[a(b-Ina)e” + 2]y!, +aar™"y’ -axr”y = 0. 
Particular solutions: yj; =, y.=Inx-b+1. 
27. ay!” +t aln™(Ax)y), + bar7y! + abn” (Ax)y = 0. 
1°. Particular solutions with b>0: y) = cos (xvb), y2 = sin (cvVb). 
2°. Particular solutions with b <0: y); =exp (-av —b ) > w= exp(xv —b 5 


28. a?y’” + a7(alna + by, + 2axy!, —ay = 0. 
Integrating the equation twice, we arrive at a first-order linear equation: y/ + (alna + b)y = 
Cy an Cox. 

29. ay!” | -3azlax In*(Aa) + Iy!, + a[2a7x” In?(Ax) + Ly = 0. 
Particular solutions: y ; = exp le / In(Az) dx| » Y2= exp [a / In(Az) dx| . 


30. a?y’” + a7(alna + bar)y”, +2a(br + ay’, —ay = 0. 


Integrating the equation twice, we arrive at a first-order linear equation: y/,+(alna+ba)y = 
Ci ie Cx. 
2 2 

31.0 a? yl! + (ax* In” & + bx)y"’ + [a(b-2)x In” x + cly’, + a(c-b+2)In” xy = 0. 
Particular solutions: y,; = 2”, y. = x”, where m, and mz are roots of the quadratic 
equation m? + (b-—3)m+c—b+2=0. 

32, aby” + a7(alna + by’, + 2axy!, —ay =0. 
Integrating the equation twice, we obtain a first-order linear equation: xy’, +(alnz+b—2)y= 
Ci + Cx. 

33. ay’ t+ aln(Ax)y, + bx? y!, +abln(Ax)y = 0. 
1°. Particular solutions with b>0: y, = cos (xvb), y2 = sin (cvVb). 
2°. Particular solutions with b <0: y); = exp (-av —b ) > w= exp(xv —b 1 
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3 2 
34,0 ay!" tar’ In” xy’, -2xy!, +2(2-aln” x)y = 0. 


Particular solutions: y; =a !, y= 2. 


3 2 = 
35. aryl! tax’ In” xy’, - bry’, + 6(2-aln” x)y = 0. 
Particular solutions: y; = a, Yy2 = x. 


36. ay!” + a7(alna + bar)y’, +2a(br + a)y’, —ay = 0. 


Integrating the equation twice, we obtain a first-order linear equation: ry!,+(alnx2+br—2)y= 


Cc; +C x. 


3 2 
37. aw yl! t+ a°(aln” & + by)”, + e(abin” x + c— by’, + c(aln” x - 2)y = 0. 
Particular solutions: y,; = 2”, y. = x”, where m, and mz are roots of the quadratic 
equation m? + (b-—1)m+c=0. 
38. In® yl! + (avin & + 1)y’, +a(a+2In” x)y’, +ay = 0. 


Particular solutions: y , = exp (-4azx’), yo = exp (-ja2°) [exp(4a2”) dz. 


39, Int ay”! +(aln"x+ar+ Dy! +aary!, —a’y =0. 


Particular solutions: y;=2, y.=e°”. 


40. In"(Ax)y” + aay”, -2ary’, + 2ay = 0. 


Lee 


Particular solutions: yj =2, yo = 2. 


3.1.6. Equations Containing Trigonometric Functions 


3.1.6-1. Equations with sine. 


1. Us +asin «x y., — (a sina + b*)y = 0. 


The substitution w =e°*/ *(y!—by) leads to a second-order linear equation of the form 2.1.6.2: 
wi, + (asina + 367) w = 0. 

20 yf! t+ asin’ xy’ — b(asin’ x + b*)y = 0. 
The substitution w =e*/ >(y' —by) leads to a second-order linear equation of the form 2.1.6.3: 
wi, + (asin « + 3b’)w =0. 

3,0 of!” + [asin(Ax) + bly’, — clasin(Ax) + b+ c7]y =0. 
The substitution w=e°*/ >(y',—cy) leads to a second-order linear equation of the form 2.1.6.2: 
wi, + [asin(Ax) +b + 3c7]w =0. 

40 oy tay, + [bsin(Ax) + cly!, + a[bsin(Ax) + cly = 0. 
The substitution w = y/, + ay leads to a second-order linear equation of the form 2.1.6.2: 
wi + [bsin(Ar) + clw =0. 

5 yf! tay! + bsin'(Ax)y, + absin*(Ax) y = 0. 
The substitution w = y/, + ay leads to a second-order linear equation of the form 2.1.6.3: 
wi, tbsin’(Az) w =0. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19, 


awn 
Youn 


1°. Particular solutions with b>0: y); = exp (-xvb), Yo = exp (avo). 
2°. Particular solutions with b <0: y) = cos (aV—b ) » y2=sin (av —b ie 


+ asin” (Ax)y’), — by’, —absin" (Ax) y = 0. 


awn 
Youe 


+asin”(Ax)y”), + absin”(Ax)y’, + b’[a sin” (Ax) - bly = 0. 


Particular solutions: y; = exp (-+bz) cos(¥Zbz), yo = exp (-5bz) sin(3bz). 
yt, tasin” (Ax)y’!, — b[2a sin” (Ax) + 3b]y!, + b?[a sin”(Ax) + 2b]y = 0. 
Particular solutions: y; = e°”, y 2 = xe”. 
ee 
Particular solutions: y, = exp(A;2), yo = exp(A2x), where A; and , are roots of the 
quadratic equation A? + bA +c =0. 


+asin" xy”, + (absin"x + c—b*)y’ + c(asinx — b)y = 0. 


an 
Youn 


The substitution w=y/),.+bx™y leads to a first-order linear equation: wi, +asin"(Ax) w =0. 


+asin™(Ax)y”, + bx™ y’, + bx™ [ax sin”(Ax) + my = 0. 


an 
Youn 


1°. Particular solutions with c > 0: y, =cos (a/c) , y= sin(a/C). 


+(asin"x + by”, + cy, + c(asin” x + b)y = 0. 


2°. Particular solutions with c <0: y,; =exp (-a,/—-e ) > Y2=exp (a./-c ie 
yn 
Particular solutions: y, = exp(A;2), yo = exp(A2x), where A; and 2, are roots of the 
quadratic equation A7 +a\+b=0. 


= (sin"x - a)y’’, + (asin & — b)y’, + bsin” x y. 


an 


Yon + (asin” x + bx)y’’, + b(ax sin” x + 2)y’, + absin” x y = 0. 


Particular solutions: y,; = exp (-4b2”), y= exp(—4b2?) [exp(4b2") dz. 


an 
Youn 


Particular solutions: y; = cos(>2?V/b) > y= sin(+a?Vb). 


oon ” 2, oon , 2 tn 2 
+axsin”x y,,, + (bx*-asin"xr)y), + bx(ax* sin” x + 3)y = 0. 


awn 
Youn 


Particular solutions: y;=2%, y2=e 


+ (abz sin” x + asin” x + b)y”, + ab’ sin" x y’, — ab’ sin” x y = 0. 
—ba 


an 


yt, tax’ sin” (Ax)y”, —2ax sin” (Ax)y’, + 2asin”(Ax) y = 0. 


Particular solutions: yj; =, y= x. 


aw 


LY pee + xla sin(Ax) + bly’, = 2[a sin(Ax) + bly = 0. 
The substitution w = xy’, —2y leads to a second-order linear equation of the form 2.1.6.2: 
wi, + [asin(Az) + b]w = 0. 


aw 1 a” a 6 / ett 
LY oe = (Sin" xe -ax)y,, +(asin”x - bxr)y, + bsin’ x y. 


Particular solutions: y, = exp(A;2), yo = exp(A2x), where A; and , are roots of the 
quadratic equation A? +a\+b=0. 


ry, t (ax sin” x + 3)y’’ + (2asin”x + bx)y’ + b(ax sin” x + Ly = 0. 


Particular solutions: y, = x! cos (xvb), Y= x! sin (xvb). 
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20. a?y’” = (sin® x —ax*)y”, + (asin”x — bx*)y’, + bsin” x y. 
Particular solutions: y, = exp(A;%), yo = exp(A2x), where A; and , are roots of the 
quadratic equation 7 +a\+b=0. 


21.0 ay”! + ax’ sin™(Ax)y”, + bry’, + bla sin” (Ax) —2]y = 0. 
Particular solutions: yy = #™, y = x”, where mj, and mz are roots of the quadratic 
equation m*-—m+b=0. 


«2 wm 2 ” / = 
22. sin’zy,,tasin ry, + by, + aby = 0. 
The substitution w = y!, + ay leads to a second-order linear equation of the form 2.1.6.21: 
sin? aw, + bw =0. 
ws 
Lee 


23. sin" y’” t+ ay”, + aby’, + D(a -bsinx)y = 0. 
Particular solutions: y,; = exp (-+bz) cos(b2), Yo = exp (-5bz) sin(+3bz). 


aw 
Lee 


1°. Particular solutions with b>0: y); = cos (xvb), y2 = sin (cvVb). 
2°. Particular solutions with b <0: y; = exp (-av-b), y2 = exp(xvV—b \ 


24. sin" xy!" +ay,,, +bsin"x y’, + aby = 0. 


ws 
Lee 


+ay”, —b(2a + 3bsin” x)y’, + b?(a + 2bsin”x)y = 0. 
bx 


25. sin"xy 
Particular solutions: y; = eo, yo = re 


wm 
Lee 


+y// +[(b- a’) sin” x + aly’, + b(1-asin"x)y = 0. 
Ax 


26. sin”xy 
Particular solutions: y; = en, ye 
equation \* +a\+b=0. 


, where A; and A, are roots of the quadratic 


27. sin"(An)y’ + ax’y”, -2axry’, + 2ay = 0. 


vee 
2 


Particular solutions: yj =, yo =2*. 


ws 
Lee 


28. sin" y’” + (asin®2 +ax+ ly”, +a°xy’, -a’y = 0. 


Particular solutions: y;=2, y.=e°”. 


wy 
Lee 


29. sin" ax y!! + (ax sin” x + ly! + a(at+2sin’x)y’ + ay =0. 


Particular solutions: y ; = exp (-4az’), Yo = exp (-}a2°) J exp(4a2”) dz. 


ws 
Lee 


30. xsin®x yy!" + 3sin’x + x)y! + (ax sin” x + 2)y! + a(sin”x + x)y = 0. 


Particular solutions: y; = 27! cos(z/a), yo =27! sin(aV/a). 


mw 2,4 “on ’ st = 
cme TOU Y,,, —-2rsin"xr y, + 2(2sin"x —a)y = 0. 


Particular solutions: y; =27!, y2=2°. 


31. ax sin" x y 


mw 2,4 “on ’ +47 = 
coe TOU Y,,, —6xsin"xr y, + 6(2sin"x —a)y = 0. 


Particular solutions: y;=2, y2=2°. 


32. asin" x y 


wt 2,/0 


33. a sin" « Yom tax'y’’ +2(a-sin’x)y’ +(a-3sin"x)y = 0. 


Particular solutions: y; =cos(Inz), y2 =sin(nz). 


an 


2s : : 
vm te (sin"c +a)y’, + zla-(b+1)sin" xy’, + b(2 sin” x - a)y = 0. 


Particular solutions: y, = av? Y2 = av, 


34. asin" x y 
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3.1.6-2. Equations with cosine. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44, 


45. 


46. 


47. 


awn 
Youn 


The substitution w = e°*/ *(y’, — by) leads to a Mathieu equation of the form 2.1.6.29: 
wi, + [acos(2x) + $67] w =0. 


+ acos(2x)y’, — bla cos(2x) + b*]y = 0. 


an 
Youn 


The transformation € = sAa, w = ect! *(y', — cy) leads to the Mathieu equation 2.1.6.29: 
Wee + 4\*[acos(2€) + b+ 3c] w=0. 


+ [acos(Ax) + bly’, -— cla cos(Ax) + b+ cy = 0. 


an 
Youn 


The substitution w=y/,+ay leads to the Mathieu equation 2.1.6.29: w/!,,+(bcos 2a+c)w =0. 


+ay., + (bcos 2x + c)y’, + a(bcos 2x + c)y = 0. 


yt, tacos™(Ax)y’), + by’, + abcos™(Ax) y = 0. 


1°. Particular solutions with b>0: y) = cos (cvb), y2 = sin (cvVb). 
2°. Particular solutions with b <0: y; =exp (-«V-b), y2 = exp(xv—b Ne 


an 
Youn 


+acos”(Ax)y”’, + ab cos”(Ax)y’, + b’[a cos™(Ax) - bly = 0. 
Particular solutions: y; = exp (-4bz) cos(2bz), Yo = exp (-4b2) sin(Bbe). 
yt, tacos” (Ax)y’), — b[2a cos”(Ax) + 3b]y!, + b*[a cos”(Ax) + 2b]y = 0. 
Particular solutions: y, = e°”, y) = xe”. 

yn 
Particular solutions: y, = exp(A;%), yo = exp(A2x), where A; and , are roots of the 
quadratic equation A? +bA +c =0. 


+acos"x y’!, + (abcos”x +c— b*)y! + c(acos”x — b)y = 0. 


mw m-1 


Youe 


The substitution w=y'!,+ba’™y leads to a first-order linear equation: w/,+acos™(Ax) w =0. 


+acos"(Ax)y"), + ba™ y!, + ba™ [ax cos”(Ax) + my = 0. 


awn 
Youn 


1°. Particular solutions with c > 0: y, =cos (a/c) , y= sin(z/c). 


+(acos”x + b)y’’, + cy/, + c(acos” x + b)y = 0. 


2°. Particular solutions with c <0: y,; =exp (-a./—e ) > Y2 =exp (a./-c Je 
Vows 
Particular solutions: y, = exp(A;%), yo = exp(A2x), where A; and 2 are roots of the 
quadratic equation A? +a\+b=0. 


= (cos"x — a)y’,,, + (acos”a — b)y’, + bcos” x y. 


wn 
Youn 


+(acos”x + bx)y”’, + b(ax cos” x + 2)y’, + abcos"x y = 0. 
Particular solutions: y; = exp (-4b2"), y2 = exp(—4b2") J exp(4b2") dx. 


an 
Youn 


Particular solutions: y, = cos(527Vb) > Y= sin(+a?Vb). 


nm mw 2 nm , 2 nm a 
+ ax cos”xy,,, + (bx* -acos”x)y,, + bxr(ax* cos”x + 3)y = 0. 


yt, + (abx cos”x + acos” x + by”, + ab’x cos” x y’, — ab’ cos” x y = 0. 


Particular solutions: yj =2%, y= et 
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48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


awn 
Youn 


+ ax’ cos”(Ax)y’), — 2ax cos” (Ax)y’, + 2acos™(Ax) y = 0. 


Particular solutions: yj; =, y= x. 


ry’, + x(a cos 2x + by’ — 2(a cos 2x + b)y = 0. 


W 
x 


The substitution w=ay',—2y leads to the Mathieu equation 2.1.6.29: w/!,,+(acos2¢+b)w=0. 


ay’, + (a cos x + b)y’, — 2(a cos? x + b)y = 0. 


The substitution w = xy!, —2y leads to a second-order linear equation of the form 2.1.6.30: 
w+ (acos’ x + byw =0. 

ry, = (cos”x - ax)y,,, + (acos”x — bx)y’, + bcos” x y. 

Particular solutions: y, = exp(A;2), yo = exp(A2x), where A; and , are roots of the 
quadratic equation A? +a\+b=0. 


ry, + (ax cos” x + 3)y!’ + (2acos”x + bx)y’ + b(ax cos”x + ly = 0. 


Particular solutions: y; = x! cos (xvb), Yy2 = a! sin (xvb). 
ay! = (cos"x —ax”)y’!, + (acos”x — bay’, + bcos” x y. 


Particular solutions: y, = exp(A;%), yo = exp(A2x), where A; and , are roots of the 
quadratic equation 7 +a\+b=0. 


apy!” + aa? cos”(Ax)y”, + bry’, + blacos”(Ax) - 2]y = 0. 


Particular solutions: y,; = 2”, y. = x”, where m, and mz are roots of the quadratic 
equation m*-—m+b=0. 


ws 
LEE 


cos? xy”! +acos’ xy”, + by! + aby = 0. 
The substitution «=€+ 4 leads to an equation of the form 3.1.6.22: sin? € Yeeet@ sin’ € Yeet 


by, + aby =0. 


aw 
Lee 


cos" xy” tay”, + aby’, + b*(a— bcos” x)y = 0. 
Particular solutions: y; = exp (-tbz) cos(b2), Yo = exp (-5bz) sin( 


ws 
Lee 


1°. Particular solutions with b> 0: y = cos (cvb), y2 = sin (xvVb). 
2°. Particular solutions with b <0: y); = exp (-2v-b), Y2 = exp(av-b). 


cos" xy!" tay), + bcos” x y!, + aby = 0. 


ws 
Lee 


+ay’!, —b(2a + 3bcos"x)y’, + b°(a + 2bcos”x)y = 0. 
ba 


cos” x y 


Particular solutions: y; = eo, yn = re 


Tm wt ” 2 n / Tm = 
COS” L Yon t Ure t (b- a’) cos”x + aly), + 1 -acos”x)y = 0. 
Particular solutions: y; = erie | Yy2 = e’* where A; and A> are roots of the quadratic 


equation \* +a\+b=0. 


wm 2, ’ = 
cme tary, —2ary,, + 2ay = 0. 


Particular solutions: yj =, y= x. 


cos” (Ax)y 


an 


cos" xy!” + (acos*x +ax+ly” +a7ry!, —a’*y = 0. 


Particular solutions: y;=2, y.=e°”. 
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62. 


63. 


64. 


65. 


66. 


67. 


cos" x y,,”,, + (ax cos”x + l)y"’, + a(a + 2cos"x)y!, + ay = 0. 
Particular solutions: y; = exp(-4az’), Yo = exp(-4.az’) J exp(4a2”) dx. 


an 


LCOS” E Yon 


m1 a nm / m1 =: 
+ (3cos"x + x)y),, + (ax cos”x + 2)y), + a(cos”x + x)y = 0. 
Particular solutions: y, = 2! cos (aJa), y=a'sin(r/a). 
zcos"x y’  +ax*y!, —2x cos" x y’, + 2(2cos”x —a)y = 0. 


Particular solutions: y; =27', y2=2. 


ws 2,,4 nm ’ nm = 
nae TOC Y,,, —- 6x2 cos" zy, + 6(2 cos” x -a)y = 0. 


2 


x cos" x y 


Particular solutions: yj =a, y.=2°. 
wn 


a cos"x y!  +ax*y”, + x(a—cos"x)y’, +(a—3 cos" x)y = 0. 


Particular solutions: y; =cos(In|z|), yo = sin(In|2|). 


ws 
Lee 


xcos"a y+ 27(cos”x + a)y’), + ela -(b +1) cos” x]y’, + b(2cos”x - a)y = 0. 


Particular solutions: y, = laf v?, Y2 = lalV®, 


3.1.6-3. Equations with sine and cosine. 


68. 


69. 


70. 


71. 


72. 


73. 


74. 


75. 


an 
Youn 


Integrating yields a second-order linear equation: y’,,+[asin(Ar)+b]y =C (see 2.1.6.2 for 
the solution of the corresponding homogeneous equation with C' = 0). 


+[asin(Ax) + bly’, + aA cos(Ax) y = 0. 


yt, + [asin(Aa) — b*]y’, + a[A cos(Az) - bsin(Ax)]y = 0. 
ba /2 


By integrating and substituting w = ye we obtain a second-order nonhomogeneous 
linear equation: wi! + [a sin(Ax) — +0] w = Cera/2 (see 2.1.6.2 for the solution of the 
corresponding homogeneous equation). 

Wass 
Solution: y= Ciwt + Chwyw2 + C3w%. Here, w1, w2 is a fundamental set of solutions of 
the Mathieu equation 2.1.6.29: 4w/!, + [acos(2x) + b]w = 0. 


zx 


+ [acos(2x) + bly’, -asin(2x) y = 0. 


an 
Youn 


Integrating yields a nonhomogeneous Mathieu equation: y’,, + [acos(2x) + bly =C. 


+ [acos(2x) + bly’, - 2a sin(2x) y = 0. 


yt, + [acos(2x) - b*]y’, — a[bcos(2x) + 2 sin(2x)]y = 0. 
ba /2 


By integrating and substituting w = ye 
w/t, + lacos(2x) — £b7]Jw = Ce" /?, 


, we obtain a nonhomogeneous Mathieu equation: 


yt, ~ ala sin’(bx) + b cos(bx)]y’, + a sin(bx)[b? + 2a? sin?(bx)]y = 0. 


Lee 


Particular solutions: y ; = exp -+ cos(b)| » Y2=xrexp -+ cos(bir) : 


mw 
Lee 


asincrx)y”! , + by”, + 3a? sin(Ax)y’, + 2aX3 cos(Ax)y = 0. 


This is a special case of equation 3.1.9.105 with f(a) = 0. 


sincrAx)y”! + [a+ (2A + 1) cos(Ax) ly”, — (A? + 2A) sin(Ax)y’, — A* cos(Ax)y = 0. 


Lee 


This is a special case of equation 3.1.9.106 with f(a) = 0. 
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76. 


ws 
Lee 


Solution: y=C iy; + Coyiy2 + Cy. Here, y1, y2 form a fundamental set of solutions of 
the Legendre equation 2.1.2.154, with the argument x of the functions y; and y substituted 
by cos x. 


sin?x yy” + 3sin x cos xy’, + [cos 2x + 4v(v + 1)sin*x]y!, + 2v(v + 1)sin 2x y = 0. 


3.1.6-4. Equations with tangent. 


77. 


78. 


79. 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


an 
Youn 


Integrating yields a second-order nonhomogeneous linear equation: Vee + tan & Ye -y= 
C/cos&, where € = ax (see 2.1.6.53 for the solution of the corresponding homogeneous 
equation). 


+a>tan(ax) y = 0. 


ye, ~@ tan(ax) y = 0. 


Particular solution: yo =cos(axz). The substitution y = cos(ax) / z(a) dx leads to a second- 


order linear equation of the form 2.1.6.53: zg. — 3 tan € 2; — 3z = 0, where £ = az. 


yt, +3a’y!, + 2a} tan(azx) y = 0. 


Particular solutions: y; =cos(ax), yo = xcos(az). 


Yong tay, +(a-I)tanry =0. 
Particular solution: yo = cos x. The substitution y =cos x / 2(a) de leads to a second-order 


linear equation: 2!’ —3 tana zi), +(a—3)z =0. 


tay’, + Xa -—*)tan(Ax)y = 0. 


Youn 
Particular solution: yo =cos(Ax). The substitution y =cos(Az) / z(a) da leads to a second- 


order linear equation of the form 2.1.6.53: zg, —3 tan € 2 + (aX? —3)z=0, where € = Az. 


an 
Youn 


The substitution w = e*/ *(y’, — by) leads to a second-order linear equation of the form 
2.1.6.51: wi, + (atan? 2+ 3b’)w =0. 


+atan’ xy’, — b(a tan’ x + b*)y = 0. 


an 
Youn 


The transformation € = Ax, w = e°*/ *(y', — cy) leads to an equation of the form 2.1.6.51: 
Wee +A7(atan? €+b4+ 3c?)w =0. 


+ [a tan*(Ax) + bly’, — cla tan’*(Ax) +b + c*]y = 0. 


yu, t+atan"s y’, + tanx(atan”x — 1)y = 0. 
Particular solution: yo = cos x. The substitution y = cos x i z(x) dx leads to a second-order 


linear equation: 2!’ —3tan x z/, + (atan”s —3)z =0. 


yt, tay, + (btan’ x + c)y’, + a(btan* x + c)y = 0. 


The substitution w = y!, + ay leads to a second-order linear equation of the form 2.1.6.51: 
wi, +(btan? 2 +c)w =0. 
yt tay, + ABA + 2a tan(Ax)ly’, + A7{al[1 + 2 tan’*(Ax)] + 2A tan(Ax)}y = 0. 


Particular solutions: y, =cos(Ax), y2 = xcos(Ax). 
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87. 


88. 


89. 


90. 


91. 


92. 


93. 


94, 


95. 


96. 


97. 


98. 


99. 


wn 


Youn + A tan(Ar)y,. = ay’, -ax tan(Ax) y= 0. 
1°. Solution fora >0: y= Cy exp(-2Va) + C2 exp(xV/a@) + C3 cos(Az). 


2°. Solution fora <0: y=C};cos (x =a ) + C) sin (x =a) + C3 cos(Ax). 


my i tatan(Ax)y”, + by! + (ar + b- 2”) tan(Az) y = 0. 


Vouw 

Particular solution: yo = cos(Ax). The transformation x = =, y = cos(Ar) i wdzx leads 
to a second-order linear equation of the form 2.1.6.131:  w!, + (aX? - 3) tanzw! + 
(b\* — 3 -2ad" tan? z)w = 0. 


an 
Youn 


1°. Particular solutions with b>0: y, = cos (xvb), Yy2 = sin (avo). 


+atan”(Ax)y”, + by), + abtan” (Ax) y = 0. 


2°. Particular solutions with b <0: y); = exp (-av —b ) > w= exp(xv —b ). 


mw tatan (Ary, + abtan™(Ax)y’, + b7[a tan” (Az) — bly = 0. 


Youn 


Particular solutions: y,; = exp (-5bz) cos(b2), Yo = exp (-5bz) sin(~Zbe). 


yt, tatan”(Ax)y”, — b[2a tan”(Ax) + 3b]y/, + b?[a tan” (Ax) + 2b]y = 0. 
Particular solutions: y, =e°", y) = xe”. 
yn 
Particular solutions: y, = exp(A;2), yo = exp(A2x), where A; and , are roots of the 
quadratic equation 7 +bA +c =0. 


+atan"z y” +(abtan”x +c-b*)y! +c(a tan” — b)y = 0. 


an 
Youn 


The substitution w=y/!,+ba™y leads to a first-order linear equation: w/,+atan”(Ax) w =0. 


+atan”(Ax)y” + ba™y! + ba" [ax tan™(Ax) + my = 0. 


an 
Youn 


1°. Particular solutions with c>0: y, =cos (tfc) » Y= sin(z/Cc). 


+(atan”a + by’! + cy’, + c(atan”« + by = 0. 


2°. Particular solutions with c <0: y,; =exp (-a —C ) > Y2 =exp (a./-c ye 


Ym = (tan”x -—a)y”, +(atan” ax — by’! + btan”x y. 


Particular solutions: y, = exp(A;2), yo = exp(A2x), where A; and » are roots of the 
quadratic equation 7 +a\+b=0. 


an 
Youn 


+(atan”x + bx)y’’, + b(ax tan”x + 2)y’ + abtan”x y = 0. 


Particular solutions: y; = exp (-+b2"), y2 = exp(—4b2") Jexp(4b2") dz. 


an 
Youn 


Particular solutions: y; = cos(>2? Vb) , y= sin(+a?Vb). 


+az tan” y’ +(bx*—atan"x)y’ + br(ax? tan”x + 3)y = 0. 


wn 


yu, + (abe tan”x + atan”z + by”, +ab’z tan” zy’ — ab’ tan” x y = 0. 


Particular solutions: yj; =, y= ert: 
yt, tax’ tan”(Ax)y”, -2ax tan” (Ax)y’, + 2a tan”(Ax) y = 0. 


Particular solutions: yj =2, yo = 2”. 
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100. 


101. 


102. 


103. 


104. 


105. 


106. 


107. 


108. 


109. 


110. 


111. 


112. 


113. 


an 
Youn 


Particular solutions: y; =e", yo =cosz. 


-[b(a + tanx)x” + aly’! +[b(a? + Dax” + 1]y/, + a[b(a tan az - 1)x” - 1]y = 0. 


an 
Youn 


-(abtan”x + btan™*! x + a)y”, + [b(a? + 1) tan” x + Ly’, 
n+1 


+ a(abtan”™ «x — btan” x — 1)y = 0. 


Particular solutions: y; =e", y.=cosz. 


an 
Youn 


Particular solutions: y,; =, yo = cos(Ax). 


+ [A tan(Ax)(ax” + 1) + ax” "Ty", - aXac”y’ +aNa"1y = 0. 


ay’, + x(atan’ x + b)y’, — 2(atan’ x + b)y = 0. 


The substitution w = xy!, —2y leads to a second-order linear equation of the form 2.1.6.51: 
wi, +(atan? x + byw =0. 


LY)» = (tan”x -ax)y’”, +(atan”x - bx)y,, + btan”x y. 


Particular solutions: y, = exp(A;%), yo = exp(A2x), where A; and , are roots of the 
quadratic equation A? +a\+b=0. 


ry, + (ax tan"« + 3)y”, + (2a tan” x + bx)y’, + b(ax tan”x + 1)y = 0. 


Particular solutions: y, = a! cos (vb), Y2 = a! sin (xvVb). 


ay! = (tan"x —ax*)y”, + (a tana — bax)y’ + btan”z y. 


Particular solutions: y, = exp(A;%), yo = exp(A2x), where A; and , are roots of the 
quadratic equation A? +a\+b=0. 


3,00 


apy!” + ax tan” (Aa)y”, + bay’, + bla tan”(Aa) - 2]y = 0. 
Particular solutions: y; = #2, y2 = £'™, where m, and mz are roots of the quadratic 
equation m—-m+b=0. 


aw 
Lee 


tan’z yy” + ay! + aby! +b?(a-btan"x)y = 0. 
Particular solutions: y; = exp (-+bz) cos(Sbz), Yo = exp (-4b2) sin(Bbe). 


ws 
Lee 


1°. Particular solutions with b>0: y, = cos (xvb), y2 = sin (cvVb). 
2°. Particular solutions with 6 <0: y; = exp (-av-b), y2 = exp(av—b Me 


tan"z y,”, tay, + btan"x y’, + aby = 0. 


wn 
Lee 


+ay” — (2a + 3btan"z)y’, + b*(a + 2btan”x)y = 0. 
ba 


tan” x y 


Particular solutions: y; = eo, yo = re 


2 = 
tan" zy,” + y, + [(b-a*)tan"x + aly’ + b(1-atan”x)y = 0. 
Particular solutions: y, = ere, Yy2 = e* where \; and A are roots of the quadratic 


equation \* +a\+b=0. 


tan’(Ax)y’  +ax’?y”, -2axry’, + 2ay = 0. 


eee 
2 


Particular solutions: y;=2%, Yy2 =x”. 


an 


” 2 0 Die as 
tan” xy)» + (atan"s + ax + ly t+a°ry, -—a’y = 0. 


Particular solutions: y;=2, y.=e°”. 
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114. 


115. 


116. 


117. 


118. 


119. 


awn 


tan” ay!" + (ax tan"a + Dy’), + a(a t+ 2tan"x)y,, + ay = 0. 


Particular solutions: y; = exp (-4az’), Yo = exp (-4a2°) [exp(4a2”) dz. 


a 


Th 
x tan” x Yo ne 


+(3tan"x + x)y!’ + (ax tan” x + 2)y’ + a(tan”a + x)y = 0. 
Particular solutions: y, = 2! cos (aJa), y=a'sin(r/a). 


2 » 
vom Fak y”, — 2x tan" x y’, + 2(2tan”x - a)y = 0. 


Particular solutions: y; =27!, y2=2. 


x tan” x y 


wt 2,/0 , i 
coe TOC Y,,, - 6x tanx y+ 6(2 tan”x -a)y = 0. 


Particular solutions: y; =a, y= 2°. 


x tan" x y 


wt 2,/0 / = 
oom TOL Y,,, + L(a—tan"xr)y, + (a—-3tan"x)y = 0. 


Particular solutions: y; =cos(Inz), y2 =sin(Inz). 


x? tan"x y 


taney” +a*(tan"2 + ay”, + ala —(b+ 1) tan” rly’, + b(2 tan” x — a)y = 0. 
Particular solutions: y, = ave, Yy2 = av, 


3.1.6-5. Equations with cotangent. 


120. 


121. 


122. 


123. 


124. 


125. 


126. 


127. 


yy” +a cot(ax) y = 0. 


Lee 
T 


2a 


mw 


The substitution z=t+— leads toa linear equation of the form 3.1.6.78: y;/,—a? tan(at) y=0. 


an 
Youn 


-a’ cot(ax) y = 0. 
TT 


2a 


mw 


The substitution z=t+— leads toa linear equation of the form 3.1.6.77: y;/,+a> tan(at) y=0. 


an 
Youn 


Particular solutions: y; =sin(ax), yo = xsin(az). 


+3a’y’, - 2a cot(ax) y = 0. 


wn 
Youe 


Particular solution: yo = sinz. 


+ay,,+(1-a)cotzy =0. 


an 
Youn 


The substitution w = e°*/ *(y!, — by) leads to a second-order linear equation of the form 
2.1.6.81: wi}, + (acot? x + 3b") w =0. 


+acot’ xy’, —b(acot? x + b*)y = 0. 


an 
Youn 


The substitution w = y!, + ay leads to a second-order linear equation of the form 2.1.6.81: 
wi, +(bcot r+c)w =0. 


+ay” + (beot? x +c)y’, + a(bcot? x + c)y = 0. 


an 
Youn 


Particular solution: yo = sinz. 


+acot’z y’ + cot x(1-acot”x)y = 0. 


my tay”, + ABA 2a cot(Ax)ly’, + A7{al[1 + 2 cot?(Ax)] — 2A cot(Ax)}y = 0. 


Youn 


Particular solutions: y , =sin(Ax), y2 = x sin(Az). 
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128. 


129. 


130. 


131. 


132. 


133. 


134. 


135. 


136. 


137. 


138. 


139. 


140. 


141. 


awn 


Your — A cot(Ar)y*" = ay’, +axr cot(Ax) y= 0. 
1°. Solution fora > 0: y= Cexp(-«Va) + Cy exp(aVa) + C3 sin(Az). 


2°. Solution fora <0: y=C};cos (x =a ) +C) sin (a =a ) + C3 sin(A7x). 


my tacot™(Ax)y”, + abcot™(Ax)y’, + [a cot” (Az) - bly = 0. 


Youn 


Particular solutions: y; = exp (-4b2) cos(Sbz), yo = exp (-4ba) sin(~Zbz). 


yt, tacot™(Ax)y”, — b[2a cot”(Ax) + 3b]y!, + b?[a cot” (Ax) + 2b]y = 0. 
Particular solutions: y; = e°”, y 2 = xe”. 

Woe 
Particular solutions: y, = exp(A;%), yo = exp(A2x), where A; and , are roots of the 
quadratic equation A? + bA +c =0. 


+acot’s y”, + (abcot”x +c-b*)y’ + c(acot™x — by = 0. 


an 
Youn 


The substitution w=y/!,,+ba™y leads to a first-order linear equation: w/,+acot’(Azr) w =0. 


+acot?(Ax)y”, + ba™y! + br" [ax cot”(Ax) + mly = 0. 


an 
Youn 


1°. Particular solutions with c > 0: y, =cos (a/c) » p= sin(z/Cc). 


+(acot”x + by!’ + cy’, + c(acot”x + by = 0. 


2°. Particular solutions with e <0: y, =exp (-x —C ) » Y2=exp (a./=c M 
yn 
Particular solutions: y, = exp(A;%), yo = exp(A2x), where A; and , are roots of the 
quadratic equation A7 +a\+b=0. 


= (cot”z — a)y’,, + (acot” x — b)y’, + bcot” x y. 


an 
Youn 


Particular solutions: y, = cos(527Vb) > W= sin(+a?Vb). 


+axcot"z y’!, +(bx* —acot”x)y’, + br(ax? cot” x + 3)y = 0. 


an 


yn, + (abs cot” + acot™x + by’, + ab’x cot” x y’, — ab’ cot”x y = 0. 


Particular solutions: yj; =, y= er: 


an 
Youe 


+ ax’ cot”(Ax)y”, - 2ax cot” (Ax)y’, + 2a cot”(Ax) y = 0. 


Particular solutions: yj; =, y= x. 


acy” +[1-A(a+ Da cot(rAx) ly”, -— Vary’, + 7y = 0. 


Lee 


Particular solutions: y; =, Yy2 = sin(Az). 


vy’, + x(acot’ x + by’, — 2(acot” x + b)y = 0. 


The substitution w = ry!, — 2y leads to a second-order linear equation of the form 2.1.6.81: 
wi, +(acot? z+ b)w =0. 


LY)» + (ax cota + 3)y"’, + (2acot”x + bx)y’, + b(ax cot” x + ly = 0. 


Particular solutions: y, = x! cos (xvb), Y= x! sin (xvb). 


ay! = (cot”x —ax*)y”, + (acot™x — br)y’ + beot” x y. 


Particular solutions: y, = exp(A;2), yo = exp(A2x), where A; and 2 are roots of the 
quadratic equation 7 +a\+b=0. 
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3 2 = 

142. a°yi”_, + ax’ cot”(Ax)y’,, + bry’, + bfa cot” (Ax) - 2]y = 0. 
Particular solutions: y,; = 2”, y) = x”, where m, and mz are roots of the quadratic 
equation m*-—m+b=0. 


143. cot?x y+ ay”, + aby), +b'(a-beot”x)y = 0. 


LEE 


Particular solutions: y; = exp (-4bz) cos(2bz), Yo = exp (-4ba) sin(~Bbe). 


144. cot" y" + ay! + bcot’s y’ + aby = 0. 


Lee 


1°. Particular solutions with b>0: y, = cos (xvb), Yy2 = sin (avo). 
2°. Particular solutions with b <0: y; = exp (-av-b), y2 = exp(avV—b ). 


145. cot? y+ ay”, — b(2a + 3bcot”x)y!, + b(a + 2bcot”x)y = 0. 


Lee 
Particular solutions: y, =e°", y) = xe”. 
2 = 
146. cot”x yy" + y%., +[(b-a*) cot”x + aly’, +b -acot"x)y = 0. 
Particular solutions: y; = ere | Yy2 = er 
equation 7 +a\+b=0. 


, where A; and Az are roots of the quadratic 


147. cot?(Ax)y’ + ax’*y”, -2axy!, + 2ay = 0. 


Lee 
Particular solutions: yj =2, y= 2”. 


148. cot? y+ (acot™x+axr+ ly”, +a’xy! —a’y =0. 


LEE 


Particular solutions: y;=2, y.=e°”. 


149. cot”x y'! + (ax cot’ + 1)y’, + a(x +2cot’x)y’ + ay =0. 


LEE 
Particular solutions: y ; = exp (-4az2’), yo = exp (-ja2°) [exp(4a2”) dz. 


ws 
Lee 


Particular solutions: y; =a‘ cos(zVa), y=2' sin(zV/a). 


150. xcot"ry +(3cot’x + x)y!’ + (ax cot”x + 2)y’, + a(cot”x + x)y = 0. 


2 = 
vy, tax’y”, —2xcot’x y’, +2(2 cot” —a)y = 0. 


Particular solutions: y; =27', y2=2. 


151. x? cot"x y 


152. xrcot™x yi” +ax7y” , -—6x cot” x y’, + 6(2 cot” x —a)y = 0. 


LLL 
Particular solutions: y; = a’, Yy2 = x. 
153. xcot™x yi” +ax7y”, + 2(a-cot”x)y’, + (a—3cot”x)y = 0. 


Particular solutions: y; =cos(Inz), y2 =sin(Inz). 


154. x cot™x yi” +a°(cot”x + a)y”, + ala -(b+ 1) cot” x]y), + b(2 cot” x - a)y = 0. 


Particular solutions: y; = ave, yo = av?, 


3.1.7. Equations Containing Inverse Trigonometric Functions 


Loy! tay!) + by’, + cy = arcsin’ x. 


This is a special case of equation 5.1.6.26. 
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10. 


11. 


12. 


13. 


14. 


15. 


«ik ” 0 «ik x 
Yeon taresin’ xy, + ay, + aarcsin’x y = 0. 


1°. Particular solutions with a >0: y, =cos (a/a), yo = sin(z/a). 


2°. Particular solutions with a <0: y; =exp (-x —a ) » Y2=exp (x —a ie 


k 


The substitution w = y/,, + ay leads to a first-order linear equation: w’, + arcsin* x w = 0. 


n,J n-1 ik _ 
To. + arcsin® Ye tax"y, +ax” (x arcsin’x + n)y = 0. 
The substitution w = y”,,+azx”y leads to a first-order linear equation: w/, + arcsin*z w =0. 


Yon + arcsin® x yi, +a arcsin® x y,, + a*(arcsin’ x - a)y = 0. 
Particular solutions: y; = exp (-5az) cos(ax), Y2 = exp(-5az) sin(Zaz). 
Yon + arcsin® x yi. , — a(2 arcsin’ x + 3a)y!, + a*(arcsin” x + 2a)y = 0. 


Particular solutions: y,; =e°", y. =xe*” 


+ arcsin® x Yi + (aarcsin’ x + b- a”)y’, + b(arcsin’x - a)y = 0. 
Me yo = ert 


Weed 
Particular solutions: y, = e 
equation 7 +a\+b=0. 


, where A; and Az are roots of the quadratic 


wm 


Vere = (arcsin® x - ayy, +(a arcsin® x — by! + barcsin’ x y. 


The substitution w = y””,, + ay/, + by leads to a first-order linear equation: w/, = arcsin‘z w. 


Yoon +L arcsin® x Yow + (ax? - arcsin’ x)y’, + ax(x” arcsin® x + 3)y = 0. 


Particular solutions: y; = cos(52° Va), y= sin(+ eG). 


Yoon + (arcsin* x + ax)y’,, + a(a arcsin® x + 2)yi, +a arcsin® x y = 0. 


Particular solutions: y ; = exp (-4az’), Yo = exp (-ja2°) [exp(4a2”) dz. 


+ 2” arcsin*x —2a aresin*z y’ +2arcsin’x y = 0. 


Solution: 
y= Cit+C227+C3 («? fi gy) da—x / xy dx) , Where p= exp(- / x arcsin* x dx) : 


+ (ax arcsin” x + arcsin® x + ayy! + a*x arcsin® x yi, - a’ arcsin’ x y = 0. 


ar 


Vooww 
Particular solutions: yj; =, yo =e 


an 
Youe 


1°. Particular solutions with a>0: y, =cos (t/a), yo = sin(z/a). 


+arccos*z y”, + ay’, + aarccos*x y = 0. 


2°. Particular solutions witha <0: y; =exp (-a./—a ) > Y2=exp (x —a iF 


k 


The substitution w = y/!,, + ay leads to a first-order linear equation: w/, + arccos*z w =0. 


yt, tarecos*x yy” +ax"y! +ax”"(x arccos*x + n)y = 0. 


The substitution w = y",, +ax"y leads to a first-order linear equation: w!, + arccos* 


cw=0. 


Yon + arccos*'« Yon + @ arccos*« y,, + a*(arccos’x — a)y = 0. 


Particular solutions: y ; = exp (-$az) cos(Zaz), Yy2 = exp(-5az) sin(Zaz). 


+arccos*x y”, - a(2arccos*x + 3a)y!, + a*(arccos*« + 2a)y = 0. 


Youe 


Particular solutions: y,; =e°", y. = xe*” 
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16. 


17. 


18. 


19, 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


+arccos’x y”, + (a arccos*« + b-a”)y’, + b(arccos* x - a)y = 0. 


Particular solutions: y; = erie | Yy2 = e’* where A; and A> are roots of the quadratic 


equation 7 +a\+b=0. 


Youve 


ww 
Yoon = 


k D k 
= (arccos*z - a)y’,, + (a arccos” x — b)y’, + barccos’x y. 

The substitution w = y”,, + ay’, + by leads to a first-order linear equation: w!, = arccos*z w. 
Yom +L arccos*'« Yen + (ax? — arccos Karyy’ + ax(x? arccos’ x + 3)y = 0. 


Particular solutions: y; =cos($2°Va), y=sin(4a°V/a). 


+ (arccos”x + ax)y” + a(x arccos’x + 2)y%, + aarccos*x y = 0. 


Oca 


Particular solutions: y ; = exp (-4a2’), Yo = exp (-+a2") [exp(4a2”) dz. 


2 k,, k,! k 
Yeon t& arccos’ x y_,, -2x@ arccos’x y), + 2 arccos’x y = 0. 


Solution: 
y= Cie+0727 +C3 (« [rv dx-x [erv dx) , Where w= exp(- la arccos* x dx) ‘ 


2 kana! — a2 kana) = 
yt, + (ax arccos* x + arccos*x + a)y”, + a?x arccos* x y’, — a” arccos*x y = 0. 
Particular solutions: y;=2, y.=e°”. 


yt, tarctan*s yy” + ay! +aarctan*x y = 0. 


1°. Particular solutions with a > 0: y , =cos (a/a), yo = sin(a/a). 
2°. Particular solutions witha <0: y, =exp (-x —a ) » Y2=exp (x —a Me 


The substitution w = y",, + ay leads to a first-order linear equation: w/, + arctan’ zw = 0. 


ye + arctan’x Ys + ax”y’, + ax” (a arctan’ x + n)y = 0. 


The substitution w = y",,+ax"y leads to a first-order linear equation: wi, +arctan*z w =0. 


Yoon + arctan’ x Yi, +a arctan’ y,, + a’(arctan*z - a)y = 0. 
Particular solutions: y ; = exp (-Saz) cos(Zaz), Yy2 = exp(-5az) sin(Zaz). 
Yon + arctan’ x y,, — a(2 arctan’ + 3a)y!, + a*(arctan*x + 2a)y = 0. 


Particular solutions: y; =e”, y. = xe*” 


+ arctan’ « Ye +(a arctan’« + b- a”)y’, + b(arctan” x -—a)y = 0. 


Particular solutions: y; = erie | Yy2 = e’* where A, and A> are roots of the quadratic 


equation 7 +a\+b=0. 


ae 


aw 
Youn = 


The substitution w = y”,, + ay!, + by leads to a first-order linear equation: w’, = arctan‘ x w. 


= (arctan” xL- ayy’. +(a arctan’ — b)y!, + barctan’« Yy. 


Yonge +t arctan’ « Yow + (ax* - arctan’ x)y’, + aa(a* arctan*« +3)y = 0. 


Particular solutions: y; =cos(4a°Va), y=sin(4a°V/a). 


Yon + (arctan* a + ax)y!,, + a(a arctan’ « + 2)yi, +a arctan’ y = 0. 


Particular solutions: y; = exp (-4a2’), Y= exp(- zax’) J exp(4a2”) dz. 
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30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


2 k,, ft ky /! Bee 
Vere tv arctan’ y,,, — 2x” arctan’z y,, + 2arctan” x y = 0. 


Solution: 
y=Cyxt+ C527 +C3 (« / xa dx-2x if x dx) , Where w= exp(- / x” arctan” x dx) : 


Yonge + (Ax arctan’ + arctan’ x + ayy’ + a*x arctan’ x i a’ arctan*« y = 0. 


Particular solutions: y;=2, y.=e°”. 


k , k = 
Yn tarecot’s y” +ay!, + aarccot’« y = 0. 


1°. Particular solutions with a>0: y, =cos (a/a), Yo = sin(z/a). 
2°. Particular solutions with a <0: y, =exp (-x —a ) » Y2=exp (x —a Ne 


The substitution w = y",, + ay leads to a first-order linear equation: w!, + arccot*z w = 0. 


k n,,t n-1 k = 
ae + arccot’x Yoon +axr"y, +ax”™ (x arccot’xr + n)y = 0. 


The substitution w = y'!,+axr"y leads to a first-order linear equation: w/, + arccot*z w =0. 


yt, tarccot*s y”, + aarccot’x y’, + a*(arccot*x — a)y = 0. 
Particular solutions: y ; = exp (-$az) cos(ax), Y2 = exp(—4az) sin(Baz). 
Yon + arccot*x Yorn — a(2 arccot” x + 3a)y), + a’(arccot*z + 2a)y = 0. 


Particular solutions: y,; =e°", y. = xe*” 


+arccot*z y”, + (a arccot*x + b-a*)y’, + b(arccot”x — a)y = 0. 


Particular solutions: y, = ere | Yo = e’* where A; and A> are roots of the quadratic 


equation \* +a\+b=0. 


ee 


wt 
Youn = 


The substitution w = y"!,, + ay, + by leads to a first-order linear equation: w’, = arccot* zw. 


k k k 
= (arccot"« — a)y’’, + (aarccot’« — b)y’, + barccot’x y. 


yt, t+ xarccot*s y” , + (ax? -arccot*x)y’, + ax(x? arccot*x + 3)y = 0. 


Particular solutions: y; =cos(+2°Va), yo =sin($a°Va). 


+ (arccot” x + ax)y’, + a(x arccot*a + 2)y!, + aarccot’« y = 0. 


ieee 
Particular solutions: y; = exp (-4az2’), yo = exp (-}a2°) J exp(4a2”) dz. 


+2’ arccot’x y’”, — 2x arccot* x y’, + 2arccot”x y = 0. 


Vous 
Solution: 


y= C10 +Cy27+C3 Cs [ov dx-x [rv dx) , Where w=exp (- 2 arccot* dx). 


k k 2 Renal = a2 Be ppc 
Ym + (ax arccot’« + arccot’x + ay!’ + a°«x arccot’x y’, — a’ arccot”x y = 0. 


Particular solutions: y;=2, y.=e°”. 


+ (ax’ + b)y” , + 4axy’, + 2ay = arcsin* x. 


LY ee 


Integrating the equation twice, we arrive at a first-order linear equation: 


zr 
xy) + (ax +b—2)y=C, + Cox + 2 (a—t)arcsin® tdt, xo is any number. 
0 


ay’ + (xarcsin’« + 3)y”, + (2aresin’x + ax)y’, + a(x arcsin* x + 1)y = 0. 


Particular solutions: y; =a! cos(zVa), y.=2' sin(zV/a). 
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44. xy”! +(x arccos’x +3)y"!, + (2arccos*« + ax)y’, + a(x arccos”x + ly = 0. 


Particular solutions: y; =a! cos(z/a), y»=2' sin(zV/a). 


45. xy”! + (xarctan*x + 3)y” + (2arctan*x + ax)y’, + a(x arctan + Dy = 0. 


Particular solutions: y; =a‘ cos(z/a), y.=2' sin(zV/a). 


46. xy”! + (xarccot*x + 3)y”, + (2arccot*x + ax)y’, + a(x arccot*x + 1)y = 0. 


Particular solutions: y; =a 'cos(zVa), y.=2' sin(zV/a). 


47, xy!”  +[(at 6a’ + bly”, +2(2a+ 3)xy’, + 2ay = arcsin* x. 


Integrating the equation twice, we arrive at a first-order linear equation: 


He 
ry’, +(ax* + b)y=C,+Cox+ | (x—t)arcsin’ tdt, xo is any number. 
xo 


3, 2 «ik ” , . ik _ 
48. xy, te arcsin’ry,,, —2ry,, + 2(2-arcsin’x)y = 0. 


Particular solutions: yj =a ', y.=2”. 


49, ay!” +a arcsin’ xy’), — 6ry’, + 6(2 —arcsin*x)y = 0. 


Particular solutions: yj =a, y.=2°. 


50. aiy’” +a arcsin’ xy’! + x(aresin*x — 1)y’, + (aresin’ x — 3)y = 0. 
Particular solutions: y; =cos(Inz), y2 =sin(Inz). 


3,0 2 . ik ” ek , ik 
51. x°y, ne + © (aresin’s + ly), + x(aresin’ x — a — ly, — a(aresin” x - 2)y = 0. 


Particular solutions: y; = ave, Yy2 = xv, 


3,4 2 ‘ik a” +k U ‘ik 
52. 2°Y a + © (aresin’s + ay), + r(aarcsin’x + b-a)y), + b(arcsin’ x -2)y = 0. 


Particular solutions: y; = #@™, y, = #™, where n; and n> are roots of the quadratic 
equation n*+(a—1)n+b=0. 


53. aby!” +a arccos*x yy”, — 2xy’, + 2(2 - arccos*x)y = 0. 


Particular solutions: y; =a ', y.=27. 


3,44 2 k ” / k i 
54.0 2°y en te arceos’x yy), —6xry,, + 6(2 — arccos’x)y = 0. 


Particular solutions: y;=2, y.=2°. 


55. aey’” +a arccos*x y’’ + x(arccos*x — 1)y’, + (arccos*x —3)y = 0. 
Particular solutions: y; =cos(Inz), y2 =sin(nz). 
56. ay!” + a(arccos*x + ly’, + x(arccos*x — a - 1)y’, - a(arccos*x — 2)y = 0. 


Particular solutions: y, = av", Y2 = av, 


3,00 2 ke ” kk , kk 
57. £2°Y a» t © (arccos’x + a)y,,,, + x(a arccos’ x + b-a)y,, + b(arccos”x — 2)y = 0. 


Particular solutions: y; = #7”, y. = #™, where n; and n> are roots of the quadratic 
equation n* +(a—1)n+b=0. 


58. ey!” + a arctan*s y”, —2ry’ + 2(2-arctan*x)y = 0. 


Particular solutions: y; =27!, y2=2. 
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59. wy + a” arctan*« Ye - ory’, + 6(2- arctan’ x)y = 0. 
Particular solutions: y;=2, y2=2°. 
60. aiy’” +a arctan*s y”, + «(arctan — 1)y’ + (arctan*x -3)y = 0. 


Particular solutions: y; =cos(Inz), y2 =sin(nz). 


61. ay’ + a*(arctan’s + Iy”, + x(arctan*x — a -1y’, - a(arctan*x - 2)y = 0. 
Particular solutions: y; = av", Y2 = av, 


62. ay” + @7(arctan*s + a)y”, + x(a arctan’« + b-a)y’, + b(arctan’ x — 2)y = 0. 


Particular solutions: y; = @™, y, = #™, where n; and n> are roots of the quadratic 
equation n* +(a—1)n+b=0. 


3 2 k feet 
63. aryl! +x’ arccot’x y!), —2xy!, + 2(2-arccot’x)y = 0. 


Particular solutions: y;=27', y) = 2”. 


64. ey +x’ arccot’ x Yn Ory, + 6(2- arccot”x)y = 0. 
Particular solutions: yj =a, y.=2°. 
3,0 2 k ” k , k _ 
65. ©y i t © arceot’r y,,, + x(arccot’x — ly), + (arccot’x —3)y = 0. 


Particular solutions: y; =cos(Inz), y2 =sin(Inz). 


3 2 k k k = 
66. ay!” + x*(arccot’x + 1)y’’, + x(arccot’x - a -1)y!, - a(arccot’x — 2)y = 0. 
Particular solutions: y; = ave, Yy2 = xv, 


67. ay!” + «(arccot*x + ay”, + x(aarccot*x + b-a)y’, + b(arccot”x — 2)y = 0. 


Particular solutions: y; = #™, y, = #™, where n; and n> are roots of the quadratic 
equation n*+(a—1)n+b=0. 


3.1.8. Equations Containing Combinations of Exponential, 
Logarithmic, Trigonometric, and Other Functions 


1 oy! =tanzyt+ae*(y’ +tanz y). 


Particular solution: yo = cos x. 
d d d 2 a 
2. em taey”, + (2ae** tan x + 3)y!, + [ae**(2 tan* x +1) + 2tanz]y = 0. 


Youn 


Particular solutions: y; =cosz, y2=2Zcosa. 


3. My i taer*y’! +(3-2ae* cot x)y’, + [ae**(2 cot? x + 1)-2cot rly = 0. 


Yoon 
Particular solutions: y; =sinz, y2=Zsinz. 

4, y/” +acosh”z y’” +(2a cosh" tanz +3)y’, +[a cosh” x (2 tan? x+1)+2 tan rly =0. 
Particular solutions: y; =cosz, y2=2Zcosaz. 

5. yf!” +acosh"x y” + (3-2acosh” x cot x)y!, +[a cosh” x (2 cot” x + 1)-2 cot rly = 0. 
Particular solutions: y; =sinz, y2=xsinz. 

6 yf” t+asinh’x y” +(2asinh”z tana +3)y’ +[a sinh” 2 (2 tan? x +1)+2 tanzly =0. 


Particular solutions: y; =cos%, yz =2Zcos@. 


© 2003 by Chapman & Hall/CRC 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19, 


20. 


21. 


22. 


23. 


awn 
Youn 


Particular solutions: y; =sinz, y2=xsinz. 


+asinh”x y’’, + (3-2asinh”z cot z)y’, + [a sinh” x (2 cot? x + 1)-2 cot xy = 0. 


an 
Youn 


Particular solutions: y; =cos%, yz =Zcos@. 


+atanh”z y’’ +(2a tanh” tanz+3)y’, +[a tanh” (2 tan? x+1)+2tan zy =0. 


awn 
Youn 


Particular solutions: y; =sinz, y2=xZsinz. 


+atanh"z y’’ +(3-2a tanh” cot z)y’, +[a tanh” x (2 cot? « +1)-2cotz]y =0. 


an 
Youn 


Particular solutions: y; =cos%, y2=Zcos@. 


+acoth"z y’’ +(2acoth”z tanz +3)y’ +[a coth”z (2 tan? x +1)+2 tan z]y =0. 


awn 
Youe 


Particular solutions: y; =sinz, y2=Zsin7@. 


+acoth"s y”, +(3-2acoth”x cot x)y’, +[a coth”x (2 cot” x +1)-2 cot x]y = 0. 


an 
Youn 


Particular solutions: y; =coshz, yo = xcosha. 


+aln"x y!’, -(2aln"x tanh + 3)y’, + [a In” x (2 tanh’ « — 1) + 2tanh ay = 0. 


an 
Youn 


Particular solutions: y; =sinhz, y2 =asinhz. 


+aln"x yy’, -(Qaln”x coth« + 3)y’, +[aln”x (2 coth? x - 1) +2cothzly = 0. 


an 
Youn 


Particular solutions: y; =cosz, y2=2Zcosx. 


+alnz y”, + (2aln"z tan x + 3)y’, + [ana (2 tan? x +1) + 2tanaly = 0. 


an 
Youn 


Particular solutions: y; =sinz, y2=Zsin@. 


+aln"z y”, + (3-2aln"x cot x)y!, +[aln”x (2 cot? x + 1) -—2 cot ely = 0. 


wn 
Youe 


Particular solutions: y; =coshz, y2 = xcosh@. 


+acos"x y’!, —(2acos”x tanh x +3)y’, +[a cos” x (2 tanh” x -1)+2 tanh x]y = 0. 


wn 
Youn 


Particular solutions: y; =sinhz, y2=2xsinhz. 


+acos"x y” —(2a cos" x coth z +3)y’, +[a cos” x (2 coth” x - 1) +2 coth z]y = 0. 


an 
Youn 


Particular solutions: y; =coshz, y2 = xcosh. 


+asin"x y’,-(2asin”« tanh x +3)y’ +[asin” x (2 tanh’ « -1)+2 tanh aly = 0. 


an 
Youn 


Particular solutions: y; =sinhz, y2=2xsinhz. 


+asin"s y’’, —(2asin” x coth x + 3)y’, + [a sin” x (2 coth’z -1)+2cothaz]y = 0. 


an 
Youn 


Particular solutions: y; =coshz, y2 = «cosh. 


+atan"z y” —(2atan”z tanh x +3)y’, +[a tan” x (2 tanh” x-1)+2 tanh zly = 0. 


an 
Youe 


Particular solutions: y; =sinhz, y2 =asinhaz. 


+atan"2 y”,-(2atan”z coth x +3)y! +[a tan” x (2 coth? x -1)+2cothz]y = 0. 


an 
Youn 


Particular solutions: y; =coshz, y = xcoshz. 


+acot"z y””, -(2acot”x tanh x +3)y’, +[a cot” x (2 tanh’ x -1)+2 tanh zy = 0. 


an 
Youn 


Particular solutions: y; =sinhz, y2 =asinhz. 


+acot’x y’’, -(2a cot x coth x +3)y’, + [a cot” x (2 coth x -1) +2 coth rly = 0. 
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24. yf!” | + (be®® + 2a) cosh” xy”, — a(be® cosh” x + a)y’, — 2a? cosh” x y = 0. 


Yoon 
Particular solutions: y; =e°*, yo =e +b/a. 

25. yf” + (be*® + 2a) sinh” xy’, — a(be* sinh” x + a)y’, — 2a} sinh” x y = 0. 
Particular solutions: y; =e°*, yo=e +b/a. 

26. yf!” + (be®® + 2a) tanh” x y”, — a(be® tanh” x + a)y’, — 2a? tanh” x y = 0. 
Particular solutions: y; =e°", yo=e +b/a. 

27.’ + (be? + 2a) coth” xy”, — a(be® coth”x + a)y’, —2a° coth” x y = 0. 

LEE Le pa 

Particular solutions: y; =e°", ys=e +b/a. 

28. yf” + (be®® +2a)In" xy”, — a(be® In” x + a)y’, — 2a? In" x y = 0. 
Particular solutions: y; =e°", yo=e +b/a. 

29. yf! (a In” x-2be”)y"’ —be® (2a In” x-be* +3)y’, +be® [a In” x (be”-1)+2be*-1]y =0. 


Particular solutions: y; = exp(be”), yo = x exp(be”). 


30. yf, + (acos” x — 2be”)y’”, — be” (2a cos” x — be” + 3)y!, 
+ be” [a cos” x (be® — 1) + 2be” — 1]y = 0. 


Particular solutions: y; =exp(be”), y2 =x exp(be”). 


31. yf” + (be®” + 2a) cos” xy’! — a(be*” cos” x + a)y’, — 2a7 cos” x y = 0. 


Particular solutions: y; =e°*, yo=e +b/a. 


32, yi! + (asin” x - 2be”)y’), — be® (2a sin” x — be® + 3)y’, 
+ be®[a sin” x (be® - 1) + 2be® - 1]y = 0. 


Particular solutions: y; = exp(be”), yo = x exp(be*). 


ms * ” ZL otann , 3 oe fal? 
33. Youn + (be% + 2a) sin” x y), — a(be™ sin” x + a)y,, — 2a” sin”x y = 0. 


Particular solutions: y; =e**, yo=e +b/a. 


34. oy!” -[e**(tanz +a) + aly”, + [(a? + le + lly’, + ale**(a tan z — 1) - 1]y = 0. 


Youn 


Particular solutions: y; =e", yo =cosz. 


35. yf”  +([tanaz (axe®* + 1)+ae>*]y, —-are**y’ +a0e*y = 0. 


Particular solutions: y; =, y2 =Ccos2. 
36. yy! + (a tan” x — 2be”)y’"’, - be® (2a tan” x — be® + 3)y!, 
+ be*[a tan” x (be” — 1) + 2be” - 1]y = 0. 


Particular solutions: y; = exp(be”), yo = x exp(be*). 


37, yf! + (be®® + 2a) tan" xy”, — a(be® tan”x + a)y! — 2a tan” x y = 0. 


Particular solutions: y; =e*”, yo=e +b/a. 


d 2 d d = 
38. oy’) t[e** (cota + a) + aly’, +[(a* + De” + lly! + ale**(1- acot x) + lly = 0. 
Particular solutions: y; =e”, y. =sin2. 
39, yf!” | + [ae*” — cot x (axe + Dy”, —axe**y’, + ae**y = 0. 


Particular solutions: y;=2, y2 = sina. 
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40. 


41. 


42. 


43. 


44, 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


an 
Youe 


+(acot”x — 2be”)y’”, — be” (2a cot” x — be® + 3)y’, 
+ be” [a cot” x (be®” — 1) + 2be” — 1Jy = 0. 


Particular solutions: y; = exp(be”), yo = x exp(be*). 


an 
Youn 


Particular solutions: y; =e°*, yo=e +b/a. 


+ (be*® + 2a) cot”x y’’,, — a(be* cot” x + a)y’, - 2a> cot” x y = 0. 


an 
Youe 


Particular solutions: y; =e°", y. =cos2. 


-[cosh” x (tan x+a)+a]y” ,+[(a7+1) cosh” x+1]y’, +a[cosh” x (a tan x-1)-1]y=0. 


an 
Youn 


Particular solutions: y; =e", y. =sin2. 


+[cosh” x (cot x+a)+aly””+[(a?+1) cosh” x+1]y/ +a[cosh” x (1-a cot x)+1]y=0. 


awn 
Youe 


Particular solutions: y; =e”, y.=cosz. 


-[sinh” x (tan x+a)+aly”,+[(a7+1) sinh” x+1]y/, +a[sinh” x (a tan x-1)-1]y=0. 


an 
Youn 


Particular solutions: y; =e", y. =sin2. 


+[sinh” x (cot zta)+aly” +[(a7+1) sinh” x+1]y’, +a[sinh” x (1-a cot x)+1]y =0. 


an 
Youn 


Particular solutions: y; =e”, y2 =cos2. 


-[tanh” x (tan x+a)+aly”+[(a7+1) tanh” x+1]y’, +a[tanh” z (a tan x-1)-1]y=0. 


an 
Youn 


Particular solutions: y; =e", y. =sin2. 


+[tanh” x (cot z+a)+a]y”+[(a?+1) tanh” x+1]y’ +a[tanh” x (1-a cot x)+1]y=0. 


awn 
Youn 


Particular solutions: y; =e", y. =cos2. 


-[coth” x (tanz+a)+aly” +[(a?+1) coth”x+1]y/, +a[coth”x (tan z-1)-1]y =0. 


an 
Youn 


Particular solutions: y; =e", yo =sina. 


+[coth” x (cot zt+a)taly”, +[(a7+1) coth”x+1]y’ +a[coth” x (1-a cot z)+1]y =0. 


yi, + [a tan” (tanh x — b) - bly’, + [a(b? — 1) tan” x — Ly’, 
+ b[a tan” «(1 — btanh x) + 1Jy = 0. 


Particular solutions: y, = ee, y2 = cosh x. 


an 
Youn 


1°. Particular solutions with c > 0: y, =cos (a/c) », Y= sin(z/C). 


+(atan”z + btanh”™ x)y’’, + cy! + c(a tan” x + btanh”™ x)y = 0. 


2°. Particular solutions with ec <0: y, =exp (-a./—c ) » Y2=exp (a./=c ). 


yi! tla tan” x(coth x—-b)-bly””, +[a(b?-1) tan” x-1]y’, +b[a tan” x(1-b coth z)+1]y =0. 
Particular solutions: y; = ee yz = sinh x. 
a 


Youn 


1°. Particular solutions with c > 0: y, =cos (a/c) » p= sin(z/C). 


+(atan”z + bcoth™ x)y”, + cy! + c(atan”x + bcoth™ x)y = 0. 


2°. Particular solutions with c <0: y,; =exp (-x —C ) » Y2 =exp (a./=c ). 


tla cot” «(tanh x-b)-bly””, +[a(b’-1) cot” x-1]y’, +b[a cot” x(1-b tanh x)+1]y =0. 


Yean 
ba 


Particular solutions: y; =e", yo =coshz. 
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55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


an 
Youe 


1°. Particular solutions with b > 0: y; = exp (-zVb), yo = exp (xvb). 
2°. Particular solutions with b <0: y, =cos (av —b ) » Y2 = sin (av —b ve 


+acot”z tanh” zy’, — by’, —-abcot”« tanh” x y = 0. 


 +[a cot” x(coth x—b)-bly” +[a(b?-1) cot” x-1]y’, +b[a cot” x(1-6 coth x)+1]y =0. 


Youn 


Particular solutions: y, = ee y2 = sinh x. 

Yn» + (acot’x + bcoth” x)y’), + cy’, + c(acot”x + bcoth™ x)y = 0. 
1°. Particular solutions with c > 0: y), =cos (a/c) , y= sin(a/C). 

2°. Particular solutions with ce <0: y , =exp (-a/—c ) » Y2=exp (a./—c Ni, 


” tla In" (tanh x—-b)-bly”” ,+[a(b?-1) In” x-1]y’,+b[a In” x (1-b tanh z)+1]y =0. 


Venn 
ba 


Particular solutions: y; =e’”, y2 =cosha. 


an 
Youn 


1°. Particular solutions with b> 0: y; = exp (-zVb), yo = exp (xvb). 
2°. Particular solutions with b <0: y, =cos (av —b ) > Y2=sin (av —b e 


+aln"z tanh” xy’, — by’, -abIn"z tanh” x y = 0. 


yn .tlaln” x (cothz—b)-bly”, +[a(b?-1) In” x-1]y’, +b[a In” x (1—-b coth x) +1]y =0. 


Particular solutions: y; = ee, y2 = sinh x. 


an 
Youn 


1°. Particular solutions with c > 0: y, =cos (a/c) , y= sin(z/C). 


+(aln"x + bcoth™ x)y"’, + cy), + c(aln”x + beoth™ x)y = 0. 


2°. Particular solutions with ce <0: y, =exp (-x —C ) » Y2=exp (a./—c Me 


an 
Youn 


Particular solutions: y; =e%", y. =cos2. 


-[In" x (tanz +a)+aly”,+[(a?+ I In" + Ly, +a[In” x (a tan x -1)- ly = 0. 


ye, + [nx (cotx +a)+aly”,+[(a?+ Dna + lly’, + alInx (1-a cot x) + lly = 0. 


Particular solutions: y; =e", y. =sin2. 


y”_+[a cos” «(tanh x—b)-bly”” ,+[a(b?-1) cos” x-1]y’ +b[a cos” x(1-b tanh x)+1]y=0. 


Lee 


Particular solutions: y, = eb Yy2 = cosh x. 


wn 
Youe 


1°. Particular solutions with b>0: y = cos (xvb), y2 = sin (xvVb). 
2°. Particular solutions with b <0: y); = exp (-av —b ) > w= exp(xv —b ie 


+acos”x tanh” xy’), + by’, + abcos” x tanh™ a y = 0. 


an 


Yee tla cos” x(coth z—b)-bly””,+[a(b?-1) cos” x-1]y’ +b[a cos” x(1-b coth z)+1]y =0. 
Particular solutions: y; = ee, y2 = sinh x. 


awn 
Youn 


1°. Particular solutions with c > 0: y, =cos (tfc) , y= sin(z/c). 


+(acos”x + bcoth™ x)y’’, + cy’, + c(acos”x + beoth™ x)y = 0. 


2°. Particular solutions with e <0: y, =exp (-x —C ) » Y2=exp (a./—c Ne 


” ta sin” x(tanh x—b)-bly”,+[a(b?-1) sin” x-1]y’, +b[a sin” x(1—b tanh x)+1]y=0. 


Venn 
ba 


Particular solutions: y; =e”, yo =coshz. 
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69. yf” +asin”z tanh” xy”, + by’, + absin” x tanh” z y = 0. 


1°. Particular solutions with b>0: y); = cos (xvb), y2 = sin (xvVb). 
2°. Particular solutions with b <0: y); = exp (-av —b ) > w= exp(xv —b ). 


70. ” tla sin” x (coth z-b)-bly”,+[a(b?-1) sin” x-1]y’, +b[a@ sin” x (1-b coth z)+1]y=0. 


Youn 


Particular solutions: yy, = ee Yy2 = sinh x. 


71. oy + (asin"x + beoth™ xy" + cy! +c(asin”x + bcoth™ x)y = 0. 


Youn 


1°. Particular solutions with c > 0: y, =cos (a/c) , y= sin(a/). 
2°. Particular solutions with c <0: y,; =exp (-a —C ) > Y2=exp (a./-c ie 


mt Ag 


72. vy”! + [axe>*(b-Inz) + 2ly, +axre**y’, —ae**y = 0. 


Particular solutions: y; =z, yo=Inz—b+1. 


73: (es Dy. - (ae + tan x)y, + (er* + a”)y’, + a(atan a —e**)y = 0. 
Particular solutions: y; =e", yo =cosz. 


ws 
Lee 


74. acosh”xy’” + [tana (acosh”x + x) + 1]y,,-ry!, +y =0. 


Particular solutions: y; =, y2=cosz. 


ws 
Lee 


75. acosh”xy’”  +([1-cotx (acosh”x + x)ly’,-ary) ty =0. 


Particular solutions: yj; =, yo =sinz. 


ws 
LEE 


76. asinh”x y/” + [tana (asinh” x + x) +I1]y-ry!+y=0. 


Particular solutions: y; =2%, y2=cosa. 


ws 
LEE 


77. asinh” x y/" + [1-cota (asinh” x + x)]y”, -xy!, ty = 0. 


Particular solutions: y; = 2, y2 = sina. 


7 


78. atanh”« y+ [tanax (a tanh” + x) + 1]y”,-xy, +y =0. 


ae 


Particular solutions: yj =, yo =cosz. 


ws 
LEE 


79. atanh”s y’” +[1-cotz (atanh”z + x)ly”,-xy), ty =0. 


Particular solutions: yj; =, yo =sinz. 


80. acoth”s y+ [tanx (acoth”x +x) +1]y,,-ry!, +y =0. 


Lee 


Particular solutions: y; =2, y2=cos2z. 


wn 
Lee 


81. acoth”s y" _+[1-cotz (acoth”x + x)ly”,-xy!, +y =0. 


Particular solutions: y; =2, y2 = sina. 


ws 
Lee 


82. aln’x yy!’ +[tanha(xz-aln"x)- ly, -avy) +y =0. 


Particular solutions: y; =, yo =coshz. 


ws 
Lee 


83. aln’x y’’ + [cotha (a -aln”x)- ly”, -xy) ty =0. 


Particular solutions: y; =, yo = sinhz. 


ws 
Lee 


84. aln’x yy’ +[tanz(aln"x +2) +1ly -cy!) +y =0. 


Particular solutions: y; =, y2 =Ccos2z. 
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85. 


86. 


87. 


88. 


89. 


90. 


91. 


92. 


93. 


94. 


95. 


96. 


97. 


3.1.9. Equations Containing Arbitrary Functions 


ws 
Lee 


+[1-cotz (aln"x + 2)]y” 


aln”x y 


Particular solutions: yj; =, yo =sinz. 


an 


QCOS"L Yee 


Particular solutions: y; =, yo = cosh. 


an 


QCOS"L Yee 


Particular solutions: y; = 2, Yy2 = sinh. 


a 


Th 
GX COS” E Yn 


Particular solutions: y; =, y.=Inx-b+1. 


aw 


asin’ xt Yo ee 


Particular solutions: y; =, yo =cosha. 


a 


asin’ xc Yo ee 


Particular solutions: y; =%, yo =sinh2z. 


an 


ax sin” Yon 


Particular solutions: yj; =, y=Inx-b+1. 


aw 


nm 
a tan 2 Yo ae 


Particular solutions: y; =, yo =coshz. 


ws 
Lee 


Particular solutions: yj =, y2 = sinh. 


atan”x y 


a 


nm 
ax tan” x Ye 


Particular solutions: y; =, y=Inx-b+1. 


a 


acot"« yy?’ + [tanh x (a -acot”x) - ly!) -xy!, +y =0. 


Particular solutions: y; = 2, y2 =cosh2. 


ws 
LEE 


Particular solutions: y; =, yo = sinha. 


acot”x y 


an 


Th 
aL COL™L Yo oe 


Particular solutions: y; =, y2=Inx-b+1. 


2 ty, ty=0. 


+ [tanh x (a -acos"x) - ly”, -xyi, ty =0. 


+ [coth x (x -acos"x) - ly’), -axy! +y =0. 


+ (2acos"x —a*Inz + ba*)y” + ry’, -y = 0. 


+ [tanh x (a -a sin” x) -1]y!’,-avy! +y =0. 


+ [coth x (a -asin”x) - ly”, -xyi, ty =0. 


+ (2a sin"x —a* nz + bx*)y”’ + xy’, —y = 0. 


+ [tanh x (« -a tan” x)-1]y’, -ay!,+y =0. 


+ [coth x (a -atan”x)-1]y",-ary!, +y =0. 


+ (2a tan” x — x7 Inax + ba”)y” + ry’, -y =0. 


+ [coth x (« -acot”x)-1]y’,-ry!,+y =0. 


+ (2a cot” — x7 Ina + ba?)y” + xy’, -y 


> Notation: f = f(x), g = g(a), and h = h(a) are arbitrary functions of x; a, b, c, n, and X are 
arbitrary parameters. 


3.1.9-1. Equations of the form f3(x)y 


1. 


Youn = F(x)y. 


The transformation x=t"!, y=ut leads to an equation of the same form: u 
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ee + fi(@)yt, + fola)y = g(a). 


mM 
ttt 


t°f(1/tu. 


at**) y 


2: wm = Se 
Yews =F ( (ca + d)® 


cx+d 
ax+b y 


The transformation £= ————, w= _—“_— 
e€ transforma ion € cad W (ca+dp 


where A = ad-— be. 


leads to a simpler equation: weg. = At f(Hw, 


3. ee ~ Joust = 0. 
Particular solution: yo =f. The substitution y = f f zdx leads to a second-order linear 


equation: fz/,+3fiz+3fi_z2=0. 


Integrating yields a second-order linear equation: fy”.— fly!.+ fly = / gdx+C. 


mw , 3 
5. Youn t SY, —(af ta>)y = 0. 
Particular solution: yo = e°”. The substitution w = y!, — ay leads to a second-order linear 
equation: w!!, t+aw!,+(f +a’)w =0. 


6 of! + fy! + ax(f + a°x” -3a)y = 0. 


Particular solution: yo = exp(-4tax" Ms The substitution - = ole ) i z(x)dx leads 


to a second-order linear equation: 2!" — 3axz!,+(f + 3a’x -3a)z = 


mt 2),,/ 
Ts VYeon t(f -a@)y, tafy = 90. 
Particular solution: yo =e”. The substitution w = y/, + ay leads to a second-order linear 
equation: w/!,,-—aw!, + fw =0. 


8. em tESY, —2fy = 9. 


Youn 
Particular solution: yo = x”. The substitution w = zy’, —2y leads to a second-order linear 
equation: wi, +afw =0. 


9 oy t(axtb)fy!, -afy =0. 


Youn 


Particular solution: yo =az+. 


10. yi”  +(ax +b) fy), -2afy =0. 


Youn 
Particular solution: yo = (az + b)*. The substitution w = (ax + b)y’, — 2ay leads to a 
second-order linear equation: w/!,, + (ax +b) fw =0. 


Woy! +(f-a’x*)y! + ax(f -3a)y = 0. 


Particular solution: yo = exp(-4+azx" be The substitution y = ole ) if z(x)dx leads 


to a second-order linear equation: 2", — 3axz!,+(2a°x? -3a+ f)z= 


12.0 oy + (f-aa”)y), -ala”f +3anxr*”" + n(n-Da”]y = 0. 


Particular solution: yo=exp (——2™") . The substitution y=exp ( —_ 2") / 2(x) dx 
n n 


leads to a second-order linear equation: 2/!, + 3ax"z!, + (2a°2?" + 3anz"! + f)z=0 


13. wy’, t+afy), —[(ax +I) f +a°a +3a’]y = 0. 


Particular solution: yo = xe°” 
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14. 


15. 


16. 


17. 


18. 


19, 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


ay! +(af —a’—a)y!, is I fy =0. 
See solution: Yo = x! The substitution w = xy! +(a—1)y leads to a second-order 
linear equation: ew, —(a+ cM + fw =0. 
ay” +[x(ax + 1)f -6ly!, + fy = 0. 


Particular solution: yo =a+a! 


u(x t+ ly +a(f-2-3)y, -(x+Dfy =90. 
Particular solution: yo = xe”. 


3, 


xy atrfy,,t+(a-I(f +a? +a)y =0. 
Particular solution: yo = z'“. The substitution w = xy!, +(a—1)y leads to a second-order 


: ails Qapyll ! 2 = 
linear equation: «wy, —(a+ law), +(f +a°+a)w =0. 


roy! +a7fyl +(ar+af —-2xf)y =0. 


Particular solution: yo = get!® 


Ye, +(f -@e)y’, - ae (f + 3adre + d”)y = 0. 
Particular solution: yo = exp(Se xo a The substitution y = exp(+ . e*) F 2(x) dx leads to 


a second-order linear equation: 2”, + 3ae>*z!, + (f + 2a7e* + 3a\e*”)z = 0 


yt, +1 + be”) f -— a7 ly, +afy =0. 


Youn 


Particular solution: yo =e °” +6. 


yg = fy’, + tanh a (1- fy. 
This is a special case of equation 3.1.9.30 with g(@) = cosh 2. 


Youn = FY; + coth a (1- f)y. 
This is a special case of equation 3.1.9.30 with g() = sinh x. 


Ym + FY, + tana (f - ly =0. 


Youn 
Particular solution: yo =cos x. The substitution y =cos x / z(a) dx leads to a second-order 


linear equation: z!',,-—3tan x z/,+(f-—3)z=0 


Yn + FY, + cota (1- f)y =0. 


Youn 


Particular solution: yo = sinz. 


yn 


Yoon + S¥, + fy = 9- 
Integrating yields a second-order linear equation: y!,+ fy = a gdx+C. 


an / / 
Yone t2fY, + fy = 9. 
Solution: y= Cw +Chwyw2 + C33. Here, w, and wy are linearly independent solutions 
of the second-order linear equation: 2w/!,, + fw =0. 


Yrve + £Ye + FAH, -— Py = 0. 
Integrating yields a second-order linear equation: y"’,, + fy/, + f’y =C exp ( i f dz). 
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28. 


29. 


30. 


yn t(a-Dfy’, -[f, -Qa+ Df fi, +af*ly = 0. 
Integrating yields a second-order equation: y”,, + fy!, + (af? — fi )y =C exp ( / f dx). 


eww + (f - aul, + (f, -afvy = 0. 
The substitution w = y/,, + ay!, + fy leads to a first-order linear equation: w!, -—aw =0. 


an / 
Ie 


_ Izaw 
Ueee = —=y + fla)(y, - =y). 
g 9g 


I: 


The substitution w = y’, - —“y leads to a second-order linear equation. 
g 


3.1.9-2. Equations of the form f3(x)y/"".. + olay, + fi) yl, + fo(@)y = g(a). 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


an 


Youn + Won + by, + cy = f(@). 
This is a special case of equation 5.1.6.26 with n = 3. 


an 


a” 7 
Yoon t 2Yzen + SY2 t+afy =0. 
The substitution w = y/, + ay leads to a second-order linear equation: w”,, + fw =0. 


yn 


Youn tS Use = a(f + ws 0. 
Particular solution: yo =e*”. The substitution w = y/,— ay leads to a second-order linear 
equation: w!!,+(ft+a)wi,+a(f+a)w =0. 


yn 


Youn + FUny tay, tafy =0. 

1°. Particular solutions with a > 0: y, =cos (t/a), Yo = sin(z/a). 

2°. Particular solutions witha <0: y,; =exp (-a —a ) > Y2 =exp (a —a ). 

The substitution w = y/,, + ay leads to a first-order linear equation: w’, + fw =0. 


yn 
Youn 


The substitution w = y/,,+ax”y leads to a first-order linear equation: w’, + fw =0. 


+ fyl raxy +ax”"(af +n)y = 0. 


an 


, kee 
Youn + FUnn tafy,, +a7y =0. 
The substitution w=y',+ay leads to a second-order linear equation: w!!,,+(f—a)w',+a*w=0. 


yn 


Ma 


Particular solutions: y ; = exp Chaz), ad, Y2 = exp(-5az) sin(*Zaz). 


an 


’ ~ 
Yoon + LUcn t9Y, th =0. 
The substitution w = y/, leads to a second-order linear equation: w”,, + fw, + gw+h=0. 


an 


yt fy, —a2f + 3a)y,, + a*(f + 2a)y = 0. 
Particular solutions: y; =e°", y= xe*” 


yn 


Yoow + fY¥re + T9Y, — Gy = 9. 
The substitution w= xy',—y leads to a second-order equation: rw!!,.+(af—1)w',+27gw=0. 


yn 


Yoo t £Ynn + (g-a”)y’, - a(af + gy = 0. 
Particular solution: yo = e“*. The substitution w = y!, — ay leads to a second-order linear 
equation: w!!,+(f+a)w!,+(af+g)w =0. 
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42. 


43. 


44, 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


yt fy, + (af +b-a)y! +f -a)y = 0. 
Particular solutions: y; = erie | Yy2 = ere 


equation \7+a\+b=0. 


, where A; and Az are roots of the quadratic 


mt ” 2 
Yoon t(f-@¥z2-a fy = 9. 
Particular solution: yo =e"”. The substitution w = y/,— ay leads to a second-order linear 
equation: w+ fw), tafw =0. 


Vown =(f-a)yy, + (af — by’, + bfy. 

Particular solutions: y, = exp(A;%), yo = exp(A2x), where A; and », are roots of the 
quadratic equation A? +a\+6=0. The substitution w = y’), + ay!, + by leads to a first-order 
linear equation: w’, = fw. 


an 


Yoon +(f- yz, + gy’, — af + g)y = 0. 
Particular solution: yo =e°”. 


an 


Vooe t(f + @yz, + (af + gy, + agy = 0. 
Particular solution: yo =e °*. 


an 


yn tufyl, + (ax? — fy! +ax(a’*f +3)y = 0. 
Particular solutions: y; =cos($2°Va), yo =sin(4a°Va). 


awn 


Yon t(axt b)fy.,+afy), —2fy =0. 
Particular solution: yo = 2? +2ax +b. 


awn 


Yom t(f tax)yl’ ta(xft+2)y) +afy =0. 


Particular solutions: y ; = exp (-4a2’), yo = exp (-+az’) J exp(4a2”) dz. 


Yow t@ SY yn — fy’, +2fy = 0. 
Particular solutions: yj =, y= x. 


Solution: y=Cx+C a7 +C3 (< [xe a dx), where b=exp(- f af dx). 


an 


Youn t(f tax)yl), + (gt 2a)y!, + alag + (1- ax’) fly = 0. 


Particular solution: yo = exp (-a2") . The substitution w=y!,t+azxy leads to a second-order 


linear equation: w'!, + fw!,+(g-azrf)w =0. 

yu tarf+fray! +exrfy,, a’ fy =0. 
Particular solutions: y;=2, y.=e°”. 
ws 


Youn 


Particular solution: yo = ax’ + ba +c. 


+(ax* + bx +e) fy", -2afy =0. 


an 


Yoon + ua f + DY vee c' 9. = 2fy =0. 

Particular solution: yo = x*. The substitution w = xy!,—2y leads to a second-order linear 
equation: w/!,,+a(¢f+g)w',+z2fw =0. 

Ye, — vlan +b) fy’, + (b-a’)fy!, + 2afy =0. 


Particular solution: yo = xv t+ant +(a —b). 
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56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


an 
Youn 


Particular solution: yo = 2? +ax+b. 


—[(Qa +a)f + (a? +ax + bglyy, + 2fy’, + 2gy = 0. 


a 


LY + 3Y%, + x(aa* + Dfy,- (ax? -1)fy = 0. 


Particular solution: yo =ar+a'. 


cy! + (ax? + by”, +4azxy!, + 2ay = f(a). 
Integrating the equation twice, we arrive at a first-order linear equation: 
zx 
xy, + (ax +b—2)y=C, + Coat if (a—t)f()dt, Xo is any number. 
x0 
ws 


ry, t xf -2a)y7, + x2(g + a”)y’, —[a(ax + 2)f + (ax + 1)gly = 0. 
Particular solution: yo = xe”. 


a 


LY» t (Hf + 3)yy + (2f +ax)y! +a(af+Dy =0. 
Particular solutions: y; =a! cos(aV/a), y) =a! sin(aV/a). 


cy  t+(af+3)y+(ax+2Dfy, +alaxf+ f—a*x)y =0. 
Particular solutions: y, = xg} exp (-4az) cos(ax), Y2 = ag} exp (-Saz) sin(Baz). 


cy, t (af +3)y, + (axf +2f - a*x)y’, +a(f —a)y = 0. 
Particular solutions: y, = al, Y2 = alee, 

mt ” n+l), / n s 
LY oa t(LF+3)y,, + 2frax”™ )y, +axr"(rf+n+ Dy =0. 


wy 


The substitution w = zy leads to an equation of the form 3.1.9.35: wl. + full, +aa"wl, + 
ax” "(xf +n)w =0. 


a 


ay ta’ ftar2y! -alatlfy =0. 

Particular solution: yo = 2°. The substitution w = xy! +ay leads to a second-order linear 
equation: w/!,+afwi, -—(a+1)fw =0. 

cy  t+(ar(ax? +f + 3lyy,-2fy =0. 

Particular solution: yo =ar+a7?. 


a 


ra lied [a(aa? -1)f + @?(ax* + 1)g + ly... —2fy,, —2gy = 9. 


Particular solution: yo =ar+a'. 


(ax - ly’ + a[(ax -2)f - aly’, +[(2-a°a)f + a’ ly’, + 2a(ax- 1) fy =0. 
Particular solutions: y; =2*, y2 =e". 


2, 


xy,” .+afy.,, + [a(ax + 1g +2f -6ly, + gy = 0. 


Particular solution: yo =a+a?. 


ay” + ala(ax +1)f + 3]y%, —2fy = 0. 


Particular solution: yo =a+a. 


ay +a(afta)y+[(a-2af + bly, +(b-a+2)fy =0. 
By integrating, we obtain the second-order nonhomogeneous Euler equation 2.1.9.15: 
ry! +(a—2)ayl, +(b-at2)y = Cexp(- f far). 
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71. 


72. 


73. 


74. 


75. 


76. 


77. 


78. 


79. 


80. 


81. 


82. 


83. 


$4. 


(ax + boxy!  t+(axt By +ry, +y=f. 


Integrating yields a second-order linear equation: (ax + bry!’ + [(a — 2a)a + 3B — bly’, + 
(w+2a-ajy= [ fde+C. 

ay! +ax’y’! + bry! +cy = f(x). 

Nonhomogeneous Euler equation. The substitution ¢ = In|z| leads to an equation of the form 
3.1.9.31: yi, + (a—3)yt, + (b-—at2)y, +cy = f(te’). 


3,0 2, 


xy”  +(a+2)ay, +afyl, +afy =0. 
Particular solution: yo =a“. 


3,00 


ay!  +[(at 6x? + bly”, +22a+ 3)ry!, + 2ay = f(x). 
Integrating the equation twice, we arrive at a first-order linear equation: 


xy! + (ax? +byy=C1+Cox+ | (w-t)f(t)dt, xo is any number. 
xo 


wy’! + a*(ba***! — 3a)y"”, + 2a(a+ D2a +t ly = f(a). 
Integrating the equation twice, we arrive at a first-order linear equation: 


gy! + (axe "+ byy = C1 + Coa + . (a—t)t "> f(t) dt, xo is any number. 
xo 


ay! ta fy, —2xy!, + 22- fly = 0. 


Particular solutions: y;=27', y2=2. 


3,0 


ya te TY, — Gry’, + 6(2- fy = 0. 


Particular solutions: yj =a, y.=2°. 


ary te fy, + Uf - Dy’, +(f -3y = 0. 
Particular solutions: y; =cos(In|a|), y2 = sin(In |z|). 


ey +a°(f + Dy’, +a(f -a-l)yi, -a(f -2)y =0. 
Particular solutions: y, = av", Y2 = av, 


3,0 


xy.” + x(f + ay’, + a(af +b-a)y’ + b(f -2)y =0. 
Particular solutions: yj; =2™, y.=2x™, where n, and nz are roots of the quadratic equation 
n?+(a—1)n+b=0. 


wy t Uf tayy, + eg + (a- fly, + (a-2Dgy = 0. 
Particular solution: yo = 27%. The substitution w = xy! +(a—2)y leads to a second-order 
linear equation: x?w!,+2fw!,+gw =0. 


ay!  +27(f +2ax)y” + aQ2axf + ax? + by’ + (a’a’* f + bf —2b)y = 0. 
Particular solutions: y; = e**2™, y =e 


quadratic equation n?-n +b =0. 


“ar 7™ ~~ where n, and n2 are roots of the 


my i taer*y! —3dy! + 2d.4y = f(a). 


Youn 
Integrating the equation twice, we arrive at a first-order linear equation: 


erty! +(at+2d\e* Jy = Cy + Coa + / (x —the™ f(t) dt, Xo is any number. 
xo 
Yom t(f tay, +[af + (1+ be**)gly’, +agy = 0. 
Particular solution: yo =e °” +b. 
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85. em + (be*® + 2a) fy", —a(be f + a)y!, - 2a> fy = 0. 


Youn 


Particular solutions: y; =e°", yo=e +b/a. 


86. of” +(f-2ae**)y”” -ae** (2 f—-ae** +3)y’, +ae** [(ae** —X) f +2ar€** -d"]y =0. 


Youn 
; ; Q yy a \» 
Particular solutions: y; = exp(<e iF Yo = nexp(<e 
87. yf! + (f -—aer*)y, + (g —2ar€>*)y’, — ae**[(ae*” + Af +g + rly = 0. 


Particular solution: yo = exp (Se) . The substitution y = exp(<e*) i 2(x) dx leads to 


a second-order linear equation: 2/,+(f + 2ae**) 2! + (2ae** f +g + a2e* + ade**)z = 0. 


88.” -[(a+c+ be™)f -artcly”, +[(c? —a* + bce) f —acly’, + acla+c)fy =0. 


Particular solutions: y; =e", y=e** +b/c. 


89, @P yl, + (2Aer* + Bet® + yy, + Aer” + 28pe"™)y!, + Bpret*y = f(a). 


Integrating the equation twice, we arrive at a first-order linear equation: 


erty! + (Bet +y)y=C 1+ Cox + / (a—t)f(t)dt, — xo is any number. 
xo 


90. y+ ful, + gu, - ADF + tanh(Ar)(g + X?)ly = 0. 


Youn 
Particular solution: yo = cosh(Az). The substitution y = cosh(Az) if z(a)dx leads to a 


second-order linear equation: 2”, + [f + 3\tanh(Ar)]z), + [g + 3\7 + 2Af tanh(\x)]z = 0. 

91. ee + sg] ae — A[2f tanh(Az) + 3A ly! + \7{[2 tanh?(Aa) — If + 2A tanh(Ax)}y = 0. 
Particular solutions: y; =cosh(Az), y2 = xcosh(Az). 

92,0 yf! + fy, - AI2F coth(Ax) + 3Aly!, + X7{[2 coth*(Ax) - If + 2A coth(Ax)}y = 0. 
Particular solutions: y; = sinh(Ax), y2 = @sinh(Az). 

93. yf! + [(tanha -a)f -alyy + [(a* -1f - 1jy’, + a[1-atanhx)f +1]y = 0. 
Particular solutions: y; =e”, y.=coshz. 

94. yy!" + [(cotha -a)f -aly!, + [(a7 -1)f - 1]y’, + a[(1-acothx)f + lly = 0. 
Particular solutions: y; =e°", y2 =sinha. 

95. yf!” + [Atanh(a)(af -1)- fly, -Xvafyl, +r’ fy =0. 
Particular solutions: y,; =, yo = cosh(Az). 

96. yf!” + [Acoth(Az)(af -1)- fly”, -Mafyl, + fy =0. 
Particular solutions: y; =, y2 =sinh(Az). 

97, vy”! +[27(a-Ina)f +2]y”, +afy, -fy =0. 
Particular solutions: yj =Z, y=Inx-a+tl. 

98.0 yf” + fy toy, + ALAS + tan(ax)(g — ry = 0. 


Youn 
Particular solution: yo =cos(Ax). The substitution y =cos(Ax) / z(a) dx leads to a second- 


order linear equation: 21”, + [f — 3A tan(Az)]z/, + [g — 3A — 2A f tan(Ax)]z = 0. 
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99. 


100. 


101. 


102. 


103. 


104. 


105. 


106. 


107. 


108. 


109. 


110. 


111. 


Mot fy, + AF tan(rax) + 3Aly,, + A*{[1 + 2 tan*(Az)]f + 2A tan(Az)}y = 0. 


Youn 

Particular solutions: y; =cos(Ax), yo = xcos(Az). 

yt fy, + ABA -2f cot(Ax)ly!, + 7{[1 + 2 cot?(Ax)]f -— 2A cot(Ax)}y = 0. 
Particular solutions: y; =sin(Az), yo = xsin(Az). 

Yn» ~Ua+tanx)f +aly’’, + [(a* +1) f + 1jy’, + a[(a tan x -1)f - lly =0. 
Particular solutions: y; =e", yo =cosz. 


an 
Youn 


+[(cotz +a)f +aly”, + [(a* + Df + lly, +ald-acotz)f + lly =0. 


art 


Particular solutions: yj; =e “", y2 =sin2. 


mM tif t+AtanAa(af + Diy”, -MVafy,, +r’ fy =0. 


Youn 


Particular solutions: y; =2Z, y2 =cos(Az). 


mM tif -AcotAr(af + Diy, -Mafyl, +r’ fy =0. 


Youn 


Particular solutions: y; =2Z, yo = sin(Az). 


asin(vr)y! , + by”, + 3a? sin(Ax)y’, + 2ar3 cos(Ax)y = f(x). 


Lee 


Integrating the equation twice, we arrive at a first-order linear equation: 


asin(Ax)y), + [b—2aX cos(Ax)]y = Cy + Cpx + if (a —t)f()dt, 9 is any number. 
xo 


sincrAx)y”! , + [a+ (2A + 1) cos(Ax) ly”, — (A? + 2A) sin(Ax)y’, — 7 cos(Ax)y = f(x). 


LEE 


Integrating the equation twice, we arrive at a first-order linear equation: 


sin(Ax)y), + [a+ cos(Ax)]y = C1 + Cpr + [oe —t)f(t)dt, — x9 is any number. 


(f -Dy”, -laf +Atanirx)]y”, + fF + a)y!, + aAlatan(Ar) - Af ly = 0. 


Particular solutions: y; =e°", y2 =cos(Az). 


an 


Vowe t FY ve + GY, + (f9g+g))y = 9. 


Integrating yields a second-order linear equation: y’,, + gy = C exp (- if f dz). 


an 


Yoon + 3L£Y nn + (Sf, + 2f? + 2g)y’, + 2fg + 9;,)y = 0. 

Solution: y= Cywt +Cowiw2+ C3w%. Here, w 1, w2 is a fundamental set of solutions of the 
second-order linear equation: w/!, + fw!, + Fgw =0. 

Vow t(f + DU rm + (fi + £9 + byl, + (hi, + ghy = 0. 


Integrating yields a second-order linear equation: y’, + fy!, + hy = C exp (- , g dx) . 


an 


Yoon +(F + 9)Uen +29, +f9+ hy, + (g7.+ fo, tghy = 0. 


The substitution w = y/,+gy leads to a second-order linear equation: w/!,,+ fw), + hw =0. 
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3.2. Equations of the Form y’”, = Arey (y/)1(y”,)° 
3.2.1. Classification Table 


Table 28 presents below all solvable equations whose solutions are outlined in Subsections 3.2.2— 
3.2.4. Two-parameter families (in the space of the parameters a, 3, y, and 6), one-parameter 
families, and isolated points are represented in a consecutive fashion. Equations are arranged in 
accordance with the growth of 6, the growth of ¥ (for identical 5), the growth of 3 (for identical 
6 and y), and the growth of a (for identical 6, y, and 3). The number of the equation sought is 
indicated in the last column in this table. 

In Subsections 3.2.2—3.2.4, the value of the insignificant parameter A is in many cases defined 
in the form of a function of two (one) auxiliary coefficients a and b, 


A= vy (a,b) (1) 
and the corresponding solutions are represented in parametric form, 
r= filt,Ci,C2,C3,a), y= fo(t, Ci, Cr, C3, b), (2) 


where 7 is the parameter, C'), Cy, and C’3 are arbitrary constants, and f; and fy are some functions. 
Having fixed the auxiliary coefficient sign a > 0 (or b > 0), one should express the coefficient b 
in terms of both A and a with the help of 


b=y(A, a). 


Substituting this formula into (2) yields a solution of the equation under consideration (where the 
specific numerical value of the coefficient a can be chosen arbitrarily). The case a < 0 (or b < 0), 
which may lead to a branch of the solution or to a different domain of definition of the variables x 
and y in (2), should be considered in a similar manner. 


TABLE 28 
Solvable equations of the form y!”,, = Ax*y?(y!)7(y,)° 


LLL 


a a 


2 a: ieee 
SItt, 

a eee 

Ce eo 

poe ee 

i AEE eee 

oy | es ee 
wp [oe [4 [oe [ae 


* Given are formulas of reduction to the generalized Emden—Fowler equation. 
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TABLE 28 (Continued) 
Solvable equations of the form y!”", = Ar%y(y!.)V(y",)° 


LLL 


= 
arbitrary ay 

arbitrary 

bit 

BOTA. ae 
28+3 


3.2.4.168 
3.2.4.164 


3 
3 
3 
3 
3 
3 
3 
3 


[0 | afvo 


| ryt fred ad | 1 | | 
Hi N | NR [atm] wa | wr AS = — Nw eres a w 


oa) 
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TABLE 28 (Continued) 
Solvable equations of the form y!”", = Ar%y(y!.)1(y",)° 


LLL 


a A 


| 
| 
No 


| | 
: 
| 
Wn 


=) 7 
a a (a (ee ee | 
a 3 
2 


Hh 


a 
a 
a 
ea a (a 
a a a 


| 3.24161 | 


arbitrary 
3.2.4.85 
ceaRe = ie a 


3.2.4.117 


| 
i 


NR] RR | ee 
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TABLE 28 (Continued) 
Solvable equations of the form y!”"., = Ar%y(y!.)V(y",)° 


LLL 


a 
a 
ak a a: SS a 


3.2.4.137 
a 
aa is = 
1 


aD 
ee oe oe 


a ce 

ae eee 
a oa ee eR 
2 
Oe 


3.2.4.148 
3.2.4.144 


3.2.4.169 


- WIN JV | Ree 
ahs 


ae 


— 


ale 


spe 


a a ee Se 
a a ae ee 
i a 
ae a es 
4 
2, 


3 
2 
a 
2 
3 
2 
3 
2, 


NYO | APO |] APO] AlN] Aln] ALA] ALD | rJoo | oo 


= 
5 


| 
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TABLE 28 (Continued) 
Solvable equations of the form y!”"., = Ar%y(y!.)1(y,)° 


LLL 


Ss 
ae GG Ta 
a 

a 


S|uln 


|S 
kes 


ans 


| 
tt ; 


NI 


| 
+t 


NI 


| | | | 
+ Ty 


|S 


| | 
Ht : 


o] NI 


o| 


22. 
15 
3 
2 
3 
2 
3 
3 
2 
3 
2 
3 
2 
3 
3 
3 
3 

23 <i 
15 3 
11 
8 
8 
8 
8 
8 
8 
8 
8 
8 

21 
13 

33 ai 
20 3 
17 

2 1 
i 3 
12 

: 
12 
ue 
4 
Z 
4 


| 
+ 
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TABLE 28 (Continued) 
Solvable equations of the form y!”"., = Ar%y(y!.)V(y,)° 


LLL 


On 
a 
eS 
NR ME 


Se ae 


re eee ae 
oe aa 

* eee 
3.2.4.33 


wlro| AlN 


| 
| HAD 


wl 


| 


| 
alt 


N 
_ 


= 
oe) 


| 
hat 


arbitrary 
Cea) 


-28-5 


arbitrary 


(G #-2) 


arbitrary 


13 
7 
7 
2 
5 
3 
2 
2 
Z 
2 
2 


| 
7 

ots Sp oy a se ash ch Shs 
a 


fan Veo er 
[8] oz] A }e|&}~a 
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TABLE 28 (Continued) 
Solvable equations of the form y!”", = Ar%y(y!.)1(y",)° 


LLL 


a 


itt 
| | 
Wl w 


| | | 
" Le 


| nes | | 
als NI | on en ile, 


tte 
| 
| 


3 
3 
3 
3 
3 
3 


| | | 
is RR lolnft & Jo 


A 


H 
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3.2.2. Equations of the Form y’” = Ay? 


1. mire. 


Youe 


Solution: y= zAz3 + Coa? +Cyx+Co. 


2. mw Ay”, 


Youe 


Solution in parametric form: 
z=aC? [[cie +Cre7" sin(V3 or) |? dr +C3, 
y = bC{[Ce??? + Cre?" sin(V307)] 

where A =—8a~3b9/2o3. 


3. yl! = Ay /?, 


Lee 


Solution in parametric form: 


L= aC} 1e - cee Ory aes dr+C3, y= bC%(r3 - 3r+Cyy1, where A=-6a73p7/”. 


4.0 yf! = Ay, 


Solution in parametric form: 


2=aC! F ROQrIF RP dr+C3, y= bC%QrI F Ry’, 
where R=./t(473—), I= / rR dr+C), A=+18ab7/3, 


5. me Ay”®, 


Youn 


Solution in parametric form: 


x=aC} f RQrIt RP dr+C3, y= bC/Qrl FRY, 


where R= \/+(473— 1), I= [ rR‘ +0), A=F18a73b!3/6, 


p> In the solutions of equations 6 and 7, the following notation is used: 
C1 J1/3(7) + C2¥1/3(7) for the upper sign, 
7 C111 /3(7) + C21K1/3(7) for the lower sign, 


where J, /3(T) and Y,/3(7) are the Bessel functions, and I, ;3(7) and K1/3(7) are the modified Bessel 
functions. 


6. Yere = Ay”. 


Youn 


Solution in parametric form: 


e=aC; / 1177 dr+C3, y= 60,723 Z, where A= +2070. 


7% of! = Ay, 


Solution in parametric form: 


r=aC; / Zdt+C3, y= bia? /? 2, where A= F4a%y3/?. 


8. mW Ay?/4, 


Youn 


This is a special case of equation 3.2.4.171 with y = 0. 
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3.2.3. Equations of the Form y’” = Ar%y? 


For a = 0, see Subsection 3.2.2. 


1. ons Ame, 


Youe 


Solution: y = Af(z)+Cx*+C,x+Co, where 


goats 
re TEE a 
(a+l(at2(a+3) 
f(a) =< 527 In|ax|- 32? if a=-1; 
—aIn|az| +x if a=-2; 
+ In|e| if a=-3. 


2. m= Arty. 


Youn 


See equation 3.1.2.7. 


3. yl = Agsy”/? 
Solution in parametric form: 
“4 2 
w=aC}(f f°? dr+Cs) , y=octe'(f fe? dr+cs) , 
where f = Cye2°7 + Cre? sin(V30r), A =80-%b?/70°, 


4, yl! = Ary”, 


Solution in parametric form: 
-1 
a=aC] [io ~ 37 +0y) 3/2 dr + C3 
-2 

y = bCf(7? -—37 +)! [[@ —3r +O) drt C3] ; 

where A = 6a~4b7/?, 
> In the solutions of equations 5 and 6, the following notation is used: 
R=ViGR-D, I= [rR 'dr+Cy, 


5. mW Art yA/3, 


Youw 


Solution in parametric form: 

-1 -2 
2=aCl a ROQrI FR) dr+ c3| , y= bCS(2r1 = RY i ROQrI Ry) dr+ 3 
where A = ¥18a79/307/3, 


6 oy = Ag 3 y 7/6, 


Solution in parametric form: 
-1 
2=acl / ROQr1 ¥ Ry? dr + C3 
-2 
y = bC8(Qr1 = RY? i ROQr1 = Ry? dr + C3] 


where A = ¥18a74/3p!3/6, 
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7, me Aas/2y 5/4, 


Youn 
Solution in parametric form: 
2 


w= a0}( fe V2 p de +03) ya be? t( f W222 p/4dr+ C3), 


where z=C)+477+4Bri/?, f exp [ 2dr), A= $Ba3/2?/4. 


8. yl”! = Ary /?, 


Lee 
Solution in parametric form: 
-2 


n=0,(fZdr+0s) , y= br°/3Z2( { Zar +Cs) ; 


where 


ee eee C1 J1/3(7) + C2Y1/3(7) for the upper sign, 
ed : ~ C111 /3(7) + C2.K1/3(7) for the lower sign, 


J, /3(7) and Yj /3(7) are the Bessel functions, and J, /3(7) and K; /3(7) are the modified Bessel 
functions. 


9. yl! = Aa 3/2y"/?, 
Solution in parametric form: 
2 =aClC3 exp(2 / Pdr), x = bC3P” exp(2 / Pdr). 


Here, P = P(t,C\,C,) is the general solution of the second Painlevé transcendent: 
Pl =4rP+2P%, and A=+4a%/23/?, 


3.2.4. Equations with || + || +0 


LW = AULITUL)s -V#-L, F #2 


Youn 


Solution in parametric form: 


1 
yl) Fa wy) 
ede Niel ar z \° dr+Cs, yabey > Hier z \° dr+Cr, 


where A= a plr-5_ 


2: rg = Ay? yy 


Youe 


es B#-1, 641. 


Le 
Solution in parametric form: 


ah -1/2 
r= ace? {Ufa et) 1-6 dr +] dr+C3, y= boa, 
where A= p15 5-1 425-257-8-5. 
1-6 
> In the solutions of equations 3-10, the following notation is used: 
R=Vier™, B= [dary dr+,, F=RE-1. 


3. see = AL) y#-l1. 


Youn 


Solution in parametric form: 
w=aCh fr? R dr+Cs, y= bOPE, 
M+1 5m-9,-9 
—. bre, 
za 


-1 
where m=", A=+t 
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4.0 yf! = Ayyl(y), 6 #2. 


Solution in parametric form: 


e=a0™ E"?Rdr+C3, y= poe Fe 


+ 


1 
where m = ——, A =-8ma?b-3 |4———_ 
(m+1)b 


2 m 
= Gosnall 


5. Ynwe = AyP(y,yP*, = 8 #-2. 
Solution in parametric form: 
a=aCcy ih PF PRSPR dr+C3, y=bC?"7E, 
where m=-8-3, A=+4(-1)?"\(m+ Dao”, 


6. ea AO) Os. Be 


Youn 


Solution in parametric form: 
e=acm ii E??RIFdr+Cs, y= bO?™™ Ee, 


where m=, A=F2(m+ la?” 2p™3 


mw V\V (9,4 Bekal 
7. = Ay(y2)"(Yee)7, y #-2. 


Youn 


Solution in parametric form: 


a=aChm [Em R dr +s, y=OCIF, 


7 ) 2 bo! 1 b i 4 2, ale 
tee eo) eee 
3p44 
8. Yewe = AUG.) 8, 8 #-3/2. 


Solution in parametric form: 
2, 2 
n= acr +2m-1 Lea Re dr+ Cy y= bern. pit pom 


2 1 


B 1,2 2a mo 
=-_ = + 
where m B41 A=(m+3)abm+i ees . 7 
3B+4 
9 oy, = Ay (y Puy,) 28, 8 #-3/2. 


Solution in parametric form: 


wo aCrent / EM pl pl dr+C3, y= Oils Tika 


28+3 m 2m+1 [,e Dens Db 


h =—-— A = "mt 
Wires RAS giana a (eames 4a 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


ta 3yt7 
Ye = AY PY), -y #-2. 


Solution in parametric form: 
m-1 m+t3 
core / 72 R'E 2 Fdr+C3, y=bC(F", 


1-y¥ AD yf a |r [ee Py 


h ane ey + 
bee a es m+ (m+ 1b 2a 


Yorn =A) Yen), F4#2. 
Solution in parametric form: 

é 6 
z=aC; [rs exp(417) dr+C), y= bC? / 75D exp(#272) GLO 


4b? a?\6 
here A=F5——_(F—) 
br (2—da4 \" 26 
Yove = AYU Ze  Y#AL 
Solution in parametric form: 
1 3 


a7 a7 
x=aC; fr lt+y exp(477) dr+Cy, y=bC, fr lt+y exp(417) dr +C3, 
where A=4(y+ l)a*10771, 


mt ” ), 


Youn = Ay" y.Uee O#1. 
Solution in parametric form: 


36 1/2 
x =a} i T exp(#T”) / r 1-3 exp(Fr) dr + c,| dr+C3, y= bCfexp(Fr’), 


1 
where A= SSA a oh, 
1-6 
Yorn = Ay YY ens «= B#-1. 
Solution in parametric form: 


BeBoT pe 1B: ae eae 
a=C; fa 148 fo 1+B exp(4r’) r+, dr+C3, y=bri, 


where A=7F(64+1)01T*. 


Yrve = AL*(y!)1 (YZ)? 

Solution in parametric form: 

dX (rT) 
dtr 

Here, X = X(7), Y = Y(r) is the general solution of the generalized Emden—Fowler equation: 


Vix =BX°YUY,)°, where A= Bat??-2-3p1-7-4. 
Veen = AG) Wy: 


dr +C3. 


w=aCIxX, y=so7Fe? fy@ 


1-A 2-A . 
C-ooq 1-A +03 if A# 1, A#2; 
Solution: y= 2 exp(C)2)+ C3 if A=1; 
1 
Fe In(Cin + C2) +C3 if A=2. 
1 
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VW. Une = AY ULV ee 
[Cw +ay? dy + C3 if A#-1; 


Solution: x= 


[a Iny+Oo)"/2dy+C3 if A=. 


18. yl” = Aly’). 


Youn 


Solution in parametric form: 


r=aC; [expeir?) dr+C), y= bC? / exp(417) dr +C3, where A =Fa‘b’. 


19, ye = AY) (Yee) 
Solution in parametric form: 


x=aC; pare exp(4r’) dr+Co, y=bC; / exp(#r’) dr+C3, where A=+4a‘o’. 


p> In the solutions of equations 20-25, the following notation is used: 
E= exper?) dr+Cy, F=21rE+expGr’). 


m3 
pe P. 


20. yl = Ayyhty 


Youn 


Solution in parametric form: 
z=aC, fr exp(#r?)E7!/? dr+C3, y= bG? exp(+r’), where A= +5a*b™. 


21. sem = AVY Unc 


Youn 


Solution in parametric form: 
r=C; ee dr+C3, y=br, where A= F2b~. 


22, yf, = Ay (y,,) 


Youe 


Solution in parametric form: 


r=aC; / E3/? exp(¥37°) dr+C3, y= bC, E", where A =a ‘d*. 


23. Yon = AY (YL) (Ye) 
Solution in parametric form: 


r=C [eer exp(t77)dr+C3, y=bE'exp(r’), where A= 8b’. 


24.0 oy = Avy) ue 


Youn 


Solution in parametric form: 


=a; f BY? dr+C3, y= bC?F, where A =¥8a7*b’. 


25. yf = Ay (yl Py). 
Solution in parametric form: 


r=aC; jae exp(417) dr+C3, y= bC?E, where A=-+a‘*b™. 
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> In the solutions of equations 26-33, the following notation is used: 


T+1 


B=V/77+)-In(Vr+Vr+1)+Oo, R= y- HEP RE As, 
T 


26. Yorn = Aly). 


Youe 


Solution in parametric form: 


z= 2aCiv7 +1+C3, y = bC3E, where A=-ja°b'. 


27. mw = Ay’y! (y”)°. 


Youn ae 


Solution in parametric form: 


r=aC; / Bo? d 4-03, y= bCtr, where A=2a‘b"!. 


28. yl, = Avy (ul)? 


Youn 


Solution in parametric form: 


7 = aC? / tT? RIE dr +C3, y= bC?R, where A= —8a(—b)>/?. 


29. Unte = AW) Ure). 


Lee 


Solution in parametric form: 
re aC} / R3”? dr +C3, y= bCSE, where A= 4a3(-b)7/?, 

30. yf, = Ay '(y,)- 

Solution in parametric form: 

L= aC? frteEr? dr+C3, y= bCeE, where A= —ta°b?. 

31. Ye = AY (YY (YZ) 

Solution in parametric form: 

2=aC;) ih RBS? Fdr+C3, y=bC?rE, where A=2ab. 

32. Yee = AVY) Vice 

Solution in parametric form: 


L= aC} 1 ro ROB? Fdr+ C3, «y= bCPE. where A=a“‘b’/?. 


33. Yore = AY" (Yee) 
Solution in parametric form: 


L= aC;} poe dr+C3, y=bC\r'E, where A=2ab. 


34, mn Ay" /?y! (yl). 


Youn 


Solution in parametric form: 
w=+ta$ fr? 173-374 0n) "Pdr +Cs, y= bChP=1), 


_ zl 4) -5/2 
where A =F 770°) [2 
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35. 


36. 


37. 


38. 


39. 


40. 


41. 


an 


/ 
YVeue = AyYy: 
Solution in parametric form: 


L= acy: ie —3T+ Cy dr+C3, y= bC?r, where A=3a7b1. 


Yrve = AY) (Ya) 
Solution in parametric form: 


C= +2aC$r(7? —5)+C3, y= bC8 (73 —3r+C), where A= ao. 


Veww = AY (YL) *Uee)* 
Solution in parametric form: 


pe ac} [= 1)(73 — 37 + Cy) 7 (r4 — 67? + 407 — 3) dr + C3, 


y = bO2(7? = 1) (73-37 +h), 
where A= Sa 1p/?, 


m = Ay(y’)7 


Youe 
Solution in parametric form: 


a=aCl | (3 -3r+Cy) dr +Cy, y= +bC}9(r4 — 67? +40 pr - 3), 

where A = +72a>b?(4b/a)!/?. 

Yove = AV FLY UL) 

Solution in parametric form: 
w=+aC$ f(r? = 1) -37 + Cx) tH 67? + 4Cy7 3) dr + Cs, 
y = bCR(73 - 37 + Cy”, 

where A = ¥8 x 9a°b"!0/3, 

m mu y7/3, 


Your = AUYoe 
Solution in parametric form: 


Be ay [ -3r40)) dr +O, y= dbl? 1) 3740)”, 


15 a2 \ 2/5 
=+—¢1p1(— 
where A=+ 5 ab (=) ; 


Yewe = AY (YL) (Yea) 
Solution in parametric form: 


-1/2 


w= taC}! f (4? - yy? 37 +02) “(4 ~ 61? + Cyr — 3) dr + Cs, 


y = bC(r4 — 6r? +407 -3), 


2. 3/5 
where A =-15 x 27!9@2p9/2 (=) ; 
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42. me Ay By, 


Youn 


Solution in parametric form: 


w= aC}" [79-37 + Cy)" 67? +407 - 3). dr + Cs, 


y= +bC}%(r4 — 67 24.4057 = 3), 
where A = +72a>b (a fay, 


43. me Ay? (y” aa 


Youn 


Solution in parametric form: 
a =+aC2 / (73 = 37+ Cy) (74 - 672 +4Cyr -3) dr + Cy, 


y= bCi(73 —3r+ eaica —67? +40 7 - aye 


fob 5/2 2a? \ 3/7 
where A= ae b (=) ; 


p> In the solutions of equations 44-47, the following notation is used: 
Ps(r) = 4(r® — 1574 + 20073 — 457? + 12Cy7 + 27 — 8C3). 
44. Wee = AV PUL Ue) 
Solution in parametric form: 
2=aCe / (73 —37 +h) [HGr4 — 67? + 4Cyr —3)) Pol) dr + Cs, 
y =+bC\(7? - 37 + oy —67 +40 yr - a 


where A= FZ 0/3 (2a) 7/3. 


45. ytte = Aulus) ye)”. 


Youre 


Solution in parametric form: 


-3/2 


w=aC}! f (3-3r+Cy) Pa6P dG 3) dr +C3, 


y = b02"(13 — 37 + 0p)” Pal), 


where A= Pte) (ZY 


46. Unee = AY UL) ee) 


Lee 


Solution in parametric form: 


w= ta07" f (3-374 02) 4-67? +407 3) LPT? dr +s, 


y = bOS(r4 — 612 + 4Cgr - 3), 


2 


3/5 
a -13,2,-5/4( @ 
where A 45x2-°arb (=) ; 
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47. me Ay Py Aye ye. 


Youn 


Solution in parametric form: 
r= +aC}> / (7 -3r+ ro ioe Cas — 677 +4Co7 - 3) PG) dr +C3, 
y= 0CH(r3 — 37-42) LPP, 


2a? \ 4/7 
_z 7 -549/2 
where A = 428 x 3'a°b (=) : 


48. oy! = Alyy”. 
Solution in parametric form: 


z=aC} / (77+ i dr+C3, y=bCH(7r2+37r+C), where A= +§1q%p3(3b/a)'/. 


49, awn = Ay sy! (yl). 


Yove 


Solution in parametric form: 
waa, fr ti @t3r+Qy) Odr+Cy, y=0OKP £1)”, 
—7_4 ,4)-4/3 

where A =+4 3,0" oe 


50. yf, = Ayu (uy. 


Youn 


Solution in parametric form: 
=a} [Pty 437+) dr 40s, y= dC? tty”, 


2, 2/5 
where A=s507(—) : 


51. = AYU). 


Youn 


Solution in parametric form: 


r= aC} fr? 5 ne dr+C3, y=bC8(7> +37 +Cy), 


eA Sp teg fl Dar \ 315 
where A= F574 b (=) ; 
52,0 yl! = Ay Bly. 


Solution in parametric form: 
L= aC] / (7+ 14(73 +37 + (o> ta dr+C3, y= bC8 (7? +37 + Ca, 
where A= +81q%p!9/3(3b/a)'?. 


53,0 yl = AY Fy Pye) 
Solution in parametric form: 


2 =aCy! fer $Oyr- DP?) (73 £374 Cy) dr $C, 
y = bCy(72 + 1)3/2(73 £37 +02), 


where A= F40°0?3(3b/a)*/?. 
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54. Ute = AYU) Yew) 


Youn 


Solution in parametric form: 


a =aC7 / (7241) (73437 40y) dr+Cy, y= bO%(41r2+Cy7—-1)(7241) ”, 
where A= +5a*p°(2a?/b)/>. 


55. me Ay“ (y, Fy). 


Youn 


Solution in parametric form: 
2 =aC;! / (41) (er + Cyr -1) 7 £37 +0) dr + Cs, 
y = bCR(r? +374 Gy, 

where A = ¥5a°b(2a?/b)>/*. 


56. yl! = Ay (yt 4, 


Lee 


Solution in parametric form: 


w=aCy! f (P41) 437+Cy) dr+Cs, y= C2721) (437+), 
2, 3/4 
— 4, -1ps/2 (ee 
where A = 4a°b (7) . 


57. Vive = AY) Wee) 


Solution in parametric form: 


2=acl fer + Cyr — 12 £1) £37 + Cy dr + Cs, 


y = OCB 41? + Cor -— 1°? +171, 
2. 1/4 
— _¢g -5p9/2 (ee 
where A =—64a~b (*) : 


> Inthe solutions of equations 58-69, the following notation is used: 


Si = Gye + Ose sin(wT), We kvV3, 

So = 2kCe7** + kOpe** [v3 cos(wT) — sin(wr)] ‘ 

S3 = 4k7Ce7*7 — 2k? Cye** [v3 cos(wT) + sin(wr)] ; 
S4= S3-28,53, Ss =552S4+32k°S}. 


58. yl = Ay Cy, Py) 


Youn 


Solution in parametric form: 


x=aC} [ $;'7S,S,dr+Cs, y=bC{S}, where A=-0%*/?K3, 


59,0 yf! = Ay y! (iy). 
Solution in parametric form: 


x= aC} [$77 S,Sydr+Cs, y= bC7S;'S}, where A= 160°%0?/h3, 
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60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


mw = Ay(y’ PP. 


Youn 


Solution in parametric form: 


x= aC} | 8)!" dr +C3, y = bC8S4, where A = -160a~*bk°(16bk? /a)*>. 


Vere = AY” (YL (Upe) 


Solution in parametric form: 


L= aC} Fe Si? S54? dr+C3, y= pope”, where A= + x 55q%h 18/5, 


mt = Ay(y” y/7, 


Youn 


Solution in parametric form: 


a2 ee 


8bk3 


w=aCy? f SP? dr+Cs, y=bC1S;'7S,, where A= Jato 


me Ay!(y! Py” y7E, 


Youn 


Solution in parametric form: 


az ae 


waa} f S1/*5;"7S4dr+C3, y=bC15S3, where A=7-216a%5/2k-9( 


yl = Ay Pog. 


Solution in parametric form: 


a=aC} f si/*s,°? dr+C3, y=bC#S;!, where A= -160a‘b75/5k°(16bk3/a)*/>. 


Ue = Ay yt yay). 


Solution in parametric form: 


J b \W/s 
x =aC3 / SPS 3" Ssdr+C3, y=bCS°/"5;!, where A= ayes (—) 


Une = Ayu) AU). 
Solution in parametric form: 
2 


F 7 b\1/4 2/7 
a=aC? | 5°?54/° dt+C3, y=bOP Ss; V2. where A= 20 %6(-2*) (sas) . 


Yoon = AY (YL) Uae)! 


Solution in parametric form: 
a= aC? f siMspisy? dr+Cs, y= vofst”, 


os 


h A =17 9°22 2p-11/8p-9 
where 5x a (= 


© 2003 by Chapman & Hall/CRC 


68. me Ay? (y” yee, 


Youn 


Solution in parametric form: 


L= ae? [Sees dv +C3, y= bC75;153/°, where A= — 208 17/73 (2a? /by>/13 


69 yn = Ay? (y' (y” ye 


Solution in parametric form: 
a =aC>! if S290 Ssdr+C3, y =bC%S7192, 
where A = 208 x 55a7"b!9/2k3(2a2 /b)8/, 


p> In the solutions of equations 70-81, the following notation is used: 
T;=cosh(7+C2)cost,  Ty=tanh(r+Cy)+tanr, 73=tanh(r+C,)-tanr, Ty4=3773-4, 


6,=cosh7T—-sin(r+C2), 6.=sinhr+cos(r+C>), 63=sinhr-—cos(T+C 2), 64=36263- 264. 


70. mw = Ay*(y 7. 


Youn 


1°. Solution in parametric form: 
r=aC; jae dr+C3, y= bCIT\T, where A= -3a7>b(2b/a)!/?, 
2°. Solution in parametric form: 


e=aC; par dr+C3, y= bC}O2, where A= 3a >b(b/a)'?. 


1 yt, = Ay (y) Syn) 


Youn 


1°. Solution in parametric form: 
CS aC? if TT, PT dr+C3, y= TSE ityaee where A=64x37a8p!9/3, 
2°. Solution in parametric form: 


2aacy if 61/765" O3dr+C3, y=bC30", where A=-256x 3708p 18/, 


72. mw = Ay(y,,) 1 3(y%,)*. 


Youe ae 


1°. Solution in parametric form: 


= ace fT}! wor? 5 (bY (2ey 5 
x=aC} [hi T,’-dr+C3, y=bC,7\'"T3, where A= =7(s) (=) ‘ 
2°. Solution in parametric form: 

= - 5 b \ 1/3 7 4q?2 \ 2/5 
w= aly? [6°70 dr+Cs, y =bC\0,/63, where A==—(—) (=) 
73. Voee = AY” FUL) Une) 


1°. Solution in parametric form: 


: 2a? 3/5 
aad} [TPAT275'" dr+Cs, y=bCPT}T3, where A= 2,00 7(=) . 
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74. 


75. 


76. 


77. 


78. 


79. 


2°. Solution in parametric form: 
5/4 9291/2 5 3/5 
2 =aCl! [6 4g? dr+C3, y=bC63, where A=-sab- ee 7 S) 


yg = Ay Py y?. 
1°. Solution in parametric form: 
n=a0; ae dr+C3, y=bC?T;!, where A=2a7b7/2(2/b)'/”, 
2°. Solution in parametric form: 
z=aC? eee dr+C3, y=bC?6;!, where A=-a?b7/*(-2/b)!/?. 
Yew = AY (YL) Une). 
1°. Solution in parametric form: 
x =aC3 | T2727 dr+C3, y=bC2T,T2, where A=—32a2b7/2(b/2)1/?. 
2°. Solution in parametric form: 
2=aC3 i 677°0203dr+C3, y=bC20;'02, where A= 16a-b7/>(-b/2)1/?. 
Vere = AY MYL. 
1°. Solution in parametric form: 
z=aC} eg dr+C3, y=bC{T;'Ty!, where A=-3a7b°/3(2/a)!?. 
2°. Solution in parametric form: 
r= aC? [eee dr+C3, y= bcto;', where A= 3a 16/35 20/3 
Yee = AY yy: 
1°. Solution in parametric form: 


7 b \2/3 

a= act [ NT; PT dr+C3, y=bCT,°T;', where A= = ap4/3(—) 
2°. Solution in parametric form: 

1/2p-3/2 3/2, > 3 _ b \2/3 

x= aC} f 6,705? O4dr +3, y= 0C16)!°6;1, where A=-ZaH'4/3(—) 


Yee = Auy, (yy. 
1°. Solution in parametric form: 


5 3b \ 6/7 (2a? v 2/5 
a= aC} f T{PT)* dr +Cs, y = bOPT Ty, where A=-3a?(=) (=) : 


2°. Solution in parametric form: 
Oey oP) 3/2 911/6 — 2997 1/2 vo 2 36 af 4a? aie 
x= aC} f 6°70," dr+Cs, y=0C%6;'/764, where A= a (=) (=) 


2a 
Yee = AVY Py). 
1°. Solution in parametric form: 


a= ay? [TPIT dr+C3 y= bCPrPT,”, 


2a2\ 3/5 
where A= 2x7 2b 7 (22) ‘ 
2°. Solution in parametric form: 


«=a! / 08393)? dr+C3, y= 002803", 


45 3/5 
h AS x 734 2p-ll/7 
where > (= Th ae 
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Youn 


80. an = Ay s/2(ytt 3/10, 

1°. Solution in parametric form: 

= ney dal dr+C3, y= 1CET Or: where A= Ba 'y5/2 (2a? /b)3/10 

2°. Solution in parametric form: 

xz =aC;"! (eee dr+C3, y= octo;}05/?, where A= Ba 'p>/?(-2a?/b)9/, 

81. eee = AV YL) Yee). 

1°. Solution in parametric form: 

a=aC}? / Tete eT, dr+C3, y=bCT3T7, where A =-540a°b9/2(2a?/b)'/, 


2°. Solution in parametric form: 


a =ac} i 6708 64dr+C3, y=bC!86;'62, where A =-270a~b9/?(-2a2/b)7/, 


p> In the solutions of equations 82-84, the following notation is used: 

Ly =Cr* +Cor*, Ny =(1+k)Cir* +(1-k) Cor, 

Ly =Ci Int +C), No = Cine +C1+C2, 

L3=C,sin(k Int) +Ccos(k Int),  N3=(C, —kC2) sin(klnr) + (Co + kC) cos(kIn7). 
82. yf! = Ay (yi). 


Solution in parametric form: 


1 if A>-1/8, 
a= [PLA dr +Cy, y=r2, where k=/{1+8A], m= 2 ae 
3 if A<-1/8, 


83. Vere = AYY)) (Yee) 
Solution in parametric form: 


1 if A<1l, 
a= [tN dr+Cs, y=TLm, where K=1/|A-1|, m=<2 if A=1, 
3 if A>1. 
84.0 yf" = Ay (yl! p?, 


Solution in parametric form: 


r= #4 f7L, dr+C3, y= ar Li; where k=V1+8A7. 


> In the solutions of equations 85-100, the following notation is used: 


z= Ci Jp) + C2Y,(7) for the upper sign, 
~ | Cir) + C2K,(7) for the lower sign, 
Up=tZ.+vZ, U,y=Up tr? 2, U3=+37°2? -20U), 
where J,(r) and Y,(7) are the Bessel functions, and I,,(7) and K,(7) are the modified Bessel 
junctions. 
85. yf = AyFy’), 8 #-2. 
Solution in parametric form: 
1 1 


3v—2 
z=C fr oe Vag, y = br”, where vy =——-, A=F—~b*?, 
+2 8y2 
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86. 


87. 


88. 


89. 


90. 


91. 


92. 


93. 


94. 


95. 


ye = Ay yy, oy #3. 


Solution in parametric form: 


x=aCy fr U dr +C3, y=bCi7”Z, where 
yt, = Ay iy), 6 43/2. 
Solution in parametric form: 
r=aC; / PYF dr+C3, y=bGie’ 2, where 


mt aw ie 


Yoow = AT Y(Y ee 
Solution in parametric form: 


x=a0, | Zdr+Cs, y=0CirV3(72?-U, [ Zar—Cat), where v= 


Vowe = AY (Yen) 
Solution in parametric form: 


y= ede A= gd rty3, 
yes: ye 
7) _ 4a73p3/2 ¢_a2 6 
eT 5508 ( oy, 
'9:2673 
+, A=7a b?. 


z=aC\ [r2 dr+C3, y=bC?7r*3Z7?, where v= 4, A=-Z aimee 


weg = Ay Pte). 
Solution in parametric form: 


Yovw = AYY,,) 
Solution in parametric form: 


x=aC, | Zdr+Cs, y = bC?7r PU), where v= +, A=- ab’. 


Yrve = AY (YY (Yen) 
Solution in parametric form: 


w=aCy f 200; dr+Cs, y= bC}r 7/22, 


an 


Youn = Ayu). 
Solution in parametric form: 


w=; [12 dr+Cs, y = br? ZU, where v= +, 


Yee = Ay PY PUY”. 
Solution in parametric form: 


c= acy / Vials Oheala o, dv +C3, 
where v = 4, A =F ab? (F6/b)'/?, 


Yove = AY (YL) 
Solution in parametric form: 


x= aC; | rZU;"" dr +Cs, y = bCy72/3U5}, 
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where 


A=2b1(F6/b)!””. 


y = bOyr*PU;, 


where v= i, A= —oab®. 


96. 


97. 


98. 


99. 


100. 


Yovw = AY (YL) (Yew) 
Solution in parametric form: 


x=; f 2U;°?Usdr +Cs, y = br*377U;}, where v=4, A= 


Yrwe = AVY) Yen)? 
Solution in parametric form: 


18b-, 


w=aC\ / 7? Zs! dr+Cs,  y=bC2r43Z7U;, where v=1, A=—8a6°(46/b)'/” 


Yrve = AVY, YZ). 
Solution in parametric form: 


x=aC\ / rE Us? dr+C3, y=bC}r Un, where v=4, A=+22a3b1(46/b)"”. 


Yeon = AY (Ung)! 
Solution in parametric form: 


wa eZ? dv +C3, y = br 77 Z°Up, where v= +, A=+4b° 


Yee = Ay PY Pry”. 
Solution in parametric form: 


w= aC f Z7U;?U;dr+ C3, y= bE 9270}, 


where y= 4, A= ¥23¢73)7/2(2b)1/2., 


p> In the solutions of equations 101-138, the following notation is used: 


dg 
5 et ery = /+(4¢3- 1. 
T Hagia ae (49° — 1) 


(2b) 1/2, 


The function = (7) is defined implicitly by the above elliptic integral of the first kind. For the upper 
sign, the function ¢ coincides with the classical elliptic Weierstrass function 9 = o(7T + C2, 0, 1). 
In the solution given below, we can take g to be the parameter instead of T and use the explicit 
dependence T = T(g). 


101. 


102. 


103. 


mt = A(y’)°. 


Youn 


Solution in parametric form: 

L= aC? / g/l? dr+C3, y=0bC{r, where A =+3a7b~*. 
Yove = AY Y(Yon) 
Solution in parametric form: 


L= aC? i pores dr+C3, y= bCtp, where A =7¥24a*b™. 


Yeon = AUY2 Une)” 
Solution in parametric form: 


a ac] [ T12 dr+C3, y=bCf, where A=—ta5b (43d) 1”. 
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104. 


105. 


106. 


107. 


108. 


109. 


110. 


111. 


112. 


113. 


Yrve = AY) Yea). 
Solution in parametric form: 


L= aC? i fir dr+C3, y= bC?r, where A= +6ab2(+£3b)1/. 
Yone = AY (Y,)* 
Solution in parametric form: 
L= aC;' er dr+C3, y= bir, where A=+3a7b. 
Yovw = AVY) Yen)» 
Solution in parametric form: 


L= aC} i 73/24 f-@)dr+C3, y= bCer 6, where A =¥24a°b°. 


Yorn = AVY) Puy). 
Solution in parametric form: 


r= ac} | tlodr+C3, y=bC\(rf-—), where A= FLab(+2/a)'”. 


Yee = Ay Put). 
Solution in parametric form: 


«= aC} Face —py'?dr+C3, y=bCtr*, where A=+5ab7/4(430) 7. 


v.= ay COL)”. 


Solution in parametric form: 


7 —4 2 9_-3 3 -1,,-2/3 aa 1/5 
x=aC] fr g dt +C3, y = bCir Q, where A=+5a 0 (=) : 


yg = AY Py I YL. 
Solution in parametric form: 
c= aC; Lereres -p)dr+C3, y=bC8(rf-), 

12b\ 1/37 a? \4/5 

where A= #5a"'5!/?(—) (—) ; 
a 185 
Yowe = AY (yl)°. 
Solution in parametric form: 
z=aC}? Lees + ee dr+C3, y=bCi*7’, where A=+3x7407b9/7, 

Yoon = AVY) "(y,)- 
Solution in parametric form: 


x=aCzs f 7(r3 f+3r°pFl) dr+Cs, y =bCir(7’ pF 1), where A=tHa 7/75 9/7, 


Yee = Ay yy. 
Solution in parametric form: 


x=aCy [ 07 9F 1) dr+Cy, y= bC3r(73 f +37 F 1), 


where A= +3(+6b/a)3/4(FOb) 1”. 
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114. 


115. 


116. 


117. 


118. 


119. 


120. 


121. 


me Ay B/8(y! Py” 7, 


Youn 


Solution in parametric form: 


w=aC$ f (73 F437 pF) dr+Cs, y=bC}r*, where A=+3-ab'/8r6b) 1/7. 


ee = Ay?B(yt ysis, 
Solution in parametric form: 
a=aC? / (7 9F1) dr+C3,  y=bC i (729F1), where A=F15a7!/15p2/3(186)-7/15, 


y= Ay ao fey. 


Solution in parametric form: 


= aC? [13 $43 —F Pp FL) dr+ Cy, y = bC8r (73 f +3729 F 1), 
12by 1/37 a2 \ 8/15 
— 446,71 p1/2 
where A=+15a~‘b (=) (<5) ‘ 


mw = Ay/(y'), 


Youe 


Solution in parametric form: 


L= aC? i; T(r" + (eeu dr+C3, y= bor where A=+3x7~4a2b-8/7, 


Ueon = Au(ys) "(yey 
Solution in parametric form: 


x=aC} f r71(73 far? pt6) dr+Cs, y=bC 7 (7 pF), where A=Fthg P/7199/7, 


mt = Ay(y’ ) 27/13 (gy! 2, 


Youn 


Solution in parametric form: 
e=a0y) [| oC pF 1) dr+C3, y=bCir(r? f -—47’ p+ 6), 
where A= —34 (6b/a)'/8(439b) 1/7. 


Vooe = AY By ue). 
Solution in parametric form: 


w= aCP [734-47 946) PO dr+Cs,  y=bCPr’, 
where A = +S ab-6/13(4396) 1/2, 
wna = Ayal, 


Solution in parametric form: 


z= [rp Fly dr+Cs, y=0C*r 8 pF), 


2. 7/20 
here A= 20a 'b?/3(++_) 
where Oa ( =e) 
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122. me Ay(y! ys (iy! jee, 


Youn 


Solution in parametric form: 


x=aC}! [1% f-4r p46? pF 1) dr+Cs, y = br f—4r-p +6), 
12b\ 1/37. a2 13/20 
-1p1/2 cine Le 
where A =+20a~b (=) (+) ; 
123. yl”! = Aly,)*. 


Youe 


Solution in parametric form: 


x= aC} f g?dr+Cs, y= bc} oe -(f 2r6), where A=-192a7’b°. 


124. yl! = AyS/y' (yl). 


Solution in parametric form: 


r=aC; [ted of are)? dr+C3, y= bC8 eo, where A= t3atp 


125.9 = Ayy! (yt). 


Solution in parametric form: 


* 3/5 
x=aC} f pf +276") ? at 4 Os, y=bC%f, where A= #25" (S) : 


126. Yve = AL) Yen) 


Solution in parametric form: 


5 2/5 
z=ac}’ if ie a dr+C3, y=bCi'g*(f+2rg), where A= Fea ao ( #) : 
127, yl = Ay yl). 
Solution in parametric form: 
_ oll gd 14 o _ -7 11/2 
t= aC; (f22rp ye oe C3, =bC; ft Fe ae a where A= 192a'b : 


128. yl! = AyS/(y")°. 


Solution in parametric form: 
SEC p i (ft are) P(r F420) dt+C3, y= TONG + 2re) , where A=-4a3'/?, 


129. Yon = AVY) Ure) 


Youe 


Solution in parametric form: 


2a? y" 


aaa f pV fa2rgy"ar+Cs y=bC}(rf+29), where A=— au ay 4( = 3b 


27 
130. yee = AYU Yon) 


Youn 


Solution in parametric form: 
g=aC} ke +279") acai +29)? dr+C3, y= bCT of + are)? 


2a? re 


— _10,27-4 
where A 10a“b (= 
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131. 


132. 


133. 


134. 


135. 


136. 


137. 


mt = Ayt/(y! 7/3, 


Youn 


Solution in parametric form: 
“=acr i (f+ arg) “(rf +2p)dr+C3, y=bCP(rf +29)’, 
where A = —648a~b’/?(6b/a)'/2. 


mw = Ay ®P(y” y 


Youn 


Solution in parametric form: 
z=aC; i olf + 27g)? dr+C3, y=bC}(f +2rg’)", where A= tarp 3, 


Aye Ca ye. 


Solution in parametric form: 
z=aCP i (fH are) “(rf +29)?dr+C3, y= bCP (rf + 29), 
where A = -648a>b/°(6b/a)'/?. 


Yee = AV By) PCY. 


Solution in parametric form: 
—7orl Die 21/2 -2 _7na7 23/2 -2 
w=aCy f(r pF i ftp’) (rf+2py~dr+C3, y=bCi(ft27re") (rf t+2p)%, 


where A= -,.03b3(6b/a)*?. 


Yrve = AVY) YZ)”. 
Solution in parametric form: 


x =aC}! fo + re) (rf +2p)9/6dr+C3, y=bC7 (r’ pFI St are)”, 
where A = -20a!b-? 2a?/by°/>. 


Yrve = AVY, Ugn) 
Solution in parametric form: 


i ace ‘| (1° 9 + 1 ct are) (rf + 2p) 4/3 dr+C3, y= oc l(rf + 2ey 1, 
where A = 20a7b8(2a?/b)3/*. 


Yeww = AVY) Uee) 
Solution in parametric form: 


=a [pF Ft I7—) VT F+29)3dr+Cs, y=OCM?pF 1) (F429) 


2. 4/5 
at —7p 11/2 ( 
where A 320a~‘b ( =) ‘ 
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138. yn 


Lee 


_ = Ay /(yi? yt/s, 


Solution in parametric form: 


w= aC? f (F429) Vf +29)'Pdr+Cs,  y=0CKEt27e) Cf +2984, 
2 > 3/2 ia 
where A= —ab ey 


p> In the solutions of equations 139 and 140, the following notation is used: 


1 1 
——_r14,—7*+C, if k#0, k#-1; 


ph] ¢ k+1 k 
v= [- T) ged rth |4+Q if k=0: 
aT) 1 
i eee Pei, 
Te 


139. ye =AYP(YL) Yew B#0. 
Solution in parametric form: 


1p. 
z=; fr B exp(—3U) dr + C3, y = br'/8, where k= 1/8, A=-2H%. 


140. Ye = AVY) Yas = VFL. 
Solution in parametric form: 


2-7 
z=ady fr Tze dr+03, y=e, where k= ——, A=a™'b!7, 


p> In the solutions of equations 141-170, the following notation is used: 


R= V+4-), [=2rIFR, L=r\(Rl-1), 
I =471 FE, Iy=hkh-8I, I;=2RI-7°, 


d 
where [= if +02 is the incomplete elliptic integral of the second kind in the form of Weierstrass. 


141. y= Aly)’. 


Solution in parametric form: 
eae) / TPR dr+C3, y=bC}r'h, where A=F3a7!D°. 


142, y= Ay ty (y”). 


Youn 


Solution in parametric form: 
x =aC;' peas dr+C3, y= bCirt, where A=+24a*b. 


143. aw = Ayy’, (ys. yA, 


Youn 


Solution in parametric form: 


2, 3/4 
a=aC} [SPER dr + Cs, y=bC?R, — where 4=4507(2) : 
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144, yf, = AYU). 


Youn 


Solution in parametric form: 
1/4 
C= aCe if TR? dr + C3, y= be hh, where A= 40°? ( 7) : 


145. yl” = Ay(y))”. 


Youn 


Solution in parametric form: 
x=aC} ‘| ieee dr+C3, y=bC}°rI;', where A=F3a71O’. 


146. yl”, = Ay ty, Py). 


Youn 


Solution in parametric form: 
r=aC; Vas (ae dr+C3, y= bCr Er, where A=+24a°?!. 


147, y= Ay(y”!)"4. 


Solution in parametric form: 
3/4 
r= aC} [ir dr+C3, y= bC?h, where A=—4a7!57! (+ ) . 


148. ype = AV (UL) (Yee). 


Solution in parametric form: 
11 -3 7-1/2 p-1 10,2 7-2 wie ne 
2 =aC! [oh GOR dr+C3, y=bC!r2z?, — where A=5a o ee 2) 


149, yl = = Ay (y!, PS ylt y. 


Solution in parametric form: 


g=aCj' (eras dr+C3, y=bC8IZ, where A= Fta 261/21 2b/a)?/?. 


150. yl = Ay Wy) 4F(yy. 


Solution in parametric form: 
2=aC\ / To? hIsR1 dr+Cy, y=bCPI3B, where A= ¥4802b-/?(+3b/a)!/3 


151. yf = Ay Py, Py)”. 


Solution in parametric form: 
1/7 
a =aC3! i Up PER dr+C3, y=bC222, where A=F7x27a2- n(e) 


152. me Ay(y!y8/7. 


Youn 


Solution in parametric form: 


Sos esp 5-3/2 ee Ba! 
=aC! fee Ro dr+C3, y=bCSt’h, where A= <a b- (2) ; 
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153. 


154. 


155. 


156. 


157. 


158. 


159. 


160. 


161. 


162. 


Yovw = AYY,) + 
Solution in parametric form: 


BGC? (LR? dr +C3, y = bC7%I3, where A=+3x2% a7 lp}, 


Yove = AY (YY en)» 
Solution in parametric form: 


e=aC, pes a dr+C3, y= Ore ag where A =¥12a°b. 


mw = Ay (y’ Bans 
ai . 


Youn 


Solution in parametric form: 


w=a} f AT? R41 dr + Cy, y=bCi°I;', where A=+3x2%a!®p!!, 


Yrve = AY (Y,) (Yen) 
Solution in parametric form: 


a=aC\ i TTC igR | dr+Cs, y= O37 1;!, where A=F192a!5, 


Yong = AY (yf). 


Solution in parametric form: 
a 2a? \ 2/3 
a=0C? f 1°? RR dr+C3, y=bC{°IT, 31%, — where A = £54a°4913/6( =) : 


Yee = AY Py) APY)”. 
Solution in parametric form: 


2=aC3 / To? TR dr+C3, y=bC2Ti?, where A=8b"/2(2a/3)!/3, 


Yee = Ay Puy). 
Solution in parametric form: 

67 f 77/4 7-5 7-1/2 p-1 64 7-4 13,2)-9/4( @ \W/7 
z=aC] (Re Ip hl,’ R™ dr+C3,  y=bC7"I3", where A=+7-27 ah! (=) : 
Yen = Ay ry) e/. 


Solution in parametric form: 


2 \ 6/7 
_ als 5/274 p-1 pid 73/2 mel ee 3b 1/27 @ 
r=aC} fer ZR dr+C3, y=bCiL,'I4, — where A=5a b (+) (<,) . 
Ug = Aly). 


Solution in parametric form: 


Ci acy ies dr+C3, y=bC, ae dr +C), where A=+6a!o"!. 


Yrwe = Ay? Yl (Una) 
Solution in parametric form: 


L= act | TI? dr +O, y= bC87?, where A =724a*b7/?. 
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m4 
oa) - 


163. yf". = Ayu. y 


Youn 
Solution in parametric form: 


L= aC? | PI V?R dr +Cs3, y= bC®R, where A= ward”. 


164. yf, = AW) Un) 


Youe 
Solution in parametric form: 


w=aC;) if TR dr +03, y=bC? / TR dr+C>, where A=9a%b", 


165. yi, = Ay /(y',). 
Solution in parametric form: 


a=0C§ [rR dr +C3, y =bC7I, where A =¥6a7!b°/?. 


166. Yong = AU (YL) Ure) 
Solution in parametric form: 


L= aC} i 7I3/?7,R7 dr+C3, y= bce? rT, where A =748a707/. 


167. yf! = Ayl(y (yt) 


Youn 
Solution in parametric form: 


=a} frp dr+C3, y= ocl®Is, where A=- 3,a'b3(12b/a)*>. 


168. y= Ay Fy Rey y 


Youn 
Solution in parametric form: 


r=aC; (grass dr+C3, y= bC\I°/*, where A= oq p?/>. 


169. yf, = AY Py)”. 
Solution in parametric form: 
7 a? \2/7 
x=aC; eg ei dr+C3, y= iCirr where A= go. (=) : 
170. Yer = AY (yy) ues). 
Solution in parametric form: 


a =aCc2 / P24 TR 1dr +03,  y =bC2E2, 


where Aaa (S)""( a )" 


3b 186 
> In the solutions of equations 171 and 172, the following notation is used: 
1 2B 
Cy + 7° + ——— 7" if k#-1, 
f =exp es ak ae e. 
vz)" 


1 
Cr+ 97° +2BinIr| if k= -1. 


Bote: 
171, yf” = Ay 4 (y,)7. 
Solution in parametric form: 


1 
aaa} fl? ft? dr+Cy, y=bCif, where k=3(y-D, A= 5 Ba Dye, 
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172. 


173. 


174. 


175. 


176. 


177. 


Yoon = Au Wa) Wee): 
Solution in parametric form: 


re a fax? +2)dr+C3, y= Carpe where k=-y-2, A= aor fg eB. 


-1 
me Ay? YUU)? 


Youn 
Solution in parametric form: 
V-vVV2+4 
z=aC? / iat Bee oS dr+C3, y= bC27/2y1/2, 
(TU)s/4AVV2 +4 
where 
Bowl 
V dr rV2(Cy+ ro ) if y#-1, 
U =exp = | V= y+] 
ENA SS 7 /2(C) + 4B intr) if y=—l, 
pant es 
A=23/ab 2 1 B-2a/b). 
7t46+5 
ye, = Ay (yl (yi) 78, = B #-1, y#-1. 


Solution in parametric form: 
+342 -3/2 aes -1 +1 
w= ape? {UTD 2dr +3, y= CTU, 


2a* Soot dr 
where A = area (—) aaa B, U =exp (/ —); z = 2(T) is the solution of the 
TZ 
transcendental equation 
2(8+ 1) 
yt1 - 


c) 


2B ret 


k 1 
= Tk = —q«X 2 k-1 = 
(2+k—W(z+k)1 eee k 


won = AY (yn) (yZ,)s 6 #1, 6 #2. 


Youn 


Solution in parametric form: 


-k 
L= iC t TAU 21 dr+C3, y= b0?>4 k(kz - ro Ne ia? 


6-1 1-k 2a? \ 6 d 
where k = 520’ A= 5) abe (-—) B, u =exp(/ =); 2 = 2(7) 1s the solution of 
the transcendental equation 
T 1 
In |kz —T| - —— = —1* +0. 
n|kz-7| ae ae 5 


Yrve = AY (YL) "Yea) 
Solution in parametric form: 


a=40) f 2 ?7U-Vdr+Cs, y=tye’, where z=+4ArT+e7+C), U=exp(+4 f £). 
Z 


-1 -1 
Vow =AY (Ya) Vorw 
Solution in parametric form: 


=O; fe ?Udr+0s, y=+C\zU, where z=+Ar+e™+C), U =exp(+ / <). 
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3.2.5. Some Transformations 


Let us consider some transformations of the equation 


yi, = Arty iy) (yi) 


1°. In the special case y = 6 = 0, the transformation x = 1/t, y = w/t? reduces the equation 


Vea Any? 


to an equation of similar form (with other parameters): 


me Ate PFA y8 


Witt = 
: ; dt 
2°. In the special case a = 6 = 0, the transformation x = = ——;, y= 
[2(r)}3/? 
equation 
Yow = Ay” (y)” 


to an equation of similar form (with other parameters): 


2B+y45 


mo - 1y\7 
Zppp = Az 2 (wy). 


3°. In the special case ( = 0, the substitution u(x) = y!, brings the equation 
Your = A®*(yL)" Wee)” 
to the generalized Emden—Fowler equation: 
Uy, = Av*u(u,,)’, 
which is discussed in Sections 2.3 and 2.5. 


4°. In the special case a = 0, the substitution v(y) = (yl) reduces the equation 
Vora = Ay? (Yn) Gan) 
to the generalized Emden—Fowler equation: 
seen 
Vyy = AX 24 yPy 2 (vi), 


which is discussed in Sections 2.3 and 2.5. 


3.3. Equations of the Form y’” = fiyg(y/)h(y”,) 


LLL 
3.3.1. Equations Containing Power Functions 


1. m  =(ay?+by+c)/4. 


Youn 


This is a special case of equation 3.5.2.29 with f(w) = 1. 


2,0 yl, = (Ay” + By™)y;,- 
This is a special case of equation 3.5.2.1 with f(y) = Ay" + By™. 
3,0 yf! = (Ay” + By™)[a(y’,)? + by’). 


1 
27) 


reduces the 


This is a special case of equation 3.5.2.3 with f(y) = b(Ay” + By”), g(y) = a(Ay” + By™). 
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10. 


11. 


12. 


13. 


14. 


15. 


(ee v|- nw, y+ Aly’ Maal m#-3, m#-l. 


The substitution w(y) = (y!,)? leads to a second-order equation of the form 2.4.2.4: 
of 2(m+1) 
a 2 
yy = | Gi Grea” w+24Aw™ |. 
Yove =¥ (FY) + AY”). 
The substitution w(y) = (y!,)? leads to a second-order equation of the form 2.4.2.35: 


— 4-215 7 
Way =Y (gw t+2Aw”). 


WwW 


Yow =¥ BY) + ACYLY’)- 
The substitution w(y) = (y!,)° leads to a second-order equation of the form 2.4.2.31: 
Way =y?(6w +2Aw™). 


Yooe =Y¥ [6(y’,) + Aly’). 
The substitution w(y) = (y!,y leads to a second-order equation of the form 2.4.2.64: 


wi, =y (lw + 2Aw >), 


Une =Y¥ [yy + AY)? ]. 
The substitution w(y) = (y',)? leads to a second-order equation of the form 2.4.2.6: 


Wyy = y-Qw +2Aw~). 


Voow = VY b3x(y,) + At) ]. 

The substitution w(y) = (y!,)? leads to a second-order equation of the form 2.4.2.26: 
Way = y-(-4w + 2Aw/3), 

Vowe =Y |- 300 Ye p+ A(y’, rel 

The substitution w(y) = (y!.)? leads to a second-order equation of the form 2.4.2.10: 


why, = Y-(—-aagw +2Aw/), 


Ywe =¥ [Ey + AGL). 
The substitution w(y) = (y!,)° leads to a second-order equation of the form 2.4.2.12: 


wy, =y(Fw + 2Aw 9/3), 


Vouw = [Ey + AY). 
The substitution w(y) = (y!.)? leads to a second-order equation of the form 2.4.2.66: 


Wry = y?(Sw+2Aw/), 


Vore = 9 [ae + ACYL) /]. 
The substitution w(y) = (y!,)? leads to a second-order equation of the form 2.4.2.29: 
Wyy = =y?(-Sw+2Aw), 


Ueoe = 9 [-g(yy) + Al. 

The substitution w(y) = (y!,)? leads to a second-order equation of the form 2.4.2.14: 
Way = =y(-gw+2Aw 1/2). 

Your =U [-z(y,) + Al. 

The substitution w(y) = (y!.)? leads to a second-order equation of the form 2.4.2.8: 
Way = =y?(-fw+2Aw/), 
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16. yf” = y [10(y,)° + Al. 
The substitution w(y) = (y/,)* leads 


Why = Y¥(20w + 2Aw!/?), 


ul 


o a second-order equation of the form 2.4.2.33: 


7% yf =u oy + Alyy). 
The substitution w(y) = (yf), )* leads 
wy, =y (Fe 2 +2Aw'/?), 


co 


0 a second-order equation of the form 2.4.2.37: 


18. yf =u [AL - F)")- 
The substitution wy) = (y!,)? leads to a second-order equation of the form 2.4.2.60: 
Wyy = y?(2Aw? — xu). 


19, oy, =u [Ay + HCY)". 
The substitution Seay = (y!,)° leads to a second-order equation of the form 2.4.2.62: 
Wyy = y-(2Aw* + sew). 


20.0 yl! = y (Ay! + B). 


Youn 
The substitution w(y) = (y!,)° leads to a second-order equation of the form 2.4.2.40: 
wi, =y 432A + 2BuV?). 


2.0 yl! = (Ay? + By yy. 


substitution w(y) = (y!,)? leads to a second-order equation of the form 2.4.2.39: 
wy, = (2Ay* + 2By)w7 


22, yl! = (Ay? + BYy/)”. 


i substitution w(y) = (y',)? leads to a second-order equation of the form 2.4.2.16: 
Wyy = (2Ay*+2B)yw>. 


23. Yee = (Ay! + By V(y,) 


te substitution w(y) = (y!.)? leads to a second-order equation of the form 2.4.2.28: 
Wyy = (2Ay!+2By?)w. 


24. an = (Ay7/3 + By yyy, 


Youe 


oul 


The substitution w(y) = (y/,)* leads 
ite a (2Ay7/3 Af 2By/3)\w/3, 


o a second-order equation of the form 2.4.2.48: 


25. aia na (Ay7 + By“ yy’, yr, 


The substitution w(y) = (y!,y leads 
S 4/3 -10/3),,,-5/3 
Wyy = 2Ay 3 4 2By/)\w9/3, 


os 


o a second-order equation of the form 2.4.2.49: 


26. yn = = (Ay4/3 + By" yy’, re 


Youn 


co 


The substitution w(y) = (y!,)? leads 
= 4/3 -7/3)9),-5/3 
Wyy = (2Ay 34.9 By7Byw 5/3, 


o a second-order equation of the form 2.4.2.24: 


27. yl <= = (Ay?/3 + By*\y/, aa 


Lee 


co 


The substitution w(y) = (y',)? leads 
= 2/3 -4/3)),-5/3 
Wyy = (2Ay 34 I2By4*Byw s/s, 


o a second-order equation of the form 2.4.2.90: 
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28. yn =. =(A+ By? yy, ae 


= substitution w(y) = (y!,)° leads to a second-order equation of the form 2.4.2.89: 
=(2A4+2By??)w/3, 


29, xy!” = (Ay? + Buy”. 


ts substitution w(y) = (y!,)° leads to a second-order equation of the form 2.4.2.47: 
Wyy = (2Ay?+2Byw/. 


30. yf! = (Ay? + By)”. 


os substitution w(y) = (y!,)? leads to a second-order equation of the form 2.4.2.46: 
= (2Ay*+2By)w/3, 


31.0 of! = (Ay” + By*)y/ (yt )™. 


Youn 


This is a special case of equation 3.5.4.12 with f(y) = Ay” + By*. 


3.3.2. Equations Containing Exponential Functions 


Tables 29-31 present the equations whose solutions are given in this subsection. 


TABLE 29 TABLE 30 
Solvable equations of the form Solvable equations of the form 
Yoon = AeMYs) Yeu)” Yrre = AVY EXPLY EY Ure)” 
oe a8 
arbitrary arbitrary 


—— 
=a (qe | Ral ao 3.3.2.6 
a ee ae 3:3.2.13 3.3.2.10 


TABLE 31 
Other solvable equations of the type considered 


Form of | _____- Feme'orequation: » ___| 


Py = Acyl expiry")? | = AeYy!, expl(y,)I(yn.)° [33920 | 
Vroe = Aly,)” expyy,), Y#-I 3.3.2.15 


RL] | ref - 


N 


is 


Urce=ACYE) EXPO: 3.3.2.16 


Ying = Ay’ y!, exp(yy,), B#-1 3.3.2.17 


dH 


Vie = Ay GexpGc) 3.3.2.18 


dH 


Ying = Aevy’, expl(y!,.)” + yell 3.3.2.19 
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> In the solutions of equations I-6, the following notation is used: 


B=fexp@)dr+C, G=fasn’ L240, F=2E-explr®), H= [expr +01. 
T T 


Loy = Aeryl (yl), #1. 
Solution in parametric form: 


z=aC; per dr+C3, y=In(bC7*?7), 


1 
where k = ——, A=+ avb (a). 


1 
T=6 2(1— 0) 


ws 1 ff 
2. Youn = Ae’y Vax" 
Solution in parametric form: 


w=C fH? dr+Cs, y=In(F—). 


3/2 
3. Wes = Ae*(y) / : 
Solution in parametric form: 


a=C, f B'dr+Cs, y= tin(V2 ATE). 


4.0 yf! = Ay’, exp[(y,)"](y%,)®, 6 #2. 
Solution in parametric form: 


1 a 
x= aC) f £7) FF [InOCh*7)] dE Ce. 20016. 


1 1 
—~, A=t-—a* 301. 
jo a he 
5. Uitte = Ay, exp[(ys) ](Uee)?- 
Solution in parametric form: 


r=4C, [Bre + Ine)? dr+C3, y= CF’, where A=-V2a!. 


where k= 


6 Virvw = Ay’, exp[(yi) | U2) 
Solution in parametric form: 


r=C; i a exp(+r) fin(z2)] dr+C3, y=C\H. 


p> In the solutions of equations 7 and 8, the following notation is used: 
1 1 
E=V/r7+1)-in[Co(V7rt+vr4+1)], R= oe! tae In[Co(V7+V7+1)]. 
Te i 


7. Weee = Ae“(Y,) Yee). 
Solution in parametric form: 


r=aC; foie dr+C3, y= —In@oCy3E), where A =27/2q°0. 


8. Uiee = Ayy’, exp[(¥,)] Yen). 
Solution in parametric form: 


a=-4bC; | TRIB (naCpCE)p'2dr+C3, y=bCiF, where A=-4a7'o-3/?, 
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> In the solutions of equations 9 and 10, the following notation is used: 


_ f CiJo(r) + C2Yo(r) for the upper sign, 
~ | Cylo(r) + C2Ko(7) for the lower sign, 


where Jo(r) and Yo(r) are the Bessel functions, and Ip(r) and Ko(r) are the modified Bessel 
junctions. 


9. 


10. 


11. 


12. 


13. 


14. 


ee = Ae*(y’, be 
Solution in parametric form: 
x=2C; a me dr+C3, y= Ing Ar’). 
wt 


Yrve = Ayy?, exp[(yi,) | (yy 
Solution in parametric form: 


” ae 


v=, fzifin(t)] aren, y=CrZ. 


Yow =AC(YL) Yee) yer 
Solution in parametric form: 


x=afr Se a exp(— )dr+Cs, y=U, 


where A= 4am"k, U= [F —+C\; f= f(r) is the solution of the transcendental equation 


yt 


k 
ee cae oer A= 5) 


5 _— 
Af-r xX 
aw 


Yovw = AY yt, exP[(Y,) ]¥%_>  #-1. 
Solution in parametric form: 


cero a aa sap) exp (-ap) ar +O, y=arexp(-z 7). 


where A=a-°-'k, U = [F +C; f = f(r) is the solution of the transcendental equation 


Inf -7) 


T k 
Inf —7) - —— = --r° +O, A=B41. 
n(Af —7) Wan Bp 
me Yat \-la,!" \2 
Yeue = Ae (y,) (Yow) . 
Solution in parametric form: 
x= C1 [WP dr+Cy YyY=T where Ww =exp(/f —“ _) 
‘ : 7 —-2Ae7T+Cy : 
Yrve = Ay y’, exp (YY ]¥%. 
Solution in parametric form: 


=Cy f-V(r+ Ae” +Ca)'W dr+C3, y=C,W, where w=exn(/—). 
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> In the solutions of equations 15-19, the following notation is used: 


1 1 
V=C,- Slt (r+ De™, M=C,- ar Oye 7! 


A n+l . 
we C2 - f'n(C,- 7 ) dr if n#-l, 
Cp= f n(C) = Aln|r)) dr if n=-l, 


1 1 
N=InM = fe M™~ dr 5 + C2. 


15. sem = A(Y.,)7 exp(ys.,)s y#-1. 


Youn 


Solution in parametric form: 
1 2m+1 2 _m_ 
t=> fetv- men dr+C3, y= 5 ftv ma dt +Cy, 
where m= +(y- 1), A=27). 


16. Yee = Aly’) EXPY») 
Solution in parametric form: 


1 2 
=5 [ exp(-r+4V) dr +C3, y=> [ xp(-r+V) dr+Cz, where m=0, A=2). 


17.0 yl! = Ay? y!, exp(y’,), B#-1. 


Youn 


Solution in parametric form: 


a= [WV dr+Cs, y=2rT, where n=8, A=7F1), 


18. yl”! = Ay ty’, exp(y”,). 
Solution in parametric form: 


a= {WV dr+Cs, y=2r, where n=-l, A=X. 


19. = Aevy’ exp[(y’,) + y/ |. 


Youn 


Solution in parametric form: 


I 
a 


1 1 
see, —7/2ys-1 nz-1/2 ees —7/2j7-1 
uy = fe MN dr+C3, y =x fe Mdr+C, where A 
20. yee = Aevy!, expl(yl,)1y2.)° 
Solution in parametric form: 


v= frée(in4 vo) ar +0s, y=U, 


where 1 1 
——77 9471440) if 642, 6#1; 
re 2-6 1-6 
u=/[—, z= r+In|rl+C) if 0=1; 
276 1 
ited ee if 6=2. 
T 
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3.3.3. Other Equations 


oye = Ayy’, {cosh[A(y!)1}7y%,.- 
The substitution y/, = /w(y) leads 
Wyy = Ay[cosh(Aw)]*w,. 


ul 


o a second-order equation of the form 2.7.4.1: 


20 yl = Ayy’, {sinh[A(y/,) 79, 
The substitution y/, = /w(y) leads 
Wyy = Ay[sinh(Aw)] wt). 


os 


o a second-order equation of the form 2.7.4.2: 


3.00 oy! = Ayy’, cosh[A(y,)7] (y”,)°/”. 


The substitution y’, = /w(y) leads 
wi, = Ay cosh(Aw)(wi,)9/?, 


oul 


0 a second-order equation of the form 2.7.4.3: 


yy” 2 
4.0 yf!” = Ayy! sinh[A(y,)71 (yi). 


mul 


The substitution y/, = /w(y) leads 


Wyy = v2 Ay sinh(Aw)(wi,)°/?. 


o a second-order equation of the form 2.7.4.4: 


5. ne = Acosh(ay) (YL, (Ye) 
The substitution y/, = /w(y) leads 
wl = vA cosh(Ay)w(wi,)°/?. 


co 


0 a second-order equation of the form 2.7.4.5: 


yy 
6 oy! = Asinh(Ay) (y, (y)°?. 


The substitution y’, = /w(y) leads 


Way = A sinh(Ay)w(wy)?”?. 


co 


o a second-order equation of the form 2.7.4.6: 


7, Me = AlcoshAy 7, (ys). 


Youn 
The substitution y’, = /w(y) leads 


w= 3 A[cosh(Ay) | ?w (wi, y. 


os 


o a second-order equation of the form 2.7.4.7: 


8. m = Alsinh(Ay)17(y/,)>(y”,)”- 


Youn 


The substitution y’, = \/w(y) leads 


wy, = 5Alsinh(Ay) | -w(w},)”. 


oul 


o a second-order equation of the form 2.7.4.8: 


9. sem = Acosh”(Ay) yZ. (yn) 


Youn 

This is a special case of equation 3.5.4.12 with f(y) = A cosh” (Ay). 
10. yf”, = Asinh” (Ay) y/, (yn). 

This is a special case of equation 3.5.4.12 with f(y) =A sinh”(Ay). 
1. yf’ = Atanh”(Ay) y) (yn): 

This is a special case of equation 3.5.4.12 with f(y) = A tanh” (Ay). 
12. sem = Acoth” (Ay) y!.(yi.)”™. 


Youn 


This is a special case of equation 3.5.4.12 with f(y) = A coth”(Ay). 


13. em = Aln™(Ay) yl! (yn). 


Youn 


This is a special case of equation 3.5.4.12 with f(y) = A In” (Ay). 
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14. 


15. 


16. 


17. 


18. 


19, 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


Yon = Avy? {coslA(y),) 1} y,.- 
The substitution y/, = //w(y) leads 
Wyy = Ay[cos(Aw)]7wi,. 


ul 


Yrve = Ayy, {snl AY; 1} Ye 
The substitution y/, = /w(y) leads 
Wyy = Ay[sinw)] wt. 


oul 


Yowa = AlcosAyI(y,)(yen) 
The substitution y’, = /w(y) leads 


wy), = FAlcos(Ay)] > w(w),)”. 


oul 


Yoon = AlsinAyI7(y, (yen): 
The substitution y/, = /w(y) leads 


wy, = FAlsinry)) ww). 


o 


Yee = Avy? coslA(y’,)"] (yf). 
The substitution y/, = /w(y) leads 


Wyy = v2 Ay cos(Aw)(wi, 9/7, 


mul 


Yoww = Ayy’, sin[(y;,) "I (Yn). 
The substitution y/, = /w(y) leads 


Wyy = Ay sin(w)(wi,)°/?. 


os 


Yinvw = Acosay) (Y/,)° (Yea). 
The substitution y!, = /w(y) leads 


Woy = vA cos(Ay)w(wi,)°/?. 


o 


Youn = ASin(rAY) (Y,)(Yea) 
The substitution y/, = /w(y) leads 


wi, = BAsin(dyw(w',)”. 


os 


Yeww = Acos™(AY) ¥)(Y oa)” 
This is a special case of equation 3.5.4.12 with f(y) = A cos”(Ay). 


sem = Asin” (Ay) y) (yn) 


Youn 


This is a special case of equation 3.5.4.12 with f(y) = A sin”(Ay). 


Yeww = Atan”(AY) ¥,(Uea) 
This is a special case of equation 3.5.4.12 with f(y) = A tan”(Ay). 


vow = Acot”(AY) ¥,(Yea)” + 


Youn 


This is a special case of equation 3.5.4.12 with f(y) = A cot™(Ay). 


an a” yr, 


Ye = A(aresiny)” y! (ys, 


This is a special case of equation 3.5.4.12 with f(y) = A(arcsin y)”. 


an 
Youn 


= A(arctany)” y’,(y 


Mtoym 
ea 


This is a special case of equation 3.5.4.12 with f(y) = A(arctan y)”. 
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o a second-order equation 


0 a second-order equation 


0 a second-order equation 


0 a second-order equation 


o a second-order equation 


0 a second-order equation 


o a second-order equation 


o a second-order equation 


of 


of 


of 


of 


of 


of 


of 


of 


the 


the 


the 


the 


the 


the 


the 


the 


form 


form 


form 


form 


form 


form 


form 


form 


275 3he 


2135.2! 


2.7.5.3: 


2.7.5.4: 


2.1.5.9! 


2.7.5.6: 


2.1.5:7: 


2.7.5.8: 


3.4. Nonlinear Equations with Arbitrary Parameters 


3.4.1. Equations Containing Power Functions 


mw 


3.4.1-1. Equations of the form f(a, yy = 9(& y). 


1. Gi ay". 
See Subsection 3.2.2. The substitution w(y) = (y!,)° leads to the Emden—Fowler equation 
" =+2ay"w '/?, which is discussed in Section 2.3. 


Wyy = 
2 7 n,,-l 
Veen OLY. 


This is a special case of equation 3.5.1.2 with f(x) = ax”. On integrating the equation, we 


1 
have yy" — —(y!° = elec, 
3. ol, San" y™. 


See Subsections 3.2.3 and 3.2.5 (Item 1°). The transformation z = 2"3y™", w = xy! /y 
leads to a second-order equation. 


-5/2 7/2, 


ws 
4. Vane = ay + by 
Using the transformation given in 3.5.2.15 (Item 2°), we reduce this equation to a constant 
coefficient nonhomogeneous linear equation. 


Solution in parametric form (b # 0): 


dt 1 
bay ieeope tt Uae 


k 
where (7) = > + Oye *T + Cye*7/? sin ae k= 01/3, 
mo -5/2 3,,-7/2 
5. Venn = ALY + bary’*. 


The transformation x = 1/t, y = w/t? leads to an autonomous equation of the form 3.4.1.4: 
wit, = aw /? — bw-7/? 

O.. = k(ay? + by + c)*/4, 
This is a special case of equation 3.5.2.29 with f(u) =k. 

-5/4 


7 oof! = x(ay* + bay + cx4) 


This is a special case of equation 3.5.2.30 with f(€) = 1. 


8 oof! = k(ytax?+brt+c)”. 
The substitution z = y+ax?+ba +c leads to an equation 21”, = kz", whose solvable cases 


are outlined in Subsection 3.2.2. 
9 of! =ky"(ax’? + br +c)". 

This is a special case of equation 3.5.1.13 with f(w) = kw”. 
10. oy! = (ax +b)"(cx + drm y™, 
ax+b y 
—, w= —_——— 
ce t+d’ (cx + d?* 
where A = ad — bc (see Subsections 3.2.2 and 3.2.3). 


wy 


The transformation €= leads to a simpler equation: Weee = NE" wW™, 
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11. 


12. 


3.4.1-2. Equations of the form y 


13. 


14. 


15. 


16. 


17. 


18. 


19, 


20. 


21. 


22. 


23. 


24. 


25. 


yt = br? "(ar - ayy”. 
This is a special case of equation 3.5.1.11 with f(€) = b&~”. 


(y +ax?+bar+c)ye! =ka”. 


The substitution w = y+az*+bzx+c leads to an equation of the form 3.4.1.2: ww!!! =ka"”. 


mw 


gaz = FLY, Ye): 


an 


/ 
Unon = OY Y, + bx™. 
: : ; a b 
Integrating yields a second-order equation: y’”,, = ——y"*! + ——a™!+C. 
n+l m+1 
ee a ax yy’ = ax sy", 


This is a special case of equation 3.5.2.5 with f(€) = a”. 


mw -2n-4,.n,/ —2n-5, n+1 


Vane = ae yy, — 20x y 
This is a special case of equation 3.5.2.8 with f() = a€”. 


wn 


Yove = AY y,, tay”? + by. 


The transformation x = / [yr ee > dr, y=[yt )}-! leads to a constant coefficient linear 


wy 


equation: vy!’ —Ayp +bp+a=0. 


awn 
Youn 


This is a special case of equation 3.5.2.31 with f(€) =a. 


= ay’ +a3y + axl?yS/?, 


awn 
Youe 


This is a special case of equation 3.5.2.32 with f(€) =a. 


spay’ +a Sy + aay 5/4, 


an 


Yorn = ayy, + by™(y’,)°. 
This is a special case of equation 3.5.2.3 with f(y) = ay” and g(y) = by”™. 


an 


Yovm = bY" (Y,,)> + a(y,)>. 
This is a special case of equation 3.5.2.4 with f(y) = by”. 


_im+4s 
mM i =(ayy+by+e) 4 (yi)™. 


Youn 


This is a special case of equation 3.5.2.29 with f(€) =€™. 


an 


3 
Yom = ay + Wy’, + ay)”. 
The substitution w = y!, + ay leads to a second-order autonomous equation: w 
2 n 
aw = bw”. 


no 
LL 


aw’, + 


Yo ge = au(ry’ -—y)”. 


This is a special case of equation 3.5.2.18 with f(€) =a€”. 


awn 
Youn 


This is a special case of equation 3.5.2.23 with F(€) = a€”. 


= aa" (wy’, - y)”. 


an 
Youn 


The substitution w(x) = xy/, — y leads to a second-order generalized homogeneous equation: 
(w!./x), =axr"w™. 


=a2"(vy,, -y)™. 
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26. 


27. 


28. 


29. 


30. 


31. 


wn 
Youn 


The substitution w(x) = ry’, —y leads to a second-order equation: (w’,/x)),=ar"w"™ + ba*. 


=ax"(xy’, —y)™ + ba". 


Youn = a2" y (xy! —y)- 


This is a special case of equation 3.5.2.6 with f(€) =a. 


yt = an” *(ry’, -2y)”. 


This is a special case of equation 3.5.2.24 with f(€) =a”. 


an 
Youn 


The substitution w(x) = xy’, —2y leads to a second-order equation: w!!,=ar"*!w™ +ba**1, 


=ax"(ry’, —2y)™ + br*. 


an 
Youn 


This is a special case of equation 3.5.2.9 with f(€) =a. 


= ax? y™(xy’, —2y)*. 


Veww = ax" y™(xy’, — 2y). 
The transformation t= 1/2, z= y/x? leads to the equation 2}, =—a(-1)!t-r-2"4. 2 (zh)! 


which is discussed in Section 3.2. 


p> See also equations 3.3.1.2-3.3.1.30. 


wy 


3.4.1-3. Equations of the form f(x,y, yi) )yn. + g(a, yyy, the, y, yi.) = 0. 


32. 


33. 


34. 


35. 


36. 


awn 


Youn + QYY on = acy’) = 0. 
1°. The substitution w(y)=(y/,)* leads to a second-order generalized homogeneous equation: 
" / = 
L/W Wy, + ayw, — 2aw =0. 
2°. Particular solutions: 
y = Cy exp(Crx) - aC), 
y = 6(ax+C,)1. 
yt sayy, + by”, -— aly.) + cy, =0. 
Cy +bCr+¢ 
aC . 


Particular solution: y= C) exp(C22) — 


Yorn t ary, + ary, + ay = byy’,, — bly!) +k. 


k 
Particular solutions: y =C' ery —, where C is an arbitrary constant and \ = ,, are roots 

ao 

; : 3 bk\ \> 

of the cubic equation A” + (a - —~) +a,;A\ +49 = 0. 

ao 
yr = ary” +be™ (xy, —y)” + cx. 
The substitution w(x) = xy’, — y leads to a second-order equation: (w’,/x)), = ax” !wi, + 
baw + ex’, 
Veww = VWYY Von ~— WY)” + OY, 
1°. Particular solution: 

y = C, exp(C3x) + Cy exp(—C32), 

where the constants C', Cy, and C are related by the constraint C3 -—4aC, CC} —b=0. 


2°. Particular solution: 
y = Ci cos(C3x) + Cy sin(C32), 
where the constants C, C2, and C} are related by the constraint C3 - a(Cy + C2)C} +b=0. 
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37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


mw mw n,n 
LY oe + Une = aAU'y”. 
Ww n 


The substitution w(x) = xy leads to the equation w = aw 


ak , which is discussed in 
Subsection 3.2.2. 


a 


cy yn, -2aryy) +ay?+b=0. 
Integrating yields a second-order equation: y”’,,=ay?+Cx+b. The transformation y=Ck*w 


b 1/3 
x =kz—-—, where k= (=) , leads to the first Painlevé transcendent: w!!, = w? + 62z 
a 
(see Paragraph 2.8.2-2). 


yn 
Veaw 


The substitution w = ry’, + ay leads to a second-order autonomous equation of the form 
2.9.1.1: wil, = bw”. 


+(a+2)y"!, = (ry! + ay)”. 


moo 3 —n-2, 2n , 
LY ree = Tee t ae yo" (2ry,, — y) 


This is a special case of equation 3.5.3.37 with f (€) = a£”. 


a 3 
ry, 3 = -3y!, tan yr" (2ry', -y). 


This is a special case of equation 3.5.3.39 with f(€) = a£&”. 


mw -n-3 ’ n 
TV ee + Vow = = ar (zy, es y) . 


This is a special case of equation 3.5.3.47 with f(€) =a”. 


yn" 


yet + -a)y”, = bx? (ry!, -y)”. 
This is a special case of equation 3.5.3.42 with f(€) = bE”. 


2,4 ” yo 2n,n 
L¥\ me t OLY, + Oy, =arery”™. 


ww 


ee as as : 
cnx — ew", which is discussed in 


The substitution w(x) = xy leads to the equation w 
Subsection 3.2.2. 


an 


1lowsvom 
YWowe + TY 2Vex = aU + b. 


The transformation x = x(t), y = (al) leads to a fourth-order constant coefficient nonhomo- 


geneous linear equation of the form 4.1.2.2: 2a}, =ax +b. 


an 


Weae ~ $Y Yoow =ax +b. 
1°. On integrating the equation, we obtain yy’, — (y= = fax? +ba+C. The substitution 


(Sax? +ba+C)w 


y = w? leads to a solvable equation of the form 2.8.1.5: Wee = 3 


2°. Particular solution: 
y= C27 Sd Cox” Sd C3x oe C4, 


where the constants C'), Cy, C3, and C4 are related by two constraints 


4C\C3- 403 =a, 
60104 — 20203 =. 


Were + 2VeVe0 = AL”. 


The transformation 2=2(t), y=(2!)? leads to an equation of the form 4.2.1.1: 2a//",= Aa/3, 
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48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


awn 


Woexn = a YU + ay’,. 
Integrating yields a second-order constant coefficient linear equation: y’,,= Cy-a. 
Solutions: 
y = C; sinh(C32) + Cz cosh(C3x) + aC; 
y = C, sin(C3x) + Cy cos(C3x) — aC;”, 
y= —jax* +Cyx+C. 


YY oe ~ 2 Vinn + 2axy’, -ay = 0. 
Integrating yields a second-order equation: y'!,, = Cy? + ax. The transformation 
1 6 \ 1/5 
Ce a2=kz, where k= (=) 
leads to the first Painlevé transcendent: w!!, = w? + 6z (see Paragraph 2.8.2-2). 
There is also the trivial solution y = 0. 


y= 


an 


YY a t3U,Un, t4axyy!, + ay” = 0. 
Multiplying by y*, we arrive at an exact differential equation. Integrating it yields Yermakov’s 
equation 2.9.1.2: y'), tary =Cy? 

There is also the trivial solution y = 0. 


wt 11love aw , 
YU cwe + Teen ~KVY Vee t+ MY, +a/y + br +e. 
The transformation x = x(t), y = (al) leads to a fourth-order constant coefficient nonhomo- 
geneous linear equation: 


Qa =the, +2mn, tax +br+ 
Here, the plus sign corresponds to x} > O and the minus sign to x) < 0. 


an 


YY a t3U,U nn Fax” yy’, = be™ 
This is a special case of equation 3.5.3.10 with f(a) = ax” and g(x) = bx™ 


an 


yy, t3y yn, + alyy”, + (y/,)7] = ba”. 
This is a special case of equation 3.5.3.13 with f(x) = ba”. 


an 


a YY cen = alyy’.. = (y’,)7] +bx+c. 
This is a special case of equation 3.5.3.16 with f(x) =a and g(x) = ba +c. The substitution 
w = yy! — (yi,)* leads to a first-order linear equation: w!, =aw+br+e. 


an 


yy, + By), + ayy”, + 2a(y!,)* + a?yy!, = br”. 
This is a special case of equation 3.5.3.29 with f(x) = e*” and g(x) = ba"e 


TL eGE | 


yy, t By, tax” yy + ax” (y!) = 0. 
This is a special case of equation 3.5.3.17 with f(x) = aa”. 


(y+a)ye’  t+by. yy tcy"y!, = 0. 

This is a special case of equation 3.5.3.21 with f(y) = cy”. 

(Y + A) eae — Veen + OLY 2, =O. 

A solution of this equation is any function that solves the first-order linear equation 
= Cyt (aC) + b)a. 

aC, +b 
Ci 


Particular solution: y = Cy exp(C\2) — (Cia +1). 
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59. (yt+ax)y’, =(y, + a)y,, + bry, — by. 
1°. Integrating yields a second-order constant coefficient equation: y/!,,+Cy =—(aC'+ b)a. 


2°. Solutions: 


y = C) sin(C32) + Cy cos(C3x) — (a+ bCs?)x if C= C3 > 0, 
y = C; sinh(C32) + Cy cosh(C32) —(a-bC3z)x if C =-C} <0, 
y =the? +Cyx+Cy if C=0. 


wm 
Lee 


60. (ytaxr+by" - ty y +cy,, =kax+s. 


Particular solution: 
y= Cia + Ca? + C3x ot C4, 


where the constants C', Cy, C3, and C4 are related by two constraints 


4CC3 - 4Cz + 6(at+ )C, =k, 
6C1C. = 30203 + 6bC; +2eC, =s. 


ws 
Lee 


61. (ytaxr+ byl” +3(y) +a)y, = cx”. 


This is a special case of equation 3.5.3.23 with f(x) = ca”. 


62. cy ye = LY Yen + YY ns 
Integrating yields a second-order linear equation of the form 2.1.2.7: y/, =Ca%y. 


63. xyyi', = (ay t+ bry!,)yl. 
Integrating yields the Emden—Fowler equation: y””,, = Cx%y? (see Section 2.3). 


64. x(yys +3y.y.,) +a [yyy + (y’,)| = ba”. 

This is a special case of equation 3.5.3.25 with f(x) = ba”. 
65. xyy’! + x(3ry!, + 2ay)y”, + 2ax(y),) + a(a-Dyy!, = bx”. 

This is a special case of equation 3.5.3.29 with f(x) = x and g(x) = ba™**, 
66.0 yy” —3yy,. yl + Uy, = any’. 

This is a special case of equation 3.5.3.26 with f(x) = aa”. 
67. yy. +3myy.y, +m(m - Dy, =anrky*™, 

This is a special case of equation 3.5.3.27 with f(x) =ax* andn=m+1. 
68. Une — (Yon) = GyY,, — AY.) +b. 

1°. Particular solution: 

y = C) exp(C3x) + Cy exp(—C32), 


where the constants C', C’y, and C’3 are related by the constraint 4C\Cx(C} + aC3) +b=0. 


2°. Particular solution: 


y = C; cos(C3x) + C> sin(C3x), 
where the constants C',, C2, and C3 are related by the constraint (Ge + Ci)(CF - aC3) +b=0. 


3°. Particular solutions: y =+a@,/b/a+C. 
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3.4.1-4. Other equations. 


69. 2y yn H (yy = Ay’, +ay? + by +c. 
Differentiating with respect to x and dividing by y/,, we arrive at a fourth-order constant 
coefficient linear equation: 2y!""_. =2Ay"_, + 2ay + b. 


LLLIL 


70. 2Y,Ueee ~ Yee) = ay? (YZ). 
This is a special case of equation 3.5.4.14 with f(€) =a”. 


71. 2y’, mw -3(y"!) = aa? syt?n(y! )”, 


Youe 


This is a special case of equation 3.5.4.16 with f(€) =a”. 


72. ayy” = ay")? = ax” 4ty*?r(y’ )”, 


Lee 


This is a special case of equation 3.5.4.15 with f(€) =a”. 


73. 2Y), Yew ~ 3Yya) = ae" (y’,)” + by™(y)*. 
This is a special case of equation 3.5.4.7 with f(x) = ax” and g(y) = by™. 


74, 2Y, Yenn — 3p) = ay (yl)? + ba ty™ (ys). 
This is a special case of equation 3.5.4.9 with f(y) = ay” and g(y) = by”. 
75. 2YUiene ~ Ug) = Oey), + ba ™y yl)”. 


This is a special case of equation 3.5.4.8 with f(a) = ax” and g(x) = ba™. 
76. 2y, yi" (yy 7 Ax” (y’,) +ay* + 2by +c. 
This is a special case of equation 3.5.4.5 with f(x) =—Aa”. 


ws 
LEE 


a 


-32(yZ,) + 3y, Ye, = ary™(y))? + by™(y’,). 
This is a special case of equation 3.5.4.11 with f(y) = ay” and g(y) = by”. 


77. xyly 


mW 3 
ce) . 


78. me ax?” (xy!, -y)"(y 


Youe 


This is a special case of equation 3.5.4.18 with f(€) =a”. 


Ww 3 
ea) . 


79, Ung = ae" (ey! —y)"(y 
This is a special case of equation 3.5.4.19 with f(€) =a”. 


80. me [ax + bx (xy’, - y)”| (yy). 


Youn 


This is a special case of equation 3.5.4.17 with f(€) = bE”. 


81.0 yf! = [ax(yl)” + by(y,)™ + ely’, *](yZ,) + sy ye) 


This is a special case of equation 3.5.4.20 with f() = a&”, g(€) = bE™, h(€) = c&*, and 
y(€) = sé. 

82.0 yf” = ar (yl!) + ba *(ry!, —y)! + cx". 
The substitution w(x) = xy’, — y leads to a second-order equation. 

83.0 FY ye + Uw = ae (ey, — YY ea)” 


This is a special case of equation 3.5.5.5 with f(z) =az™ and g(€) = &". 
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84. 


85. 


86. 


87. 


l 
Yrve = AL" (y’)™ (ey! -y) (YZ) 
The Legendre transformation x = w;, y = tw; —w (y!, = t) leads to the equation 
wi, = -At™w!(wi)"(wi,)**, which is discussed in Section 3.2. 


awn 


Yorn = ar(ry’, -Y)" (Yn) + balay, - Y)”" (Yew) 
This is a special case of equation 3.5.4.21 with f(€) = a&” and g(€) = bé&™. 


an a 


Yow = Veen ty "(Yn)" Yen)” [YU en — (Yi) | 
This is a special case of equation 3.5.5.7 with f(€) = a€” and g(€) =€™. 


wt 2, 


(Unra) = a(a7y 
Differentiating an respect to x, we obtain ee 
factor to zero and integrating, we find the solution: 


—2xy!, +2y) + byl! + 


un 
LLL 


—az* —b)=0. Equating the second 


y= apar® + pba* +Cy0° +Cy2? +C 2+ Cp. 


The integration constants C’; and the parameters a, b, and c are related by: 
36C3 = 2aCy + 2bC2 +c. 


This constraint is obtained by substituting the above solution into the original equation. In 
addition, to the first factor there corresponds t the solution y = Cra? + Cx +Cbo, where the 
constants CG: are related by the constraint 2aCo + 200» +c=0. 


3.4.2. Equations Containing Exponential Functions 


wy 


3.4.2-1. Equations of the form yi”, = f(x,y, yl). 


1. 


mo Ay 
Yann = GE ”- 


Autonomous equation. This is a special case of equation 3.5.1.1 with f(y) =ae*¥. The substi- 
tution u(y) = (y',)? leads to a second-order equation: Uy =+2ae*u-!/2. The transformation 
3/2 3 2 


, w=ul,/u leads to a first-order equation: z(A- $w)w!, = 42az- wu”. 


z= eum 
an AytBx 
Youn = GE . 


The substitution w = y + (3/A)x leads to an autonomous equation of the form 3.4.2.1: 
mt Aw 


The transformation z = e**y""!, w = y!./y leads to a second-order equation. 
mo n AY 
Voor = are” 


The transformation z = 2”8e¥, w 


= xy', leads to a second-order equation. 

an 
Youn 
The substitution w= y+be* +c leads to the equation w 
outlined in Subsection 3.2.2. 


= aly + be” +c)” — be”. 


ww 


nag = Ww", whose solvable cases are 


we Ay,,! 
Yeuw = GE “Uy 


Solution: C3ta= f (Coxy+C, +20r%e du) 1/2 a 
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7 oy!  =aey’, + beh”, 
This is a special case of equation 3.5.2.2 with f(y) = ae” and g(x) = be”. Integrating yields 
a second-order equation: y’",, = sen +e +. 
Lb 


8. Yon = aeryy! + be44(y’,)3. 


This is a special case of equation 3.5.2.3 with f(y) = ae*” and g(y) = be". 


9 oof! = aery’ + by"(y,,)°. 
This is a special case of equation 3.5.2.3 with f(y) = ae” and g(y) = by”. 


10. yf! = ay” yl, + bey)’. 


Youe 


This is a special case of equation 3.5.2.3 with f(y) = ay” and g(y) = be”. 
MW. oy! = ber (yy + aly). 


This is a special case of equation 3.5.2.4 with f(y) = be”. 


Youn 


This is a special case of equation 3.5.2.34 with f(€) = aé™. 


12,0 yf = 2Wy P+ aermuy yy”. 


13. = ary + be®*(y! - ay)”. 


Youn 


The substitution w = y!, —ay leads to a second-order equation: w"”,, +aw!, +a?w = be**w". 


14.0 yl”! =ae*(ry’ -y)”. 
The substitution w = xy/,—y leads to a second-order equation: (w!,/z)), = ae**w”. 


15. i , = ae (xy! —2y)”. 


Youn 


The substitution w = ay’, —2y leads to a second-order equation: w'!,, = are**w”. 


3.4.2-2. Other equations. 


16.0 yl! =-3y" tae™y™y’, tae y™*! + 2y, 


Youn 


This is a special case of equation 3.5.3.33 with f(€) =a&™. 


17,0 yl + 3dy ye +t (yl) = ae8? OY, 


Youe 


This is a special case of equation 3.5.3.1 with f(a) =ae®*. 


18. Mt Ay yy + My) = are, 


Youn 

This is a special case of equation 3.5.3.1 with f(x) =ax”. 
19. vy’ + (l-azx)y”, = be*(ry’, —y)”. 

This is a special case of equation 3.5.3.44 with f(€) = bE”. 
20. yy” + 3y, y= ae. 
Solution: y = 0)27 + Cx + Cp +2aXr%e. 


2. yy! + 3y, yl = ae +b. 
This is a special case of equation 3.5.3.8 with f(y) = ae*Y +b. 
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22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


wn 


Wore + 3Y,Ucw + ae“ yy’, = be”, 
This is a special case of equation 3.5.3.10 with f(x) = ae» and g(x) = be". 


YY ae + 3U,Un + aer*yy’, = ba”. 
This is a special case of equation 3.5.3.10 with f(z) = ae” and g(x) = bx”. 


wn 


yy + yy, tax” yy’, = be. 
This is a special case of equation 3.5.3.10 with f(x) = ax” and g(x) = be** 


an 


Weve + 3UV re + O[YYen + Y;)] = be”. 
This is a special case of equation 3.5.3.13 with f(x) = be** 


an 


Woee ~ 7 Yow = =a [yyy = (y’,)*| + be?* +c. 
This is a special case of equation 3.4.3.16 with f(x) =a and g(x) = bed* +¢. The substitution 
w = yy, — (yi,)* leads to a first-order linear equation: w!, = aw + be*” +c. 


yy + Byl, + 2ay)yl), + 2a(y!, YP +a? yy, = = be**. 
This is a special case of equation 3.5.3.29 with f(a) = e®” and g(x) = bet”, 


an 


yy, + By, + ae yy” + ae**(y’)? = 0. 
This is a special case of equation 3.5.3.17 with f(a) = ae** 


mt 


(yt ay” + by yy, +cer4y’ = 0. 
This is a special case of equation 3.5.3.21 with f(y) = ce*# 


ws 
Lee 


Solution: (yt+ax+ b)? = Coa? + Cyn + Co +2k\ Pe”. 


(y+ax +b)y +3(y), +a)y’, = = ke, 


2,0 


yy, -(y.,) + ayy’, = be”. 
Integrating yields a second-order equation: y7y"",—y(y/,)? + 4 fay? = = Oe +C. For C'=0, 
we have an equation of the form 2.8.3.57 with k =—-1: yy", - (yi. += tay? Ste 


2,4 


VYivvw ~ (Yn) + ayy, = ba exp(rx”). 

Integrating yields a second-order equation: yy! — y(y/,)° + tay? = zbXx! exp(Az”) + C. 
For C = 0, we have an equation of the form 2.8.3.5.7 with k =—-1: yy’, —(y/,)° + tay? = 
zor! exp(Aa’)yt. 

VY ivvw ~ 3Y Yn Vnw + yi) = aer*y?. 

Solution: In|y|= Cyx? + Cya+Co+ ax? gn 


YY roe t3MYY. Yn + mm —D(yi,)* = aer*yr™. 


This is a special case of equation 3.5.3.27 with f(x) = ae*” andn =m+1. 


an 


ayy”  +a(3xy!, +2ay)y”, + 2ax(y!) + a(a- yy’, = be. 
This is a special case of equation 3.5.3.29 with f(x) = «® and g(x) = bx* er”, 


an 


2Y). Ue ~ (yy = ke®*(y!,)” +ay* + 2by +c. 


This is a special case of equation 3.5.4.5 with f(a) =—ke**”. 
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37, 2y yy’! - 3(y/),)? = ae (yl)? + beh (y)*. 


Youe 


This is a special case of equation 3.5.4.7 with f(a) = ae** and gly) = be". 


38. yl) ye — (Yg) = ae**(y!,)” + by™ (YZ, 

This is a special case of equation 3.5.4.7 with f(a) = ae** and g(y) = by”™. 
39, yy. — Yen)? = aw(yl,)? + beMY(y’)* 

This is a special case of equation 3.5.4.7 with f(x) = ax” and g(y) = be". 
40. yin — 3(Yy_) = ae**(y!,)? + beMPy "yl, )/?, 

This is a special case of equation 3.5.4.8 with f(a) = ae** and g(x) = be". 
N.Y, Yee — Ure) = e™*(y,)” + bay yh)”. 

This is a special case of equation 3.5.4.8 with f(a) = ae** and g(x) = bx”. 
42, 2y’) yl - 32) = aay) + ber? yy!) 

This is a special case of equation 3.5.4.8 with f(z) = ax” and g(x) = ber. 
43. yl yl! —3(y",)” = aer4(y’,)4 + ba teh 4(yl)/?. 

This is a special case of equation 3.5.4.9 with f(y) = ae” and g(y) = be”. 
44. dy! yy” —3(y/),)? = aer¥(y))* + ba ty™(y,)/?. 

This is a special case of equation 3.5.4.9 with f(y) = ae*” and g(y) = by”. 
45. 2) Yee — 3Y eq) = ay (yl) + baer (yi,)'”?, 


This is a special case of equation 3.5.4.9 with f(y) = ay” and g(y) = be. 


3.4.3. Equations Containing Hyperbolic Functions 


3.4.3-1. Equations with hyperbolic sine. 


1. em = a Sinh(Ay)y%,. 


Youn 


Solution: C3+2= [ [Coy +01 + 20x? sinh(Ay)] di 


2. em = a sinh(Ay)y!, + b sinh(wx). 


Youn 
This is a special case of equation 3.5.2.2 with f(y) = asinh(Ay) and g(x) = bsinh(uz). 
a 


Integrating yields a second-order equation: y!”, = T 


cosh(Ay) + — cosh(yux) + C’. 
Lb 


3. = asinh”(Ay)y’, + bsinh(wy)(y/,)°. 


Youn 


This is a special case of equation 3.5.2.3 with f(y) = a sinh” (Ay) and g(y) = b sinh(y). 


40 yh = Sy)? + a(sinh Ay” (yr. 


Youn 


This is a special case of equation 3.5.2.36 with f(€) = a7”. 


5. yy t3y.y., = asinh(Az). 
Solution: y* = Cpa? +Cya + Co + 2aX% cosh(\z). 


6 yy +3y,y%, = asinh” (Ax) + b. 
This is a special case of equation 3.5.3.6 with f(x) = asinh”(Az) + . 
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awn 


7% yy. t3y.,y4, = asinh” (Ay) + b. 
This is a special case of equation 3.5.3.8 with f(y) = a sinh” (Ay) + b. 


8. yy, + 3y.. yi, tax” yy’, = bsinh™ (Ax). 
This is a special case of equation 3.5.3.10 with f(x) = ax” and g(x) = bsinh”™ (Az). 


a 


9 yy! +3yly! +alyy”, + (y,)"] = bsinh” (Az). 
This is a special case of equation 3.5.3.13 with f(x) = b sinh”(Az). 


10. yy”, + By, + aysinh” x)y”, + asinh” x (y’)” = 0. 
This is a special case of equation 3.5.3.17 with f(x) = asinh” x. 


mt 


1. (yt+ayy.” + by, yy, + csinh”(Ay)y;, = 0. 
This is a special case of equation 3.5.3.21 with f(y) =csinh” (Ay). 


2,4 


120 yy t3myy, ye, +m - Hy, = asinh*(Ax)y>™. 


This is a special case of equation 3.5.3.27 with f(x) =a sinh*(Ax) andn=m+1. 


3.4.3-2. Equations with hyperbolic cosine. 


13. vem = a2 cosh(Ay)y’,. 


Youn 


Solution: C3+2= [[Cy+er ye y=? cosh(Ay))/? i 


14," = acosh(Ay)y’, + bcosh(yx). 


This is a special case of equation 3.5.2.2 with f(y) = acosh(Ay) and g(a) = bcosh(uz). 


Integrating yields a second-order equation: y'!,, = 5 sinh(Ay) + — sinh(ux) + C. 
Lb 


an 


15. yl” =acosh”(Ay)y!, + bcosh(uy)(y’,)°. 
This is a special case of equation 3.5.2.3 with f(y) = acosh”(Ay) and g(y) = b cosh(py). 


16. yf”! =ay”y’, + bcosh(wy)(y’,)°. 
This is a special case of equation 3.5.2.3 with f(y) = ay” and g(y) = bcosh(py). 


17,0 yl! = beosh(Ay)(y,,)? + aly,)>. 


Youn 


This is a special case of equation 3.5.2.4 with f(y) = bcosh(Ay). 


18. yf, = ZA*(yh)? + a(cosh Ay” (yr. 
This is a special case of equation 3.5.2.35 with f(€) = a7”. 


19, yy + 3y, yi, = a cosh(Ax). 
Solution: y* = Cpa? + Cia + Co + 2aX° sinh(Az). 


20. yy t3y..yn., = acosh”(Ax). 
This is a special case of equation 3.5.3.6 with f(x) = acosh"(Az). 


2. yy! + 3y),y!, = acosh”(Ay) + b. 
This is a special case of equation 3.5.3.8 with f(y) = acosh”(Ay) + 0. 
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22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


an 


YY ae t3U,Yn, tax” yy, = beosh™ (Ax). 
This is a special case of equation 3.5.3.10 with f(x) = ax” and g(x) = bcosh™ (Az). 


an a” 


YY» +3y,,y%, talyyn, + (y’,)| = bcosh” (Az). 
This is a special case of equation 3.5.3.13 with f(a) = b cosh”(Az). 


yy, + By, + ay cosh” x)y””, +a cosh” x (y’,)” = 0. 


This is a special case of equation 3.5.3.17 with f(x) = acosh” z. 


(yt+a)y”’” + by y”, +ccosh”(Ay)y’, = 0. 
This is a special case of equation 3.5.3.21 with f(y) =ccosh” (Ay). 


2,0 


YY, + 3myy. ye, +m(m - Diy, = acosh”*(Ax)y>™. 


This is a special case of equation 3.5.3.27 with f(x) =a cosh*(Az) andn=m+1. 


2Y), Vve ~—3Yng) = acosh”(Ax)(y’,)” + by™(y/,)*. 
This is a special case of equation 3.5.4.7 with f(z) = acosh”(Az) and g(y) = by™. 


2Y,Y vee ~ Yea) = ae" (yi) + b cosh” (Ay)(y;,)* 

This is a special case of equation 3.5.4.7 with f(x) = ax” and g(y) = bcosh"’(Ay). 

2Y/, Une — 3(Uye) = a cosh” (Ax)(y/,)” + b cosh™ (uax)y(y))°/?. 

This is a special case of equation 3.5.4.8 with f(x) = acosh"(Ax) and g(x) = bcosh” (x). 
YY ene — 3(Uen) = acosh”(Ax)(y),)y + ba™ y yl). 


This is a special case of equation 3.5.4.8 with f(x) = acosh”(Ax) and g(x) = bx. 


2), Y eee ~ 3Yin)" = ae" (y),)” + bcosh™ (Ax)y(yZ,)/. 

This is a special case of equation 3.5.4.8 with f(x) = ax” and g(x) = bcosh™ (Az). 

2 Yee — (Un) = a cosh” (Ay)(y/,)* + ba cosh™ (wy)(y’,)””. 

This is a special case of equation 3.5.4.9 with f(y) = acosh”(Ay) and g(y) = b cosh” (ry). 
2, Y eee ~ 3(Y'zn)" = acosh”(Ay)(y/,)* + baty™(y))”/?. 

This is a special case of equation 3.5.4.9 with f(y) = acosh”(Ay) and g(y) = by™. 

2 Une ~— 3Uee) = ay” (y’,)* + ba cosh™(Ay)(y’,)””. 


This is a special case of equation 3.5.4.9 with f(y) = ay” and g(y) = bcosh"’(Ay). 


3.4.3-3. Equations with hyperbolic tangent. 


35. 


36. 


37. 


awn 
Youe 


This is a special case of equation 3.5.2.1 with f(y) =a tanh(Ay). 


= a tanh(Ay)y/,. 


an 
Youn 


This is a special case of equation 3.5.2.2 with f(y) = a tanh(Ay) and g(x) = b tanh(yx). 


= a tanh(Ay)y/, + b tanh(ux). 


wn 


YY» t+ 3Y.,Yn, = a tanh” (Ax) + b. 
This is a special case of equation 3.5.3.6 with f(x) = atanh”(Az) + b. 
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38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


awn 


YY» + 3Y.,Yn, = a tanh” (Ay) + b. 
This is a special case of equation 3.5.3.8 with f(y) = atanh”(Ay) + b. 


an 


YY» t3u,Un, tax” yy’, = btanh”™ (Az). 
This is a special case of equation 3.5.3.10 with f(x) = ax” and g(x) = btanh"™ (Az). 


an a 


YY ae + 3U,U ny + alyy’., + (y’,)| = btanh” (Az). 
This is a special case of equation 3.5.3.13 with f(a) = 6 tanh” (Az). 


an 


yy, + By, + ay tanh” xy”, + atanh” x (y’,)” = 0. 


This is a special case of equation 3.5.3.17 with f(x) = a tanh” a. 


mt 


(yta)ye” + by y”, +ctanh”(Ay)y’ = 0. 
This is a special case of equation 3.5.3.21 with f(y) = c tanh”(Ay). 


2,0 


YY, + 3myy. ye, + mm - Hy, = a tanh*(Ax)y7. 


This is a special case of equation 3.5.3.27 with f(x) =a tanh’ (Ax) andn=m+1. 


ay yi -3(y,)? = a tanh” (Ax)(y’,)* + btanh™ (wy)(y,)*. 


Lee 


This is a special case of equation 3.5.4.7 with f(x) = a tanh”(Ax) and g(y) = b tanh” (1y). 


2Y',Urwa — 3Yiym) = @ tanh” (Ax)(y/,)” + by™ (y’,)*. 


Youe 


This is a special case of equation 3.5.4.7 with f(x) = a tanh” (Ax) and g(y) = by™. 


2Y/ Yoon ~ 3Yyn) = ae"(y’,y + btanh™(Ay)(y,,)*. 


Lee 


This is a special case of equation 3.5.4.7 with f(x) = ax” and g(y) = b tanh” (Ay). 


2Y/ Une — 3(Ue) = a tanh”(Ax)(y’,)? + btanh™ (way (y))°/?. 


Lee 


This is a special case of equation 3.5.4.8 with f(x) = a tanh”(Az) and g(x) = 6 tanh” (ju). 


2, Yona ~ 3Ypq) = a tanh” (Ax)(y,)? + be™y"(y’,)/. 


Youe 


This is a special case of equation 3.5.4.8 with f(x) = a tanh”(Ax) and g(x) = bx’. 


ay yt —3(y,)° = ax™(y’,) + btanh”(Ax)y(y!)/?. 


Lee 


This is a special case of equation 3.5.4.8 with f(2) = ax” and g(x) = btanh” (Az). 


2), Yrwe ~ 3Yy_)” = @ tanh”(Ay)(y/,)* + ba! tanh™ (wy)(yi,)”/?. 
This is a special case of equation 3.5.4.9 with f(y) = atanh”(Ay) and g(y) = b tanh” (uy). 


2Y',Y vow ~ Yy_) = a tanh” (Ay)(yi)* + ba ty™ (yi). 
This is a special case of equation 3.5.4.9 with f(y) = atanh”(Ay) and g(y) = by™. 


2Y' Vewe — 3Y pn) = ay” (y’,)* + bx tanh” (Ay)(y),)’”?. 
This is a special case of equation 3.5.4.9 with f(y) = ay” and g(y) = b tanh’””(Ay). 
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3.4.3-4. Equations with hyperbolic cotangent. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


an 


Yom = a coth(Ay)y:,. 
This is a special case of equation 3.5.2.1 with f(y) = acoth(\y). 


an 


YVeae = & coth(Ay)y’, +b coth(yx). 
This is a special case of equation 3.5.2.2 with f(y) = acoth(Ay) and g(x) = b coth(u2). 


YY e t3Y,Un, = acoth” (Ax) +b. 
This is a special case of equation 3.5.3.6 with f(x) =acoth” (Az) + b. 


an 


YY» + 3Y,Un, = acoth” (Ay) + b. 
This is a special case of equation 3.5.3.8 with f(y) = acoth”(Ay) + b. 


YY t3U,Un, tax” yy’, = beoth™ (Az). 
This is a special case of equation 3.5.3.10 with f(x) = ax” and g(x) = bcoth™ (Az). 


an 


YY t3U,Unn + yyy. + (y’,)7| = bcoth” (Az). 
This is a special case of equation 3.5.3.13 with f(x) = bcoth” (Az). 


yy, + By), + ay coth” x)y”, + acoth” x (y’,)” = 0. 
This is a special case of equation 3.5.3.17 with f(x) = acoth” a. 


mt 


(yta)ye” + by y”, +ccoth”(Ay)y’, = 0. 
This is a special case of equation 3.5.3.21 with f(y) =ccoth”(Ay). 


2,00 


Y'Yn, + 3myy. ys, +m(m — Diy, = acoth*(Ax)y7™. 


This is a special case of equation 3.5.3.27 with f(x) = acoth*(Ax) andn =m+1. 
P q f(«) (Az) 
2Y).Yirwe ~ 3Y zn) = a coth”(Ax)(y/,)” + b coth™ (wy )(yi,)*. 
This is a special case of equation 3.5.4.7 with f(x) = acoth”(Ax) and g(y) = b coth” (yy). 
2Y/,Yoww ~ 3 Yyn) = a coth(Ax)(y’,y + by™(yi,)*. 
This is a special case of equation 3.5.4.7 with f(x) = acoth”(Ax) and g(y) = by™. 
2Y/ Yorn ~ 3Ynn) = ax™(y’,y + bcoth™(Ay)(yi,)* 
This is a special case of equation 3.5.4.7 with f(x) = ax” and g(y) = bcoth’ (Ay). 
2Y/ Une —3(Une) = acoth”(Ar)(y),) + bcoth™(ux)y (yi). 
This is a special case of equation 3.5.4.8 with f(x) = acoth”(Az) and g(x) = b coth™ (ux). 
2Y, Yew ~ 3Uye) = acoth"(Ax)\(y,)y + be™y yh)”. 
This is a special case of equation 3.5.4.8 with f(x) =acoth”(Ax) and g(x) = ba™. 
2Y, Yew ~ Ugo) = ae" (y,,) + beoth™ (Ax)y"(yL)”. 


This is a special case of equation 3.5.4.8 with f(x) = ax” and g(x) = bcoth”™ (Az). 


ZY) Yee — (Yn) = a coth”(Ay)(y),)4 + ba coth™ (uy)(y’,)’”. 

This is a special case of equation 3.5.4.9 with f(y) = acoth”(Ay) and g(y) = bcoth”™ (py). 
2Y/,Y eve ~ 3Yyq) = a coth” (Ay)(y’)* + baty™ (yt). 

This is a special case of equation 3.5.4.9 with f(y) = acoth”(Ay) and g(y) = by”™. 

2Y/,Y vee ~ 3Yyq) = ay” (y,,)* + ba coth™ (Ay)(yi,)’”?. 


This is a special case of equation 3.5.4.9 with f(y) = ay” and g(y) = bcoth” (Ay). 
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3.4.4. Equations Containing Logarithmic Functions 


mw 


3.4.4-1. Equations of the form y/”, = f(a, y,y},). 


1. m  =ay(Ax+miny). 


Youn 


This is a special case of equation 3.5.1.16 with f(z) =alnz. 


20 yf! = ax (Ay+minz). 
This is a special case of equation 3.5.1.17 with f(z) =alnz. 


an 


3. Vowe = ax~(In y - 2Inx). 


This is a special case of equation 3.5.1.7 with f(z) =alnz. 


4. em = aln(Ay)y!,. 


Youn 


This is a special case of equation 3.5.2.1 with f(y) = a In(\y). 


5. em = aln(Ay)y’, + bIn(ux). 


Youn 


This is a special case of equation 3.5.2.2 with f(y) = a In(Ay) and g(x) = b In(uz). 


6 oy, = ain” (Ay)y!, + bIn™ (uy)(y;,)°. 
This is a special case of equation 3.5.2.3 with f(y) = aln”(Ay) and g(y) = b In™ (wy). 


7. my =aln(Ay)y,, + by™ (ys). 


Youn 


This is a special case of equation 3.5.2.3 with f(y) = aln”(Ay) and g(y) = by”. 


8. ete = ayy, + bIn™(AY)(Y,)”. 
This is a special case of equation 3.5.2.3 with f(y) = ay” and g(y) = bIn™ (Ay). 


9 yf! =ar(ny-Inz)\(ry!, -— y). 
This is a special case of equation 3.5.2.5 with f(€) =aln€. 


10. yf”! = ar (Iny-2Inz)(cy’, -2y). 


Youe 


This is a special case of equation 3.5.2.8 with f(€) =aln€. 


1. yf!” =ay??(2Iny!, -Iny). 
This is a special case of equation 3.5.2.27 with f(€) = 2a In €. 


an 


12 y” = ay?*(4iny! -Iny). 
This is a special case of equation 3.5.2.28 with f(€) = 4a In €. 
13. mM =ay+bina(y,, ay)”. 


Youn 

This is a special case of equation 3.5.2.16 with f(a, w) = bw” Ina. 
14.0 yf”  =alna(ry’,-y)”. 

This is a special case of equation 3.5.2.20 with f(a, w) = aw” Ina. 
15. yi” =alna (xy! -2y)”. 


This is a special case of equation 3.5.2.21 with f(a, w) =aw” Ina. 
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3.4.4-2. Other equations. 


16. 


17. 


18. 


19, 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


awn 
Youe 


This is a special case of equation 3.5.3.33 with f(€) =aln” €. 


=-3y"), + a(x +Iny)”(y!, + y) + 2y. 


ry, = (ry, -ytalnax)y”.. 


This is a special case of equation 3.5.3.45 with f(€) = bE. 


an 


YY ae t3Y,Yn, = ain” (bx). 
This is a special case of equation 3.5.3.6 with f(z) =aln"(bz). 


wn 


YWoewe + 3YLYoe = ain” (by). 

This is a special case of equation 3.5.3.8 with f(y) = aln" (by). 

yy t3u,Un, tax yy., = bIn™ (Az). 

This is a special case of equation 3.5.3.10 with f(x) = ax” and g(x) = bIn™ (Az). 
Weve + 3Y,U re + @[YY en + (Ye) ] = bIn"(Az), 

This is a special case of equation 3.5.3.13 with f(a) = bIn”(Az). 


(y +a)yyy’ , + by yy”, + ein (Ay)y!, = 0. 
This is a special case of equation 3.5.3.21 with f(y) = cIn”(Ay). 


2,0 


YY, + 3myy. ye, +m(m - (yy = aln*(bx)y>™. 

This is a special case of equation 3.5.3.27 with f(x) =a In*(bx) andn=m+1. 
2Y) Yee —3Uee) = ay*(In y’, -2Iny). 

This is a special case of equation 3.5.4.14 with f(€) =aln€. 


2Y), Vrce ~3Yrg) = aln™(Ax)(y’,) + bin™(uy)(y,,)*. 

This is a special case of equation 3.5.4.7 with f(a) = aIn”(Az) and g(y) = 6 In™ (uy). 
2Y/, Yorn ~ 3Yyn) = an” (Ax)(yi,)” + by™(y’,)*. 

This is a special case of equation 3.5.4.7 with f(x) = aln” (Ax) and g(y) = by”. 
2Y/Yorww ~ 3Yyn) = ae™(yZ,y + bln™(Ay)(y’,)*. 

This is a special case of equation 3.5.4.7 with f(x) = ax” and g(y) = bln" (Ay). 


2Y/, Une — Yq) = an (Axy(y’,)y + bIn™ (way "(y/,)°/?. 
This is a special case of equation 3.5.4.8 with f(x) = aIn” (Az) and g(x) = b In” (ux). 


2Y/,Y ne — Ya) = an” x (YP + bay Ny! )P?. 
This is a special case of equation 3.5.4.8 with f(x) =aIn” x and g(x) = bx”. 
2) Une ~3U en) = ax™(y’) + bIn™(Aa)y"(y)/?. 


This is a special case of equation 3.5.4.8 with f(x) = ax” and g(x) = bIn”™ (Az). 


2), Yrwe ~ 3Yy_) = ain" (Ay)(yi,)* + ba In™ (wy)(yi,)””?. 
This is a special case of equation 3.5.4.9 with f(y) = aln”(Ay) and g(y) = b In™ (py). 
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32, yl yl! —3(y)” = ay” (y,)* + ba! In (Ay)(y,.)’/?. 


Lee 


This is a special case of equation 3.5.4.9 with f(y) = ay” and g(y) = bIn™ (Ay). 


33. yy — (Yga) = an (Ay)(y;,)* + baty™(y))”/?. 


This is a special case of equation 3.5.4.9 with f(y) = aln”(Ay) and g(y) = by”. 


34. Yson NY — Yoo IN YZ y + BY,Yew = O. 
Integrating yields a second-order autonomous equation of the form 2.9.1.1: yi! = ery”, 


3.4.5. Equations Containing Trigonometric Functions 


3.4.5-1. Equations with sine. 


1. Yooe = asiniAy)y,. 
Solution: C3+2= [[cw 40, =a? sinQay)] om 
2. Yone = asin(Ay)y’, + bsin(ux). 
This is a special case of equation 3.5.2.2 with f(y) =a sin(Ay) and g(x)=6 sin(wx). Integrating 
yields a second-order equation: y!”, = -> cos(Ay) — — cos(ur) + C. 
Lb 


3. msg sin” (Ay)y/, + bsin(wy)(y’,)°. 


Youn 


This is a special case of equation 3.5.2.3 with f(y) = asin™(Ay) and g(y) = bsin(py). 


4. me $(y',)° + a(sin PT) eed 0 maa 


Youn 


This is a special case of equation 3.5.2.36 with f(€) = a7”. 


an 


5. yy t3y.,.un, = asin(Axr). 
Solution: y? = C2" + Cir + Co + 2a % cos(Az). 


6 yy t3y.y., =asin”(Ax) +b. 
This is a special case of equation 3.5.3.6 with f(x) = asin”(Az) + b. 


7% yy t3y..yn, = asin” (Ay) +b. 
This is a special case of equation 3.5.3.8 with f(y) = asin" (Ay) + b. 


8 yy t3y.yn, tax” yy, = bsin™ (Ax). 
This is a special case of equation 3.5.3.10 with f(z) = ax” and g(x) = bsin™ (Az). 


9. YY oe t3Y,Y nn + [yy + (y’,)| = bsin” (Az). 
This is a special case of equation 3.5.3.13 with f(z) = b sin” (Az). 


10. yy,” + By, + aysin” xy’, + asin” «x (y’,)? = 0. 


This is a special case of equation 3.5.3.17 with f(#) = asin” a. 


HW. (Y + Q)Y ere + YL ze + esin” (Ay)y, = 0. 
This is a special case of equation 3.5.3.21 with f(y) =csin™(Ay). 


12,0 y?y”! + 3myy,y!!, +m(m - I(y,,)° = asin*(Ax)y*”. 
This is a special case of equation 3.5.3.27 with f(x) =a sin*(Ax) andn =m+1. 
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3.4.5-2. Equations with cosine. 


13. yi”, = acos(Ay)y’,. 


Youe 


Solution: C3 +7= [[cw + Ci = Iar2 cos(\y)]| -1/2 dy. 


14.0 yf” = acos(Ay)y, + bcos(px). 
This is a special case of equation 3.5.2.2 with f(y) = acos(Ay) and g(x) = bcos(uz). 
Integrating, we obtain a second-order equation: y",, = x sin(Ay) + — sin(ur)+C. 

Lb 


15. mg cos”(Ay)y", +b cos(y)(y’,)°. 


Youn 


This is a special case of equation 3.5.2.3 with f(y) =acos”(Ay) and g(y) = b cos(uy). 


16. yf, =ay”y’, + beos(uy)(y’,)°. 
This is a special case of equation 3.5.2.3 with f(y) = ay” and g(y) = bcos(py). 


17,0 yf! = beos(Ay)(y,,)° + ays). 


Youn 


This is a special case of equation 3.5.2.4 with f(y) = bcos(Ay). 


18. yf, = ZA" (yh)? + a(cos AY” (YL rr". 


Youn 


This is a special case of equation 3.5.2.35 with f(€) = a7”. 


19, yy + 3YY i = @ COS(AZ). 
Solution: y* = Cpa? + Cia + Co — 2aX° sin(Aa). 


20. yy” + 3y),y/!, = acos”(Az). 


This is a special case of equation 3.5.3.6 with f(z) =acos"(A2). 


21.0 yy t3y).yn, = acos”(Ay) +b. 
This is a special case of equation 3.5.3.8 with f(y) = acos”(Ay) + b. 


22,0 yy + 3y), yi, tax” yy’, = bcos” (Ax). 
This is a special case of equation 3.5.3.10 with f(a) = ax” and g(x) = bcos™ (Az). 


23. yy + 3yl yy” +alyy”, + (y.)"] = bcos”(Az). 
This is a special case of equation 3.5.3.13 with f(x) = bcos”(Az). 


24.0 yy! + By! + ay cos” x)y", + acos” x (y,,)? = 0. 
This is a special case of equation 3.5.3.17 with f(a) = acos” x. 


m1 


25. (yta)yy! + byl yl”, +cecos”(Ay)y!, = 0. 
This is a special case of equation 3.5.3.21 with f(y) = ccos™(Ay). 


26. yl” + 3myyl yy, +m(m-1)(y,,)° = acos*(Ax)y>™. 


This is a special case of equation 3.5.3.27 with f(x) =a cos*(Ax) andn=m+1. 


27. ayy’! -—3(y,) = acos™(Ar(y,)* + by™ (yh )*. 


Lee 


This is a special case of equation 3.5.4.7 with f(z) =acos"(Ax) and g(y) = by”™. 


© 2003 by Chapman & Hall/CRC 


28. ay) yy’! -3(y/,) = ax™(y’,) + beos™ (Ay)(y,)*. 


Lee 


This is a special case of equation 3.5.4.7 with f(z) = ax” and g(y) = bcos™ (Ay). 


29. 2yy’"”  —3(yl’,)? = acos™(Ax)(y,)? + bcos” (wx)y Wy’). 


Lee 


This is a special case of equation 3.5.4.8 with f(z) =acos"(Ax) and g(x) = bcos™ (ux). 


30. yh yl! —3(y"!,) = acos™(Ar)(y,)? + bx™y"(y’,)9/?, 


Lee 


This is a special case of equation 3.5.4.8 with f(z) =acos"(Ax) and g(x) = ba™. 


31. 2y, yl’! -3(y!)? = ax™(y,)? + bcos” (Ax)y yi, )>/?. 


Lee 


This is a special case of equation 3.5.4.8 with f(z) = ax” and g(x) = bcos™ (Az). 


32. dy yl! —3(yl!,)” = acos™(Ay)(y,,)* + bx! cos™ (wy)(y,,)”/”. 


Lee 


This is a special case of equation 3.5.4.9 with f(y) = acos”™(Ay) and g(y) = b cos™ (yy). 


33. 2yh yl! —3(yl!)? = acos™(Ay)(y,)4 + ba ty™ (yl )/”. 


Lee 


This is a special case of equation 3.5.4.9 with f(y) = acos”(Ay) and g(y) = by™. 


34. yl yl! -3(y!,)” = ay" (y,,)* + ba! cos™ (Ay)(y,,)’/?. 


Youve 


This is a special case of equation 3.5.4.9 with f(y) = ay” and g(y) = bcos™ (Ay). 


3.4.5-3. Equations with tangent. 


35. yf!) = atan(Ay)y’,. 


Youn 


This is a special case of equation 3.5.2.1 with f(y) = a tan(\y). 


36. em = atan(Ay)y’, + btan(ux). 


Youn 


This is a special case of equation 3.5.2.2 with f(y) = a tan(Ay) and g(x) = btan(wx). 


37. yy + 3y), yi, = atan”(Ax) +b. 
This is a special case of equation 3.5.3.6 with f(z) =a tan”(Az) + b. 


wn 


38. yy + 3y.y.,, = atan”(Ay) + b. 
This is a special case of equation 3.5.3.8 with f(y) = a tan”(Ay) + b. 


39, yy t3y.yn, tax" yy, = btan™ (Az). 
This is a special case of equation 3.5.3.10 with f(x) = ax” and g(x) = btan™ (Az). 


40. yy t3y.un, + alyy’., + (y’,)| = btan” (Az). 
This is a special case of equation 3.5.3.13 with f(z) = b tan”(Az). 


an 


41. yy! + By! + ay tan” xy!’ + atan” x (y,,)? = 0. 
This is a special case of equation 3.5.3.17 with f(x) = atan” x. 


mt 


42. (yta)yy t+ byl yl +ctan”(Ay)y,, = 0. 
This is a special case of equation 3.5.3.21 with f(y) =ctan”(Ay). 


2-m 


43,0 yy!” + 3myyly, +m(m-1)(y,,)° = a tan*(Ax)y 
This is a special case of equation 3.5.3.27 with f(x) =a tan* (Ax) andn=m+1. 
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44, 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


2Y), Voce ~—3Yne) = a tan” (Ax)(y’,)” + btan™(wy)(y,,)*. 

This is a special case of equation 3.5.4.7 with f(x) = a tan”(Az) and g(y) = b tan™ (jy). 
2Y/,Yoww ~ 3Yyn) = atan™(Ax)(y’,) + by™(y!,)*. 

This is a special case of equation 3.5.4.7 with f(x) = a tan”(Az) and g(y) = by”. 


2Y/, Yorn ~ 3Uyn) = ar(y’,y + btan™(Ay)(y,)*. 
This is a special case of equation 3.5.4.7 with f(a) = ax” and g(y) = btan™ (Ay). 


2y yi! - 3(y,)” = a tan” (Ax)(y,)? + btan™(ux)y Wy’ )P/?. 


Lee 


This is a special case of equation 3.5.4.8 with f(#) =a tan"(Az) and g(x) = b tan” (uz). 
2Y,.Y vee ~ 3Yyq) = a tan” (Ary) + be™ yNyt)P?. 
This is a special case of equation 3.5.4.8 with f(x) =a tan”(Az) and g(x) = ba™. 


2Y.Yewe ~ Ugo) = ae(y,) + btan™(Ax)y(y,)/. 
This is a special case of equation 3.5.4.8 with f(x) = ax” and g(x) = btan’™ (Az). 


2Y/,Y vee — Yee) = atan”(Ay)(y’,)* + ba tan” (wy)(y;,)"/. 
This is a special case of equation 3.5.4.9 with f(y) = a tan”(Ay) and g(y) = b tan™ (jy). 


2Y/,Y eve ~ 3Y pq) = a tan” (Ay)(y’,)* + baty™(y))”/?. 
This is a special case of equation 3.5.4.9 with f(y) = atan”(Ay) and g(y) = by™. 


2Y',Y row ~ Uy) = ay (yy) + ba tan™ (Ay)(y,)". 
This is a special case of equation 3.5.4.9 with f(y) = ay” and g(y) = btan™ (Ay). 


3.4.5-4. Equations with cotangent. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


awn 
Youn 


This is a special case of equation 3.5.2.1 with f(y) = acot(Ay). 


= acot(Ay)y’,.. 


Yong = acot(Ay)y’, + bcot(ux). 
This is a special case of equation 3.5.2.2 with f(y) = acot(Ay) and g(x) = bcot(uzx). 


an 


yy t3y. yt, = acot™(Ax) +b. 
This is a special case of equation 3.5.3.6 with f(x) =acot”(Ax) + b. 


Yrwe + 3Y2Vee = acot”(Ay) + b. 
This is a special case of equation 3.5.3.8 with f(y) = acot”(Ay) + b. 


an 


yy t3y yn, tax" yy! = bcot™ (Az). 
This is a special case of equation 3.5.3.10 with f(x) = ax” and g(x) = bcot"™ (Az). 


an a” 


YY ae t3U,U ne + alyy’., + (y’,)| = beot” (Az). 
This is a special case of equation 3.5.3.13 with f(x) = bcot™(A2). 


yy, + By), + ay cot” x)y’’, + acot” x (y,,)? = 0. 


This is a special case of equation 3.5.3.17 with f(x) = acot” z. 
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60. (ytayy” + by yy”, + ecot”(Ay)y, = 0. 
This is a special case of equation 3.5.3.21 with f(y) = ccot™(Ay). 


61. yy +3myy.y, +m(m - (yy = acot*(\x)y7™. 
This is a special case of equation 3.5.3.27 with f(x) =a cot*(Ax) andn=m+1. 


62. 2y, yy”, -3(y/,) = acot™(Ax)(y,,) + beot™ (uy)(y/,)*. 


Yoon 

This is a special case of equation 3.5.4.7 with f(x) = acot”(Az) and g(y) = bcot™ (uy). 
63. Y/Y — Yen) = a cot” (Aryl) + by™ (y’)*. 

This is a special case of equation 3.5.4.7 with f(x) = acot”(Az) and g(y) = by™. 
64. 2y) yy’! -3(y/,)? = ary.) + beot™(Ay)(y,,)*. 

This is a special case of equation 3.5.4.7 with f(z) = ax” and g(y) = bcot™ (Ay). 
65. ay yl! —3(y"!,) = acot™(Ax)(y,,)” + beot™(ux)y (yi, )>/?. 

This is a special case of equation 3.5.4.8 with f(x) =acot”(Ax) and g(x) = bcot'™™ (x). 
66. 2y/,y%, —3(y%,)° = acot™(Aa(y,,) + bay (yl). 

This is a special case of equation 3.5.4.8 with f(x) = acot”(Az) and g(x) = ba™. 
67. yy” —3(y/),)? = aay!) + beot™ (Any (y,)/. 

This is a special case of equation 3.5.4.8 with f(x) = ax” and g(x) = bcot’™(Az). 
68. yin — 3(Yyq)” = acot™(Ay)(y’,)* + ba cot™(uy)(y,,)”/?. 

This is a special case of equation 3.5.4.9 with f(y) = acot”(Ay) and g(y) = bcot™ (py). 
69. YY — HY ga)” = a cot (AyN(y!,)* + baty™ (yt). 

This is a special case of equation 3.5.4.9 with f(y) = acot”(Ay) and g(y) = by”. 
70. 2), Yim — 3p) = ay (y’,)* + ba cot™(AY)(Y’,)”/. 


This is a special case of equation 3.5.4.9 with f(y) = ay” and g(y) = bcot™ (Ay). 


3.5. Nonlinear Equations Containing Arbitrary Functions 
3.5.1. Equations of the Form F(a, y)y’” + G(a,y) = 0 


LLL 


3.5.1-1. Arguments of the arbitrary functions are z or y. 


le Yee = F(y)- 


The substitution w(y) = (y!.)? leads to a second-order equation: Wis =32 fyyw'/ 2 In par- 


ticular, with f(y)=ay” the obtained equation is an Emden—Fowler equation; see Section 2.3. 


2 Wen = fay". 
1°. On integrating the equation, we have yy’, — $(y),)° = i f(x) dx+C. The substitution 


y =w” reduces the latter equation to the form w’,, = 4 / f(a) dx+ c] we. 


2°. The transformation x = 1/t, y = u/t? leads to an equation of the same form: 
upee = EFL /u™™. 
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Yeon =X f(y). 
The substitution t = In |x| leads to an autonomous equation of the form 3.5.5.9: yi, — 3yi4+ 
2y = Fy). 


(y+ax*+bat+e)y’ = f(x). 


Lee 


The substitution w = y+az?+ba+c leads to an equation of the form 3.5.1.2: ww!!! = f(z). 


(ay + be®)y’" + be*y = f(x). 
Integrating yields a second-order equation: 


(ay + be*)y". - zacy),)” —be*y!, + be*y = / f(a)dx+C. 


3.5.1-2. Arguments of the arbitrary functions depend on 2 and y. 


6. 


10. 


11. 


12. 


13. 


Vewe = t f(ya'). 
The transformation ¢ = In ||, w = yx! leads to an autonomous equation of the form 3.5.5.9: 


Weer — Wt = Fw). 


Youn =U f(ye). 
The transformation t = x7!, w = ya~* leads to an autonomous equation of the form 3.5.1.1: 


wit, = —f(w). 


yi, =a flaky), 


Generalized homogeneous equation. 
1°. The transformation t =Inx, z = x*y leads to an autonomous equation. 
2°. The transformation z = «*y, w = xy’, /y leads to a second-order equation. 

7 3 n,,m 
Voue = YX f(x" y™). 
Generalized homogeneous equation. The transformation z = «"y™, w = ry',/y leads to a 
second-order equation. 

ws 
Youe 
The substitution w = y + ax? + bx? +ca +k leads to an autonomous equation of the form 
3.5.1.1: wit, = f(w) + 6a. 


= f(y +ax> + ba? +cx+k). 


a(e—ayy = f(yz”), a0. 
—-a 


The transformation € = In 


w= as leads to an autonomous equation of the form 
x x 
3.5.5.9: Wege - 3Wee + 2we =a? f(w). 


cette) 


axz+ Byt+7 
This is a special case of equation 5.2.6.19 with n = 3. 


Mm -=(ax+by+ ot ( 


Youn 


2 20 y 
ax’ +bx+c = (———__). 
‘ YYere =F ax? + bx+e 
dx y 
The transformation € = i $<, w = ———_ 
é ax? +bat+e ax? +bat+ce 


of the form 3.5.5.9: Wege + (4ac — b*)we = f(w). 


leads to an autonomous equation 
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y 
14. yl, =? f(———_). 
Year = YS ax? + ba +e 


Setting f(u) =u’ f\(u), we have equation 3.5.1.13 with the function f; (instead of f). 
15. me er f(ye*”). 


Venn 
AL 


This is a special case of equation 3.5.3.32 with a = b =c =0. The substitution w(x) = ye™ 
leads to an autonomous equation. 


16. me yf(er?y my 


Yeee = 
This is a special case of equation 3.5.5.21. The transformation z = e**y™, w(z) = y/,/y 
leads to a second-order equation. 


7. al Ha fete). 


The transformation z = ze*”, w(z) = xy!, leads to a second-order equation. 


18. yl”! = f(y + ae”) -ar*e**. 


Youe 
The substitution w = y + ae» leads to an autonomous equation of the form 3.5.1.1: 


Was = Fw). 
19. m= F(a, y). 


Youn 


The transformation x = 1/t, y = w/t? leads to an equation of the same form: wii, = 


-t4F(1/t, w/t?). 


3.5.2. Equations of the Form F(z, y, yy’). + G(x, y,y/,.) = 0 


LLL 
3.5.2-1. Arguments of the arbitrary functions depend on 2 and y. 
-1/2 
Solution: C3+a“= sie +O, 4+2 / Fy) dy| dy, where F'(y) = [fo dy. 


2 Vere = Fyyl, + g(x). 
Integrating yields a second-order equation: y!”, = / fly) dy + / g(a) dx+C. 


3 ee = Sy, tay)’. 
The substitution z(y) = (y',)? leads to a second-order linear equation: By =2g(y)z+2f(y). 


4 oye = Fy) + aly’). 
The substitution z(y) = +(y),° leads to Yermakov’s equation 2.9.1.2: 2 =2f(yzt+ 2az% 


5. vite =o(Y) conv. 


The transformation z = y/x, w = 2 *(ay!, — y)” leads to a second-order linear equation: 
wi, =2f(z)+2. Integrating the latter equation twice, we arrive at a first-order homogeneous 
equation for y(a): 


Zz 1/2 
ieee [2 +Cyz+C,+2 : (z-t f(t) at| , where z= Ls Zo is an arbitrary number. 
Zo xv 


6 whey =e F(=) ey, -w. 


The transformation z = y/x, w = 2 ?(ay', — y)* leads to a second-order linear equation: 
wh, =2f (zw +2. 
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- y 
7. Voee = *¢(= Jeu, -y) +a ‘o(= \ayt, -y). 
This is a special case of equation 3.5.3.38 with k =—1. The transformation ¢ = Ing, 
z=y/«, followed by the substitution w(z) = (z!)’, leads to a second-order linear equation: 


wi, =2g(zywt+2f(z)+2. 
8. ue = @*F() oui, -2v). 


The transformation t = 1/a, z = y/2? leads to an autonomous equation: 2}//, = f(z)z}. The 
substitution w(z) = (z})* then yields the second-order linear equation w!!, = 2 f(z), whose 
solution is given by: 


w=C)z+C,+2 [e@ -)f(©)dé, 2 is an arbitrary number. 


9. yi, = 07 f(—) ey, -2y). 


The transformation t = 1/2, z = y/2x?, followed by the substitution w(z) = (2})’, leads to a 
second-order linear equation: wi’, =2f(z)w. 


10° 43 = a t(S >) (ey, —2y)+ a7 “g( + \ay, -2y)’. 
x 
The transformation t = 1/x, z = y/x7, followed by the substitution w(z) = (z})’, leads to a 
second-order linear equation: w!!, =2g(z)w+2f(z). 
MW. yet fy, toy =-3hy (yi, -3(hy? + 2h? )y yy’, — hey -3hhiy-(fhr+hy,)y- 
Here, f = f(x), g = g(a), and h = h(a) are arbitrary functions. 
h 1/3 
Solution: y=w le +3 / (@) oe 


linear equation: w/!!, + f(x)w!, + caw =0. 


, where w = w(2) is the general solution of the 


12. [ayt f@)Y ere + WWYs + froe(@)y + h(x) = 
The equation admits a first integral: 


[ay + f@)lyte— Fay)? f@y!, + Feeley + f glydy+ [ ha) de = 


3.5.2-2. Arguments of the arbitrary functions depend on a, y, and y/.. 
13. Vove = = fly, ). 
Solution in parametric form: 


v= f=. y= [ . where p=t[ci+2 f rar] 


14, yi, = f(@,y)). 
The substitution w(z) = y.. leads to a second-order equation: w"’,, = f(z,w). 


15. Venue _ FY Ye ). 
Autonomous equation (it is a special case of equation 3.5.5.9). 


1°. The substitution u(y) =(y!,)? leads to a second-order equation: uw”, =+2u7!/? f(y, tu!/?), 


yy 
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16. 


17. 


18. 


19, 


20. 


21. 


22. 


23. 


24. 


2°. The transformation 


= fip@rdr, y=leor' (1) 
leads to an analogous equation with respect to y = y(rT): 
grr =e PFET, py). 


Note two important cases of transforming equations of special form: 


transformation (1) a - 
Yore = £Y) + OEP TO), 
sf ion (1 
yf = Ay” transformation (1) ne = —Ag 5/2, 


an 


3 U 
Vous = OY + f(x,y, -— ay). 
The substitution w = y!,—ay leads to a second-order equation: w!,, +aw!, +a’w = f(z, w). 


an 
Youn 


The substitution w = y’, + aay leads to a second-order equation: 


= 3a7x -a>x*)y + f(x,y’, + ary). 


yo 
LL 


w arwi, + (a°a? —2a)yw = f(a,w). 


an 


Veww = Tf (TY, - Y)» 

The substitution z= ay!,—y leads to a second-order equation of the form 2.9.2.20 with n= 1: 
gz =zi,+a7 f(z). 

Yeon =U f(xy, —y)- 

The transformation ¢ = In|z|, z = xy!,—y leads to the second-order autonomous equation 
zt, — 221 = f(z), which is reduced, with the aid of the substitution w(z) = +2j, to the Abel 
equation ww! —w = + f(¢) (for some functions f, solutions of this Abel equation are given 
in Subsection 1.3.1). 


wn 


Youw = f(x, ry, —y)- 
The substitution w = xy!,—y leads to a second-order equation: (w!,/x)!, = f(x, w). 


an 


Yeww = f(x, ry, - 2y). 
The substitution w = xy!,—2y leads to a second-order equation: w!!,, = «f(x, w). 


3, 


xy” = f(a, ry’, + ay) - ala + 1)(a + 2)y. 
The substitution w = xy!,+ay leads to a second-order equation: 


rw, —(at2)ew!, + (at 1)(at2)w = f(2,w). 


Vere = © F (ys - 7): 


The substitution z= ay! —y leads to the second-order equation 72”, = z!.+ F(z/a), which 
is a special case of the equation 2.9.4.22 with n =-1,m=1,k =-1, F(6) =€f(. 


yi, = 2 f(y, -25). 
& 
wn 


The transformation t = 1/2, z= y/a* yields z/!!, =—f(—z}). The substitution w =—z/ leads 
to a second-order autonomous equation of the form 2.9.1.1: wi, = f(w). 
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25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


1 iwsy y 
Vewm = <f(s. Ue -2—). 
The transformation t = 1/z, z = y/a? leads to an equation of the form 3.5.2.15: 
zi, = —f(z,-2)), which admits, with the aid of the substitution w(z) = (zj)’, reduction 
of its order: w!, = +2w!/? f(z, tw!/?), 
Yrve = ye f(ey,,/y)- 
The transformation z=2y!,/y, w=2x7y",/y leads to a first-order equation: (w+z-2z?)w!, = 
2w—zw+ f(z). 


y! 
m5 /2 x 

Youn =y (=). 
vv 


The substitution w(y) = (y/,)* leads to an equation of the form 2.9.1.8: Wyy = y °F(w/y), 
where F(€) =+2€71/2 f(té!/2), 


y 
mo  -5/4 x 
Yeu =U (=). 
The substitution w(y)=(y!,)” leads to an equation of the form 2.9.1.9: wi), = y PF (wy/?), 
where F(£) =+€-!/2 f(té!/2), 


i y 
mM = (ayt+byto) (—-— ). 
Year = (ay +by+c) f a eby aes 


The substitution w(y) = (y',)* leads to an equation of the form 2.9.1.21: 


Wy, -w*F(——), where F(€) = £2€°/? f(té!/). 


Jay? + by +e 


m= aay? + bay + caty/*y( 


Youw 


xy’, —2y ) 
(ay? + bay + cx4)!/4 ] 


The transformation ¢ = 1/z, z = y/27 leads to an equation of the form 3.5.2.29: 


-5/4 “4 
zl! = (az? +bz+0) (Fo): 


ry’, -y 

me 2,1 -3 1/2, ,-5/2 x 

Unow = EU, +E y ta ly (=), 
VLY 


The transformation t = Inz, z = y/a, followed by the substitution w(z) = (zt), leads to a 
second-order equation of the form 2.9.1.8: w/,=23F (w/z), where F(€)=+2€-'/? f (tVE). 


cy, -y 
x3/4yl/4 )° 
The transformation t = Inz, z = y/ax, followed by the substitution w(z) = iy, leads 
to a second-order equation of the form 2.9.1.9: wf, = 23/2 F(wz/2), where F(§) = 


HOE 2 F(te/E), 


Youre = Yai (Ye + ay). 
The substitution w(y) = (y!,)? +ay leads to a second-order autonomous equation of the form 
2.9.11: wy, =2fw). 


Youn 


mW —a ty! + ay + wr Slty it g/ 
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34,0 yf” = 2M (yl) + CMY F(ErY yy. 


This is a special case of equation 3.5.2.48 with y(y) =e. 
/ 
35. yl, = FA*(y,,)° + (cosh AY)? Ff cneeee ee 
cosh Ay 
This is a special case of equation 3.5.2.48 with ~(y) = cosh Ay. 
36. Yong = ZA (y;,) + (sinh Ay) f — ) Y 
o/sinh Ay 


This is a special case of equation 3.5.2.48 with w(y) = sinh Ay. 
37. oy, = ytanhaz + f(x,y! —y tanh x). 

This is a special case of equation 3.5.2.47 with y(x) = cosh x. 
38. oy! = (sinh y)*(y,,)° + (tanh y)’ f (y!, /tanh y )y’,. 

This is a special case of equation 3.5.2.48 with ¢#(y) = coth y. 
39. yn, = ycotha + f(x,y, -ycoth x). 

This is a special case of equation 3.5.2.47 with y(x) = sinh x. 
40. y/”  =-(coshy) *(y’,)? + (coth y)* f(y, /coth y )y’. 


This is a special case of equation 3.5.2.48 with w(y) = tanh y. 


y’ 
4. of!” =-td7(y!)> + (Cosay)f (——) Wa 
cos AY 


This is a special case of equation 3.5.2.48 with ¢#(y) = cos Ay. 


y. 
42. yl” =-1)2(y' + (sin Ay)? cet y’. 
Lee 2 ae f /sin AY ae 


This is a special case of equation 3.5.2.48 with W(y) = sin Ay. 


43, y'’, =ytane + f(x,y), +ytanz). 


This is a special case of equation 3.5.2.47 with p(x) = cos 2. 


44, y'”  =(siny) *(y,,)? + (tany) f(y, /tany )y’,. 
This is a special case of equation 3.5.2.48 with w(y) = cot y. 


45. em = y cota + f(x,y’, —y cot x). 


Youn 


This is a special case of equation 3.5.2.47 with y(x) = sin x. 


46. y'” = (cosy) *(y’,)° + (cot y)* f(y’, /coty )y’,. 
This is a special case of equation 3.5.2.48 with w(y) = tan y. 


wt 


47. Voce = Se f (au, =. yy), p= v(x). 
yp p 


t 
The substitution w = y/, — Pry leads to a second-order equation: 
p 


1 " 12 
Way t Poy! + pm - (Fe) Jw = f(z,w). 
~ ~ ~ 
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ut 


1¥ : 
8. vile = 5 et +07( Su, b= Wy). 


The substitution z = (y'.)? leads to a second-order equation of the form 2.9.1.46: 
wW 
7 LZ 


Let F # y(a)y!, +(x)y + x(a), Le., the equation is nonlinear. Then its order can be reduced 
by one if the right-hand side of the equation has the following form: 


Fea, yoy) = f° B{ Bu,w)+ [RF Ltew +P fate +25 fe feel 


= ft aG + Fee dE - OFF fle + F Flic ~2kL fine de}, 


49, i F(z, Y> Yo)» 


Youn 


where 


- da _fgde sy JU; Sie) +9 
E=exp(-* { >). V= PE’ U= 7p WwW= fe kV; 


@ = O(u,w), f = f(x), and g = g(a) are arbitrary functions; k is an arbitrary constant. 
In this case, the transformation t= | fldx, u=f-!Ey+V, followed by the substitution 


2(u)=u}, leads to asecond-order equation: 272)’ ate(Z,)” —3k22),+3k°z-keu=8(u, z—-ku). 


3.5.3. Equations of the Form 
F(z, y, y/ yt + G(a,y, yyy, + A(x, y, y/,) = 0 


3.5.3-1. The arbitrary functions depend on z or y. 


1. et Ay yl + My) = f(aer. 


Youn 


ery = 


rv x 
Solution: Coa? + Cia +Cot+ > i (x —t)’ f(t) dt, where zo is an arbitrary number. 
xo 


de viele a 1 acco OH autonomous equation of the form 2.9.1.1: yi! = Fly), 


where F'(y) = C exp fy) dy}. 


3. Yovw = [f(yu;, + 9(@)] 7, 
Integrating yields a second-order equation: y’”,, = C exp if f(y) dy+ f g(x) dx| ‘ 


4.0 ay’! +ax*y”, + bry! = fly). 
The substitution ¢ = In |z| leads to an autonomous equation of the form 3.5.5.9: 


Yiir + (A 3)yy, + (0-4 + 2yy = FY). 
5. yy, t3ay,, + 2a’y’) = f(a). 
Integrating yields a second-order equation: 
2yyl, + 2ayyl, —(yl,)° =e" [2 / 22 f(r) dx + c| ; 


an 


6. YVnee + 3U2Vee = f(x). 
Solution: y =0)27+ Cx +Co+ / (x —t)’ f(t) dt, where zo is an arbitrary number. 
xo 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


Worwe + WeVnw = f(x). 
Integrating yields a second-order equation: yy’, + (a - Iy(yy = / f(a)dz+C. 


an 


Wrwe + 3Y2Yew = f(y). 
The substitution w = y* leads to an autonomous equation of the form 3.5.1.1: wi, = 


an 


Yow ~ Voce = f(a)y’ 
Integrating yields a second-order linear equation: y!”, = a f(x) dz+ c| y. 


an 


YY cow + 3ULVce + f(@)yy, = g(a). 
The substitution w = yy!, leads to a second-order linear nonhomogeneous equation: w!!,, + 


f(«)w = (2). 


WY ve + 3Y,V vn t 4S (@)YY, + fi(@)Yy? = 0. 
Multiplying by y’, we arrive at an exact differential equation. Integrating it yields Yermakov’s 
equation 2.9.1.2: y!!,+ f(z)y=Cy?. 

There is also the trivial solution y = 0. 


an 


Wowe + Wee = fy)y;, + (a). 
Integrating yields a second-order equation: yy’, + (a - 1)(yi,y° =/[ fw) dy + [ g(x) dz+C. 


an 


yy + 3y yt, + alyyy, + (y,)"] = f(a). 
Solution: 


y = C3" + Coe +O +2 [oe —the' F(t) dt, where F(t) = fetso dt, 


q is an arbitrary number. 
Weve + BY), + 2ay)yly, + 2a(yi,) + a°yy, = f(x). 
Integrating the equation twice, we arrive at a first-order separable equation: 


e* yy! = Cha + Cy + i “(a — the” f(t) dt. 


an 


WY coe = VeVevn + F@YY Ce 
Integrating yields a second-order linear equation: y’’,, = C exp / f(x) dx| y. 


an 


VV now ~ Voter = f(x) [Yuen - (Yi)"] + g(x). 
The substitution w = yy, — (y',)° leads to a first-order linear equation: w/, = f(x)w + g(2). 


Weve + Yi, + f@)Ylyy,, + F@MY;,) = 0. 
Solution: y* =C32+C,+C, | (x —t)e* dt, where F(t) = [ro dt. 
xo 
Weve + 3Y;, + f@)Ylyy, + F@MY,) + g(a)yy’, + R(x) = 0. 
The substitution w = yy’, leads to a second-order linear nonhomogeneous equation: 
wi + f(y! + g(ayw + h(x) = 0. 


19, 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


an 


Yoon t (f-Dyiye.+ foyy, +94 =9 f= f(x), g= g(x). 
A solution of this equation is any function that solves the second-order linear equation 
Yao + 9(@)y = 0. 


wm 


(Y+ Q)Y ye + OULU ee = f(x). 
Having integrated the equation, we obtain (y+ ay". + 4+(b = yi, = [t@ dx+C. For 
2 
b #—1, the substitution y = w +1 — a leads to the equation: 
yn _ O+1 


Wen = [ [fade +C] wet 


(with C =0 and f(x) = Ax”, see Section 2.3). 


mw / uw / 
(Y + QU zoe + Ye Vee + f(Y)Yy = 9. 
Having integrated the equation, we obtain a second-order autonomous equation: 


(ytayi, +46- Duy + | f@dy=C, 
which is reduced with the aid of the substitution w(y) = (yy to a first-order linear equation: 


(y +a)w’, + (b— lw +2 rl fly) dy =2C. 
(Yt Ye + OULU ee + f(WU, = g(a). 
Having integrated the equation, we obtain a second-order equation: 


(y+ayn, + $6- Dy? + f fedy= [ g@)dx+C. 


an 


(y+ax + by!” + 3(y, + a)yl, = f(x). 

Solution: (y+ ax +b)* = Cha? + Cia +Cot+ [oe — t)’ f(t) dt, where xo is an arbitrary 
number. . 

[y+ f@)lyyie = lu, + f@lyge + af (a)y, - af, (wy. 


Integrating yields a second-order constant coefficient linear equation of the form 2.1.9.1: 
yl, + Cy =—-(a+ C)f (x). There is also the trivial solution y = 0. 


a 


L(YY row + 3Y,Y rn) + 2 [Yee + (Yi)"] = f(a). 
Solution: 
y? = C30 + Che + Cy + 2 f (a—t)t°F(f)dt, where F(t)= JOO dt; 
xo 
Zo is an arbitrary number. 


2,0 


VY eva ~ 3YY Yen + Uy’) = f(ay*. 


Solution: In|y|= Coa? + Cia +Co+ ; / (a —t) f(t) dt, where 2p is an arbitrary number. 
xo 


yy. +3(n—- Duy yi, +(n-Din-D yy = flay. 
Solution for n # 0: 


y" = Coa? + Cyn +Cot 5 i) (x - ty f(t) dt, where Zo is an arbitrary number. 
xo 


For the case n = 0, see equation 3.5.3.26. 
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28. 


29. 


30. 


31. 


U(FY ere t sheer +t tfeete) =9@), f=f@. 


Having integrated the equation, we obtain a second-order equation: 
2fuyre t fryyr — FYLY =2 i g(x) dx +C. 


FYV wa + BLY, + 2F, WY rn + 2FYLY + ferYYe = 9), f= f(a). 
Integrating the equation twice, we arrive at a first-order separable equation: f(x)yy!, = 
Coe tC + / (x — t)g(t) dt. 
xo 
yn 


Yet fy, toy =n + Dhy™"y!, -(n- Din + Dhy" Py, 
-[Qn+ Dh!) +3nh2y" yr ty! — hoy"? - shh yy? - (fh +hiiyy”. 


Here, f = f(x), g =g(a), and h = h(x) are eiaes functions. 


oie 
Solution: y=w le +(1-n) / hiayw" dx] ™ “where w =w(z) is the general solution 


of the linear equation: w/!".. + f(x)w, + g(z)y =0. 


LLL 


an 


yey + ayy), + g(a)yyy, + hiay,) + [gh (a) + f(a)g(a) yy’, + g7(x)y? = 0. 


The solution satisfies the second-order linear equation y””,, — z(a, C)y!, + g(x)y = 0, where 
z = 2(a, C) is the general solution of the Riccati equation z/, + 2+ f(x)z— g(a) + h(x) = 0. 


3.5.3-2. Arguments of arbitrary functions depend on x and y. 


32. 


33. 


34. 


35. 


36. 


yr tay, + byl +cy = e** f(ye”). 


The substitution w(2) = yer" leads to an autonomous equation of the form 3.5.5.9: 


wt + BA+a)ywt, + (3X + 20d + byw), + (3 + ad + dA +. 0)w = f(w). 


Were 


an 


Yo e = Sy, t2y + fle" y(yi, + y)- 


The transformation z = e*y, w = e7*(y/, +y)° leads to a second-order linear equation: 
wi, =2f(z)+6. Integrating the latter, we find the solution: 


| Ferree Oe nie acety a /[f tar] ee 
2: 1 


a 


cy + 3y, = f(xy). 


The substitution w(2)=ay leads to an autonomous equation of the form3.5.1.1: wi" = f(w). 


2,/u 


Yee t OLY, + OY, = f(a7y)- 
The substitution w(x) = 2?y leads to an autonomous equation of the form 3.5.1.1: 


3,0 2,4 yo maxX 
L\ ng tax'y,, + ory), = f(x"™e”). 


The transformation t = Inz, Aw = Ay+ mt leads ive an autonomous equation of the form 
3.5.5.9: wi, +(a—3)wy, + (b-a+2)w} = fe”) + >b- a+2). 
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37. 


38. 


39. 


40. 


y ) v7] 
— )(2ry, -y). 
ao Pie 
1 
The transformation ¢ = =a Z= —(ay!, - a Ly)? leads to the second-order linear equation 
L x 


221, = 8 f(t) + 1, whose solution is given by: 
t 
= 12 4+0ot+Cy+ 4 | (t-)f()dé, —_ ty is an arbitrary number. 
to 
Passing on to the variables x, t = yx~!/?, we obtain a separable equation. 


apy!" =-3(k+ Vary” +h(k+DQk+Dy+ fia’ y\(ay, +ky)+a*g(a* yay’, + ky). 
The transformation t=Inz, z= x*y, followed by the substitution w(z) = (ab?, leads to a 
second-order linear equation: w’!, = 2g(z)w+2f(z) + 6k? + 6k +2. 


aty. = day, + t( valent -y). 


The transformation ¢ = i. = “ay, - sy) leads to a second-order linear equation: 


Ja 
22, = 16f(t)z + 5. 
YU von =—~3Y Yen + 2y° +-y° fle* Wy’, + y) + gle* yy, + y)°. 
The substitution z(@) =e*y, followed by reduction of the equation order and the substitution 
w(z) = (z/,)’, leads to a second-order linear equation: w!!, = 22g(z)w+2f(z)+6. 


3.5.3-3. Arguments of arbitrary functions depend on 2, y, and y/.. 


41. 


42. 


43. 


44, 


45. 


46. 


47. 


aw 


CY vee = f(®Y,- WY ce 
The substitution z = ay!,—y leads to a second-order equation of the form 2.9.2.21: 


=[f(2) +12! 


yn" 


Yove + 1-a)yy, = 27 f(xy! - y)- 
The substitution z = xy!,—y leads to a second-order equation of the form 2.9.2.20: 
Gee Oe Pere FEZ). 


ry, t(at2)y", = f(x, ry! + ay). 
The substitution w = zy!, + ay leads to a second-order equation: w', = f(x, w). 


aw 


CY ee + (1—ax)yy, = °° f(xy, - y)- 
The substitution z=ay/,—y leads to a second-order equation of the form 2.9.2.17: z",,-azi, = 


20% F(z), 


a 


ry, = Fey, -yt+alna)y’ 
The substitution z = xy!,—y leads to a second-order equation of the form 2.9.2.39: 
eee = [fF nee”) +1) 22 


3,00 


oye t EY yy = fey’, -y)- 

The Eaasfomminon t =In|z|, z = xy!, —y leads to an autonomous equation of the form 
2.9.6.2: 21-2; = f(z), which is reduced, with the aid of the substitution w = z}, to the Abel 
equation ww! —w = f(w) (see Subsection 1.3.1). 


y 
oY eet ©Ute = f(Ye-Z): 


The substitution w(x) = xy!,—y leads to an equation of the form 2.9.1.8: w/!, =273 f(w/z). 
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LLL 


3.5.4. Equations of the Form F(z, y, y/.)y7..+). Galas yy, My) =0 
a 


3.5.4-1. Arbitrary functions depend on = or y. 


1. 


YY nn t (YL) - FLY - tyyl, - f@)y’ = 0. 

This is a special case of equation 3.5.4.4. The solution satisfies the second-order linear 
equation y”, + syl, — z(a, C)y =0, where z = z(x, C) is the general solution of the Riccati 
equation z!,+ 27 - 42 = f(z). 

YWorww + Yow) — VeInn — f(a)y? = 0. 

The solution satisfies the second-order linear equation y!",,—2z(x,C)y=0, where z= z(a,C) 
is the general solution of the Riccati equation z/,+ 2? = f(z). 


yy + (yy + 2h(x) - Uy), + f(a) + h(x)lyy”, 
+ h(x)[h(a) - W(y’,)” + [hi,(w) + f(a )hiw)lyy’, = 0. 


This is a special case of equation 3.5.4.4 with g(a) = 0. The solution satisfies the second- 
-1 
order linear equation y”,, + h(x)y!, — z(a, C)y =0, where 2(x, C) = F(a) le + [Fo dz| ; 


F(x) = exp l- / f(x) dx| : 


Vere + (Yin) + [2h(x) - ly y!t, + (f(a) + h@)lyy”,, 

+ h(x)[h(ax) - 1N(y/,? + (hi, (a) + fla)h(w)lyy’, = g(x)y?. 
The solution satisfies the second-order linear equation y!,, + h(x)y!, — z(a,C)y = 0, where 
z = 2(a, C) is the general solution of the Riccati equation z/, + 2+ f(x)z = g(a). 


2Y',Virwe ~ Yon) + f(a\yi,)” = ay? + 2by +. 
Differentiating both sides of the equation with respect to x and dividing by y/,, we arrive at a 


fourth-order linear equation: y",.+ fy. +5 fiy), = ay +. 


ayy (YY Au yl, + Fay) = (ay? + 2by + c). 


—rAx xz 


Multiplying both sides by e*, we arrive at an equation of the form 3.5.4.13 with f(x)=e™ 


and g(x) =e F(a). 
2Y), Vce ~3Yre) = F@VYLY + g(yy,,)*. 
Solution: d d 
y : 1 
—— = | ——- + C,7 
/ u(y) w(x) 
where u= u(y) and w =w(#) are the general solutions of the second-order linear equations: 


4uyy—gyu=0 and 4wy, + f(xw=0. 


yy! - 3) = flay’, + g(x)y ty)”. 


The substitution w(x) = 


= leads to a second-order nonhomogeneous linear equation: 
Ya 


Awl! + f(xw + g(x) = 0. 

2), Yeew ~ Ura)” = Fy, + egy)”. 

Taking y to be the independent variable, we obtain an equation of the form 3.5.4.8 for x=x(y): 
2x Tyyy — 3(Cyy)” = -FY)(@yyY — 9@)a (ay). 


© 2003 by Chapman & Hall/CRC 


10. 


11. 


12. 


13. 


a 


2EY Yew — LY 
Multiplying both sides by x”!, we arrive at an equation of the form 3.5.4.13 with f(x) =a” 
and g(x) = x” | F(z). 


te ey +nyy, + F(a\(y,, =a! "(ay + 2by +0). 


a 


CY Y vee ~ 32 Vion) + 3YY ve = FWY’) + (WY) 
Taking y to be the independent variable, we obtain an equation of the form 3.5.3.10 for 
L=XAyY): LL jyy + 30, Lyy =—9(y) — fy)zzy. 


yn 


Vou = FWY. Yow 
Solution for m # 1: 


re 


1 


Cpeee if {2 / [u-mr@+e] ™ dy+Cy) dy, where F(y)= / fly) dy. 


Solution for m = 1: 


Cyta= | lc: / ew aso)? dy, where F(y)= / f(y) dy. 


2fy ye ~ FU) + fey, + gay, =ay*+2byt+ce, f = f(x). 


Differentiating both sides of the equation with respect to x and dividing by y/,, we arrive at a 


fourth-order linear equation: fy!” .. + oT ue, +9 + Sf Ute + S9y = ay +b. 


LLL LLL 


3.5.4-2. Arguments of arbitrary functions depend on 2, y, and y/.. 


14. 


15. 


16. 


17. 


18. 


y’ 
ayy 3) = yf (=): 


The substitution w(x) = yyy 2 leads to a second-order autonomous equation of the form 


2.9.1.1: wi, = F(w), where F(w) =—7w° f(w”). 


LL wm y2 4,4 ry, 
2YeV ene ~3V ee) = Y i(=): 


The substitution w(x) = yyy 2 leads to a second-order equation of the form 2.9.1.9: 
wi, = 23 F(w2), where F(€)=-1& f(€”). 


2 8 40/2 Ye 
= pa 


The substitution w(x) = yyy 2 leads to a second-order equation of the form 2.9.1.8: 
wi, =e F(we"), where F(€) =-ZO f(E~). 


Yone = [er f@y, —y) tar ](yy,, 
The Legendre transformation x = w}, y = tw;—w leads to an equation of the form 3.5.2.4: 


wite = —F(w)(wyP — aw). 


” yes 


Wee = = aty(Seo¥ —) wi.) 
The Legendre me are x=w}, y=tw;—w leads to an equation of the form 3.5.2.27: 
wi, = w/? F(wiw-/?), where F(€) = -€> f(€~). 
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19. = = aty(Seo¥ —) wi). 
The Legendre ene x=w}, y=tw;—w leads to an equation of the form 3.5.2.28: 


wit, = w/4 F(wiw'/4), where F(€) =—-€> f(€*). 


20. Vere = le f(yn) + YIU) + MUNOZ. + PU) en) + 
The Legendre transformation « = w;, y = tw; —w leads to a linear equation: 


ww 


Wie =—P(wy — [FO + tg@O]w;, + gw — hd). 


2. oe = ef (ry, - WU) + rg(ey, -— WUee)* 
The Legendre transformation «= w}, y=tw;—w leads to the eauanon wip=—t Cw)wz wie - 
g(w)w) (wy, jk Lowering its order with the substitution z(w) = wi (2), = wi,/w;), we 
have a Bernoulli equation: z/,, =—f(w)z—- gw)ze*., 


3.5.5. Other Equations 


wy 


3.5.5-1. Equations of the form F(a, y, y/,. yy + G(X, Y, Vis Yen) = 02- 


1 yn = = f(y” ). 
ae in parametric form: 
=f dt, X. t dt, ty to dty 
a ft)’ 9° Je, Ft) Jos Fey 


2 Vio = SY)YLIV ee)» 
Integrating the equation and substituting w(y) = sy.) we arrive at a first-order equation: 


fdy+C, where €=w’'. 
eo g(&) = ’ 
Solving this equation for Wy we obtain a separable equation. 


3. Wee = FY)GY RU en) 
The substitution w(y) = $(y/,) leads to a second-order equation: 


= f(yp(w)h(w;), where pejeeen) 
V2w 


whose solvable cases for some functions f, g, and h are outlined in Section 2.7. 


4.0 Yow = fey, - YIU re)» 
The Legendre transformation 7 =w}, y=tw}—w, where w = w(t), leads to an equation of 
the form 3.5.5.2: wi, =—f(wywig(d/wi (wi). 


a 


5. Ye +t Une = Fey, — VG(EYZ»)» 
The substitution w(x) = xy!,—y leads to an equation of the form 2.9.4.36: w/!!, = f(w)g(wi,). 


6 yn, = S(a)g(w?y%,, — 2xy’, + 2y). 
The substitution w(«) = 27y'!,, —2ay!, +2y leads to a first-order separable equation: w!, = 


a? f(x)g(w). 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


yt = Yalow lus _ wer) +( 2) g( 2) 


The transformation t = y’,/y, w = y'.,/y leads to a first-order separable equation: w; = 


fg). 


ws / uw 
Vowe = F(®, Yas Yee) 
The substitution u(x) = y!, leads to a second-order equation: wu’, = F(x, u,ul,). 


awn 


Vrwa = EUs Vins Vow) 

Autonomous equation. The substitution w(y) = (y.) leads to a second-order equation: 
Wyy =t—=F (y, t+Vw, Fw). 

Yoow = YFYS/Y You/Y)- 

This is a special case of equation 3.5.5.9. The transformation ¢ = y/,/y, w = y%,/y leads to 
a first-order equation: (w— tw} =-tw+ F(t, w). 


y= a3 Fak y, aktly! , ghty!! ), 
Generalized homogeneous equation. The transformation t = Ina, z = «*y, followed by the 


substitution w(z) = (ey: leads to a second-order equation: 
wl, =43(k+ lw !/2w! — 6k? — 12k -—4 + 2k(k + Dk + 2)2w7/? 
+2wl? F(z, tw? —kz, dwl F (2k + lw? +k(k+ 12). 


an 


Yoon = yt F(a*y™, xy! /y, 2'yy,/Y)- 
Generalized homogeneous equation. The transformation t = x*y™, z= ay/,/y leads to a 
second-order equation. 


an 


Vrwe = Ye Fey, /Y, 2°Y/Y)- 
This is a special case of equation 3.5.5.12. The transformation z= xy!,/y, w = ay", /y 
leads to a first-order equation: (w+ z—- zw), =2w—-zw+F(z,w). 


an 


/ uw 
Youn = F(&, LY, -Y> Vax) 
The substitution z= ry!,—y leads to a second-order equation: x2", = 2/,+a°F (a, z, z!,/2). 


Yowa = SL, Vrm + Yn t+ Y) + Y- 
The substitution w = y+ y/,+y leads to a first-order equation: w!, = f(z,w)+w. 


an 


Youn = f(x, UL. is y!, + y) —Yy. 
The substitution w = y”,,—y/, +y leads to a first-order equation: w!, = f(z, w)-—w. 


wn 


Yoww = F(@,Y, Ys Vow): 
The Legendre transformation x = w;, y = tw; —w leads to the equation 
wi, =F (w;, tw, —w, t, 1/wi)(wy)?. 


mw aw ey 
a * 


Yoon = YolUVrn —¥ 
1°. Particular solution: 
y = C, exp(C3x) + Cy exp(—C32), 
where the constants C, C', and C3 are related by the constraint Ch =F, (4C, C2C3). 
2°. Particular solution: 
y = Cy cos(C3x) + C) sin(C3x), 
where the constants C, C’, and C3 are related by the constraint C' : +f (0 ; + C2)C3) =0. 
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mt aw ie 


19, yy UL) = fy, — UD) 
1°. Particular solution: 
y = C exp(C3x) + Cy exp(-—C32), 
where the constants C, C2, and C3 are related by the constraint 40 0,CF}+ f(4C; CC3) =0. 


2°. Particular solution: 


y = C) cos(C32) + Cy sin(C3z), 
where C1, C>, and C3 are related by the constraint (C? + C3)C3 + f (-(C7 + CZ)C3) =0. 


1 re Ax Az,,/ Ax, JI 
20. Yann =O Flee*y, e°° ys CO" Vaan) 


The substitution z = e*”y leads to an autonomous equation of the form 3.5.5.9: 
mw " 2 sh 3 ! " ! 2 
Lng ~ 3AZuq t3A° Zz — NZ = F(R, 2%, — AZ, Fagg —2AZy, + A°Z). 
wm Xr» , a” 
2. Yoon = YF (EY, Yo /Y> Vou! Y) 
Equation invariant under “translation—dilatation” transformation. The transformation 


z=e*y, w=y/',/y leads to a second-order equation: 


Pw trAPull, + 2(w + Awl) + 2(w t+ AH(4w + Aw! +w? = F(z, w, zw + Aw! +’). 


mt -3 U 2, 
22,0 Youn =U F(a e4, LY. 2 View) 
Equation invariant under “dilatation—translation” transformation. The transformation 


z=2™e, w= ay! +m leads to a second-order equation: 


2 
ww, + 2w(wl) + zww!, -32zww) + 2w-2m= F(z, w-m, zww),—w+m). 


3.5.5-2. Equations of the form F(a, y,y1., yin. Yen) = 0. 


LLL 


an 


23. YY sew — Yeon = TF UY eee) + GV ewe) 
Particular solution: 
y= ta" + Op + C3x + C4, 
where the constants C), C, C3, and C4 are related by two constraints 
20,C3 — CZ = 3f (C1), 
3071 C4 — C'2C'3 = 3g(C4). 
Here, C’3 and C4 are defined in terms of two arbitrary constants C’; and C}. 


Particular solution: 
y= Ca" + 4C 207 + C3x + C4, 


where the constants C), C2, C3, and C4 are related by two constraints 
30103 — $03 = Ci f(C1) + g(C)), 
C104 — $02C3 = Co f(C1) + A(C)). 
Here, C’3 and C4 are defined in terms of two arbitrary constants C’; and C}. 
25. F(a, yy es UU ne — YeVinw) = 0. 
The substitution w = yy”, — (y/,)? leads to a first-order equation: F(z, w,w’,) =0. 
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26. 


27. 


28. 


29. 


30. 


31. 


32. 


awn 


F( yo /Ys YY ee — (Ys Vere Vins UY ecw ~— Vien)”) = 0. 

1°. Particular solution: 
y = C, exp(C3x) + Cy exp(—C32), 
where the constants C), C', and C3 are related by the constraint 
BC; 40,C2C3, Ce. -4C;C2C3) =0. 
2°. Particular solution: 
y = Cy cos(C3x) + C) sin(C3z), 
where the constants C), C', and C3 are related by the constraint 
F (-C3, (Cf + C3)C3, -C3, (Cf + CZ)C3) =0 
a a Ls 

r (=, Y, - 9, === ) =0. 
Particular solution: 


y = C; exp(C22) + C3, 


where C’; is an arbitrary constant and the constants C’) and C are related by the constraint 


F(C,,-C2C3, Cz) = 0. 


a a 
F (7222 + Ya yo! Zee ) = 0. 
Ye Ue 
A solution of this equation is any function that solves the following second-order autonomous 
equation of the form 2.9.1.1: 
Yeo =Ciy + C2, 
where the constants C' and C) are related by the constraint F\(aC,-aC}) = 0. 


an a 


y y. 
F (22 + y/l,, e¥=22) =0. 
UE Un 


A solution of this equation is any function that solves the following second-order autonomous 
equation of the form 2.9.1.1: 

Yor =Cyie ¥+C), 
where the constants C'; and C) are related by the constraint F\(Cz,-—C) = 0. 


an 


1 Wee ” cs Youu _ 

F ec rn | = 0, 
Py Ye Py Ye 

A solution of this equation is any function that solves the following second-order autonomous 

equation of the form 2.9.1.1: 


p = ply). 


= Cip(y) + Cr, 
where the constants C'; and C) are related by the constraint F(C,, Cy) =0. 


FY! 5) CY ey — Yigs 2YV oe — Yio Vnve) = 0 
Particular solution: 
y= Ca? + Cyx a C3, 


where the constants C, C2, and C3 are related by F(2C), -—C2, 4C,C3 - Ce. 0) =0. 
Fyn gs TY Ys Vey ay +2y),, ye! —3a7y” + ory’, - 6y) = 0 
Solution: 

y= Cia + Ca? + C3x + C4, 


where the constants C), C', C3, and C4 are related by F'(6C1, —2C, 2C3, -6C4) = 0. 
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Chapter 4 
Fourth-Order Differential Equations 


4.1. Linear Equations 
4.1.1. Preliminary Remarks 


1°. A nonhomogeneous linear equation of the fourth order has the form 
fsYccca t+ Yee AYret fiYet foy=9(@), fr = furl). (1) 


Let yo = yo(x) be a nontrivial particular solution of the corresponding homogeneous equation (with 
g =0). Then the substitution 


y=yo(x) | xa)de 2) 


leads to a third-order linear equation: 
fayor!" + (A fay + fayo)z" + (6fayo + 3.fayo + fryo)2’ + (4fayo' + 3f3y0 +2 fryo + fiyo)2 = 9, 
where the prime denotes differentiation with respect to x. 


2°. Let y; = y(@) and yo = y2(xz) be two nontrivial linearly independent particular solutions of 
equation (1) with g = 0. Then the substitution 


y= | ywde-m [ yw de 
leads to a second-order linear equation: 
fadiw" + Bfadr + frdiyw' + [fa(SA3 + 2€) + 2f3A.+ frArlw =g, 
where 
Av=yy-myr, Ar=yip-yyz, Azs=yi"p-yys"s €= My —WY2 
See also Subsections 0.4.1 and 0.4.2. 


4.1.2. Equations Containing Power Functions 


iE 


4.1.2-1. Equations of the form fa()yyrac + fo(@)y = g(2). 


we 
1. Verne 


1°. Solution for a = 0: 


+ay =0. 


y=C + Cr+ C3x* + C42". 
2°. Solution for a = 4k* > 0: 
y =C,coshkx coska + Cy coshkaz sink + C3 sinhkx coskx + Cy sinhkz sin ka. 
3°. Solution for a = —k* < 0: 
y=C\coska+C)sinkx+C3coshka + Cy sinhka. 


2. mn + dy =an> + ba*+cx +5, A#0. 


Vowun 
1 
Solution: y = 5 (ax + ba +cx+ s)+ w(x), where w(x) is the general solution of equation 


4.1.2.1: wi" +rAw =0. 


LLL 


© 2003 by Chapman & Hall/CRC 


10. 


11. 


12. 


13. 


wt 
Yevvn 


This is a special case of equation 5.1.2.3 with n = 4. 


=aryt+b. 


7 B 
VYeann — AU" Y- 


This is a special case of equation 5.1.2.4 with n = 4. For @ = —2, -4, —6, —8, and —9, see 
equations 4.1.2.5, 4.1.2.6, 4.1.2.7, 4.1.2.8, and 4.1.2.12, respectively. 
The transformation x=t~!, y=ut™ leads to an equation of the same form: u//!!,=at?*u. 


2,00 _ 
© Venee = 2Y- 


This is a special case of equation 5.1.2.6 with n = 2. 


4,0 _ 
© Venee = 2Y- 


Solution: 
y=COye" +O oa 4+C0304+Cyx", kia= 3+ (3+ at+l1 ee k34= 3+ (3- Vat l Nae 


6,4 
7 Vouae = ay. 
This is a special case of equation 5.1.2.7 with n = 2. 
8,4 
_ Vouan = ay. 
The transformation xz = t!, y = wt leads to a constant coefficient linear equation of the 


form 4.1.2.1: wii, = aw. 


(ax + b)*(cx + d)ty”" = ky. 


LELLE 


: ax+b . : 
The transformation € = In| , We = leads to a constant coefficient linear 
; cx+d (cx + d) 
equation. 
2 4 
(ax* + bx +c)*y!" = ky. 
dz y 


The transformation = / Soo OT Leads to a constant coefficient 
ax? +br+c (ax? + bx +.c)3/2 

: bs 5 9 72 = _ 72 

linear equation: wegeg — 7Dwe, + (4.D*-—k)w=0, where D = 6? — 4ac. 


(ax + b)?(cx + d)°yl"". = ky. 

EE she yee 
ca +d’ (cx + d)3 
Owltee =kA*w, where A = ad-be. 


The transformation € = leads to an equation of the form 4.1.2.5: 


9,0 = 4 
LY eee = ay + bx". 


The transformation «=t"!, y=wt™ leads to an equation of the form 4.1.2.3: 4wt=atw+tb. 


(ax + by yl” 


LELLE 


=(ca+d)y. 
cxot+d 

> w= ———— 
ax+b (ax + b)3 
Weeee = A“éw, where A = ad- be. 


The transformation € = leads to an equation of the form 4.1.2.3: 


4.1.2-2. Equations of the form fa(x)ylt. + fi(a)y!, + fo(a)y = g(a). 


14. 


LLLIXL 


wt 
Vounn 


This is a special case of equation 4.1.2.41 with a2 = a3 = 0. 


+ay!, + by =0. 
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15. 


16. 


17. 


18. 


19, 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


a 
Vounn 


This is a special case of equation 4.1.2.25 with n = 1. 


+ 2ay!,-a*x’*y = 0. 


wt 
Vounn 


This is a special case of equation 4.1.2.25 with n = 2. 


+4azy’, + (2a-a7x*)y = 0. 


a 
Veuve 


This is a special case of equation 5.1.2.35 with n = 4. 


+ (aya + bi)y’, + (ara + bz)y = 0. 


at 
Vornn 


The substitution w = y”",, — avy!, + by leads to a second-order equation of the form 2.1.2.31: 
wi tarw', + (2a-b+a’2’)\w =0. 


+ ax(2b-3a-a7x”)y’ + b2a-b + a*x*)y = 0. 


wt 
Vornn 


For b = 0, a particular solution is: yo =x. The substitution z= xy! —y leads to a third-order 
linear equation. 


+azr*y’ —ax*ty = br”. 


a 
Vounn 


For b=0, a particular solutionis: yo =x. The substitution z=ay/,—2y leads to a third-order 
linear equation. 


+azr*y’ —2ax*1y = br”. 


a 
Vounn 


For b=0, a particular solutionis: yo =2>. The substitution z=ay!,—3y leads to a third-order 


linear equation: 2)” +axr*z = bx"! (for b = 0, see 3.1.2.7). 


+axr*y’ —3ax*y = br”. 


a 


yu taxty’ +aka*y = br”. 


Integrating yields a third-order linear equation: y'//’., + ary = 


nt+1 


yu taxty’ +a(k +3)a*y = 0. 


The transformation z = t"', y = wt? leads to an equation of the form 4.1.2.22 with b = 0: 


wit, tct™w, +cmt”™|w =0, where c=-a, m =-k-6. 


yur t ox*y’ —a(a> + br")y = 0. 


This is a special case of equation 4.1.6.4 with f = ba*. 


-1,/ 


=2 2 
Wo ann” y, + aln(n - Da” -aa" ly = 0. 


Vounn 
The substitution w = y!,,+aa"y leads to a second-order equation of the form 2.1.2.7: 
wi, —ax”w =0. 

a 
Vounn 
Particular solution: yo =ax+b. 


+ (ax + b)x*y’ -ax*y = 0. 


wt 
Vounn 


Particular solution: yo = (ax + b). 


+ (ax + byx*y! -2ax*y = 0. 


wt 
Vounn 


Particular solution: yo = (ax + b) : 


+ (ax + byx*y’ -3ax*y = 0. 


a 
Vounn 


Particular solution: yo =e 


+(axz* + b*)y’ + abr" y = 0. 
bx 


we k+1 
7] 


TU eee + ax ar [a(x + 1a* +X+ 4]y = 0. 


/ 
xe 
Particular solution: yo = xe”. 
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4.1.2-3. Equations of the form fa(x)yn. + olay, + fi@ys, + fo(@)y = g(a). 


31. 


32. 


33. 


34. 


35. 


36. 


LLL 


a 
Vounn 


Solution: y = { 


+2ay”, +a’y = 0. 
(C, + Cox) cos(kx) + (C3 + C42) sin(kx) if a=k?>0, 
(C, + Cyx) exp(kx) + (C3+Cyx)exp(-kx) if a=—k? <0. 


a 
Vounn 


The case a = 6 is givenin4.1.2.31. Let ab. 


1°. Solution for a = a? >0, b= 6? > 0: 


+(a+ by!’ + aby =0. 


y = C; cos(ax) + C2 sin(ax) + C3 cos(Bx) + Cy sin(Bx). 
2°. Solution for a =a? >0, b=—* <0: 
y = C; cos(ax) + Cy sin(ax) + C3 exp(Bx) + Cy exp(-Gz). 
3°. Solution for a =—a? <0, b= 6? >0: 
y = C) exp(az) + Cy exp(—ax) + C3 cos(Bx) + C4 sin(Bz). 
4°. Solution for a =—a’ <0, b=—§? <0: 


y = C) exp(ax) + Cy exp(—ax) + C3 exp(Gx) + C4 exp(—G2). 


yer tay, + bay’! +bna™y =sz™. 
: : : : F s 
Integrating yields a third-order linear equation: y', tay), + bx"y = 7 ptt Cy 
m 


a 
Vounn 


This equation arises in the turbulence theory. Setting z(z) = y 
second-order linear equation of the form 2.1.2.12: 


—2a7y"”, + a4y- A(ax - by”, —a’y) = 0. 


HW 


2 . 
az 7 @ Y, one obtains a 


zt —a’z— Naz —b)z=0. (1) 
Let the following boundary conditions be given: 
y(0) = y,(0)=0, yC)=y,(1) =, (2) 


The solution of the original equation satisfying the first two conditions in (2) can represented 
as: 
x x 
2ay = e°* ¥: e**zdx-e** | e** z dx. 
0 0 


To meet the last two conditions in (2), one should take the solution of (1) that satisfies the 


1 1 
integral relations fs e “zdx= i ee zdxz=0. 
0 0 


wt 
Vornn 


Particular solution: yo = ax’ +b. 


+ (ax’ + b)y”’, -2ay = 0. 


Yee tarry!’ + ax” — b)y = 0. 
1°. Particular solutions with b>0: y; = cos (avo), Y2 = sin(avVb). 
2°. Particular solutions with b<0: y,; = exp(-—zv —b ) , Y2 = exp (av —b Ms 


The substitution w = y,, + by leads to a second-order linear equation: w”,,+(aa"—b)w =0. 
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a n+l, n,J n-1,, _ 
37. Vinee taU"”™ YY), —4axr"y, + 6axr"y = 0. 
2 2, 


Particular solutions: y;= 27, y.=2°. The substitution w =z yl, —4ay!, + 6y leads toa 
second-order linear equation of the form 2.1.2.7: w!!,, +ar”""!w =0. 


38.0 yf + W0axy”, + 10anz”"y! + [an(n- Da”? + 9a7x" Jy = 0. 


This is a special case of equation 4.1.6.25 with f =az”. 


39. sine + (ac” + by!’ +abxr"y = 0. 


Youn 


1°. Particular solutions with b>0: y, =cos (avo), Y2 = sin(xvb). 
2°. Particular solutions with b<0: y; = exp(-—zv —b ) , Y2 = exp (av —b a. 


The substitution w = y'!,, + by leads to a second-order linear equation of the form 2.1.2.7: 
wi, tax"w =0. 


40. ay’! — 2(ax* + Oy”, + a(ax* + 4)y = 0. 


Particular solutions: y, = a? jy (a/a), yw = a ?Ki (e/a), where I; /.(z) and 
K\/2(@) are the modified Bessel functions. 


4.1.2-4. Other equations. 


N.Y a t 3 nnn + O2Y,,, + ary, + any = 0. 
A fourth-order constant coefficient linear equation. For ag = 0, the substitution w(x) = y/, 
leads to a third-order equation. Let a9 #0 and P(A) = M + a3X3 + and? +a, +4 ag be the 


characteristic polynomial. 


1°. Let P be factorizable, so that P(A) = (A—A1)(A—A2)(A—A3)(A—A4), where Az, Az, A3, 
and A, are real numbers. The following cases are possible: 


a) A, are all different, then 


Ayx Ax 


y =Cye™* + Cre + C3e™* + Ce; 
b) Ay = A2; A3 and A4 are different and not equal to \,, then 
y = (C1 + Cox)e™* + Cze” + Cye™*; 
c) Ay = Ap = Az ¥ Ag, then 
y=(Cy + Cor + C3x7)e™* + C4e™*; 
d) Ay =A. = A3 = Aq, then 
y =(C1 + Cyr + C32 + Cyax7)e™". 


2°. Let P(A) = (A= Ay)(A— Ad)? + 20; + bo), where A; and A> are real numbers, and 
bt — bo < 0. The following cases are possible: 


a) A, # Ao, then 


A\x Ax 


y = Cye™® + Cye®* +6 [C3 cos(ux) + Cy sin(ur)], p= Vbo— bi; 
b) Ay = Ao, then 


y=(Cy + Cpe’! +E "7 1C,; cos(pr)+ Cy sin(ur))], p= Vbo- bi. 
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3°. Let us assume that P(A) = (A? + 201A + bo)(X* + 281A + Bo), where be — bo < 0 and 
3? — Bo <0. The following cases are possible: 


a) (b; — B,)? + (bo — Bo)” #0, then 


y =e" [C; cos(par) + Cy sin(ux)] + e *1C3 cos(vx) + C4 sin(vx)], 


where pp = \V/bo — bf, v = V Bo — 82; 


b) 6; = 1, bo = Bo, then 
y =e?! [(C, + Cox) cos(px) + (C3 + Cyx) sin(ux)], p= V bo — df. 


42,0 yr an tary.” + 6a7x7y" , + darxry’ +ataty = 0. 


4 
Solution: y = >> CyexpOyiz - 4ax’), where the A; are roots of the biquadratic equation 
i=l 


M — 6a + 3a? = 0. 


43. my tart by”  +[bat+ox+cly, +becxry! —b’cy = 0. 


Veuwn LEE 
ba 


Particular solutions: yj; =2, y2=e— 
n, tt 


44,0 yf = any’ + by), -abx"y. 


Particular solutions: yx =exp(A,.2) (K=1, 2, 3), where the A, are roots of the cubic equation 


M-b=0. 
45. yf" + an Syl! - Zar y"" + bar" hy’ -6ax”y = 0. 


Particular solutions: y,;=2, y2=2*, y3=2°. The substitution w=a7y!"_.—3x7y"!_+6xy!,—6y 
leads to a first-order linear equation: w!, +axz"w =0. 


46.0 yf) tarry! t+ ba™ ty”! — bay’ + 2be™y = 0. 


Vounn Lee 
Particular solutions: y;=2, y)=2°. The substitution w = xy! —2ay!,+2y leads toa 
second-order linear equation: zw”, + (az! — 2)wi, + ba™?w = 0. 
at n, IW 
47. Vouae + ax Youn 


1°. Particular solutions with c >0: y, =cos (a/c), yo = sin (a/c). 


+ba™y! +acey’, + c(bx™ —c)y = 0. 


2°. Particular solutions with c<0: y; =exp (-a =¢), y= exp(a/-c). 
The substitution w=y',,,+cy leads to a second-order equation: w!),, tax” w!,+(ba™ —c)w =0. 


48. yf tary”  t+(ba™ +o0)y, taca”y,, + bex™ y = 0. 


1°. Particular solutions with c >0: y, =cos (a/c), yo = sin (aye): 
2°. Particular solutions with c<0: y, =exp (-x —C ) »y= exp(a/—c a 
The substitution w=y/",,+cy leads to a second-order linear equation: w!!,,+az"w!,tbz™w=0. 


ws 
Lee 


49, xy toy, tary =0. 
The substitution w(x) = zy leads to a constant coefficient linear equation of the form 4.1.2.1: 


wy -_ 
Wrare taw =0. 


50. «yr, Any, tary =0, n=1, 2,3,... 
Solution: y =24"3(23D)"(a3w), where D = t and w = w(2) is the general solution of 


a linear constant coefficient equation of the form 4.1.2.1: wif", +aw =0. 


© 2003 by Chapman & Hall/CRC 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


2,0 wt aw 2. — 
zr Vowan + 6LY ee + OY nn -aQy= 0. 


Equation of transverse vibrations of a pointed bar. 
1 
Solution: y = VE [CJ (2Vaz ) + OhYi (2Vaz ) + C31, (2Vaz ) + Ck, (2Vax )] ; 


where J,(z) and Y\(z) are the Bessel functions, and [,(z) and K,(z) are the modified Bessel 
functions. 


wy tat 2)aye + (at I(a+2)y”, - bty = 0. 
Solution: y=2~*/?[O, Jq (2b) + OrYq(2b/z ) +C31q (2b/z ) +C4 Ka (26/2 )], where 
Ja(z) and Y,(z) are the Bessel functions, and [,(z) and Ka(z) are the modified Bessel 


functions. 


2,0 wt aw 2 
LY oe t 8 nee t12yZ, tary = 0. 


The substitution w(x) =2y leads to a constant coefficient linear equation of the form 4.1.2.1: 


ww = 
Wrrae taw =0. 


2,40 wm wa 3 
LY oe t 8 nee t12y,, =axry + b. 


wy 


naee = Otw + b- 


The substitution w(x) = «7y leads to an equation of the form 4.1.2.3: w 


ey tary! + (ba + 0)y”, + (a-4)ba y’, + (ce -2a+6)x”y = 0. 
The substitution w(a) = ay. +(a—4)ay!, + (c—2a+6)y leads to a second-order equation 
of the form 2.1.2.7: wi, + bz" w = 0. 


3,0 ” , Cans eee 
L\ nae t 2 2 ~2U se t+ YU, -aU Uy = 9. 


Solution: y = C, Jo(ax) + CrYo(ax) + C3Io(ax) + CyKo(ax), where Jo(z) and Yo(z) are the 
Bessel functions, and Jo(z) and Ko(z) are the modified Bessel functions. 


2,/u 
Yow 


+ Apa?y” + Ary’, + Any = 0. 


3, 


4,0 
Youn 


LY nae + A3x 


The Euler equation. The substitution ¢ = In |z| leads to a constant coefficient linear equation 
of the form 4.1.2.41: yi, +(A3—6) yi, + (11 -3.A34 Ardy) +(2A3—-A2+ Ai —6)y; + Aoy = 0. 


way + 2a yl! — (2a? + Ia?y” + (2a? + Day’, - [b*x* -a*(a? - 4)]y = 0. 

This equation governs free transverse vibration modes of a thin round elastic plate. The 
equation arises from separation of variables in the two-dimensional equation AAw—b*w =0, 
where A is the Laplace operator written in the polar coordinate system, with x being the polar 
radius. 

Solution: y = Ci Jq(bx) + CrYq(bx) + C3lq (bx) + C4Kq(bx), where Jg(z) and Yq(z) are 
the Bessel functions, and J,(z) and K,(z) are the modified Bessel functions. In applications, 
one usually sets a =n, where n =0, 1, 2,... 
© The solution is specified by Popov (1998). 


aryl! —an(n + Vax?y” + 4n(n+ Day! + [art + n(n + Din + 3)(n-2)ly = 0. 


Here, n is a positive integer and a #0 (for a = 0, we have the Euler equation 4.1.2.57). 
4 
Solution: y =z” >> CLexp(\,2)P,(«), where the A, are four different roots of the 


v=1 
equation \*++a=0, and P,(2x) is some definite polynomial of degree < 4n. 


aryl + 2(2-nycry! +(1-ny2—-n)a?y", - ata” y = 0. 


Solution: y= VZ[C1J1n()+C2¥ i n(O+ Cali n(O+CsK 1 n(O], where €=2(a/n)x"/?; 
J,(€) and Y,(€) are the Bessel functions, and J,(£) and K,(&) are the modified Bessel 
functions. 
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61. ty!!! +605 y’! + [4044+ (7-07-b*)x7]y”_+0(16r7+1-a?-b*)y’, +(827+07b*)y =0. 


Youn 
Solution for ab #0: y= CJ, (a) JL (@) + Crd (@)Y(@) + C3Y (a) JL (2) + Ca¥, (2) Y_(2), 
where J,,(x) and Y,,(x) are the Bessel functions; 2 = (a +b)andv = +(a —b). 
62, byl! + 4a’ yl”” = ay. 


wy 


The substitution w(x) = zy leads to an equation of the form 4.1.2.8: 28w!!”’ 


=aw. 


4.1.3. Equations Containing Exponential and Hyperbolic Functions 


4.1.3-1. Equations with exponential functions. 


ws 
1. Venue 


+a°y! + be" (a? — be*)y = 0. 
The substitution w = y”,, + ay! + be*”y leads to a second-order linear equation of the form 
2.1.3.10: w'!,, -—aw!, + (a? — be®)w = 0. 

2. Ye t ae**y’, + are>*y = be". 


Integrating yields a third-order linear equation: y!”.,, + ae*”y = bu te"” +C. 


BN BN 4,, — 
3.0 oy tae *y’, —(abe™ + b*)y = 0. 
Particular solution: yo =e°*. 
BN DX 2r = 
4 in tare *y’, + a(A*e** — ae** )y = 0. 


The substitution w = y!",,+ae*”y leads to a second-order linear equation of the form 2.1.3.1: 
wi, —ae"w = 0. 


5 a 
. 


Yur ig t (aer®” + b*)y’ + abe**y = 0. 
Particular solution: yo =e". 
6 of". + (ax + be**y’, —aer*y = 0. 


Particular solution: yo =az+. 


wa 
7. Veuwe 


+ (ax + bje**y! —2ae*”y = 0. 


Particular solution: yo = (ax + b). 


8. Uoces + (ax + ber" y', = 3ae>*”y = 0. 


Particular solution: yo = (ax + b) : 


9. mn taer*y” —b(ae** + by = 0. 


Vooun 

1°. Particular solutions with b>0: y, = exp(-rvb), Y2 = exp(zvb). 

2°. Particular solutions with b <0: y, =cos (av —b), Yy2 = sin (av —b). 

The substitution w = y'!,, — by leads to a second-order linear equation of the form 2.1.3.2: 


wi) + (aer” + byw =0. 


10.0 yl! + (at ber*)y”, + abe**y = 0. 
1°. Particular solutions with a>0: y, =cos (a/a), Yy2 = sin(a/a). 
2°. Particular solutions with a <0: y) = exp (-x =a), Yo = exp (x —a ). 


The substitution w = y/!,,+ ay leads to a second-order linear equation of the form 2.1.3.1: 
wi + be*w =0. 


© 2003 by Chapman & Hall/CRC 


1. yl! + 10ae*y”, + 1Ware**y’, + 3are%* + 9a7e*)y = 0. 
This is a special case of equation 4.1.6.25 with f(x) = ae>*. 
BN d 
12,0 yr tay,” + be**y’ + abe**y = 0. 


Particular solution: yo =e°”. 


13,0 yl! = aer*y”” + by! —abe**y. 
Particular solutions: yz = e9r® (k = 1, 2, 3), where the (, are roots of the cubic equation 
B-b=0 

14.0 yf et ary” | + beh? y+ ace**y’ + c(be"® —c)y = 0. 


1°. Particular solutions with c>0: y, =cos (a/c), Y2 = sin(a/C). 
2°. Particular solutions with c<0: y, =exp (-x —C ) > y2 =exp (a./=c ys 
The substitution w=y’",,+cy leads to a second-order equation: w",,+ae**w!,+(be“”—c)w=0. 


we Ag, IM 
15. + ae Yy ne 


Vesue + (be4® + cy’! +ace*”y’ + beet*y = 0. 


1°. Particular solutions with c >0: y, =cos (a/c), Y2 = sin(z/Cc). 
2°. Particular solutions with c<0: yi =exp (-x —C ) > y2 =exp (a./=c Me 
The substitution w = y’,, + cy leads to a second-order equation: w’!,, + ae**w’, + be” w =0. 


16. yl! tarerry”  —-3ar7er*y"” + b6axe*”y’ -bae>*y = 0. 


Particular solutions: y,;=2, y2=27, y3=2°. The substitution w=23y!"),,-3a7y!"_ +6ay',—6y 
leads to a first-order linear equation: w!, + axe*"w = 0. 


17, wy"  +axre*y’ —[a(a+Der** + a+ 4]y =0. 
Particular solution: yo = xe”. 

18. (ae” + byyl"" = ae*y. 
Particular solution: yo = ae* +b. 


we 
LELLE 


19. (ax™ + be” +co)y = be” y, m = 1, 2, 3. 


Particular solution: yo = az” + be” +c. 
20. (ax”™e® + by.” = by, m =0, 1, 2, 3. 
Particular solution: yo =ax”™ +be™. 


1. m+ bexp(Ax”) Ys + a[bexp(Ax”) - aly = 0. 


Vounn 


This is a special case of equation 4.1.6.20 with f(x) = b exp(\x”). 


22. my [a+ bexp(Ax”)]y", +ab exp(Ax”) y = 0. 


Vounn 


This is a special case of equation 4.1.6.21 with f(x) = b exp(Ax”). 


4.1.3-2. Equations with hyperbolic functions. 


23. yf"! +asinh” (Ax) y/, + b[a sinh” (Ax) - B*]y = 0. 


Venue 
ba 


Particular solution: yo =e” 
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24. m4 [asinh”™(Ax) + b*]y’, + absinh” (Ax) y = 0. 


Vouen 
Particular solution: yo =e °*. 

25. oy, t (ax + b)sinh”(Ax)y’!, - a sinh” (Ax)y = 0. 
Particular solution: yo =az+b. 

26. yy t (ax + b)sinh”(Ax)y’ - 2a sinh”(Ax)y = 0. 


Particular solution: yo = (ax + by. 


27. yy i t (ax + b)sinh”(Ax)y’, - 3a sinh”(Ax)y = 0. 


Particular solution: yo = (ax + b) : 
28. oy t Osinh” (Ax) y’), + a[bsinh” (Ax) - aly = 0. 
This is a special case of equation 4.1.6.20 with f(x) = 6b sinh” (Az). 
29, yy ae tliat bsinh”(Ax)]y%,, + ab sinh” (Ax) y = 0. 
This is a special case of equation 4.1.6.21 with f(z) = 6 sinh” (Az). 
30. (ax™ + bsinh x)y?” = bsinh x y, m =1, 2, 3. 
Particular solution: yo =az™ +bsinha. 
31.0 of". tacosh”(Ax) y’, + ba cosh”(Ax) — b*]y = 0. 
Particular solution: yo =e °*. 
32, yf! + [acosh”(Ax) + b*]y’, + abcosh”(Ax) y = 0. 
Particular solution: yo =e °*. 
33. oy, t (ax + b) cosh” (Ax)y;, — a cosh” (Ax)y = 0. 


Particular solution: yo =az +b. 


34,0 oy!" t (ax + b) cosh” (Ax)y’, - 2a cosh”(Ax)y = 0. 


Particular solution: yo = (ax + b). 
35. oy, t (ax + b) cosh” (Ax)y/, - 3a cosh” (Ax)y = 0. 

Particular solution: yo = (ax + by : 
36. yf, t bcosh” (Ax) y!!, + albcosh” (Ax) - aly = 0. 

This is a special case of equation 4.1.6.20 with f(x) = b cosh” (Az). 
37. oy in tla t beosh”(Ax)]y"", + abcosh” (Ax) y = 0. 

This is a special case of equation 4.1.6.21 with f(x) = b cosh” (Az). 
38. (ax™ + beoshx)y’/” = beoshz y, m = 1, 2, 3. 

Particular solution: yo =axz™ +bcoshz. 
39, oy en =U taly!, cosh x - y sinh x). 

The substitution w = y’, cosh x — y sinh leads to a third-order linear equation. 
40. yf an = y tay’, sinh x — y cosh x). 


The substitution w = y/, sinh z— ycoshz leads to a third-order linear equation. 
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4. yf” + atanh”(Az) y!, + ba tanh”(Ax) — by = 0. 


Vowun 

Particular solution: yo =e °*. 
42, yf + [atanh”(Ax) + b*]y!, + abtanh” (Ax) y = 0. 
ba 


Particular solution: yo =e” 


43,0 yf" t (ax + b) tanh” (Ax)y!, —a tanh” (Ax)y = 0. 


Particular solution: yo =az+b. 


44. m4 (ax +b) tanh” (Ax)y’, — 2a tanh” (Ax)y = 0. 


Veuve 


Particular solution: yo = (ax + b). 


45,0 yf", t (ax + b) tanh” (Ax)y!, - 3a tanh” (Ax)y = 0. 


Particular solution: yo = (ax + by . 


46.0 yf", + btanh” (Ax), + a[b tanh”(Ax) — aly = 0. 


Vounn 


This is a special case of equation 4.1.6.20 with f(«) = b tanh” (Az). 


47, oye tla + btanh”(Ax)]y’/, + ab tanh”(Ax) y = 0. 


Vounn 


This is a special case of equation 4.1.6.21 with f(«) = b tanh” (Az). 
48. yf’ + acoth”(Az) y, + bla coth”(Ax) - b’]y = 0. 

Particular solution: yo =e". 
49, yf!” + [acoth”(Ax) + bly’, + abcoth”(Ax) y = 0. 

Particular solution: yo =e °*. 
50. sine + Ocoth”(Ax) y!! + a[bcoth” (Ax) - aly = 0. 


Vounn 


This is a special case of equation 4.1.6.20 with f(«) = bcoth” (Az). 


51. vine + 1a + beoth”(Ax)]y%, + abcoth” (Ax) y = 0. 


Youn 


This is a special case of equation 4.1.6.21 with f(x) = bcoth” (Az). 


4.1.4. Equations Containing Logarithmic Functions 


1 wn 
. 


yur taln* xy’ -(abIn* z + b*)y = 0. 
Particular solution: yo = e°*. 

200 yt! + (ax +b)In*(Az)y! —aln*(Ax)y = 0. 
Particular solution: yo =az+b. 

30 oy! + (ax +b)In*(Az)y’, —2aIn*(Ax)y = 0. 
Particular solution: yo = (ax + b). 

4.0 yl! + (ax +b)In*(Az)y’, —3aln*(Ax)y = 0. 


Particular solution: yo = (ax + b)°. 
5. ey + 2axry’, -a[l+ aa? In?(bx)]y = 0. 


The substitution w = y/,, +aIn(bx) y leads to a second-order equation: w’,,-—aln(bx)w =0. 


© 2003 by Chapman & Hall/CRC 


6. mag In® (Ax) Yoon +al[b In* (Ax) -aly =0. 


Voran 

This is a special case of equation 4.1.6.20 with f(x) = bIn*(Az). 
7 oy! tla+ bin*(Ax)]y”, + abIn*(Az) y = 0. 

This is a special case of equation 4.1.6.21 with f(x) = 6 In* (Az). 
8 tIn*(Ax)(ay!/, - 2xy!, + 2y) = 0. 

Particular solutions: y;=2, y= 2. 
9g tn*(Ax)(ay’/, - 4xy’, + 6y) = 0. 

Particular solutions: y; = 2, y)=2°. 
10.0 yf! tax? In*(Ax)y”, -2aIn*(Ax)y = 0. 


Particular solution: yo = 2”. 


an 


Wy! tay! + bin*(Ax)y, + abin*(Ax)y = 0. 


Particular solution: yo =e °*. 


4.1.5. Equations Containing Trigonometric Functions 


4.1.5-1. Equations with sine and cosine. 


Ly! +asin" (Ax) y/, + bla sin” (Ax) — b*]y = 0. 


Vowun 
Particular solution: yo =e °*. 

200 yt! + [asin (Az) + b’]y!, + absin™(Ax) y = 0. 
Particular solution: yo =e". 

3. sine + (ax + b)sin™(Ax)y!, — asin” (Ax)y = 0. 


Voown 
Particular solution: yo =az +0. 

4 oT in t (ax + b)sin”(Ax)y’, - 2a sin” (Ax)y = 0. 
Particular solution: yo = (ax + b). 


a 


5. i t (ax + b)sin”(Ax)y!, - 3a sin” (Ax)y = 0. 


Particular solution: yo = (ax + by . 
6 oy a tasin”(Ax) y!!, + blasin” (Ax) - bly = 0. 

The substitution w = y'!,, + by leads to a second-order equation: w’!,,+[a sin"(Ar)—b]w =0. 
7. i ee 


The substitution w=y",,+ay leads to a second-order linear equation: w',, +b sin”(Az) w =0. 


+ [a+ bsin”(Ax)]y/’, + absin” (Ax) y = 0. 


wa c— 1.7 ws 
8. Vouee = aSin”™(AL) Yo» 


+ by), - absin” (Ax) y. 
Particular solutions: yx = er” (k = 1, 2, 3), where the (x are roots of the cubic equation 


6-b=0. 


9, my , tasin™ (Ax) (ary! —3a7y" + oxy’, — 6y) = 0. 


Voune Youn 


This is a special case of equation 4.1.6.33 with f(x) = asin”(Az). 
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10.0 ay" t+ asin’ (Ax) (xy!) — dry’, + 6y) = 0. 


2,1 


The substitution u=2*y!!,—4ay',+6y leads to a second-order equation: 


in’ — 
net Sin” (Ar)u=0. 
wn 
LLeLL 


11. (asina + b)y =asinaz y. 


Particular solution: yo =asinz+b. 


wee 
LLL 


12. (ax+bsinaz)y = bsinz y. 


Particular solution: yo =ax+bsin x. 


we 
LELE 


Particular solution: yo = ax” +0bsin2. 


13. (ax™ + bsinaz)y = bsinz y, m = 2, 3. 


14. i + acos™(Ax) y), + bla cos”(Ax) - b*]y = 0. 


Venue 
ba 


Particular solution: yo =e™ 


15. m+ Tacos”(Ax) + b*}y’, + abcos”(Ax) y = 0. 


Venue 
ba 


Particular solution: yo =e” 


16. yf!" + (ax +b) cos”(Ax)y’, — acos”(Ax)y = 0. 


Vounn 


Particular solution: yo =az+0. 


17. Yr ae + (ax + b) cos" (Ax)y’, - 2a cos”(Ax)y = 0. 


Vornn 


Particular solution: yo = (ax + by). 


18. yee t (ax + b) cos” (Ax)y’, - 3a.cos™(Ax)y = 0. 


Veuve 


Particular solution: yo = (ax + by ; 


19, yf”! + acos™(Axr) yy”, + bla cos”(Ax) — bly = 0. 


Vouan 


The substitution w= y",,+by leads to a second-order equation: w/!, +[acos”(Ax)—b]w =0. 


20. mee beos”(Ax)]y, + abcos”(Ax) y = 0. 


Vounn 


The substitution w=y/!,,+ay leads to a second-order linear equation: w/,+bcos"(Ax) w =0. 


21. mt 6=acos"(Ar) yy” 


Vounn Lee 


+ by’, - abcos”(Ax) y. 


Particular solutions: yx = er” (k = 1, 2, 3), where the (, are roots of the cubic equation 


B3-b=0 


22. mt acos™(Ax) (ary! — 3a7y"! + oxy’, — 6y) = 0. 


Vounn Lee 


This is a special case of equation 4.1.6.33 with f(x) = acos”(Az). 


23.0 ay’! + acos™(Ax) (x7y", —4axy!, + 6y) = 0. 


Dll 


The substitution u=a*y"' —4ay'+6y leads toa second-order equation: w’! 


n a 
ng FO COS” (AL)U=0. 
wn 
LLeLL 


24. (acosx+b)y = acosz y. 


Particular solution: yo =acosx +b. 


wa 
LLeEL 


25. (ax+bcosx)y = beosxy. 


Particular solution: yo =ax+bcos x. 
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26. 


27. 


28. 


29. 


30. 


we 
LLEL 


(ax™ + bcosx)y = beosz y, m = 2, 3. 


Particular solution: yo =ax™+bcosa. 


a 
Vounn 


The substitution w = y’’,, + asin(bx)y leads to a second-order linear equation of the form 
2.1.6.2: wit, —asin(br)w = 0. 


+ 2ab cos(bx) y’, — a[b’ sin(bx) + a sin?(bx)]y = 0. 


we 
LLeEL 


sin’ x y +2sin’ x cosa y/””, + sin? x (sin? x - 3) y””, 
+sin x cos x (2sin? x + 3) y’, + (a‘ sin’ x — 3)y = 0. 
Equation of a loaded rigid spherical shell. If a* = 1 — d*, the equation can be rewritten as 
2 


d 
- 2 = => —— Sn 2 
LL(y) — A“y = 0, where L iz +cotx as cot’ x. 


This equation falls into two second-order equations: 

L(y) + Ay = 0, L(y) — Ay = 0, 
which differ only in the sign of the parameter . The transformation € = sin? 
reduces the latter equations to the hypergeometric equations 2.1.2.171: 


x, w=y/sine 


E(E- lwee + (FE - Qwy + ZL F Aw = 0. 


a 
Voune 


The substitution w = y/, sin — ycosz leads to a third-order linear equation. 


=yta(y!, sin x —y cos x). 


a 
Vounn 


The substitution w = y!,cosa+ysinz leads to a third-order linear equation. 


=ytal(y!, cosxz+ysinx). 


4.1.5-2. Equations with tangent and cotangent. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


a 
Vounn 


Particular solution: yo = cos x. 


+ay!, + (atana - Dy = 0. 


a 
Vounn 


Particular solution: yo =ax+b. 


+ (ax + b)tan”(Ax)y!, — a tan” (Ax)y = 0. 


i! , + (ax + b)tan™(Ax)y!, — 2a tan” (Ax)y = 0. 


Vowen 
Particular solution: yo = (ax + b). 
Yo ae + (ax + b) tan” (Ax)y’, - 3a tan”(Ax)y = 0. 
Particular solution: yo = (ax + by . 
yey i, tatan”(Ax) y’, + bla tan”(Ax) — bly = 0. 
Particular solution: yo =e”. 
yey ig tlatan™(Ax) + b]y!, +abtan”(Ax) y = 0. 
Particular solution: yo =e". 

ne + Otan” (Ax) y”) + a[b tan” (Ax) - aly = 0. 


Vounn 


This is a special case of equation 4.1.6.20 with f(z) = 6 tan”(A2z). 
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38. 


39. 


40. 


41. 


42. 


43. 


44, 


45. 


46. 


47. 


48. 


ae re btan”(Ax)ly%., + abtan” (Ax) y = 0. 


Vooun 
This is a special case of equation 4.1.6.21 with f(z) = b tan”(A2). 
nee 


Particular solutions: y, = eFk® (k = 1, 2, 3), where the @, are roots of the cubic equation 
B-b=0 


at 
Verne 


Particular solution: yo = sinz. 


ws 
Lee 


= atan” (Aa) yi)”, + by), — ab tan” (Ax) y. 


+ay!,-(1+acotx)y =0. 


a 
Vounn 


Particular solution: yo =az+b. 


+ (ax + b) cot™(Ax)y!, - acot”(Ax)y = 0. 


mg (ax + b) cot” (Ax)y!, —2acot”(Ax)y = 0. 


Vowen 
Particular solution: yo = (ax + b). 
Yorum + (ax + b)cot”(Ax)y!, — 3a cot”(Ax)y = 0. 
Particular solution: yo = (ax + by ; 
Ye ig tacot™(Ax) y’, + bla cot”(Ax) — b*]y = 0. 
Particular solution: yo =e”. 

wn n 37,,/ n ex 
Vouee + Lacot™(Ax) + bly, + abcot”(Axr) y = 0. 
Particular solution: yo =e”. 
Ye t Ocot”(Ax) y”’, + a[bcot”(Ax) - aly = 0. 
This is a special case of equation 4.1.6.20 with f(z) = b cot”(A2). 
Ye tla t+ beot™(Ax)]y/), + abcot” (Ax) y = 0. 
This is a special case of equation 4.1.6.21 with f(x) = b cot”(Az). 
Uense 


Particular solutions: yx = eFk® (k = 1, 2, 3), where the Bx are roots of the cubic equation 


B-b=0 


ws 
Lee 


= acot”(Axr) yi", + by!, - abcot”(Ax) y. 


4.1.6. Equations Containing Arbitrary Functions 


4.1.6-1. Equations of the form fa(x)yi".. + fi(a)y!, + fo(a)y = g(2). 


1. 


LLLIXL 


Youre = f(x)y- 
The transformation x=t7!, y=ut™ leads to an equation of the same form: w//,=t > f(1/t)u. 


yi! = ( ax +b ) y 
eee ca +d/ (cx +d)" 
ax+b y 


leads toa simpler equation: u!”’,, =A“ f(z)u, 


The transformation z= ZZ2E 


where A = ad-— be. 


FUgesen Tee =. PS Tey 
Particular solution: yo = f(x). 


cx +d’ — (cx + d)3 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19, 


Yonon + fy,-Ufta*y=0, f= fla). 
Particular solution: yo = e°*. 


wt 


Voore t(f+a vy, +afy=0, f= f(x). 
Particular solution: yo =e °°. 


Yewre + (ax +b) f(x)y,, —af(a)y = 0. 
Particular solution: yo =az+0. 


Yn ie t (ax + b)f(x)y!, -2af(x)y = 0. 
Particular solution: yo = (ax + b). 

Ye t (ax + b) f(xy’, -3af(x)y = 0. 

Particular solution: yo = (ax + b)°. The substitution z= (axz+b)y',—3ay leads to a third-order 
linear equation: 2/" + (ax +b)f(a)z =0. 


wy 


Verwe + f(x)y, + f.(@)y = g@). 
Integrating yields a third-order linear equation: y'"..+ f(x)y = / g(a)dx+C. 


Veowe +2. + fro f)y=0, f= f(a). 
The substitution w = y/,, + f(x)y leads to a second-order linear equation: w’%!,, — f(x)w =0. 


LY ne tLES (ay, -(a+) f(x) +a +4]y = 0. 
Particular solution: yo = xe”. 


wt 


Yewre + f(a)y!, + g(a)y + h(a) = 0. 
The transformation x =t!, y= wt leads to an equation of the same form: 
win —t° fA /tw; + [307 f(1/t) + t 89(1/t)]w + tA /t) = 0. 


wt 
Veuve 


The substitution w = y', cosh x — y sinh leads to a third-order linear equation. 


=y+ f(x)(y), cosh x — y sinh z). 


wt 
Vounn 


The substitution w = y/, sinh x — y cosh leads to a third-order linear equation. 


=yt f(xy’, sinh x - y cosh x). 


Yo ne Ut SF (ay! sin x - y cos x). 


The substitution w = y/, sina — ycosz leads to a third-order linear equation. 
Ye Ut SF (ayl, cosx + ysinz). 
The substitution w = y’,cosa+ysina leads to a third-order linear equation. 


Voor t fy, +(ftanx-Iy=0, f= f(a). 
Particular solution: yo = cos x. 
Ye t FY, —-At feotx)y = 0, f=f(). 
Particular solution: yo = sinz. 

wee 


Vevee = ———y + f(z) (uv, = yy), p= (x). 
p p 


t 
The substitution w = y’, — Pry leads to a third-order linear equation. 
p 
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J 


4.1.6-2. Equations of the form fa(x)yn. + olay, + fi@yh, + fo(@)y = g(2). 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


a 


Vovee t SYne + Uf - ay = 0, f = f(x). 

1°. Particular solutions with a >0: y; = cos (a/a), Yo = sin(z/a). 

2°. Particular solutions with a <0: y, = exp (-«./-a), Yo = exp (x —a ). 

The substitution w = y’!,,+ay leads to a second-order linear equation: w”,, + (f —a)w =0. 


a 


Yevww t(f+ ayy, +afy=0, f= f(x). 
1°. Particular solutions with a >0: y; = cos (aa), Yo = sin(z/a). 


2°. Particular solutions with a <0: y) = exp (-«/-a), Yo = exp (@ —a 


The substitution w = y/,, + ay leads to a second-order linear equation: w/!, + f(xz)w =0. 
Yon t f(ay(a?y” -2xy’, +2y) =0. 
2 Zaft 


Particular solutions: y;=2, y2=2°. The substitution z= x*y!’,, -—2ay'+2y leads toa 
second-order linear equation: xz”,,— 22! +43 f(x)z =0. 

2 
Ye t P(ay(a*y,, —4xy!, + 6y) = 0. 
Particular solutions: y;= 2°, y2=2°. The substitution w = ry! —4ay!, + 6y leads toa 
second-order linear equation: w’!,, + x7 f(xz)w =0. 


mt (ax + br +ce)f(x)y”, -2af(x)y = 0. 


Veuve 


Particular solution: yo = az’ + bx +c. 


Ye en t lOfyn, + fy! + Bf + 9f?)y = 0, f =f). 
Solution: 
y= Cw; + Cywiw + C3w ws + Cyw3, 
where w; and wz are nontrivial linearly independent solutions of the second-order linear 


equation: w+ fw =0. 


at 


Yowwe t(f+ Yee t+ 2f¥2 + (feet foy=0, f= f@, g=9(). 
The substitution w = y/,,+ fy leads to a second-order linear equation: w!!,, + gw =0. 


4.1.6-3. Other equations. 


27. 


28. 


29. 


a 


Yoo ne + F(L)Y ony + eg(x)y,, —2g(x)y = 0. 


Particular solution: yo = x”. 


2 2 4 
Voven t FLY ere — 20° Y py —U f(x)y, + a*y = 0. 
Particular solutions: y; =e “°", yo =e°. 


Vowne t Lena + IVex tafy,, tag-ay=0, f=f(x), g= g(x). 
1°. Particular solutions with a >0: y, = cos (aa), yo = sin(z/a). 
2°. Particular solutions with a <0: y) = exp (-x =a), Yo = exp (x —a ). 


The substitution w=y",,+ay leads to asecond-order linear equation: w’,,,+ fw!,+(g—a)w=0. 
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30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


a aw 


Vowne t Lene t(9+a)yZ, taffy, +agy=0, f=f(x), g=g9(x). 
1°. Particular solutions with a >0: y; = cos (a/a), Yo = sin(z/a). 
2°. Particular solutions with a <0: y; = exp (-a =a), yo = exp (a —a Ne 


The substitution w = y’",,+ ay leads to a second-order linear equation: w!,, + fw!, + gw =0. 


Vewwn + fO)Yvre + (LY ye, + Thay’, - h(a)y = 0. 
Particular solution: yo = x. 


we 2,/0 


Vowne t FL) ee + (aM(aryt, — 2y!, + 2y) = 0. 
Particular solutions: y;=2, y=”. The substitution z = xy", —2ay', + 2y leads toa 
second-order linear equation: xz", + [x f(a) —2]z/,+ xg(x)z =0. 


mY et faery”, - 3x7 yl"), + 6xy!, — by) = 0. 


Vounn Veaw 


Particular solutions: y;=2, y2=2*, y3=2x>. The substitution w=27y!"",,-3ay"!_+6ry',—6y 


leads to a first-order linear equation: w!, + x f(a)w = 0. 


at 


Yowwe = f(@)V eee + OY, — af (wy. 
Particular solutions: yz = ere (k = 1, 2, 3), where the A, are roots of the cubic equation 
M-a=0. 


Youre =(F- DY zi, + (af - b)yy, + (bf -Oy, +cfy, f = f(@). 
Particular solutions: yz = ere® (k = 1, 2, 3), where the A, are roots of the cubic equation 
M+ar?+bA+c=0. 


wt a 


Yon tf tay. +(aft+g+arg)y+a°xgy’,-agy=0, f=f(x), g=9(@). 
Particular solutions: y;=2, y2=e°”. 


a aw 


Vooen t (f+ Q@DY pre + (f2t+ Ofs¥ zn + (fit afry, tafiy = 0, Sn = fn(@). 
Particular solution: yo =e °”. 


LY ne th, tary = f(x). 


The substitution w(x) = zy leads to a constant coefficient nonhomogeneous linear equation: 


Wreee taw = f(#). 


ey tary! i t+(a7f t+ by”, +(a-Dafy!, +(b-2a+6)fy =0, f = f(x). 


The substitution w = xyl +(a—4)ry',+(b-2a+6)y leads to a second-order linear equation: 


Wyo + fw =0. 
wy eon TOE YT,, + of (wy, + (a—3) flay = 0. 
Particular solution: yo = 2°. 


Yee ie t Of Ue + (4F, + Uf? + 1l0g)y, + (f+ TFS, + OF? + 30 fg + 109/,)y’, 
+32 fi9+5fg+6f'gt+gr,+39)y=0, f=f(x), g= g(a). 
Solution: 
y= Cw; + Crwiw + C3w ws + Cyw3, 


where w; and w» are nontrivial linearly independent solutions of the second-order linear 
equation: w/!,+ fw, +gw =0. 


(Ure en =9 f= f(x). 


Equation of transverse vibrations of a bar. Solution: y = Cy + Cox +f 


zx 


(Os + Cyl) det. 


zx 
0 
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4.2. Nonlinear Equations 


4.2.1. Equations Containing Power Functions 


wn 


4.2.1-1. Equations of the form y7i a2 = f(y). 


1. mn Ay?, 


Veuve 
Multiply both sides of the equation by y°/? and differentiate the resulting expression with 
respect to x to obtain 

3yy? + Sy) Wn 0. 


eveaue 


Integrating this equation three times, we arrive at the chain of equalities: 


3yY even + 2Y Yee — Yaa) = 2C2, (1) 
3YV eee — Uren = 2022 +C1, (2) 
3yy, — Uy), = Cox? + Cir t+ Co, (3) 


where Co, C), and C} are arbitrary constants. By eliminating the highest derivatives from 
(1)-(3) with the help of the original equation, we obtain a first-order equation: 


(2Py!, — 3Ply) = 9(C? — 4CCa)y? — 2P? + 54APy*?, 


where P = Cx? +C\x+Cpo. The substitution y = (P/ w)?/* leads to a separable equation, 
the integration of which finally yields: 


-1/2 dw dx 
[1C2 4000.) + 54w - 20] — + / SCs, 


2 as Ay 
This is a special case of equation 4.2.6.1 with f(w) = Ay™. 
1°. By integrating, we obtain 

2A 
mt+1 


4 
2eVere — Vex) = Gores 
where C’ is an arbitrary constant (m #-—1). The substitution w(y) = (y},)°/ 2 leads to a 
second-order equation: 


3A 
a m+1 5/3 
yy (caaal sf C)w 


The value C’ = 0 corresponds to the Emden—Fowler equation, whose integrable cases are 
specified in Section 2.3 for some values of m (to those cases there correspond three-parameter 
families of particular solutions of the original equation). 


1 
1 1 = 4. 
2°. Particular solution: y= eee ee (2+C) Pm, 
ae 
3 yt a ax3™Sy™ 


The transformation x=t!, y=t w(t) leads to an equation of the form 4.2.1.2: wi/t,=aw"™. 


3m+5 


an - 
4. Vowen = ar 2 y 


This is a special case of equation 4.2.6.5 with f(w) =aw™. 


mm 
. 
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mn n,m 
5. Voorn =a y. 
Generalized homogeneous equation. 


n+4 


1°. The transformation t= 2"4y™", u = zy’, /y leads to a third-order equation. 


2°. The transformation x= z7!, y= 2 w(z) leads to an equation of the same form: w 
Ze 3M yyM 


6. m= (ay + bx*)™, k =0, 1, 2, 3. 


Vounn 

The substitution aw = ay + ba* leads to an equation of the form 4.2.1.2: wi”. =a™w™. 
7 ™ aa + byl! =cy™. 

This is a special case of equation 4.2.6.10 with f(w) =cw”™. 

_3m-4s 

8. | (ax? +bat+ce) 2 y™. 

This is a special case of equation 4.2.6.12 with f(w) =w™. 
4.2.1-2. Equations of the form y/!".. = f(x,y, y.)- 
9 of = ayy! + br. 

b 
By integrating, we find y!’. = ; yrs i a**! +C, For b =0, the order of this 
n 


equation can be reduced by one with the help of the substitution w(y) = y/,. 


10. Mine ax “(xy -y)”. 


Veuve 
The transformation ¢ = In|z|, w = xy!, — y leads to a third-order autonomous equation: 
wi — Swy + 6w;, =aw”. 


WW. yl! = ar"(ry’, —y)*. 
This is a special case of equation 4.2.6.23 with f(z, w)=ar"w*. The substitution w=zxy!,—y 


leads to a third-order generalized homogeneous equation: (w’,/x),, =ax"w*. 


12. my , zax"(ry’, —2y)*. 


Vowun 
This is a special case of equation 4.2.6.24 with f(a, w)=ax"w*. The substitution w=xy!,—2y 


leads to a third-order generalized homogeneous equation: zw’, —w!!, =ax™? wt. 


13,0 yl! =ax™(ry’, —3y)*. 


Vowun 
This is a special case of equation 4.2.6.25 with f(z, w)= ax”w*. The substitution w= xy',—3y 


leads to a third-order generalized homogeneous equation: w/””,, = ax" w*. 


14.0 yf = aty + bx” (y!, - ay). 
my 


The substitution u=y/,—ay leads toa third-order equation: u’””,tau!,,+a°ul,+au=barut. 


wn 


4.2.1-3. Equations of the form y= f(@.Y. Ves Una) 


15. vine t WYny = by” +. 


Youve 
This is a special case of equation 4.2.6.33 with f(y) = by” +c. 
-5/3 


wt 5 ” ey eae 
16. Yrowe ~ 7° ne + ee Y = OY 


The transformation € = e*V*, w(€) = &3/ *y leads to an autonomous equation of the form 


. mp 5/3 
4.2.1.1: wit, =a-bw 9, 
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17,0 yl tay, + by = cyy! —clyl Py +k. 


Vounn 


1°. Particular solution: 
y = C; sinh(C4x) + Cy cosh(C4x) + C3, 
where the constants C'), Cy, C3, and C4 are related by two constraints 


Ci +(a- cC3)Cy +b=0, 
(C3 — CP)Cy -bC3+k =0. 


2°. Particular solution: 
y = C; sin(C4x) + Cy cos(C 4x) + C3, 
where the constants C, C2, C’3, and C4 are related by two constraints 


Ci -(a-cC3)C7 +b =0, 
(CT + C3)Cz + bC3-—k =0. 


18. yi" tayy,,, + by, - aly’)? +cy,, =0. 
C3 +007 + 
Particular solution: y = C exp(C2x) — 2. 
aur 


19. gt = ay’y”, - ay(y’,) + by. 


1°. Particular solution: 
y = C) exp(C3x) + Cy exp(-—C32), 


where the constants C, Cy, and C) are related by the constraint Cc} -—4aC, CC} —b=0. 


2°. Particular solution: 


y = Ci cos(C3x) + Cy sin(C32), 
where the constants C,, C2, and C} are related by the constraint C3 + a(C? + CCe —b=0. 
3°. There are also solutions y=+a\/b/a+C and y =0. 


20. vonen + UY) Yon = by* +e. 


Veuve 


This is a special case of equation 4.2.6.34 with f(u) = au” and g(y) = by* +e. 


21. Yevee = Oe (HY, - YUE 
This is a special case of equation 4.2.6.35 with f(w) = aw”. 
22. Tp ee = Cea = 0. 
1°. Particular solutions: 
y=Cyn+Cy, 
y=Ci(a+ Cy”, 
y = C, exp(C3x) + C2 exp(—C32), 
y = Cy cos(C3x) + Cy sin(C32). 
2°. Integrating the equation twice, we arrive at a second-order equation: 
War ~ Ys) = Cia + Cd. 


The substitution z = Ca + C4 leads to a generalized homogeneous equation. 
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23. 


24. 


25. 


26. 


27. 


28. 


29. 


we ” Ve 


UWVnnwe ~Yne) tay+b=0. 

Particular solutions: 
y = Cy exp(Az) + C) exp(-Ax)-b/a, A= (a? /by!/4; 
y = C, sin(Ax) + C2 cos(Ax) — b/a, A= (a>/by'/*. 


a aM 


Wace ~ Cans + OY» = 0. 
1°. Integrating the equation two times, we obtain a second-order equation: yy””,—(y',)?+ay= 
Cx He C. 
2°. Particular solutions: 
y = Cy exp(C32) + C2 exp(-C3x) — aC3”, 
y = C; sin(C3x) + C cos(C32) + aGs 
y= Cx a C>. 


a 


YY vow ~ Ure) = YY ye — (Yi)'] + b. 
1°. The substitution w(x) = yy", - (y!.)? leads to a second-order constant coefficient linear 
equation of the form 2.1.9.1: w”,, =aw +b. 


2°. Particular solutions: 


y= Chexp(Ghz) = aoe exp(-Chz) if a +0, 
y= Crexp(oVa) - pa (Va) +0, if a>0, 
y=C\sin(Ar) +C,cos(Az), = TD if ab>0, 
y = —— sin(ay—a + C1) + C) if a<0, b<0, 
y =+t2r/b/a+C; if ab>0. 


wy ” ie 


Wore ce (Yow =o [YY vw ri (yi,)"| + ba* +c. 
The substitution w(a) = yy", — (y',)° leads to a second-order constant coefficient nonhomo- 
geneous linear equation of the form 2.1.9.1: w!!,, =aw+bz* +c. 


mw 1 my? _ 2 
UV eae ~ GU na) =ar+bxrt+e. 


Particular solution: 
y= yin" + $020" + $032" + Cyn + Cs, 


where the constants C, C2, C3, C4, and Cs are related by three constraints 
40103 - 403 =a, 
C1C4- $0303 = 0, 
C1Cs - 403 =¢ 


a 
Vounn 
The substitution w = y!’,, + ay leads to a second-order autonomous equation of the form 


2.9.1.1: wi, =awt+bu*. 


=a’y+ b(y!, + ay). 


wt 


Yovwe = UY [YY rn - (Y%,)']"- 
This is a special case of equation 4.2.6.42 with f(w) =0 and g(w) = aw”. 
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wn 


4.2.1-4. Equations of the form y/" 0 = f(a, y, yh. Una Ya): 


30. Ye ae t 23Y nnn + 2Y,,, + ary, + ay = byy’, - by.) +k. 


Particular solutions: y = C exp(\,2) + kap', where C’ is an arbitrary constant and ’ = A, 


bk 
are roots of the algebraic equation Mt aga? + (a - ~~) M+ aj;A + a9 = 0. 
ao 


we ws —< n 
31.0 Youwe t8UV pee = OX”. 


: : 1 
Integrating, we arrive at a third-order equation: y/", + ayy! — suey = 


a an 1 ff 
32. Vouun + WY eee ~ Wee = 0. 


This equation arises in hydrodynamics. 


1°. Particular solutions: 
y= Cix + Co, 


y = Cy exp(Cyx) -a Cy, 
y = 6(axz+ Cir. 


2°. Integrating, we arrive at a third-order autonomous equation: y!"",, +ayy",, —a(y!,)° =C. 
© Reference: A.D. Polyanin and V. F. Zaitsev (2002). 


ws LA / MW 
33. Vowen + QV eee - QV Dow = by. 
Particular solutions: 


y = Ci exp(Ax) + Cy exp(-Az), A= ae 
y = C; sin(Ax) + C2 cos(Az), A= 1/4, 


34 ye Ft OYY ee + OY,,) YZ, = ca® +d. 
This is a special case of equation 4.2.6.50 with f(u) = bu” and g(x) = cx* +d. 


ws 
waa 


35. at ay" y.y 


Vounn = 


This is a special case of equation 4.2.6.51 with f(y) = ay”. 


— gp-35/34,-5/3 
36. yl tay! = arty, 

The substitution w(x) = xy leads to an equation of the form 4.2.1.1: wil”, =aw?/?. 
37, yl + 4y  =alay)®. 

The substitution w(x) = zy leads to an equation of the form 4.2.1.2: w!!”,, =aw*. 


38. Ye wee + 2 yee = ary’, as y)*. 


The substitution w(x) = xy!,— y leads to a third-order equation: w 
presents its solutions for k = i, 3, 2,, 4, Z. + 0, and 1). 


ww 


i , =aw* (Section 3.2 


ws 
LEE 


39, yl! i t+(at3)y = ba (ry’, + ay)*. 


The substitution w = xy/, + ay leads to a third-order generalized homogeneous equation: 


mW Np yk 
Wren = OT” w”. 


an 


vee + 12y),, = aa /3y5/3, 


The substitution w(x) = «”y leads to an equation of the form 4.2.1.1: w 


40. a?y/ + 8xy 


Wn -5/3 
LLLXL aw / : 
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41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


3, 


4,0 
Youn 


2,4 -5/3 
LY oe + OF ; 


+72 Yorn + LY, =ay 


The substitution t = In|z| leads to an equation of the form 4.2.1.1: y!!”., =ay>”?. 


wt awn 


Wrenn = 2Y Yea 
Having integrated this equation, we obtain the third-order equation y 
solvable cases are specified in Subsection 3.2.2. 


mw 
LLL 


= Cy*, whose 


wt 1, 


Integrating ae a third-order linear equation: y!"., = ( Ca gmtl y C)y. 


LLL 


a a 


Integrating vied a thied-ohdak constant coefficient nonhomogeneous linear equation: y"", = 
Cy—-a. 


at an 


YWorvve * WeYrox + Uz 
This is a special case of equation 4.2.6.58 with f(x) = aa”. 


” y= = ax”. 


Weve + WVeVorw + 3Ure) = ay. 

The substitution w = y? leads to an equation of the form 4.2.1.1: w/!"",,, =2aw?/?. 
Woes * Wate + Wee) = a" 

The substitution w = y* leads to an aidehe of the form 4.2.1.2: wl”, =2aw”/?. 


a an 


Wore + zy’, Youn i +(y 


This is a special case of equation 4.2.6.59 with a = 3 and f(z) = a. Integrating the equation 
twice, we arrive at a second-order equation of the form 2.8.1.54: 


” ye 


3yy, — Uy), = sax 74. C;0 +Cd. 


a an 


Wane + Sy/, Yee ty’, ys =a. 
Integrating the equation twice, we arrive at a second-order equation of the form 2.8.1.53: 
YY rn — FYe) = Fax" +Cyx+Cy. 


a an 


1 
WV oeen + Sy’, Yeon + (U2 


The transformation « = x(t), y = (x!) leads to a constant coefficient linear equation: 
22°) = ar +b. 


ve) = (ax + by", 


a 1, fu an 


Woeee ~ Veen = aa” Woexe" 


LLL 


Integrating yields a third-order linear equation: y/"., =C exp(—— os al )y, 
n 


we WN? 
TY eee ~ L(Y) = he 


Integrating the equation twice, we arrive at a second-order equation: 
yy, —(y,)° = ax ln|a|+ Cia + Cd. 


wn wn aw 
TY e2ex — ry, Youn + QV gan° 
Ws 


Integrating yields a third-order linear equation of the form 3.1.2.7: yi). =Cx°y. 
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3,00 


54 ee = AVY Vere + 3Y° (Yen) — OY). 
This is a special case of equation 4.2.6.67 with f =0. 
Solution in parametric form: 


+C3, y=Crexp(+ | as ), 


dx 
vt | ae \/ TEP RCSE EC, 


55. eee we =a(y” ys 


Verne Lee 


322 
Solution: y=) CotCie+ (Cr+ C32) Fa if a #1, 
Cot+ Cx + Cy exp(C32) if a=1. 


56. eeVoner ~ 7 Uren) = Way, —y) + BY, +7- 
Differentiating with respect to x yields 


Yoo (ye? — ax — 8] =0. (1) 
Equating the second factor in (1) with zero and integrating it, we find the solution: 
x x 
yaar + oe + O44 + C327 + Cpa* + Cie + Op. 
The constants C;, and parameters a, 3, and + are related by the constraint 


48 C,C4- 18 GC; =-alo+ BCL +7, 


obtained by means of substituting the solution into the original equation. 
The other solution, which corresponds to setting the first factor in (1) to zero, is given by: 


y=Cyr+Cp, where aC - BC, —7 =0. 


57. Vrvwe = WY Verve) 
This is a special case of equation 4.2.6.72 with f(y) = ay* and g(w) = w*®. For k =—1 and 
s = 1, see equation 4.2.1.42. 


The first integral has the form: 


mm \1-s a k+1 é 
-~—_yMH=iC if k#-1, s#1; ; 
Tos Ueee) kel? 1 s (1) 
Inyeeal- yh = C if k#-1, s=1; (2) 
1 
<i.) *-alnlyl=C if k=-1, 841. 3) 


For C' = 0, equality (1) is changing to the equation 
1 


sig eae 


LLL ? 


—s 
k+1 


which is discussed in Subsection 3.2.2 (the solutions given there generate 3-parametric families 

of particular solutions of the original equation for k = (1—s)@—-—1, where B= -f, —2, 
Be it) wade Sy 

—3 —@ ~2 Ys and 1). 


=>. 
2? 


we 
LELE 


+ by (yl!) + (box + bs)y’ , — aly)” + bay’), + bsx* + Dex + b7 = 0. 


we 2 wm ” 
58. Qi(Yraen) + (Q2Y pee + O3U pe + OG4y + Asx + A6)y 


There are particular solutions of the form y = C,a* + Cpa? + C3a* + Cyr + Cs, where the 
five constants C', Cy, C3, C4, and Cs are related by three constraints. 
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4.2.2. Equations Containing Exponential Functions 


4.2.2-1. Equations of the form y/!”_.. = f(a, y). 


1. 


LLL 


at 
Vounn 


This is a special case of equation 4.2.6.1 with f(y) = ae*” +b. 


=aer +b. 


a aer¥*h® + b, 
The substitution w = y+ (G/A)a leads to an autonomous equation of the form 4.2.6.1: 
wit = ar” +b, 
wm -~-4_X 
Younn = AU € 4 


This is a special case of equation 4.2.6.2 with f(y) = ae*”. The substitution ¢t = In|z| leads 
to an autonomous equation. 

ws 
Vowun 


This is a special case of equation 4.2.6.15 with f(w) = aw andm=k+4. 


=ax"*e. 


wey Aw Av, 1 
Yearr ~2E Y- 


This is a special case of equation 4.2.6.14 with f(w) = aw andm=n-1. 


Yee og = Vexp(Ay + Bx?) +b. 

The substitution w = y + (3/A)a? leads to an autonomous equation of the form 4.2.6.1: 
mt dw 

Wrane = ae’ +b. 

Yep = ay + be®)/3 — be®. 

The substitution w = y + be” leads to an equation of the form 4.2.1.1: w!!”,, =aw /?. 

Ye ie = aly + be®)™ - be®. 

The substitution w = y + be* leads to an equation of the form 4.2.1.2: wi". =aw™. 


4.2.2-2. Other equations. 


9. 


10. 


11. 


12. 


13. 


ww 


Yen ge tae vy’ + beh. 


b 
Integrating yields a third-order equation: y/". = se + a "4, 


a 
Vounn 


This is a special case of equation 4.2.6.27 with f(a, w) = be**w*. 


=a‘y+ be**(y!, -ay)*. 


a 
Vounn 


This is a special case of equation 4.2.6.23 with f(x, w) = be**w*. 


= be**(xy’, —y)*. 


we = be** (xy, - 2y)*. 


Vounn 
This is a special case of equation 4.2.6.24 with f(a, w) =be**w*. 
Uwon = be (wy, - 3y)". 


This is a special case of equation 4.2.6.25 with f(x, w) = be**w*. 
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14. 


15. 


16. 


17. 


18. 


19, 


20. 


21. 


22. 


23. 


24. 


mw USD 
Weerx — (Yaw) = ae 


1°. Integrating the equation twice, we arrive at a second-order equation: 
yy. — (Gy, = ade + Cia + Cp. 
For C; = C, =0, it is an equation of the form 2.8.3.47. 
a 


Cr» 


Aw 


2°. Particular solution: y=C exp(Aa) + 


YY von — Yoo) — ayy, + ber” = 0. 


1°. Integrating yields a third-order equation: yy!” 1a! 


ava Yaron — 2Y + bv 1e** =C, 


2°. Particular solutions: 
aCr-b 


y = C exp(Az) + oni 


y= Tar exp(Ax) + C exp(-Ax) -— = 
YY vow — You) — @Ynq + ber” = 0. 
1°. Integrating the equation two times, we obtain a second-order equation: yy’, — (y’,)? — 
ay + C\x2 + Cy, +br(*e** = 0. 
aC —b 
OM 
WY evo ~ Yon) = AYY yn — (Yi) + ber. 


1°. The substitution w(x) = yy", - (y'.)? leads to a second-order constant coefficient linear 
equation of the form 2.1.9.1: w/!,, = aw + be>*. 


2°. Particular solution: y=C exp(Aa) + 


° 1 1 . — 
2°. Particular solution: y= C exp(Az) + GxX02 Sa) 
WY vva ~ WV yve — Yr) + ber” = 0. 
1°. Integrating the equation two times, we obtain a second-order equation: yy’, — (y/,)* — 
ay’, + Cx +C)+b\7e** =0. 
2°. Particular solutions: 
aC 3 —b 

Crt? 


exp(Az) + C exp(—Ax) — >: 


y = C exp(Az) + 


6b 
Y= ae 
Uo wa 


This is a special case of equation 4.2.6.51 with f(y) = ae. 


an 
vcne® 


— xr ’ 
=ae ly y 


wt 
Vounn 


This is a special case of equation 5.2.6.58 with n = 4, f(y) = ae*Y, and g(x) = be?*, 


aw 
waa 


= (ae*¥y’, + be®”)y 


Yee ne AY, + ON Yl, — A y!, + Aly = aexp(2Ar)y*/9. 

The substitution w(x) = ye leads to an equation of the form 4.2.1.1: wi", =aw/. 
Yee ie — ye t ON yl, — 4M yl + Aty = arm y™, 

The substitution w(x) = ye~*” leads to an equation of the form 4.2.1.2: wi", =aw™. 


we mw ” i Aw 
. 


Woeeve + 4Y Voce + (Ure) = ae 
Solution: y* = C327 + Cya* + Cyx+Cy+2ar ‘te. 


Wonoe + 4UiYrwe t Ype) = ae” +b. 


This is a special case of equation 4.2.6.60 with f(y) = ae*# +b. 
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4.2.3. Equations Containing Hyperbolic Functions 


4.2.3-1. Equations with hyperbolic sine. 


1. m = asinh™(Ay) +b. 


Vounn 


This is a special case of equation 4.2.6.1 with f(y) =a sinh” (Ay) + 6. 


2s my =asinh(Ay + Bx) + b. 


Vouenx 
The substitution w = y + (3/A)x leads to an autonomous equation of the form 4.2.6.1: 
we ee = asinh(Aw) + b. 

3; “= a(y + bsinh x) — bsinh x. 


Vounn 


The substitution w = y+ bsinhz leads to an autonomous equation of the form 4.2.6.1: 


wn _ 2 
Wereraege — UW. 


4. um! = aa-*sinh™ (Ay). 


Vornn 


This is a special case of equation 4.2.6.2 with f(y) = a sinh” (Ay). 


5. oy! = asinh(Ay)y!, + b sinh(Gz). 
b 
Integrating yields a third-order equation: Tae = x cosh(Ay) + B cosh(Gxz) +C. 


6. yy = ay + bsinh(Ax)(y’, - ay)”. 


Vounnx 

This is a special case of equation 4.2.6.27 with f(z, w) =b sinh(Ax)w*. 
7 yf! = bsinh(Ax)(ry’, - y)*. 

This is a special case of equation 4.2.6.23 with f(z, w) =b sinh(Ax)w*. 
8 yt! = bsinh(Ax)(ry’, - 2y)*. 

This is a special case of equation 4.2.6.24 with f(z, w) =b sinh(Ax)w*. 
9 yf! = bsinh(Ax)(ry’, - 3y)*. 


This is a special case of equation 4.2.6.25 with f(z, w) =b sinh(Ax)w*. 


10. YY eee ~ Yeo) = a sinh(Az). 
1°. Integrating the equation twice, we arrive at a second-order equation: yy’, — (y’, y= 
aXd~ sinh(Ax) + Ca + CO. 


a 
2°. Particul lution: y =C sinh(\2) + 
articular solution: y sinh(Az) oy 
Me yy - (yn) — ayl, + bsinh(Az) = 0. 


1°. Integrating yields a third-order equation: yy!” — y/,y/,, —ay + bX! cosh(Az) = C. 
b 


3 
Maz — C205) [Cr sinh(Ax) +a cosh(Ax)| +C. 


2°. Particular solution: y= 


12,0 yy! - (yn) — ayy, + bsinh(Ax) = 0. 
1°. Integrating the equation two times, we obtain a second-order equation: yy’, — (y',)° = 
ay + Cx + Cy) + bX sinh(Az) = 0. 

aC? -b 


2°. Particul lution: y =C sinh(Ax) + 
articular solution: y= C sinh(Az) On 
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13. 


14. 


15. 


16. 


17. 


18. 


a a” 


YY von ~ You) = yYye — (yi)"] + bsinh(Ax) + c. 
The substitution w(a) = yy", — (y',)° leads to a second-order constant coefficient nonhomo- 
geneous linear equation of the form 2.1.9.1: wi, = aw + bsinh(Ax) +c. 


WV ene — UY oe — (Yn) + bsinh(Ax) = 0. 

1°. Integrating the equation two times, we obtain a second-order equation: yy’, — (y/,)* — 

ay’, + Cyr + Cy + bX* sinh(Az) = 0. 
b 


(a2 — C202) [CA sinh(A2) +a cosh(A2) | +C. 


2°. Particular solution: y= 


a 
Vounn 


This is a special case of equation 4.2.6.51 with f(y) =a sinh’ (Ay). 


aw 
won 


= asinh*(Ay)y’,y 


a a 


Woaee ~ Yn Verwe ae sinh(Ax)y?. 
This is a special case of equation 4.2.6.57 with f(x) = asinh(Az). Integrating yields a 
third-order linear equation: y"'., = F cosh(Ax) + Cc] y. 


yy ie + yy, + 3Cyl)? = asinh(AZz). 


Lee 


Solution: y? = C323 + Cyx? + Ca + Co + 2aX4 sinh(Az). 


yy ie t 4, + 3(y)” = asinh*(Ay) + b. 


Lee 


This is a special case of equation 4.2.6.60 with f(y) = asinh*(Ay) + b. 


4.2.3-2. Equations with hyperbolic cosine. 


19, 


20. 


21. 


22. 


23. 


24. 


25. 


spe = 2 cosh™ (Ay) +b. 


Youn 


This is a special case of equation 4.2.6.1 with f(y) = acosh™ (Ay) + b. 


Yong = a cosh(Ay + Ga) + b. 

The substitution w = y + (3/A)x leads to an autonomous equation of the form 4.2.6.1: 

we eg = acosh(Aw) + b. 

Yur eg = Uy + bcosh x)” — beosh x. 

The substitution w = y+ bcoshz leads to an autonomous equation of the form 4.2.6.1: 
7 2 

Wrage = AW. 

Yue ig = ax *cosh™(Ay). 


This is a special case of equation 4.2.6.2 with f(y) = acosh”™ (Ay). 


sine = acosh(Ay)y’, + b cosh(3x). 


Voune 


b 
Integrating yields a third-order equation: y/". = 5 sinh(Ay) + 3B sinh(Gx)+C'. 


a 
Vounn 


This is a special case of equation 4.2.6.27 with f(x, w) = bcosh(Ar)w*. 


= a‘y + beosh(Az)(y’, — ay)*. 


i = bcosh(Ax)(xy’, — y)*. 


Vornn 


This is a special case of equation 4.2.6.23 with f(z, w) =b cosh(Ax)w*. 
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26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


vine = Ocosh(Ax)(xy!, — 2y)*. 


Yerenr 
This is a special case of equation 4.2.6.24 with f(z, w) =b cosh(Ax)w*. 
Ye ie = bcosh(Ax)(xy’, - 3y)*. 


This is a special case of equation 4.2.6.25 with f(z, w) =b cosh(Ax)w*. 


wt 


Woeex ~ (ya) =a cosh(A 2x). 
1°. Integrating the equation twice, we arrive at a second-order equation: yy’, —(y!.)? = 
ad” cosh(Ax) + Cia + C. 


2°. Particular solution: y = C'cosh(Ax) + ae 

yy ie ~ (Yn) — ay’, + beosh(Ax) = 0. 

1°. Integrating yields a third-order equation: yy 
b 

Na? — C?0°) 


ww t/t 


see ~ VeY ne — ay + OX! sinh(Ax) = C. 


2°. Particular solution: y= [C  cosh(Ax) +4 sinh(Az) | +C. 


YU oe ~ Ung) — ay’, + bcosh(Ax) = 0. 


Le 
1°. Integrating the equation two times, we obtain a second-order equation: yy’, — (y!,)* — 
ay + C)x2 + Cy + bX cosh(Az) = 0. 


aC —b 


2°. Particul lution: y= h(Ax) + 
articular solution: y= C' cosh(Az) On 


a a” 


yy ae (YY = alyy’, — (y)?] + b cosh(Ax) +c. 


The substitution w(x) = yy", — (y'.)? leads to a second-order constant coefficient nonhomo- 
geneous linear equation of the form 2.1.9.1: w%!,, = aw + bcosh(Ax) +c. 


YY ve ~ OY, — (Yn) + beosh(Ax) = 0. 


1°. Integrating the equation two times, we obtain a second-order equation: yy’, — (y!,)* — 
ay’, + Cyx + Cy + bA* cosh(Az) = 0. 


2°. Particular solution: y= [C Acosh(Ax) + a sinh(Az)| +C. 


(a2 — C202) 


a 


ws 
Vounn 


eee® 


= acosh*(Ay)y’y 
This is a special case of equation 4.2.6.51 with f(y) = acosh*(Ay). 


a a 


YY ie Ue, = acosh(Ax)y?. 
This is a special case of equation 4.2.6.57 with f(x) = acosh(Ax). Integrating yields a 
third-order linear equation: y!”’, = F sinh(Ax) + C] y. 


LLL 


YY ne + 4y ye, + 3(y%),)” = a cosh(AZ). 


Lee 


Solution: y? = C32? + Cpx? + Cia + Co + 2ad~4 cosh(Az). 


Wye + 4y Ye, + 3(y/),)” = a cosh*(Ay) + b. 


Lee 


This is a special case of equation 4.2.6.60 with f(y) =a cosh*(Ay) +b. 
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4.2.3-3. Equations with hyperbolic tangent. 


37. mi ~6= atanh”™ (Ay) + b. 


Vowun 
This is a special case of equation 4.2.6.1 with f(y) = a tanh” (Ay) + b. 
38. oy, = atanh(Ay + Gx) + b. 
The substitution w = y+ (8/A)a leads to an autonomous equation of the form 4.2.6.1: 
wit, = atanh(Aw) + b. 


39,0 yf) = ax‘ tanh” (Ay). 
This is a special case of equation 4.2.6.2 with f(y) = a tanh™ (Ay). 
40. ane =o tanh(Ay)y’, + 6 tanh(Gx). 


Vouun 
This is a special case of equation 4.2.6.21 with f(y) = a tanh(Ay) and g(x) = b tanh(Gz). 
4. of” = aty + btanh(Az)(y, —ay)*. 
This is a special case of equation 4.2.6.27 with f(x, w) = btanh(Az)w*. 
42, yl! | = btanh(Az)(zy’, — y)*. 
This is a special case of equation 4.2.6.23 with f(z, w) =b tanh(Ax)w*. 
43, yf’ = btanh(Az)(xy’, - 2y)*. 
This is a special case of equation 4.2.6.24 with f(x, w) = btanh(Az)w*. 
44,0 yy!’ | = btanh(Az)(xy’, -3y)*. 
This is a special case of equation 4.2.6.25 with f(z, w) =b tanh(Ax)w*. 
45.0 yr ng =U taly,, —ytanh x). 
This is a special case of equation 5.2.6.32 with f(a, wu) = au® and y(x) = coshz. 
46. yf, = atanh*(Ay)y ye. 
This is a special case of equation 4.2.6.51 with f(y) =a tanh“ (Ay). 
47, yy! yy, = atanh(Az)y?. 


This is a special case of equation 4.2.6.57 with f(z) = a tanh(Az). 


awn 


48. yy + 4yl yl! + 3(yy)” = a tanh*(Ax) + 0. 
This is a special case of equation 4.2.6.58 with f(x) =a tanh*(Az) + b. 


wt an 


49, yy! tay yl, + 3(y%))? = a tanh”*(Ay) +b. 
This is a special case of equation 4.2.6.60 with f(y) = a tanh* (Ay) + b. 


4.2.3-4. Equations with hyperbolic cotangent. 


50. mt ~6=acoth™ (Ay) + 0. 


Vowun 
This is a special case of equation 4.2.6.1 with f(y) = acoth”™ (Ay) + b. 
51. yy ng = acoth(Ay + Gx) + b. 
The substitution w = y + (3/A)x leads to an autonomous equation of the form 4.2.6.1: 
wit, = acoth(Aw) + b. 


LLL 
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52, yf! = ax“ coth” (Ay). 


Youn 
This is a special case of equation 4.2.6.2 with f(y) = acoth™ (Ay). 
53,0 yy en = acoth(Ay)y’, + bcoth(Bz). 
This is a special case of equation 4.2.6.21 with f(y) = acoth(Ay) and g(x) = b coth(Gz). 
54,0 yf! = ay + bcoth(Az)(y’, —ay)*. 
This is a special case of equation 4.2.6.27 with f(z, w) =b coth(Ar)w*. 
55. yf", = beoth(Ax\(ry,, — y)*. 
This is a special case of equation 4.2.6.23 with f(z, w) =b coth(Ax)w*. 
56. yl! = beoth(Ax)(xy!, — 2y)*. 
This is a special case of equation 4.2.6.24 with f(x, w) = bcoth(Az)w*. 
57, yt"! = beoth(Az)(xy!, — 3y)*. 
This is a special case of equation 4.2.6.25 with f(z, w) =b coth(Ax)w*. 
58. yf) = y tay, —ycothz)*. 
This is a special case of equation 5.2.6.32 with f(a, wu) = au® and p(x) = sinha. 
59, yl! = acoth*(Ay)y,.y 


This is a special case of equation 4.2.6.51 with f(y) =a coth*(Ay). 


60. YY ae — VoUnee = acoth(Ar)y*. 
This is a special case of equation 4.2.6.57 with f(a) = a coth(Az). 


a an 


61. yy tay yl + 3Cyl) = acoth*(Ax) +b. 


This is a special case of equation 4.2.6.58 with f(x) =a coth*(Ax) + b. 
62, yy! + ayy + 3(y!)* = acoth*(Ay) +b. 


This is a special case of equation 4.2.6.60 with f(y) = acoth* (Ay) + b. 


4.2.4. Equations Containing Logarithmic Functions 


4.2.4-1. Equations of the form y/!"_. = f(x,y). 


Ly eg = aln™ (Ay) + b. 
This is a special case of equation 4.2.6.1 with f(y) = aln™ (Ay) + 0. 

2. ae = aln(Ay + Bx) +b. 
The substitution w = y+ (G/A)a leads to an autonomous equation of the form 4.2.6.1: 
wen eg = aln(Aw) +b. 

3,0 yf =aln(Ay + Bx’) + b. 
The substitution w = y + (3/A)x* leads to an autonomous equation of the form 4.2.6.1: 
wn eg = aln(Aw) +b. 

4. yo iS ax~*In™ (Ay). 


This is a special case of equation 4.2.6.2 with f(y) = aln™ (Ay). 
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10. 


wt 
Yevvn 


This is a special case of equation 4.2.6.14 with f(w) =alnw. 


=ay(Ar+miny). 


at 
Voune 


This is a special case of equation 4.2.6.15 with f(w) =alnw. 


=aa-*(Ay+mIinz). 


a 
Vounn 


This is a special case of equation 4.2.6.3 with f(w) =alnw. 


=aa(Iny -Inz). 


wt 
Vornn 


This is a special case of equation 4.2.6.4 with f(w) =alnw. 


=ax>(ny -3Inz). 


yu, tax /*(2iny -3Inz). 
This is a special case of equation 4.2.6.5 with f(w) = 2aInw. 


wt 
Youve 


This is a special case of equation 4.2.6.6 with f(w) =alnw and k =—n. 


=az”“*(ny —-nInz). 


4.2.4-2. Other equations. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19, 


20. 


a 
Vounn 


This is a special case of equation 4.2.6.27 with f(x, w) = bIn(Ax)w*. 


= ay + bIn(Az)(y’, — ay)*. 


= binary’, -y)*. 


Vowen 

This is a special case of equation 4.2.6.23 with f(x, w) = bIn(Ar)w*. 
Ye eg = Oln(Ax)(xy’, - 2y)*. 

This is a special case of equation 4.2.6.24 with f(x, w) = bIn(Ar)w*. 
Ye eg = bln(Ax)(xy’, - 3y)*. 


This is a special case of equation 4.2.6.25 with f(x, w) = bIn(Axr)w*. 


VV vce ~ Yoo) = aln(Ax). 
This is a special case of equation 4.2.6.36 with f(z) = a In(Ax). 


cy” + 4y! = ana + Iny). 


wn 


near = Ow. 


The substitution w(x) = zy leads to an equation of the form 4.2.6.1: w 


a an 


Vouae = MAY) Y, Venn 

This is a special case of equation 4.2.6.51 with f(y) = a In(Ay). 

Woewee ~ YVeVere = ain(rn)y”. 

Integrating yields a third-order linear equation: y/.". = [ax In(Az) — ax + Cl y. 
we 


Woeen + 4y) yi” + ay")? =a In™ (Ax) +b. 


This is a special case of equation 4.2.6.58 with f(x) = aln™ (Ax) + b. 


wt 


yy ie + fy ye, + 3(y) = aln™ (Ay) + bz 


Youe 


This is a special case of equation 4.2.6.60 with f(y) = aIn™ (Ay) + 6. 
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4.2.5. Equations Containing Trigonometric Functions 


4.2.5-1. Equations with sine. 


LL 
1. Venue 


= asin™ (Ay) + b. 
This is a special case of equation 4.2.6.1 with f(y) =a sin™ (Ay) + b. 


2. Yewoe = @sin(Ay + Bx) + b. 
The substitution w = y + (G/A)a leads to an autonomous equation of the form 4.2.6.1: 
wr ee = asin(Aw) +b. 

3. View = Oy + bsinx)” — bsin x. 


The substitution w = y+ bsinz leads to an autonomous equation of the form 4.2.6.1: 
mn 2 


Wenag = AW. 
we =f -4 oem 
4. Vonee = ax sin™ (Ay). 


This is a special case of equation 4.2.6.2 with f(y) =a sin™ (Ay). 


we 
5. Veane 


= asin(Ay)y., + bsin(Gx). 


b 
Integrating yields a third-order equation: y/.”.. = -> cos(Ay) — B cos(Bx)+C. 


6. mt =aty+ bsin(Ax)(y,, - ay)”. 


Vounnx 
This is a special case of equation 4.2.6.27 with f(z, w) =b sin(Ar)w*. 


aw 
7. Veuwe 


= bsin(Ar)(xy’/, - y)*. 

This is a special case of equation 4.2.6.23 with f(z, w) =b sin ax)w*. 
8 oy! = bsin(Az)(xy’, — 2y)*. 

This is a special case of equation 4.2.6.24 with f(z, w) =b sinx)w*. 
9 of! = bsin(Aa)(ry’, —3y)*. 


This is a special case of equation 4.2.6.25 with f(z, w) =b sin(Ar)w*. 


10,0 yy ae — Yan) = asin(Ax). 
1°. Integrating the equation twice, we arrive at a second-order equation: yy’, —(y!,)? = 
—aXd~ sin(Ar) + C2 +O». 


2°. Particular solution: y =C sin(Ax) + at 


Cr» 


MW. yy — Yn) — ayl, + bsin(Ax) = 0. 


ae 


1°. Integrating yields a third-order equation: yy)” ryt, — ay — br! cos(Az) = C. 


zax YaeYer 


acos(Ar) + CM sin(Az)| +C. 


b 
2°. Particular solution: y= —\al+ Gay [ 


2 yy - (yy —ayl,, + bsin(Ax) = 0. 
1°. Integrating the equation two times, we obtain a second-order equation: yy’, — (y’,)? — 
ay + C,x + Cy — bX* sin(Az) = 0. 
b+aCr 
CM 


2°. Particular solution: y = C'sin(Ax) — 
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13. 


14. 


15. 


16. 


17. 


18. 


a a 


WV cvve ~ Yon) = UYY yn — (Yi) 1 + bsin(\Ax) +c. 
The substitution w(x) = yy", — (y'.)? leads to a second-order constant coefficient nonhomo- 
geneous linear equation of the form 2.1.9.1: w%!, =aw + bsin(Ax) +c. 
YY ie OY — (yl) + bsin(Az) = 0. 
1°. Integrating the equation two times, we obtain a second-order equation: yy’, — (y/,)* — 
ay’, + Cyx + Cy — bX sin(Az) = 0. 

b 


2°. Particular solution: y= Vals Gay 
Ga 


[a cos(Az) — Cr sin(Ax)| +C. 


wt a 


Vouan =e sin“ (AY) U.Va 

This is a special case of equation 4.2.6.51 with f(y) =a sin*(Ay). 

Weve ~YoVnon = 2Sin(rx)y”. 

This is a special case of equation 4.2.6.57 with f(x) = asin(Ax). Integrating yields a third- 


wy 


order linear equation: y,.7 


7 le - _ cos( Az) Y. 
YU ve FAV me + 3(y").)? =asin(Ax). 
Solution: y? = C323 + Cyx? + Cia + Co + 2aX4 sin(A2). 


at an 


YW rcee t ULVere t YZ.) = asin" (Ay) + b. 
This is a special case of equation 4.2.6.60 with f(y) =a sin* (Ay) + b. 


4.2.5-2. Equations with cosine. 


19, 


20. 


21. 


22. 


23. 


24. 


25. 


a 
Vounn 


This is a special case of equation 4.2.6.1 with f(y) =acos™ (Ay) + b. 


= acos™ (Ay) + b. 


wt 
Vounn 


The substitution w = y + (3/A)x leads to an autonomous equation of the form 4.2.6.1: 


=acos(Ay + Gx) + b. 


wee ge = acos(Aw) + b. 

Youn = aly + bcos x) — beos x. 

The substitution w = y+ bcosz leads to an autonomous equation of the form 4.2.6.1: 
Wn ys 

Weare — GW. 

Yewae = 2t* cos” (Ay). 


This is a special case of equation 4.2.6.2 with f(y) = acos™ (Ay). 


a 
Voune 


= acos(Ay)y,, + bcos(Bx). 
b 
B 


Ww 


Integrating yields a third-order equation: y;.... = x sin(Ay) + = sin(bx) + C. 


a 
Vounn 


This is a special case of equation 4.2.6.27 with f(x, w) = bcos(Ar)w*. 


= a‘y + beos(Ax)(y/, - ay)*. 


a 
Vounn 


This is a special case of equation 4.2.6.23 with f(z, w) =b cos(Ax)w*. 


= beos(Ax)(xy!, — y)*. 
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26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


i! = beos(Axr)(xy’, — 2y)*. 


Vounnx 

This is a special case of equation 4.2.6.24 with f(z, w) =b cos(Ax)w*. 
Yue eg = Ocos(Ar)(xy’, — 3y)*. 

This is a special case of equation 4.2.6.25 with f(z, w) =b cos(Ax)w*. 
Yvon ~ You) = @cos(Az). 


1°. Integrating the equation twice, we arrive at a second-order equation: yy’, — (y',)* = 
—aXd? cos(Ax) + Cx + Co. 


2°. Particular solution: y=C' cos(Ax) + ee, 


Cr» 
WV ewoe ~ (y’) -ay!, + beos(Ax) = 0. 
1°. Integrating yields a third-order equation: yy!” ty! — ay + bd“! sin(Aa) = C. 


can YVaYeu 


2°. Particular solution: y= [a sin(Ax) —C? cos(\x)] +C. 


b 
Naz + C28) 
VY vem Pm gy = ay... +b cos(Ax) = 0. 


1°. Integrating the equation two times, we obtain a second-order equation: yy’, — (y!,)* — 
ay + Cx + Cy — bX? cos(Az) = 0. 


aC» +b 
CM 


2°. Particular solution: y =C' cos(Ax) — 


a a” 


WV evra ~ Yn) = UYY iy — (Yi,) 1 + bcos(Ax) + €. 

The substitution w(x) = yy", — (y'.)? leads to a second-order constant coefficient nonhomo- 
geneous linear equation of the form 2.1.9.1: w%!,, = aw + bcos(Ax) +c. 

YY oe OY, — (Yn) + bcos(Ax) = 0. 

1°. Integrating the equation two times, we obtain a second-order equation: yy’, — (y/,)* — 
ay’, + Cyx + Cy — bA* cos(Az) = 0. 


2°. Particular solution: y= [Cr cos(Ax) +a sin(Ax)| +C. 


b 
~ (a2 + C202) 


wt 


wm 
Vevvn 


Ven" 


= acos*(Ay)y’, 
This is a special case of equation 4.2.6.51 with f(y) =a cos*(Ay). 


aw a 


YY ie UY = Acos(Ar)y’. 
This is a special case of equation 4.2.6.57 with f(a) = acos(Az). Integrating yields a third- 


order linear equation: y!), = FE sin(Ar) + Cl y. 


YU ve FAV LY oe + ay")? = acos(Az). 
Solution: y* = C323 + Cox? + Cx + Co +. 2aX*4 cos(Az). 


a awn 


YWoove + WeVoue + 3Uz2) = 400s" (Ay) + b. 
This is a special case of equation 4.2.6.60 with f(y) =a cos*(Ay) +b. 
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4.2.5-3. Equations with tangent. 


37. mt ~6=atan™(Ay) + b. 


Vounn 
This is a special case of equation 4.2.6.1 with f(y) = a tan™ (Ay) + b. 
38. oy, = atan(Ay + Gx) +b. 
The substitution w = y+ (G/A)a leads to an autonomous equation of the form 4.2.6.1: 


we eg = atan(Aw) +b. 


39,0 yf! = ax“ tan™ (Ay). 
This is a special case of equation 4.2.6.2 with f(y) = atan™ (Ay). 
40. yy, = atan(Ay)y!, + b tan(Gx). 
This is a special case of equation 4.2.6.21 with f(y) = a tan(Ay) and g(x) = b tan(Gz). 
4. yf" = aty + btan(Az)(y), —ay)*. 
This is a special case of equation 4.2.6.27 with f(x, w) = btan(Az)w*. 
42, yf! = btan(Az\(ry!, — y)*. 
This is a special case of equation 4.2.6.23 with f(z, w) =b tan(Ar)w*. 
43, yf = btan(Az)(xy’, — 2y)*. 
This is a special case of equation 4.2.6.24 with f(z, w) =b tan(Ax)w*. 
44,0 yf" = btan(Aa)(xy!, —3y)*. 
This is a special case of equation 4.2.6.25 with f(x, w) = btan(Ar)w*. 
45. yf!" =ytay, +ytanz)*. 
This is a special case of equation 5.2.6.32 with f(a, wu) = au® and p(x) = cos x. 
46. yf) =atan*(Ayy yi. 
This is a special case of equation 4.2.6.51 with f(y) =a tan*(Ay). 
47, yy yl yl! = atan(Az)y?. 
This is a special case of equation 4.2.6.57 with f(z) = a tan(A2). 
48.0 yy tyne + 3(y,) = a tan*(Aa) + b. 
This is a special case of equation 4.2.6.58 with f(x) = atan*(A\x) + b. 
49,0 yy! toy ye. + 3) = atan*(Ay) +b. 
This is a special case of equation 4.2.6.60 with f(y) = atan* (Ay) + b. 


4.2.5-4. Equations with cotangent. 


50. mt ~6=acot™(Ay) +b. 


Vowun 
This is a special case of equation 4.2.6.1 with f(y) = acot™(Ay) + b. 
51. yy en = acot(Ay + Gx) +b. 
The substitution w = y + (3/A)x leads to an autonomous equation of the form 4.2.6.1: 


wn ig = acot(Aw) +b. 
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52. um = aa-4 cot™(Ay). 


Vowen 
This is a special case of equation 4.2.6.2 with f(y) = acot™ (Ay). 
53.0 yy ie = acot(Ay)y!, + bcot( Bx). 
This is a special case of equation 4.2.6.21 with f(y) = acot(Ay) and g(x) = bcot(Gz). 
54,0 yf) = ary + bcot(Ax)(y’, —ay)*. 
This is a special case of equation 4.2.6.27 with f(z, w) =b cot(Ax)w*. 
55. yf! = beot(Az)(xy!, —y)*. 
This is a special case of equation 4.2.6.23 with f(z, w) =b cot(Ax)w*. 
56. yf! = beot(Ar)(xy’, —2y)*. 
This is a special case of equation 4.2.6.24 with f(z, w) =b cot(Ax)w*. 
57,0 oy! = beot(Ax)(xy’, — 3y)*. 
This is a special case of equation 4.2.6.25 with f(x, w) = bcot(Ar)w*. 
58. of) = y tay, —ycotx)*. 
This is a special case of equation 5.2.6.32 with f(a, wu) = au® and p(x) = sin x. 
59, yf" = acot*(Ay)y, yi. 
This is a special case of equation 4.2.6.51 with f(y) = acot*(Ay). 
60. yy yy, = acot(Ar)y’. 
This is a special case of equation 4.2.6.57 with f(x) = a cot(A2). 
61. yy toy ye, + 3)” = acot*(Ax) + b. 
This is a special case of equation 4.2.6.58 with f(x) = acot*(Ax) + b. 
62, yy tay yl! + 3(y) = acot*(Ay) + b. 


This is a special case of equation 4.2.6.60 with f(y) = acot* (Ay) + b. 


4.2.6. Equations Containing Arbitrary Functions 


4.2.6-1. Equations of the form y/”_. = f(x,y). 


LLLIXL 


Ll. Yevow = f(y). 


PL 


Autonomous equation. By integrating, we obtain 2y/,y"", —(y!!,)° =2 / S(y)dy+2C. The 


x 


substitution w(y) = ly. P/2 leads to a second-order equation: Way = 3 [/ nA@D) dy+C] alae 


2. Younes = 2 * f(y). 


This is a special case of equation 4.2.6.55 with a, = az = a3 = 0. The substitution ¢ = In |z| 


leads to an autonomous equation. 


3. Vives = 2 S(y/a). 


Homogeneous equation. The transformation t = Inz, w = y/z leads to an autonomous 


equation of the form 4.2.6.79. 
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4 Yeteg = # fy”). 


Vounn 
The transformation z = t"!, y = wt leads to an autonomous equation of the form 4.2.6.1: 
TH 
witte = Fw). 
5 yf! a al? F(ye/), 
The transformation x = e*, y=2°/*w leads to an autonomous equation of the form 4.2.6.33: 


wn 5, ft 9 
Witte — TW = jew + fw). 


6. a =e OF ay). 


Generalized homogeneous equation. 
1°. The transformation t=Inx, z =x*y leads to an autonomous equation. 


2°. The transformation z= a*y, w = xy!,/y leads to a third-order equation. 


wm -~4 k 
7. Veena = YU" fla’y™). 
Generalized homogeneous equation. The transformation z = x*y™, w = ay',/y leads to a 
third-order equation. 
8. of! = fly +a3x° + ann” + ax + ap). 


The substitution w = y+ a3? + a,x” + ayxz +9 leads to an equation of the form 4.2.6.1: 


Weave = fw). 


9. mt = f(y+az*). 


Vornn 


The substitution w = y +az* leads to an equation of the form 4.2.6.1: w/!"!,., = f(w) + 24a. 


LLL 


10. v(axr+ by’ = f(yx™). 


+b 
The transformation € = In a , we leads to an autonomous equation of the form 
x 
4.2.6.79. 
ax +by+c 
yl! = (av + by +0) Ff (—**). 
axz+ By ty 


This is a special case of equation 5.2.6.19 with n = 4. 


12. m= (ax? +bxr+c)>/? oe : 
Yara = ( yey (ax? + bx + c)3/2 


dx y 
1°. Thet fe ti = / ——__, w= ———_| 
reo ax +bate’ (az? + bx +.c)3/2 


equation of the form 4.2.6.33 with respect to w = w(§): 


leads to an autonomous 


Weeee — 3 Awe + Nw = f(w), where A =b*—4ac. 
Therefore, having integrated the latter equation, we obtain 
WeWeee — Lawitey - SA(wty =-3Nw'+ / f(w)dw+C. 


3/2 


The substitution z(w) = lwel leads to a second-order equation: 


a BAS +3 [-$au?+ f fw) dw +C| gs 


Www 


2°. The first integral of the original equation has the form: 
(Py, - £PLyyie, — PUM)? + 4 Pyle + 3ayylt, ~2aly,) = [ f(w) dw +C, 


where P =aa*+ba+c, w=yP 3. 
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13. 


14. 


15. 


16. 


17. 


18. 


19, 


20. 


Wes = er f(ye*). 


This is a special case of equation 4.2.6.47 with a = b =c =0. The substitution w(x) = ye~* 
leads to an autonomous equation. 


x 


a 


d 
Veare = yf(e™*y™). 
The transformation z = e**y™, w(z) = y!./y leads to a third-order equation. 
[eee = a“ fee), 

The transformation z= 2e*”, w(z) = xy/, leads to a third-order equation. 
we 
Youve 

ay he = : egy 
The substitution w = y + ae® leads to an equation of the form 4.2.6.1: wii, = f(w). 


= f(y + ae”) -ae”. 


wt 
Vorne 


The substitution w = y+acoshz leads to an autonomous equation of the form 4.2.6.1: 
vw == 


= f(y + acoshzx)-acoshz. 


a 
Vounn 


The substitution w = y + asinhz leads to an autonomous equation of the form 4.2.6.1: 
ww = 


= f(y + asinh x) -asinh x. 


we 
Vorne 
The substitution w = y +acosz leads to an autonomous equation of the form 4.2.6.1: 


Wreax = fw). 


= f(y+acosz)-acosz. 


a 
Voune 


The substitution w = y+asinz leads to an autonomous equation of the form 4.2.6.1: 
Wrese = fw). 


= f(y+asinz) -asinz. 


wn 


4.2.6-2. Equations of the form y7""_. = f(x,y, yi). 


21. 


22. 


23. 


24. 


25. 


26. 


a 


Vownn = F(Y)Y;, + g(z). 
By integrating, we find y/”. = [t@ dy + [o@ dz +C'. For g(x) = 0, the order of this 
equation can reduced by one with the help of the substitution w(y) = y/,. 


a 


-4 ’ 
Veuer =" f (ry, -y)- 
The transformation ¢ = In|z|, w = xy’, — y leads to a third-order autonomous equation: 
Wite — Swe + Ow; = fw). 


a 


Younes = f(@, ry, - y)- 
The substitution w = zy!,—y leads to a third-order equation: (w!,/x)),, = f(a, w). 


at 


Yewow = f(v, vy’, — 2y). 
The substitution w = xy’, —2y leads to a third-order equation: xw!,,—w!!,, =a? f(z,w). 


a 


Yewew = f(v, vy’, — 3y). 
The substitution w = xy!, — 3y leads to a third-order equation: w= af(x,w). 


a 


Vawon = Ye" flay, /y)- 
The transformation z = xy’,/y, w = x7y'",/y leads to a second-order equation. 
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27. 


28. 


29. 


30. 


31. 


32. 


at 


Yovwe = 'Y + f(a, y!, — ay). 
The substitution w = y/,—ay leads to a third-order equation: w 


f(a,w). 


a 
Vouan 


The substitution w = y/, sinh # — y cosh leads to a third-order equation. 


wy 


" ZAist 34 c= 
gaa + WW, $AW, +A WwW = 


= f(x,y’, sinh x - y cosh x) + y. 


a 
Vounn 


The substitution w = y/, cosha — y sinh leads to a third-order equation. 


= f(x,y, cosh x — y sinh x) + y. 


a 
Vounn 


The substitution w = y/, sinx — ycos leads to a third-order equation. 


= f(x, y/, sinaz - ycosx) + y. 


a 
Verne 


The substitution w = y/,cosx+y sin leads to a third-order equation. 


= f(x,y! cosx+ysinaz) +y. 


pit y 
Us =— yt f(a, y., = “=y), p= y(x). 
Y y 
t 
The substitution w = y’, — Pry leads to a third-order equation. 
~ 


wn 


4.2.6-3. Equations of the form y= f(@.Y. Ves Yon): 


33. 


34. 


35. 


wt 


Vowun + aye ae f(y). 
Having integrated this equation, we obtain 2y/y!"., —(y/!,)° + aly, =2 / F(y) dy + 2C, 


eUece 


where C’ is an arbitrary constant. The substitution w(y) = ly P/ 2 leads to a second-order 


equation: 
yy 


w= —saw'? + 3 [/ fy dy +C] wis, 


a 


Having integrated this equation, we obtain a third-order autonomous equation: 


2ULUee — Yeo) +2F (yl) =2 f gly)dy+2C, where F(u)= f uf(u)du. 


The substitution w(y) = y/, leads to a second-order equation. 


at a” 


2 
Vouae amid f(xy, = Wye 
The transformation t = In|z|, w = xy!, — y leads to a third-order equation: 
Wi — Sw + Ow; = f(w)wy. 
Integrating it, we obtain a second-order autonomous equation: 
Wy — Sw; + Ow = A f(w)dw+C. 
The substitution z(w) = tw; leads to an Abel equation of the second kind: 


22,-2= 4 [-ow + [ fw) dw +0] 


(see Subsection 1.3.1). 
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36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44, 


45. 


46. 


a 


mM y2 
WY reve ~ Yeu) = F(x). 
Integrating the equation twice, we arrive at a second-order equation: 


Ye — Gz) = i (x-t)f()dt+Cyr+Cy. 
YY ae Ue = F@lyy., -(y1+ g(a). 
This is a special case of equation 4.2.6.93. The substitution w(x) = yy = (y',)° leads to a 
second-order linear equation: w/!, = f(x)w + g(a). 


wt 


Yrwwn =2Y + fYy, + ay). 
The substitution w = y!',, + ay leads to a second-order autonomous equation of the form 
2.9.1.1: wi, =aw + fw). 


at 


Vowwa = L(Ys Yea) 
The substitution w(y) = +(y/,)* leads to a third-order equation: ww!” + sw, wie = 


2f (y,45 wy): 


a 


2 a” 
Voour =VYt f(L,Yz_ + Ay). 
The substitution w = y/,, + ay leads to a second-order equation: w'/, =aw + f(x, w). 


wt 


Yeoor = US (YYee - Ye): 
This is a special case of equation 4.2.6.42. 


wt 


Yewww = Yoo! (YY en — Ye) +Y9(YYirw — Yo) 
1°. Particular solution: 

y = C, exp(C3x) + Cy exp(—C32), 
where the constants C, Cy, and C} are related by the constraint 

— C3 f(4C1CC3) — g(4C1C2C}) = 0. 
2°. Particular solution: 

y = C) cos(C3x) + Cy sin(C32), 
where the constants C, Cy, and C are related by the constraint 
C3 + C3 f(-C{C§ — CZCZ) — g(-C7CZ — CPC) = 0. 

Yonee = 0™ fay", —2xy!, + 2y). 
The substitution w = 27y!!,, — 2xy!, + 2y leads to a second-order equation: rw’, —2w’', = 
x™ f(w). For m = —4, the substitution z(w) = tow, leads to an Abel equation of the 
second kind: zz/,-z= 3f(w) (see Subsection 1.3.1). 


a 


7 = f(a, ry’, -Y, Yorn de 
The substitution w(x) = vy!, — y leads to a third-order equation. 


yl" = f(a, zy! 2ry!, + 2y). 


Vowun 
The substitution w = xy’, — 2xy!, + 2y leads to a second-order equation: rw’! —2w’!, = 


x? f(x, w). 


Ve y 
win = et testa. 
Particular solution: y=C', exp(C)2)+C3, where C{ is an arbitrary constant and the constants 
C, and C’ are related by the constraint C3 = f(Cr,-C2C3). 
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wy 


4.2.6-4. Equations of the form y/!"_ = f(a, y, yh Ula Ya): 


ah -r 
47. vie + LY nom + by? + cy, = e** f(ye”). 


Vounn Lee 


The substitution w(2) = yer" leads to an autonomous equation: 


Wrnag t(4A+a)Whig + (6X + 30d + d)wi 
+ (403 + 3a +2b\ + cw! + At +03 + b\7 + cA = f(w), 
which can be reduced to a third-order equation by means of the substitution z(w) = w/,. For 
a =-—4\ and c = 8A? — 2bX, the above equation coincides, up to notation, with equation 
4.2.6.33 and can be reduced to a second-order equation. 
48. ee + QYY rom = f(a). 


Integrating, we arrive at a third-order equation: y/"’,, + ayy", — 5a(y!,)” = / f(a)dz+C. 


LLL 


an 


49. 7 ee + QU poe a AY, Vow = f(x). 


Integrating, we arrive at a third-order equation: y’”", + ayy”, — aly.) = / f(x)dr+C. 
50. Yivee tCYY vn + FUL) ce = 9(@)- 
Integrating, we arrive at a third-order equation: 


Ween + ayy, — Falyi y+ Fy) = [ g)de+C, — where F(u)= f flu) du. 


51. YW vee = S(WYLYewe 


mw 


Integrating, we arrive at a third-order autonomous equation of the form 3.5.1.1: y2z., = 
Cexp[ f fw dy]. 

52. xy toy. = f(xy). 
The substitution w(x) = zy leads to an equation of the form 4.2.6.1: wi! = f(w). 


a 


53. xy t(at3)ye. = f(a, ry), + ay). 


The substitution w = xy!,+ay leads to a third-order equation: w/’., = f(x, w). 


2 2 
54,0 yl t Bry,” + ly), = f(x*y). 


Lee 
The substitution w(x) = xy leads to an autonomous equation of the form 4.2.6.1: 
ww — 


4,0 3,00 2, Bo 
55.0 LY ee t O32 Yann + 22 Y,, tary, = fly). 


The substitution ¢ = In|z| leads to an autonomous equation: 
Yeete + (a3 — 8)Yiee + (11 — 303 + ar)yyy + (2a3 — a2 + a1 — 6)y = FY), (1) 


the order of which can be lowered with the help of the substitution w(y) = y;. For a3 =6 and 
G1 = a2 — 6, equation (1) coincides, up to notation, with equation 4.2.6.33 and can be reduced 
to a second-order equation. 

56. ey + ary!” + bx?y” , +cxry) +sy = a f(yx*). 


The transformation t = In x, w = yx" leads to an autonomous equation of the form 4.2.6.79. 
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57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


Weewe ~ Yonex = Fay’. 
Integrating yields a third-order linear equation: y/.”. = / f(a)dxr+ Cc] y. 


awn 


YY vce t4¢Y LY coe +3 n)” = f(x). 
Solution: y? = C323 + C)x2?+Cir+Cot+ fe —t f(t dt. 
xo 


mt mM y2 
Wwe + WY Verve + (@- Wye.) = f(x). 
Integrating the equation two times, we obtain a second-order equation: 


YYn + oul) = Cia +Co+ ie (a —t) f(t) dt. 
TT 3Ye 2) = Fy). 
The substitution w = y* leads to an equation of the form 4.2.6.1: wi”, =2f (t/w). 


LLLIXL 


wt a an 


Woaee ~ Ue Yeux = fH)YY eee" 
Integrating yields a third-order linear equation: y//”, = C exp i f(x) dx| y. 


a a an 


Woaece + Up Youn = = fO)YY eee" 
Integrating yields a third-order equation of the form 3.5.1.2: yy!", =C exp / f(x) dz . 


YWowwe + f- DY eee t+foyy, +94 =9 F=f), g=gG(e). 
The functions that solve the third-order linear equation y/".,, + g(x)y = 0 are solutions of the 
given equation. 


WY evan + (4yi, + IW Yeee + 3(Y2,) + 3 FU, Yee + 9%) = f = f@). 
The substitution w = (yy! en leads to a first-order linear equation: w/,+ fwt+g=0. 
Solution: 


yo =Coa’ + Cia +Cot [@- t)w(t) dt, 


where w(x) = ef [es - ri ef (a) dx| , F(a@)= i, f(x) dz; xo is an arbitrary number. 
WY von + AY, + FWY eee + 3Uoo) + BF, + IWUee + Gly.) + hyy,, +s = 0. 
Here, f = f(x), g=9(x), h=h(a), s=s(x). The substitution w =yy!, leads to a third-order 
nonhomogeneous linear equation: w/),. + fw, +gwi,,+hwt+s=0. 


” Ne 


a 


(y + ax + bye t+ HY, + Yee t (Ye) = f(a). 
Solution: (y+azx +b)* = C323 + Coa? +C;a+Cot+ 1f"G —t fd dt. 
xo 


a a 


(y/,)4 
2 
WVrwoe = 4 eV owe oes = 


+ [yt -wtrls(#). 


vt, 


y2 
The transformation € = —, w= Yow _ () leads to a second-order linear equation with 


respect to w* : (wy. = 24€7 +2f(€). Integrating it, we obtain 


we =Or€ + Cy +2et4 [i e-n peat, 
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Taking into account that €, = w, yi, = €y, ye = €y/w, we find the solution in parametric 


form: dé bdé 
sa[ Bre. yecren( [8 
é 1/2 
where w = +|Cr€+ C, +2¢4 +2 f (€-1 f(t) dt] 
& 
68.0 Ye — UU eee + F(@Y Ue + Uy, Ue - F@yy Yee 
+2 fi (x)y?y’), + 2F(w(yl,) + [F7(a@) -2f, (@)ly(y,y + KL (@y’y!, = 0. 
The solution satisfies the second-order linear equation y’,, + f(ax)y!, — 2(a,C, Cr)y = 0, 


where z = 2z(%, C1, C2) is the Weierstrass elliptic function determined by the second-order 
autonomous equation 21), + 22 =0. 


7 


69. Ye — UV ee + Fay ye, + Uy, uy, - f@yy.yy, 
+ 2fi(ayy?y’, + 2F (ay) + LF7@) -2F,@ yy) + KL @)y’y!,, = Ary’. 
The solution satisfies the second-order linear equation y””,,+ f(x)y!,—2z(a, Ci, Cr)y =0, where 
2 = 2(x, C, C>) is the solution of the first Painlevé transcendent 2”, + 27 = Az. 


2,00 wt 2,0 aw ae 


70. WUnvee ~2YVLVewe tla t f(@)Y Yee —YVUee) — Bat f@)lyyL ues 
+ 2(y/,)’yt, + la f(x) + g(x)ly’y%, + 2a(y’,)°- af(x)y(yl,)+ ag(a)y’y!, = h(x)y* 
The solution satisfies the second-order linear equation y’,, + ay}, — z(x, Ci, Cy)y = 0, where 
z= 2(a, C), C2) is the solution of the second-order linear equation 2”,+ f(x)zi,+9(a)z= h(a). 


Tl. WeVowne —3Ueee) = fey, - We.) 
The Legendre transformation x = uj}, y = tu), —u leads to an equation of the form 4.2.6.1: 


ult, =F). 


72. Yeowe = fWYLIV eee): 
Integrating yields a third-order autonomous equation: 


d 
‘| PORE oat [t@ dy+C, where w=y'.,, 
gw) 
the order of which can be lowered by means of the substitution z(y) = y/.. 
ay” ) 


Jewe=u? 


The substitution w(x) = xy!, — y leads to a third-order equation of the form 3.5.2.27: 


BB. ayy + ue, = eu) F ( 


LLL 


apt wi? P(e), where F(£)=€°f(©. 


2, 


74, ey +2cy/.” = fay, —2xy!, + 2y)g(a*yr’.) 


The substitution w(x) = xy”, — 2ay!,+2y leads to a second-order equation of the form 


2.9.4.36: wil, = f(w)g(u',). 


75.0 yf! = Flag (ary, — 307 y”, + Oxy’, — by). 


Vounn Youn 


3,1 


yl —32y',.+6ay',—6y leads to a first-order separable equation: 


The substitution w(2)=2 
wi, = 2° f(x)g(w). 
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4.2.6-5. Other equations. 


76. 


77. 


78. 


79. 


80. 


81. 


82. 


83. 


$4. 


Woon ~ ¢@Yao! = 2 fiYornn) + 2I2Yronn) + PY cron) 


Particular solution: 
y= yin" + $022" + 5032" + C4x + Cs, 


where the constants C, C2, C3, C4, and Cs are related by three constraints 


40,03 - 4C3 = fi(C1), 
C1C4 = 4003 = fx(C1), 
C1Cs — 4C3 = f3(C)). 


a a an 


VY oooe — FY na) = VoorLIVoeea) t Vow S2U cee) 


wa wt a 


+ aw? fly a) + LfYreew) + SsUreax) 
Particular solution: 
y= Ci" + $022" ate 4032" + C4x ae Cs, 


where the constants C, C2, C3, C4, and Cs are related by three constraints 


40103 — 403 = $C fx(C1) + f3(Cd), 
C104 — 302103 = Ci fi(C1) + Crfa(Ci) + fa(Cr), 
C1Cs — £03 = Crfi(Cy) + C3 fa(C1) + fs(Cd). 


ws _ / au wm 
Yeuun = F(a, Yao Yew? Vnww)* 


The substitution w(x) = y/, leads to a third-order equation: w/” 


meal (a, w, wi, wy). 


Your = FYs Vos Yous Yoon)” 
Autonomous equation. The substitution w(y) = (yl. leads to a third-order equation: 


mt | ery ee | So Teed 1 un 
WWyyy + TWyWyy = 2F(y, +/w, ZWy, tzVW Wyy)- 


wa ” 2,/u ) 
. 


Vouae a a F(y/x, Yor TUn@? xr Yeuw 
Homogeneous equation. The transformation t = Inz, w = y/x leads to an autonomous 
equation of the form 4.2.6.79. 


k+3, 0 Vs 


mw — pk k k+1,/ k+2, 
= Faery, ery, BO ¥Un gs © Vee 


Voune 
Generalized homogeneous equation. The transformation t = Inz, w = x*y leads to an 
autonomous equation of the form 4.2.6.79. 
Youwe = F(t, 2Y,— Ys Yow Youn)” 
This is a special case of equation 5.2.6.78 with n = 4. The substitution w = ry’, — y leads to 
a third-order equation. 

wa 
Vornn 


The substitution w = xy’, — 2y leads to a third-order equation: ¢/, = F(x, w, ¢), where 
C= Wye /@. 


= F(x, ry, -2y, yn”). 


Lee 


Vorwwa = F(a, xy, -2wY,, +2Ys Viren 
The substitution w(x) = xy’, — 2ay!, + 2y leads to a second-order equation: (x 7wi,)/, = 


F(a, w, 2 7w!,). 
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as. uit, yr (2, Yee, Mane), 


/ " are) 
The transformation € = Ya w= You _ (4 


) leads to a second-order equation: 
y y 


w Wee + w(wey + 4éww, + 3w* +62wt ht =F(E,wtl, ww, + 3€w + €). 


/ 2,, 3,,4 


ty, vy Ly 
ped k 
86. y/2,, = ya 4F(aky™, ra ). 
x / 
Generalized homogeneous equation. The transformation t = r*y™, z = Ye leads to a 
y 


third-order equation. 


2 3 
87 wee = ya P( LY", x ee x Uoed ) 
. = ee ae! Se 1 


Vounn 


’ 
y y y 
xy! gy!! 
The transformation z = —=, w = ——~ leads to a second-order equation. 
y y 


Yorn yo yt 
88. Yree = UF (= De ener sre Ne 
Ye Ua Ue 
Autonomous equation. This is a special case of equation 4.2.6.79. 
Particular solution: 


y = C; exp(C27) + C3, 


where C’, is an arbitrary constant and the constants C’) and C are related by the constraint 
C3 = F(C2, -C2C3, C3). 
a - pan ax ect / an, I an, IN 
89. Veann = © Fle Yar © Yaa © Veo) 
Equation invariant os ‘translation—dilatation” transformation. The substitution u = e°*y 
leads to an autonomous equation of the form 4.2.6.79. 
2,7 3, 


a — »-4 m jay 
90. Yinee =U F(2’e , ry’, LY E VUnwm)* 


The transformation z= #™e°, w = xy! leads to a third-order equation. 


91.0 yl” =yF(e ; 


Vowun 
The transformation z = e®”y™, w = y/,/y leads to a third-order equation. 


a 


92. F2/Y> Vcr - Yer Youn! Yar Youra/Y) = 9 
Autonomous equation. This is a special case of equation 4.2.6.79. 


1°. Particular solution: 
y = C, exp(C3x) + Cy exp(—C32), 


where the constants C), C', Cz are related by the constraint F (C3, 40,C,C2, C2, C4) =0 


2°. Particular solution: 


y = C; cos(C3x) + C) sin(C3x), 
where C,, C2, and C) are related by the constraint F(-C3, —(C? + C3)C3, -C3, C4) =0 


93. F(t, yun — (YE) YU ove — Yeon? Youre ~ Yon) ) = 0. 
The substitution w(x) = yy’, —(y!,)* leads to a second-order equation: F(z, w,w’,, w',,) =0. 
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vt ELA 


y y 
94, F (S222, yee _y'") = 0. 
Ye ae 


A solution of this equation is any function that solves the third-order linear equation: 


dH = Cy 4 Co, 


Vane 
where the constants C; and C) are related by the constraint F'\(C;,-—C) =0. 
we 2 we aw 
95. F(x, yl tay, Yor — BY Yee t ayy) = 0. 
The substitution w= y’,,+ay leads to a second-order equation: F(x, w, w",,-—aw, wi) =0. 
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Chapter 5 
Higher-Order Differential Equations 


5.1. Linear Equations 
5.1.1. Preliminary Remarks 


d” 
In this Chapter, we denote higher derivatives by y to mean + 
L 


1°. The general solution of a homogeneous linear equation of the nth-order 


fray? + fra@y? ? +---+ fil@)yi, + fola)y = 0 (1) 
has the form: 
y = Cyyi(@) + Crya(@) +--+ + Cnyn(2). (2) 
Here, 41 (2X), y2(Z), ..., Yn(@) make up a fundamental set of solutions (the y; are linearly independent 
solutions; yz, #0); Cy, Co, ..., Cy are arbitrary constants. 


2°. Let yo = yo(@) be a nontrivial particular solution of equation (1). Then the substitution 


y= wote) [2c dx 


leads to a linear equation of the (n — 1)st-order for z(@). 
Let y; = yi(@) and y = y2(x) be two nontrivial linearly independent particular solutions of 
equation (1) with g = 0. Then the substitution 


y= | ywde-m [ yw de 


leads to a linear equation of the (n — 2)nd-order for w = w(2). 


3°. Some additional information about higher-order linear equations can be found in Subsections 
0.4.1-0.4.3. 


5.1.2. Equations Containing Power Functions 


5.1.2-1. Equations of the form f,(r)y + fo(x)y = g(2). 
1. yO +ay =0. 
1°. Solution for a = 0: 
y =O, + Coa + Cyn" + Cyr? + Csa* + Cea”. 
2°. Solution for a = k° > 0: 
y =C,coskx+C) sinkxz + cos (Ska) (C3 cosh € + Cy sinh é) 
+ sin(4ka) (Cs cosh € + C¢ sinh é), where €= Bre. 
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3°. Solution for a = —k® < 0: 
y = C coshka + Cy sinh ka + cosh(4+ka) (C3 cos €+ C4 sin é) 
+ sinh(+ka) (Cs cos €+ Cg sin €), where €= Bra, 


2. go =a’"y, 


Solution: 
n-1 
y = Ce" +C,e* + S- e?* (Az cos 6; + By sin Ox), 
k=l 
kr . kr : 
where yx = axcos —, 0, =ax sin —; Cy, Cy, Ag, Be (kK = 1, 2,...,n-—1) are arbitrary 
n n 
constants. 


3. y” =azry +b, a>0. 
Solution: 


ntl 


i oe) 2nrvi 
= Cy a Vv t— dt, vy ( e 
ue Ds Beg. oe ASD) gee CER) 


“ b 
where S C, = — and i? =-1. 
a 
=0 


4. yo =ax’y. 
For specific 3, see equations 5.1.2.2, 5.1.2.3 (with b = 0), 5.1.2.5—-5.1.2.9, and 5.1.2.10 (with 
b=0). 
1°. Letn => 2, G >—n, and (n+ @)(s+ 1) #1, 2,...,2—1, where s =0, 1,... Then the 
equation has n solutions that can be represented as: 
yj(2) = 2 By tya/noej—y/n(ae?"), f= 1, 2,..., 0. (1) 
Here, En.m (Z) is a Mittag-Leffler type special function defined by: 


Enmi(2)=1+ 5) bez, 
k=1 
(2) 
> TT ns tO 4D) 1 
: =I D(n(ms +1 +1) +1) ell [n(ms +1) +1]... [n(mst+)D4+n]’ 


s=0 


k-1 


where I(&) is the gamma function, / is an arbitrary number, and m > 0. 
If B = 0, solutions (1) are linearly independent. Series expansions of (1) are convenient 


for small x. 
2°. Letn =2, 8 <—n, and (n+ @)(s +1) #-1, -2,..., -(1—1), where s = 0, 1, ... Then 
the equation in question has n solutions that can be represented as: 

y;(2) = 9 By 1p n1(e+j)/n(a(-D"2""”), j=1,2,...,0, (3) 


where Em (Zz) is the Mittag-Leffler type special function defined by (2). If @ < —2n, 
solutions (3) are linearly independent. Series expansions of (3) are convenient for large x. 


3°. The transformation x = t"!, y = wt!” leads to an equation of similar form: 
wh = a(-1) 14" By, 


©) Reference: M. Saigo and A. A. Kilbas (2000). 
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10. 


11. 


12. 


13. 


14. 


sa) ia = ay. 
The transformation x = ¢!, y = wt!” leads to a constant coefficient linear equation: 
wi” = (-1)"aw. 


aye”) = ay. 
Solution: a 
y= 2"? S [Cu In(28eV8) + Car Kn (28rV2)], 
k=l 
where I,,(z) and K,(z) are the modified Bessel functions; 3, G2, ..., 8, are roots of the 


equation 3” = \/a. 
ss Tae! = ay. 


The transformation 2=t7!, y=wt'?” leads to an equation of the form 5.1.2.6: i wer) =aw. 


gPtl/2y n+l) = ay. 
Solution: 
2n 
y = 2 VIAN Cg [Tntj2(28eVE) + iInvi2(26ev2)], 
k=0 
where J;,(z) are the Bessel functions; 3, 31, ..., G2n are roots of the equation §?”*! =—ai; 
?=-t. 


343/24 2n+1) = ay. 


The transformation « = t!, y = wt?” leads to a linear equation of the form 5.1.2.8: 
PHNOM) — aw, 


g2nt 


y” =ay + ba”. 
The transformation x = t!, y = wt!” leads to a linear equation of the form 5.1.2.3: 
wy” = (-1)"(atw + b). 


(ax + 7) a = (ca +d)y. 

co+d _ y 
wae (ax + by"-1 
we = =A"€w, where A = be-ad. 


The transformation € = leads to an equation of the form 5.1.2.3: 


(ax + b)" (cx + d)?y™ =ky. 
ax+b y 


In ——, w= ETE leads to a constant coefficient linear 
cx+d (cx +d)" 


1°. The transformation € = 


equation. 
axzt+b y 
> Ww = 
cx+d (ca + d)"-1 
cw? =kNX"w, where A =ad-bc. 


2°. The transformation ¢ = leads to the Euler equation 5.1.2.39: 


(ax? + ba + c)"y) (™) = ky. 


l-n 
The transformation €= / , w= y(ax?+bx+c) “2” leads to a constant coefficient 


linear equation. 


= 


(ax + b)"(cx +d)" y2” = ky. 

ax+b y 
——, w= 
cxo+d (cx +d)?! 
EP? =kX?"w, where A = ad -be. 


The transformation € = leads to an equation of the form 5.1.2.6: 
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15. 


(ax +b)" (cx + dr 8/2y2D = ky, 
ax+b y 

$2 WS Fo 
cro+d (cx +d)?” 
Era ert =kX?"1w, where A = ad-—be. 


The transformation € = leads to an equation of the form 5.1.2.8: 


5.1.2-2. Equations of the form f,(x)y + fi(x)y!, + fo(x)y = g(a). 


16. 


17. 


18. 


19, 


20. 


21. 


22. 


23. 


y +azr*y! +akar*y =0. 


Integrating yields an (n — 1)st-order linear equation: y“") +aa*y =C. 


y sary’ —a(n-Da*y = 0. 

The substitution z= ary!,—(n—1)y leads to an (n—1)st-order equation: 2°") +ax**!z =0. 
Rly! +a(k+njx*y = 0. 

The transformation x = t!, y = wt!” leads to an equation of the form 5.1.2.16: 
w'” + bt”w! + bvt”w =0, where b= a(-1)""!, v=1-—k-2n. 


y™ +ax 


y™ + (ax + byx*y’ -ax*y = 0. 
Particular solution: yo =az+. 
y™ + (ax + byx*y’ -2ax*y = 0. 


Particular solution: yo = (ax + by. 


y™ + (ax + byx*y’ -3ax*y = 0. 


Particular solution: yo = (ax + by ; 


y™ + (ax + byx*y’ -a(n-Da*y = 0. 
Particular solution: yo = (aa + by: The substitution z = (ax + b)y’, — a(n — ly leads to 
an (n — 1)st-order linear equation: 2") + (ax + b)a*z =0. 


y™ +axky! ~ama"y = 0, m=1,2,...,n-1. 


Particular solution: yo = 2”. The substitution z = xy’, — my leads to an (n — 1)st-order 
linear equation: 


pele” k d 
D (=—) +ar z=0, where D=—. 
x dx 


5.1.2-3. Other equations. 


24. 


25. 


y =a™y + br (yi, - ay). 
This is a special case of equation 5.1.6.18 with f(x) = bx*. The substitution w = y'!,, — ay 
leads to an (2n — 2)nd-order linear equation: w?"™ + aw?r4 +---+a™ lw = brtw. 


YO + anayo) +++ + ary), + ay = 0. 
Constant coefficient homogeneous linear equation. To solve this equation, determine the n 
roots of the characteristic equation: 
N+ Gn XA” +--+ +ajA + a9 = 0. 
If the roots Ay, Ao, ..-, An are all real and different, then the general solution of the original 
equation is: 
y = Cy exp(\, 2) + C2 exp(A22) + +--+ Cy, exp(rnZ). 

The general case, which involves the cases of multiple and/or complex roots of the 

characteristic equation, is discussed in Subsection 0.4.1. 
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26. y™ + axzky™ -—(ab™x® + b”)y = 0. 


Particular solution: yo =e”. 


27. yo + (ax*® - Deg -ab™x*y = 0. 


Particular solution: yo =e°*. 


28. y™ tay) + bay’ + abr y = 0. 


Particular solution: yo =e °”. 


29. ay” 


—-nmy? +axy = 0, n=2,3,4,..., me=1, 2,3,... 
Solution: 


Ey Rae re 
y= gimt Dn (a! "—) (x! "Ww), 
dx 
where w is the general solution of the constant coefficient linear equation: w” + aw = 0. 


30. cy™+ny? = ary +b. 


The substitution w = zy leads to a constant coefficient linear equation: w\”) = aw +b. 


31. ay” + nye) =ax*y +b. 


The substitution w = xy leads to an equation of the form 5.1.2.3: w% = arw +b. 


32, cy™+(n-m-Dy?” + ax*y’, —ama*'y = 0. 
Particular solution: yo =x”. 


(m) 


pilin (axz®* +ama*1+4a4+n)y = 0. 


33. ay” +axy 
Particular solution: yo = xe”. 
n-1 
34. cy™ = [(a Apu — AL)e + Avaly™. 
v=0 
Here, A, = 1, Ap =0; a and A, are arbitrary numbers (v = 1, 2,...,—1). 
n-1 
Denote f(A) = >> AyiiA”. Let the roots A1, A2, ..-, An-1 of the algebraic equation 


v=0 
f() =0 be all different, and f(a) #0. Then the solution is as follows: 


: so) 
f@ 1 


y = Cye™™ + Cre +--+ Cre + Cre™ [z 


35. (ae +b,)y™ =0. 


v=0 

The Laplace equation. Particular solutions: 
Bre 

a, P(t) 


Q(t) 
exp [xt + PO dt] dt, 


UR = 


where P(t) = >> a,t’, Q(t) = >> b,t”; ag and ( are found from the condition 
v=0 v=0 


Br 
=0. 


exp (wt + PO dt) 


In many cases, the path of integration has to be chosen on the complex plane. 


ak 
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36. ay” + 2nay?? +n(n- Dy? =an*y +b. 


The substitution w = x*y leads to a constant coefficient linear equation: w‘” = aw +b. 


37. xy” + 2nay?? + n(n - Dye =ax*y +b. 
The substitution w = 2*y leads to an equation of the form 5.1.2.3: w™ =azrw +b. 


(m) 


38. a(x t+ myy™ +x(ax* —2 - n)y,” — a(x + m)x®y = 0. 


Particular solution: yo = xe”. 


n-1 


39. ane” y™ + On1x ae toes tary’, + agy = 0. 


Euler equation. If all roots A, (k = 1, 2,..., 7) of the algebraic equation 
So ay AA- Vth arr 1) = a9 
v=1 


are different, the general solution of the original differential equation is given by: 
y = Cyla|\' + Opal? + +--+ Cpa. 


In the general case, the substitution t =1n |x| leads to a constant coefficient linear equation 
of the form 5.1.2.25: 


S\ayD(D -1)...(D-v + ly = ay, where D= a 
By 


v=1 
2n+1, (n) nO 
40,0 ey + nay = ary. 
The substitution w = zy leads to an equation of the form 5.1.2.5: 2°" w” = aw. 


A. a? PY ™ 4 nary) = ay. 


2n+1 


The substitution w = xy leads to an equation of the form 5.1.2.10: 27"*!w™ = aw. 


42,0 xP y?”) 4 2na™ yer") = ay. 


The substitution w = xy leads to an equation of the form 5.1.2.6: x”w?” =aw. 


43. gry + ang tyr) = ay. 


The substitution w = zy leads to an equation of the form 5.1.2.7: 23"w?” = aw. 


44,0 cy! Ds n+ Day” =aVzry. 


The substitution w = xy leads to an equation of the form 5.1.2.8: pry 


won) = aw. 


45. aaj Co) + (2n + 1art*/2,2n) = ay. 


The substitution w = xy leads to an equation of the form 5.1.2.9: 23"*3/? 


gpa?) =aw. 


46. P,a(xyy™ + Pra(zyyo? +ee04+ Pi(x)y!’, + (ax + by)y’, — mayzy = 0. 
Here, the P,(«x) are polynomials of degree < v, m is a positive integer, a, #0. 
A particular solution of this equation is the polynomial of degree m that can be written 


as: 
m 
1\k 
w=), (-—) [2 I2"-\(P, ,D" +---+ PD? +b,D)]|*2™, 
= a1 
d v+1 
where D = —, Ix” = with vy #-1. 
dx yv+1 


‘O) Reference: E. Kamke (1977). 
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47, [anx”™ + Pra(x)ly™ +++++ [ara + Po(x)ly!, + acy = 0. 


Here, the P,(x) are polynomials of degree < v. 
Assume that for some integer m = 0: 


n 
m! 

’ yla, = ne 
2, Cnr! ay 0, where Cy ea 
and m is the least of the numbers satisfying this condition. Then there exists a solution in the 
form of a polynomial of degree m such that no polynomial of a smaller degree satisfies the 
original equation. 
0) Reference: E. Kamke (1977). 


d 
48. [xP(5)-Q()|y = 0, b= aed 
x 
Here, P = P(z) and Q = Q(z) are arbitrary polynomials of degree p and q, respectively. 
Suppose Q(z + 1)=(z+1)Q1(¢+1), where the polynomial Q(z +1) is such that P(z) and 
Q(z + 1) do not have common factors. Then the original equation admits a formal solution 


in the power series form: 


_ An P 
Yo = S- Anz”, where oe alle 
=0 


© Reference: H. Bateman and A. Erdélyi (1953, Vol. 1). 


5.1.3. Equations Containing Exponential and Hyperbolic Functions 


5.1.3-1. Equations with exponential functions. 


1 y+ (axr+ bey’ —ae*”y = 0. 


Particular solution: yo =az +b. 


2. y+ (ax + bje**y’, -2ae>”y = 0. 


Particular solution: yo = (ax + b). 


3. -y™ + (ax t+ b)e**y’, —-3ae?*y = 0. 


Particular solution: yo = (ax + b) ; 


4. y™+ (art be**y’, -(n-Nae**y = 0. 
Particular solution: yo = (ax + b)”"!. The substitution z = (az + b)y’, — a(n — 1)y leads to 
an (n — 1)st-order linear equation: 2") + (ax + bye**z =0. 


5. y™+arer*y’ —ame>*y = 0, m=1,2,...,n-1. 
Particular solution: yo = 2”. 

6 y2 =a”y + be**(y””, — ay). 
This is a special case of equation 5.1.6.18 with f(x) = be>*. The substitution w = y”,, —ay 
leads to an (2n — 2)nd-order linear equation: w?"-?) + aw?" +---+a"|!w = be**w. 


Ts he + (ae*® - bre ygye -ab™e>*y = 0. 


Particular solution: yo = e°*. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


Avy! 


yo + ay” —) + be at abe**y = 0. 


Particular solution: yo =e °*. 
go + aerty™ — (ab™e>” + b”)y = 0. 


Particular solution: yo = e°”. 


yO? = S (Anse + bAna - Any. 
k=0 
Here, A, =1, Ag =0; 6 and A, are arbitrary numbers (& = 1, 2,...,n—-1). 
Particular solutions: y,, = e""*, where the f4,, are roots of the polynomial equation 
n-1 


> Ags pt =0. 
k=0 
cy” + axer?y™ _ [a(a + m)e** +2 + ny = 0. 


Particular solution: yo = xe* 


zy™ +(n—-m-1)y?) + axe” y’, —ame**y = 0. 


Particular solution: yo =z”. 


u(x + myy™ + x(ae* —x- nyo -a(x+m)e>*y = 0. 
Particular solution: yo = xe”. 
(ax™ + be” + c)y® = be” y, m=0,1,...,n-1. 


Particular solution: yo = ax” + be” +c. 


(ax™e® + byy™ = (-1)"by, m=0,1,..., 2-1. 


Particular solution: yo = aa” + be™ 


(ae* +S dee*)y @) = ae?y, 


k=0 
n-1 i 
Particular solution: yo = ae” + >> bya”. 
k=0 


5.1.3-2. Equations with hyperbolic functions. 


17. 


18. 


19, 


20. 


21. 


yo =a”y + bsinh*(Ax)(y”, -— ay). 
This is a special case of equation 5.1.6.18 with f(a) = 6 sinh’ (Ax). 


yo” +asinh® x yo -(ab™ sinh” x + b”)y = 0. 


Particular solution: yo =e”. 


y® + (asinh® x - b”-")y™ - ab™ sinh® x y = 0. 


Particular solution: yo =e”. 


y™ + (ax + b)sinh™ (Ax)y’, — a sinh” (Ax)y = 0. 


Particular solution: yo =az+0. 


zy + az sinh’ « y°” — [a(x + m)sinh* x +2 + ny = 0. 


Particular solution: yo = xe”. 
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22, y2) =a”y + beosh*(Ax)(y”, - ay). 


This is a special case of equation 5.1.6.18 with f(x) = 6 cosh*(Az). 


23. y” + acosh* « ye” -(ab™ cosh” x + b”)y = 0. 


Particular solution: yo =e°*. 


24. y+ (acosh® x - b"-™)y™ — ab™ cosh* x y = 0. 


Particular solution: yo =e°*. 


25. y+ (ax + b)cosh™(Ax)y, —acosh™(Ax)y = 0. 


Particular solution: yo =az+ 0. 


26. zy” + ax cosh® « ie -[a(x +m) cosh* « +x + nly = 0. 


Particular solution: yo = xe”. 


27. y2 = y+ aly), cosha — y sinha). 


The substitution w = y’, coshx — y sinha leads to an (2n — 1)st-order linear equation. 


28. y2™ = y+ aly’, sinh x — y coshz). 


The substitution w = y/, sinh x — ycoshz leads to an (2n — 1)st-order linear equation. 


29. yo +atanh* x yom -(ab™ tanh* x + b”)y = 0. 


Particular solution: yo =e°*. 


30. yo + (a tanh* x - be )y™ -ab™ tanh* x y = 0. 


Particular solution: yo =e°*. 


31. y+ (ax + b)tanh™(Ax)y’, -— a tanh (Ax)y = 0. 


Particular solution: yo =az+0. 


32. ay” + ax tanh” x yo” —[a(x + m)tanh* x + x + n]y = 0. 


Particular solution: yo = xe”. 


33. go +acoth® x ye -(ab™ coth*® « + b”)y = 0. 


Particular solution: yo = e°*. 


34. y™ + (acoth* x —b™™)y™ — ab™ coth* x y = 0. 


Particular solution: yo =e°*. 


35. y+ (ax + b)coth™(Ax) y/, — acoth™ (Ax) y = 0. 


Particular solution: yo =az + b. 


36. zy” + ax coth”® x y™ —[a(a +m) coth® «+24 nly = 0. 


ae 


Particular solution: yo = xe”. 
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5.1.4. Equations Containing Logarithmic Functions 


1 yS? =ay+ bina(y”, - ay). 


This is a special case of equation 5.1.6.18 with f(a) = bina. 


2. se +aln® x yo -(ab™ In® x + b")y = 0. 


Particular solution: yo =e°*. 


3. yo +(aln* x - be ye -ab™ In* x y = 0. 


Particular solution: yo =e°*. 


4.0 y™ say? + bIn*(Ax)y!, + abIn*(Az)y = 0. 


Particular solution: yo =e °°. 


5. y™ + (ax +b)n*(Az)y!, —aln*(Ax)y = 0. 
Particular solution: yo =az +b. 

6 -y™ + (ax + b)In*(Az)y!, -2aln*(Ax)y = 0. 
Particular solution: yo = (ax + b). 

7. y+ (ax +b) In*(Ax)y’, -3aln*(Ax)y = 0. 
Particular solution: yo = (ax + b) : 

8. -y™ + (ax + b)In*(Ax)y!, — a(n - 1) In*(Ax)y = 0. 
Particular solution: yo = (ax + py 


9 y™+ax In*(Ax)y’, -amIn*(Ax)y = 0, m=1,2,...,n-1. 


Particular solution: yo = 2”. 


10. zy” + ax In*(Ax)yo” -[a(a +m) In* (Ax) + x + nly = 0. 


Particular solution: yo = xe”. 


5.1.5. Equations Containing Trigonometric Functions 


5.1.5-1. Equations with sine and cosine. 


1 y® +asin® x y™ —(ab™ sin® x + b”)y = 0. 


Particular solution: yo =e°*. 


20 y™ + (asin® x —b"™-™)y™ —ab™ sin” xy = 0. 


Particular solution: yo =e°*. 


3 y™ + ay?) + bsin™(Ax)y’, + absin™ (Ax)y = 0. 


Particular solution: yo =e °°. 


4. y+ (ax +b)sin™(Ax)y!, —asin™(Ax)y = 0. 


Particular solution: yo =ax+. 


5. -y™ + (ax + b)sin™(Ax)y!, —2asin™(Ax)y = 0. 


Particular solution: yo = (ax + b). 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19, 


20. 


y™ + (ax + b)sin™(Ax)y!, —3asin™(Ax)y = 0. 


Particular solution: yo = (ax + by 2 


ye =a"y+ bsin*(Ax)(y”,, —ay). 
This is a special case of equation 5.1.6.18 with f(x) = b sin*(Az). 


(m) 


cy” + az sin Krx)y? -[a(a +m) sin*(Ax) + 2+ ny = 0. 


Particular solution: yo = xe”. 


(az™ + bsina)y® = bsin(x + dan) y, m=0,1,...,-1. 


Particular solution: yo =az™” +bsin az. 


(asin + - b,x bye = asin(a + 4mn)y. 


k=0 
n-1 re 
Particular solution: yo =asina+ >> bya”. 
k=0 


y™ +acos* x y™ -(ab™ cos® x + b”)y = 0. 


Particular solution: yo =e°”. 


y™ +(acos* x - Bem )y™ -ab™ cos* x y = 0. 


Particular solution: yo = e°*. 


yo) + ayS + beos™(Ax)y’, + abcos™(Ax)y = 0. 


Particular solution: yo =e °”. 


y) + (ax + b)cos™(Ax)y’, - a cos” (Ax)y = 0. 


Particular solution: yo =ax+b. 


y + (ax + b) cos™(Ax)y’, - 2a cos” (Ax)y = 0. 


Particular solution: yo = (ax + b). 


y + (ax + b) cos™(Ax)y’, - 3a cos” (Ax)y = 0. 


Particular solution: yo = (ax + b) ; 


yo? =a”y + beos*(Ax)(y”, — ay). 
This is a special case of equation 5.1.6.18 with f(x) = bcos*(Az). 


ay™ + ax cos*(Ax)y"” — [a(a +m) cos*(Ax) + a + nly = 0. 


Particular solution: yo = xe”. 


(aa™” + bcos x)y™ = beos(x + imn)y, m=0,1,...,n-1. 


Particular solution: yo =axz™+bcosa. 


n-1 


(acosx + >> dpe Byers = acos(x + 57n)y. 
k=0 
n-1 
Particular solution: yo =asinaz+ >~ bya. 
k=0 
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21. yO” =(-1)"y + aly’, sin x — y cos 2). 


The substitution w = y/, sina — ycos leads to an (2n — 1)st-order linear equation. 


22. go” = (-1)"y + a(y!, cosa + y sin x). 


The substitution w = y’,cosa+ysina leads to an (2n — 1)st-order linear equation. 


5.1.5-2. Equations with tangent and cotangent. 


23. yo +atan* x go -(ab™ tan® x + b”)y = 0. 


Particular solution: yo =e°*. 


24.0 y™ + (atan® x —b™™)y°” — ab™ tan’ x y = 0. 


Particular solution: yo =e”. 


25. y™ +ay%) + btan™(Az)y’, + abtan™(Ax)y = 0. 


Particular solution: yo =e °°. 


26. y+ (ax + b)tan™(Ax)y’, —atan”™(Ax)y = 0. 


Particular solution: yo =az+ 0. 


27. -y™ + (ax + b)tan™(Ax)y’, — 2a tan™(Ax)y = 0. 


Particular solution: yo = (ax + b). 


28. y+ (ax + b)tan™(Ax)y’, — 3a tan™(Ax)y = 0. 
Particular solution: yo = (ax + by : 


(m) 
x 


29. ay” + az tan®(Ax)y™ -[a(a +m) tan*(Ax) + 24+ n]y = 0. 


Particular solution: yo = xe”. 


30. y™ +acot” x y™ -(ab™ cot* x + b”)y = 0. 


Particular solution: yo =e°”. 


31. y™ + (acot® z —b™™)y™ — ab™ cot” x y = 0. 


Particular solution: yo = e°”. 


32, y™ + ay?) + beot™(Ax)y!, + abcot™(Ax)y = 0. 


Particular solution: yo =e °”. 


33. y™ + (ax + b)cot™(Ax)y’, — a cot™(Ax)y = 0. 
Particular solution: yo =az+ 0. 
34. y™ + (ax + b)cot™(Ax)y’, - 2a cot™(Ax)y = 0. 


Particular solution: yo = (ax + b). 


35. y™ + (ax + b)cot™(Ax)y’, — 3a cot™(Ax)y = 0. 
Particular solution: yo = (ax + by : 


(m) 
x 


36. zy” + az cot*(Ax)y™ -[a(a +m) cot*(Ax) + 2+ n]y = 0. 


Particular solution: yo = xe”. 
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5.1.6. Equations Containing Arbitrary Functions 


5.1.6-1. Equations of the form f,(r)y + fi(a)y!, + fo(x)y = g(a). 


Ly yl = f@) 
n-1 jr 


t 
Solution: y= SoG, a + i. es f@ dt, where xo is an arbitrary number. 
v=0 


2 yf = fay. 
The transformation x = t!, y = wt!” leads to an equation of similar form: we 


(-1)"t2" f(1/t)w. 


ax+b 
3. (m) = + dy?" 
y, = (ca +d) t(———)y 


ax+b y 


ca+d? (cx + d)r-} 
A’ f(Q)w, where A = ad — bce. 


4. fy-fPy=0, f= f(a). 


Particular solution: yo = f(2). 


5. fyer + fo y sg), f= fe). 


(n) _ 


The transformation §& = leads to a simpler equation: We 


2n 
First integral: See fer Yy e () = = [ 9@) dx+C. 
k=0 


6 y+ (ax+b) f(xy, —af(x)y = 0. 
Particular solution: yo =ax +b. 

7. -y™ + (ax +b) f(xy, -2af(ax)y = 0. 
Particular solution: yo = (ax + b). 

8 -y™ + (ax +b) f(xy, -3af(x)y = 0. 
Particular solution: yo = (ax + by . 

9 y™ + (ax +b) f(xy’, -(n-Naf(x)y = 0. 


Particular solution: %o = (az +b)”""!. The substitution z = (az + b)y’, — a(n — 1)y leads to 
an (n — 1)st-order linear equation: 2{"~-) + (ax+b)f(a)z =0 


10. y+af(ax)y, —mf(a)y =0, m=1,2,...,n-1. 
Particular solution: yo = x™. The substitution z = xy’, — my leads to an (n — 1)st-order 
equation: 


am 
prem (=e *) + flayz=0 , where D=<. 
xv 


LW. yf + f@)y;, + g(a)y + h(x) = 0 
The transformation 2 = ¢7!, y = wt!” leads to an equation of similar form: 


wi” + yen {-P f/m + [(n=tf(/t) + gA1/t)]w + etna/e} =0 


12, y+ fw)y, + fi@y = g@). 
Integrating yields an (n — 1)st-order linear equation: y{"") + f(a)y = if g(x) dx+C. 
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13. 


14. 


15. 


16. 


17. 


yO = y+ f(x\(y/, cosh x - y sinh z). 


The substitution w = y’, cosh x —y sinh leads to an (2n — 1)st-order linear equation. 


yO = y+ f(x)(y/, sinh x - y cosh z). 
The substitution w = y/, sinh az — ycoshz leads to an (2n — 1)st-order linear equation. 
yo” = (-1)"y + f(x)(y/, sin x - y cos x). 
The substitution w = y’, sinz — ycosz leads to an (2n — 1)st-order linear equation. 
yo = (-1)"y + f(xy), cosx + ysinz). 
The substitution w = y’,cosz+ysinz leads to an (2n — 1)st-order linear equation. 
(n) ’ 
yg 
(vi, - —~y), p = 9(a). 
7) 


Pr —y leads to an (n — 1)st-order linear equation. 
~ 


The substitution w = y’, — 


5.1.6-2. Other equations. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


yl = ay + f(a(yy, — ay). 
The substitution w = y’,,— ay leads to an (2n — 2)nd-order linear equation: 


wer) sh awe) Betas aw = f(x)w. 
go + f(a)(a?y”, a 2xy!, + 2y) = 


Particular solutions: y;=2, y2=x~*. The substitution z= x 
linear equation of the (n — py orlee 


yl, —2xy), +2y leads toa 


go + f(ayla7y”, - 2nxy;,, + n(n + Ly] = 


The substitution w(x) = xy 2nxy!, +n(n+1)y leads to an nth-order linear equation: 


w +27 f(x)yw =0. 


yl” =a°y + f(a)[yS? + ay). 
The substitution w = y“” + ay leads to an nth-order linear equation: w” = [f(x) + a]w 


yo + f(ayy™” -[a” +a™ f(a)ly = 0. 


Particular solution: yo = e°” 


Us +(f-a™ ye -a™ fy =0, f= fw). 
Particular solution: yo = e°” 


yr +ayr + fy +afy=0, f=f(a). 


Particular solution: yo =e °”. 


yD? + f(w)yf? + g(a)yl + h(x) = 0 


The substitution w(x) = y“” leads to a second-order linear equation: w'!,, + f(x)w!, + 
g(x)yw + h(x) = 0. 
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26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


Yo + any) ++++ + aryl, + aoy = f(x). 
Constant coefficient nonhomogeneous linear equation. The general solution of this equation 
is the sum of the general solution of the corresponding homogeneous equation (see 5.1.2.25) 
and any particular solution of the nonhomogeneous equation. 

If the roots Ay, A2, ..., An of the characteristic equation 


XN” +n tr" +--+ +aA+ a9 =0 


are all different, the original equation has the general solution: 


a C Ape = ee Ave 
y= ve oo PlOw) | fe fa 


(with complex roots, the real part should be taken). 
Paragraph 0.4.1-2 lists the forms of particular solutions corresponding to some special 
forms of the right-hand side function of the nonhomogeneous linear equation. 


n-1 
y+ F@) CUR Chee ye =O. 


k=0 
Here, C# im binomial coefficient 
ere, = —— are binomial coefficients. 
m™ —k!(m—k)! 
Particular solutions: y,, =z’, where m=1, 2,...,n—-1. 


n-1 
The substitution z= > (-1)*k!C*_,a™*1y"*™ Jeads to a first-order linear equation: 
k=0 
zit gh f(x)z =0. Having solved this equation, we obtain an (n — 1)st-order linear equation 
of the form 5.1.6.34 for y(x). 


n-1 


y™ = V(aruf - any. 
k=0 
Here, f = f(x); an = 1, ao =0; ag are arbitrary numbers (k = 1, 2,...,n—-1). 
Particular solutions: yz = ere® (k = 1,2,...,m—1), where the A, are roots of the 

n-1 

polynomial equation >> ax4,A* = 0. 
k=0 

cy” +(a+n-Dy@ = f(xy’, + ay). 


The substitution w = xy!, + ay leads to an (n — 1)st-order linear equation: werd = f(r)w. 


cy” +a fy™—-[a+m)f+cr+nly=0, f= f(a). 


Particular solution: yo = xe”. 


cy + nyo = al?” FL /ayy +a "g(1/x). 


1 (n) _ 
t= 


The transformation t = x7!, w = yx?” leads to an nth-order linear equation: w 


(-D"[f®w + 9]. 
tary?) + By™ + f(a)[a7y”, + (a-2n)zy!, +(B-an+n? +n)y] =0. 


The substitution w(x) = gy! +(a-2n)ry’,+(B-an+ n?+n)y leads to an nth-order linear 


equation: w\”) + f(xz)w =0. 


(n+2) 


2 
ry, 


a(at+ myo +a(f-a-njyf-(@+m)fy=0, f= f@). 
Particular solution: yo = xe”. 
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34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44, 


ery” + bn4e ye +--++b ry’ + boy = f(x). 
Nonhomogeneous Euler equation. The substitution x = ae’ (a # 0) leads to a constant 


coefficient nonhomogeneous linear equation of the form 5.1.6.26. 


ary +(n-m-Dar ty’ +afy,-mfy=0, f= fw). 
Particular solution: yo =z”. 
ery” + eee -(n! Ch +m! Co fy = 0. 
T(a+1) : . ; . 
Here, f = f(x), Ci?) = —————- are binomial coefficients, and ['(a) is the gamma 
n!T(a-n+1) 

function. 

Particular solution: yo = 2°. 


n-1 
e™y™ = [a™ (anuf — ar) + realy. 


k=0 
Here, f = f(x); a, = 1, ao = 0; m and ax are arbitrary numbers (k = 1, 2,...,n—1). 
Particular solutions: yz = ere” (k = 1,2,...,m—1), where the A, are roots of the 
n-1 
polynomial equation >> ag4,\* =0. 
k=0 


sina y™ + sine f(x)yo” - [sin(a + tan) + f(x) sin(x + $m) |y = 0. 


Particular solution: yo = sin z. 
cos xy + cos x f(x)y&” — [cos(a + $2n) + f(x) cos(x + 47m) |y = 0. 


Particular solution: yo = cos x. 


y fa(a)y® = g(aay!, —y). 


Particular solution: yo =x. The substitution w(x) =y!,—y leads to an (n—1)st-order linear 
equation. 


a fir(z)y® = gary’, = my), m= 1, 2, veey MU 1. 


k=m+1 
Particular solution: yo =x". The substitution w(«) = xy!,— my leads to an (n — 1)st-order 
linear equation. 


3 felw)y® = g(a)(a*y””, - 2ay!, + 2y). 
k=3 


Particular solutions: y,; =x, y.=2. The substitution w(x) = xy, —2ay!,+2y leads to 


an (n — 2)nd-order linear equation. 


nm 
YD fe(a)y™ = g(a)(ary! , —3x7y"!, + oxy’, -— Gy). 
k=4 


Bal Bap Daylt 


Particular solutions: y, =2, y2=2*, y3= 2°. The substitution w(z) = 27 y/"., You + 


6xy!, — 6y leads to an (n — 3)rd-order linear equation. 


YS fr(w)y® + gla) (DERICK 2 kyr) = 0. 


k=m4+1 k=0 
m! 
Here, Ck, = ——— are binomial coefficients. 
k!(m—k)! 
Particular solutions: ys = 7°, where s=1, 2,..., m. 
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m 
The substitution z= >> (-1)*k! CR tye leads to an (n — m)th-order linear equation: 
k=0 


> fx(a)DP™ (2 ™z1,) + g(x)z = 0, where D =d/dz. 


k=m+1 


45. (fe -—afnuy® = 0. 
k=0 


Here, fy = fx(x) (K=1, 2,...,7)3 faut = fo =0. 
Particular solution: yo = e°”. 


46. > 2 [fe + (k—-m)frssly® = 0. 
k=0 


Here, fr = fx(x) (K=1,2,...,7); fr4i = fo =0. 
Particular solution: yo = 2”. 


5.2. Nonlinear Equations 


5.2.1. Equations Containing Power Functions 


5.2.1-1. Fifth- and sixth-order equations. 


1. go = ayy eA aly”) + bz+c. 


This is a special case of equation 5.2.6.1 with f(x) = ax +b. 


2: yy> =axrt+b. 
This is a special case of equation 5.2.6.17 with n = 2 and f(x) = ax +b. 


5 7,0 
3. yyy = OY Vaecee'’ 
1°. For a + —1, integrating the equation two times, we arrive at a third-order autonomous 
equation: y/,y'", — $(y't,)” = Cry! + Cy. The substitution w(y) = $(y/,)? leads to a 


second-order equation: 
" eee eee | atl, 1 
WWyy — FWy) = sCiy™ +502. 


For a = 1, this is a solvable equation of the form 2.8.1.53. 


2°. For a = —1, integrating the equation two times, we arrive at a third-order autonomous 
equation: yy!" — s(y.)° =C,In|y|+Co. 


3°. Particular solution: y = C)x* + Cox? +03" +C4. 


4. 3yy® +5y,y/"_ = 0. 


Yeurn 
This is a special case of equation 5.2.1.3 with a = -3. Integrating the equation three times, 
we arrive at a second-order equation: 3yy'!, —2(yl,)* = C\x? + Cyr + C3. The substitution 


y= w? leads to a solvable equation of the form 2.8.1.5: w/!, = 3(C2" +O," +C3)w~. 


5. yy.) + 5U,Urere + 5U ce eon = 0 
This is a special case of equation 5.2.6.4 with a = 3 and f(x) = 0. Integrating the equation 


three times, we arrive at a second-order equation of the form 2.8.1.53: yy”, — zy.) = 
O;2? So Cx + C3. 
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6. YUE) + OY, Yerae + 30 5)¥ Vere = 0 
Integrating the equation three times, we obtain a second-order equation: YY e+ 4 (a-3)(y),) = 
O;2? si Cyx a C3. 
7. YUE) + OY, Uewae + Ure Vrwe = O- 
Integrating yields a fourth-order equation: yy?" + (a—Dyt.y, + FU —at byt? = C. 
8. YUE) + 5Y,Ueree + OY Yewe = O@". 


This is a special case of equation 5.2.6.2 with f(x) =ax”. 


9, yy> 


This is a special case of equation 5.2.6.3 with f(y) = ay”. 


+ Sy) yn. + 10y”’ an ay”. 


Lever weJoun = 


10. y% = Ay”. 
Multiplying by y’/> and differentiating with respect to 2, we obtain Syy‘? + 7y!,y© = 0. 
Having integrated this equation three times, we arrive at the chain of equations: 


Syyy + 2y2¥e — YreYrace +t Yer) = 202, (1) 

Syy? = 8UVecce + UcV eck = 20 2a she Ch, (2) 
wn pow 97,4 \2 _ 2 

SU caat -_ SU Urns ot aUae? = Cha ae Cx + Co, (3) 


where Co, C, and C) are arbitrary constants. Eliminating the highest derivatives from (1)—(3), 
with the aid of the original equation, we obtain a third-order equation that can be reduced to 
a second-order equation (see equation 5.2.1.12 with n = 3). 


11. yy® + 6y/,y> +15 y" ye en + 10(Yyh” Y=ax”. 


LELE Lee 


This is a special case of equation 5.2.6.6 with f(x) = ax”. 


5.2.1-2. Equations of the form y“” = f(z, y). 


14+2n 


12, y@ = Aylin, 


2nt] 
Multiply both sides by y2”-T and differentiate with respect to x. As a result, we obtain 


(2n — 1)yy?r*) + (Qn Ly ye” =0. 


zx LIL 


Three integrals containing arbitrary constants Co, C;, and C are presented in 5.2.6.62, 
where one should let f = 0. Eliminating the highest derivatives from those integrals and the 
original equation, one can always obtain an (2n — 3)rd-order equation. With the aid of the 
transformation 
da i2n 2 
t= -? w=yP 2, where P=Cy2~+C\x+Co, 

this equation can be reduced to the autonomous form 5.2.6.77. Therefore, the substitution 
z(w) = w; finally leads to an (2n — 4)th-order equation with respect to z = z(w). 


13. y2” =ay* +b, k#-1. 


This is a special case of equation 5.2.6.8. Integrating yields an (2n — 1)st-order equation: 


k+1 —by+C, 


n-1 
1 2 
=) MyM y2r-mM 4 = (1)? [yO] = — 
ds Ven Ye +56 ) [yy | kel? 


where C is an arbitrary constant. Furthermore, the order of the obtained autonomous equation 
can be reduced by one by the substitution w(y) = y/,. 
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14. 


15. 


16. 


17. 


18. 


19, 


20. 


21. 


yo = ax"y™, 


This is a special case of equation 5.2.6.11 with f(y) =ay”™. 


y™ = ax®y™. 
1°. The transformation x = t!, y = t!"w(t) leads to an equation of the same form: 
wi” = (-1)" Atk Dinh ym 


2°. The transformation €=2"**y""!, z= ry',/y leads to an (n — 1)st-order equation. 


yy) = ax +b. 
This is a special case of equation 5.2.6.17 with f(x) = ax* +b. 


y” = grnrmn-ligy + bar ly)”, 


This is a special case of equation 5.2.6.13 with f(w) = (aw+b)™. 


yO) =a 2 ay+ba 2 


m-2nm-2n-1 ( 2n-1 Ne 
x 


This is a special case of equation 5.2.6.14 with f(w) = (aw+b)™. 


y™ = (ay + bay”; k=1,2,...,n-1. 


The substitution aw = ay + ba* leads to an autonomous equation of the form 5.2.6.8: 
wr =a™w™ (see also 5.2.1.12 and 5.2.1.13 with b= 0). 


m—-nm-n-l 


y® = (ax? + bx +0) 2 y 


This is a special case of equation 5.2.6.22 with f(w) =w™. 


y™ = (ax + by "(ca + dyrr™ty™. 


This is a special case of equation 5.2.6.21 with f(w) =w™. 


5.2.1-3. Equations of the form y = f(z, y, y/..y",). 


22. 


23. 


24. 


25. 


26. 


go = ay*y', +ba™. 
This is a special case of equation 5.2.6.34 with f(y) =ay* and g(x) = bx”. Integrating yields 


: ” a 
an (n — 1)st-order equation: y"~) = ——y**! gta CO) 


+1 


y™ =a"y + by’, - ay)”. 
This is a special case of equation 5.2.6.38 with f(z, w) =bw*. The substitution w = y', —ay 
leads to an (n — 1)st-order autonomous equation: w®) + aw” +---+a™!w = bu*. 


yo es an ay ay 


This is a special case of equation 5.2.6.37 with f(w) =aw”™. 


yf” =aa™(ay’, —y)*. 
This is a special case of equation 5.2.6.39 with f(z, w)=ax"™w*. The substitution w=ay!,—y 
leads to an (n — 1)st-order equation. 


k i 
y? = aa* (wy, - my)’. 
Here, m is a positive integer and n > m+ 1. The substitution w = xy/,— my leads to an 
(n — 1)st-order equation: ¢°-"-) = ax*w', where ¢ = w/a. 
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27, y2 + ay”, + by = cyy”, -—cly, +k. 
1°. Particular solution: 
y = C sinh(C4x) + C2 cosh(C4x) + C3, 
where the constants C', Cy, C3, and C4 are related by two constraints 
C7" + (a—cC3)Cz +b =0, 
(CZ — CP)Cz -bC3 +k =0. 
2°. Particular solution: 
y = C; sin(C4x) + C2 cos(C4x) + C3, 
where the constants C, Cy, C3, and C4 are related by two constraints 
Ci" — (a—cC3)C} +b =0, 
(CT + C3)Cq + bC3-—k =0. 
28. y™ + ayy’), —aly),) + by” +cy!, = 0. 


Crt +b0r+¢ 
aC, . 


Particular solution: y = C, exp(C2x) — 


29. y2 =a”y+ b(y”!, —ay)*. 
This is a special case of equation 5.2.6.50 with f(x, w) =bw*. The substitution w =!" -—ay 
leads to an (2n — 2)nd-order autonomous equation: w?" + awn +---+a"!w = bu*. 


30. yf? = ax™(xy’, - y)*(yy,,)» 
The substitution w(x) = xy!, — y leads to an (n — 1)st-order equation: 
qr ! 
(SE) eat 
31. ug” = ay (yyy, — Ye) 
This is a special case of equation 5.2.6.52 with f(w) =0 and g(w) = aw*. 


5.2.1-4. Other equations. 


(n) _ we a” ¥ 
a . 


32. y = ONY pace ~ Yee 
1°. Integrating the equation two times, we obtain an (n — 2)nd-order equation: 


©) = ayy’, — aly!) + Ca + Co, 
2°. Particular solutions: 
y = C, exp(C3x) + Cy exp(—C3x) + aoe? if n is even number, 
y = C, sin(C3x) + C2 cos(C3x) + Cia if n is even number, 
y = Cl exp(C2”) + as Om if n is odd number, 
y=Cin+Cy if n = 2 is any number. 


mw aw ie 


33. y™ sayy’, — aly) + ba +k. 
This is a special case of equation 5.2.6.54 with f(x) = ba +k. Integrating the equation two 


times, we obtain an (n—2)nd-order equation: y°" =ayy!!,—a(y!,)°+ + ba3+ $ kx?+C,x+C). 
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34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


yo” = a7y + blyS” + ay]*. 


The substitution w = y“”) + ay leads to an nth-order autonomous equation: w’” =aw+bw*. 


y™ +ary? + 2byy’, + abry? + cx = 0. 


The functions that solve the (n — 1)st-order autonomous equation y“-)) = —by* — c/a are 


solutions of the original equation. 


y™ + ayy”) + by’, + aby” + cy = 0. 


The functions that solve the (n — 1)st-order constant coefficient nonhomogeneous linear 
equation y"") + by = —c/a are solutions of the original equation. 


ay” + nye) =axr™y™ 
This is a special case of equation 5.2.6.59 with f(w) =aw™ 


(n-1) _ 


ay” +(a+n-Dy?” = Wry! + ay)*. 


This is a special case of equation 5.2.6.60 with f(x, w)=bw*. The substitution w= ry! +ay 
leads to an (n — 1)st-order autonomous equation: wr) = bw*. 


2m,,m 


zy”) + 2nay?? +n(n- Dy? = an?™y 
This is a special case of equation 5.2.6.61 with f(w) =aw™ 


yy) = =ay’, 1 yen), 


The equation admits two different (with a 4 —1) first integrals: 


a = Cy", 
n-1 
yyl” + (a+ 1) SCD ygPyle™ + -1)Mat Dy] = Gr, 


m=1 


where C; and C2 are arbitrary constants. Eliminating the highest derivative from the first 
integrals, we arrive at an (2n — 1)st-order autonomous equation: 


nr n nm 2 
Ye yy ye + 5D" [YP] = Cry! + Co, 


6 @) 

where C==— C= Z 
atl at+l1 
the standard substitution w(y) = y/.. 


(2n- Dyyer) +(2n + Dy,ye” =az™ 
This is a special case of equation 5.2.6.62 with f(#) = ax™ 


yy - yyy = ay’. 
Integrating yields an (n — 1)st-order linear equation: ys" = (ax+C)y. The transformation 
z=x+C/a brings it to an equation of the form 5.1.2.3 with b = 0. 


(n-1) _ 


-1 
yyn? = yyg? + ay’,. 
Integrating yields an (n — 1)st-order constant coefficient nonhomogeneous linear equation: 
(n-]1) — Gy — 
Ya y—a. 
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44, 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


n 
k 2 
So any = bys, - bly)” + k. 
k=0 
Particular solutions: y = Ce*” + kap!, where C is an arbitrary constant and ) are roots of 
n 


the algebraic equation ap >> agXA” = bk?. 
k=0 


cyys” = (xy), t+ayyo”. 


Integrating yields an (n — 1)st-order linear equation of the form 5.1.2.4: y@-) = Cay. 


(y + ax™)y™ - gery + ba™ ty” = 0, n>m. 


The functions that solve the (n —m)th-order linear equation 
yo™ =Cyt+(aC+b)a™| 
are solutions of the original equation. 


(n-2) 


yey = alye?)’. 


ie, 
Solution; y= 4 CotCie+---+Cn30”F + (CrotCnit) Ta if a#l, 
Cot Oya t---+ C32"? + Cy_z exp(Cn_12) if a=1. 


y® =ay*y! [yo?]™. 


This is a special case of equation 5.2.6.73 with f(y) =y*, g(w) =aw™ 


go = ax™ y™(y! ym aoe (yr-Dymnat, 


ae 


Generalized homogeneous equation. The transformation € = x+y", w = xy’, /y, where 


Azn+mM,—M3-2mM4-----—(N- I) Mpa, = M2 +™M34+---+ Mp1 — 1, 


leads to an (n — 1)st-order equation. 


(va <) ut) =axrt+b. 


The transformation z = x(t), y = (a!) leads to a constant coefficient linear equation: 
Qa") = ar+b. 


n-1 
m™m m ‘Te—-TN nr Tmt 2 
2S pm yer y2r-™ + (-1)” [yo] + AL)? = ay? + by +c. 
m=1 


Differentiating both sides with respect to # and dividing by y!, we arrive at a constant 
coefficient linear equation: 2y°") —2\y", +2ay+b=0. 


n-1 
m™m m™m TUT nm nm 2 
2D yr y2r™ + (-D" [y]" = aay’, - y) + By’, +7. 
me=1 
Differentiating both sides of the equation with respect to x, we have 


You Qype”) — ax — 6] =0. (1) 
Equate the second factor to zero to obtain: 
2n-2 


an" oa 1 
Y= Fmt’ DOn—1! aps Ce". 
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The integration constants C, and parameters a, (3, and ¥ are related by 
n-1 
2S C1)" m! 2n-m)!CmCrnm + (-1)"(n! C2, = BC; - aCy +7, 
m=2 
which is obtained as a result of substituting the above solution into the original equation. 
In addition, there is a solution corresponding to equating the first factor in (1) to zero: 
y = C2 +Co, where BC; —aCy +7 =0. 


n-1 
53. 2S Dy y2r- + I)" [yr] + sy = acy’, -y) + By, +7, 223. 
m=1 
For the case s = 0, see equation 5.2.1.52. Let now s #0. Differentiating the equation with 
respect to x, we have 
Yee lager" iu + 2syi', va AL — 8] = 


Equate the second factor to zero and integrate to obtain: 


_ae 3 
==+ = + Ona +Ca+Co+ ff w dex de dz, 


where w = w(2) is the aoe solution of a linear constant coefficient linear equation of the 
form 5.1.2.2: w2"™ + sw =0. The constants of integration are related by the constraint that 
results from substituting the obtained solution into the original equation. 

In addition, there is the solution y = C\a2+Co, where the constants of integration are 
related by GC; —aCy+7=0. 


n m-1 


54. am {2 Dy ys + CI) [ye}} = ay? + 26y +7. 


m=l1 v=1 
Differentiating with respect to x, we arrive at a constant coefficient linear equation: 


n 
> amy2™ + ay+ 6B =0. 


m=1 


5.2.2. Equations Containing Exponential Functions 


5.2.2-1. Fifth- and sixth-order equations. 


a 


1. yf) = QV peae i aly, 
1°. This is a special case of equation 5.2.6.1 with f ys = be». Integrating the equation two 


times, we obtain a third-order equation: y’”., = ayy’, —a(yl,)° + Cia+Cz,+ bre”. 


” 2) + be” 


2°. Particular solutions: 
Cr -b 
aC ’ 
A 
exp(Az) + C'exp(—Ax) - — 


y = C exp(Aa) + 


b 
Y= One 
2.0 yp) = ae Y Veena" 
Integrating yields a fourth-order autonomous equation of the form 5.2.6.8 withn =4: yf" = 


C exp( Se”) rere 


3. yy> = ae” +b. 
This is a special case of equation 5.2.6.17 with n = 2 and f(x) = ae** +b. 
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4. WY 2) + SY, Urwwe + WY Vown = 26. 

Solution: y = O4n4 + C303 + Coa? + Cyn + Co + 2ad\%e**. 
5. WY 2) + 5Y,Urwwe + WY Yona = 26%. 

This is a special case of equation 5.2.6.3 with f(y) = ae”. 
6 yO =aer%+b. 


This is a special case of equation 5.2.6.8 with n = 6 and f(y) = ae” +b. 


7. yy® + 6y/,y>? +15 yyy ee + 10(y ih” ? =ae*. 


LELE Lee 


This is a special case of equation 5.2.6.6 with f(x) = ae”. 


5.2.2-2. Equations of the form y” = f(z, y). 


8 -y™ =ae +b. 
This is a special case of equation 5.2.6.8 with f(y) = ae>Y + b. 


9 y™ = aer¥*F* +b, 


This is a special case of equation 5.2.6.9 with m = 1. The substitution w = y+(3/A)a leads 
to an autonomous equation of the form 5.2.6.8: w” = ae*” +b. 


10. y™ =ax"e, 


This is a special case of equation 5.2.6.11 with f(y) = ae”. 


11. yo = axke%, 


This is a special case of equation 5.2.6.26 with f(w) = aw andm=k-+n. 


12. yo = Ae**y™. 


This is a special case of equation 5.2.2.23 with m =m, and m2 = m3=---=mM,y,=0. 


13. yy2@r*) = ae** +b. 


This is a special case of equation 5.2.6.17 with f(x) = ae** +b. 


14. y™ = aexp(Ay + Bx™) +b, m=1,2,...,n-1. 


The substitution w = y+(G/A)x™ leads to an autonomous equation of the form 5.2.6.8: 
w™ = aer” +b. 


5.2.2-3. Other equations. 


15. y®™ =aer4y’, + be. 


b 
Integrating yields an (n — 1)st-order equation: y{"") = 5 + x +C. 


16. yo =ayy” aly”)? + be. 


1°. This is a special case of equation 5.2.6.54 with f(x) = be**. Integrating the equation two 


times, we obtain an (n —2)nd-order equation: y@~?) = ayy!” —a(yl,)? +Cia+Cy+br\*e™. 
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17. 


18. 


19, 


20. 


21. 


22. 


23. 


24. 


2°. Particular solutions: 


Cr” —b 
y = Cexp(Az) + Oe 


(n is any number), 


n—-4 


r 
exp(Ax) + C exp(—Ax) — (n is odd number). 


0b 
Y= oy" 
yf = ary + be*(y/, - ay)”. 


This is a special case of equation 5.2.6.38 with f(x, w) = be**w*. 


yf” = be**(xy’, - y)*. 
This is a special case of equation 5.2.6.39 with f(x, w) = be**w*. 


(2n - Dyy2"*) + (Qn + Dy, y2” = ae. 
This is a special case of equation 5.2.6.62 with f(a) = ae>*. 


-1 
yn =aeyiyy. 


This is a special case of equation 5.2.6.57 with f(y) = ae. 


y™ = (aerYy’, + be®*)y", 
This is a special case of equation 5.2.6.58 with f(y) = ae*” and g(x) = be?*, 


Xr -1)]™ 
yn =ae™y [ys |” 


This is a special case of equation 5.2.6.73 with f(y) = ae®¥ and g(w) = w™. 


yy? = Aemy™ (yy (yer?) ™. 


a 
The substitution w(2) = ye?*, where 3 = ——_——_—_——————, leads to an autonomous 
My +m.+---+My-1 
equation of the form 5.2.6.77. 


y= AerVar™(y m2(y"_ ym... (yD), 
The transformation z=27%e°¥, w=ay',, where 0 =n+m4—mM2—2m3—-3m4-- --—(N- 1) Mn, 
leads to an (n — 1)st-order equation. 


5.2.3. Equations Containing Hyperbolic Functions 


5.2.3-1. Equations with hyperbolic sine. 


1. 


yD) = ayy, — y,) + b sinh(AZ). 


1°. This is a special case of equation 5.2.6.1 with f(x) = 6 sinh(A). Integrating the equation 
two times, we obtain a third-order equation: y’",,=ayy!!,—a(y),)°+C)a+C2+bX° sinh(Az). 


LLL 


2°. Particular solution: y= [aC sinh(Aa) + A cosh(A2)| +C. 


b 
MO? —a2C2) 


yy® + Syl yl, + Oy"! = asinh(Az). 


LeeLee wee eww 


Solution: y? = Cyr* + C3x> + Cpa? + Cyx + Cy + 2aX> cosh(Az). 


yy® + 5y yet + 10y! yi”, = asinh™ (Ax) + b. 


LLEL ve Vone 


This is a special case of equation 5.2.6.2 with f(x) = asinh’’(Az) + b. 
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4.0 yy 4 Syl yl + 10y yy’! = asinh” (Ay) + 0. 


LLeEL ve aww 


This is a special case of equation 5.2.6.3 with f(y) = a sinh” (Ay) + b. 


5. yy + 6y, yO + 15y! yl + 10”) = a sinh” (Az). 


LELE Lee 


This is a special case of equation 5.2.6.6 with f(x) =a sinh” (Az). 


6. -y =asinh”™ (Ay) + b. 
This is a special case of equation 5.2.6.8 with f(y) = a sinh” (Ay) + b. 


7. yo = aa” sinh” (Ay). 
This is a special case of equation 5.2.6.11 with f(y) = a sinh” (Ay). 


8 yy2?*? = asinh™ (Az) + 0. 
This is a special case of equation 5.2.6.17 with f(x) = a sinh" (Az) + b. 


a 


9 y™ sayy”, — aly.) + bsinh(Az). 
1°. This is a special case of equation 5.2.6.54 with f(x) =6 sinh(A2). Integrating the equation 
two times, we obtain an (n — 2)nd-order equation: y°"?) = ayy’! — a(y!,)? + Cix + Cz + 
bA~ sinh(Az). 
2°. Particular solutions: 
Cr” —b 
= C sinh(Azx) + ———— 
y =C sinh(Ax) ao 
b 
= re GLE [aC sinh(Ax) + A" cosh(Az)| +C if nis odd number. 


if n is even number, 


y 


10. (2n-Dyy2"*? + (n+ Dy, y2” = asinh” (Ax) +b. 
This is a special case of equation 5.2.6.62 with f(x) = a sinh" (Ax) + b. 


1. y® =asinh*(Ay)y, yo”. 
This is a special case of equation 5.2.6.57 with f(y) =a sinh’ (Ay). 


12, yy™—-yly? = asinh(Az)y’. 
This is a special case of equation 5.2.6.64 with f(x) = asinh(Ax). Integrating yields an 


(n — 1)st-order linear equation: y‘"~) = F cosh(Az) + c] y. 


5.2.3-2. Equations with hyperbolic cosine. 


13.0 y® sayy?” — aly) + bcosh(Az). 


1°. This is a special case of equation 5.2.6.1 with f(a) = bcosh(Ax). Integrating the equation 


twice, we obtain a third-order equation: y!”’, = ayy!” —a(y!,)° + Cia + C2 + bdA* cosh(\z). 


2°. Particular solution: y= aC cosh(Ax) + A sinh(Ax)] +C. 


sas | 
MO2 — a2C2) 
14. yy> +5 yl yer in t LOY, Yn, = acosh(Ax). 

Solution: y? = Cyr + C32° + Cpa? + Cix + Co + 2aX° sinh(A2). 


at 7 an 


15. yy +5y, yl + 10y! yi” | = acosh™(Ax) + b. 
This is a special case of equation 5.2.6.2 with f(x) = acosh™ (Ax) + 0. 
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16. yy> + Sy’ yl! + 10y” me a.cosh”(Ay) +d. 


LLeEeL ve aww 


This is a special case of equation 5.2.6.3 with f(y) = acosh”™ (Ay) + b. 


17. yy® + 6y,y® + dy" ye, + 10(y, .)? = acosh™ (Az). 


eeVoune Lee 


This is a special case of equation 5.2.6.6 with f(x) = acosh™ (Az). 


18. y® =acosh™(Ay) +b. 
This is a special case of equation 5.2.6.8 with f(y) = acosh’™ (Ay) + b. 


19. y® = ax cosh™(Ay). 
This is a special case of equation 5.2.6.11 with f(y) = acosh™ (Ay). 


20. yy2?*? = acosh™ (Az) + b. 


This is a special case of equation 5.2.6.17 with f(x) = acosh™ (Ax) + b. 

2.0 y™ sayy, — aly)” + bcosh(Az). 
1°. This is a special case of equation 5.2.6.54 with f(a) =bcosh(Ax). Integrating the equation 
twice, we obtain an (n—2)nd-order equation: y‘"~”) = ayy” aly, P+C 1t+Cr+brA~ cosh(A2). 


zx 


2°. Particular solutions: 
Cr" —b 
= C’cosh(Ax) + ———— 
y cosh(A2) ao 
b 


= Ss ihe [aC cosh(Az) + A" sinh(Ax)] +C if nis odd number. 
ass 


if n is even number, 


y 


22, (2n-Dyy?*? + (2n+ Dy y2” = acosh™ (Ax) + b. 

This is a special case of equation 5.2.6.62 with f(x) = acosh™ (Ax) + b. 
23. y™ =acosh*(Ay)y, yo. 

This is a special case of equation 5.2.6.57 with f(y) =a cosh*(Ay). 
24. yy” 
This is a special case of equation 5.2.6.64 with f(x) = acosh(Az). Integrating yields an 


-y,y? = acosh(Axr)y’. 


(n — 1)st-order linear equation: y{"") = Fe sinh(A2) + c] Yy. 


5.2.3-3. Equations with hyperbolic tangent. 


25. y® =ayyl”_, — aly)” + btanh(Az) +c. 


LeeLee 


This is a special case of equation 5.2.6.1 with f(«) = 6 tanh(\x) +c. 


26. yy +5y, y+ 10y! yy!” | = atanh™ (Ax) +b. 


LLeEeL ee Yoww 


This is a special case of equation 5.2.6.2 with f(x) = a tanh” (Az) + 0. 


27. yy> 


This is a special case of equation 5.2.6.3 with f(y) = a tanh” (Ay) + b. 


+5Y Uevce + l0y ye = atanh™ (Ay) + b. 


LLeEeL ve aww 


28. yy + 6y, yO + 15y2 yl” + 10(y”,.)* = a tanh™ (Az). 


ee Vonne Lee 


This is a special case of equation 5.2.6.6 with f(x) = a tanh” (Az). 
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29. y®™ =atanh™(Ay) +b. 
This is a special case of equation 5.2.6.8 with f(y) = a tanh” (Ay) + 0. 
30. yy =aa™ tanh” (Ay). 
This is a special case of equation 5.2.6.11 with f(y) = a tanh” (Ay). 
31.0 yy??? = atanh™ (Az) + b. 
This is a special case of equation 5.2.6.17 with f(x) = a tanh’’(Az) + 0b. 
32, y2 =y+al(y’, —ytanhz)*. 
This is a special case of equation 5.2.6.47 with f(a, w) = au® and p(x) = coshz. 


33. y@r*) = ytanha + a(y’, — y tanhz)*. 


This is a special case of equation 5.2.6.47 with f(a, wu) = au® and p(x) =coshz. 


34. (2n-Dyy?"*) + (2n+ Dy, ye” = atanh™(Azx) + b. 

This is a special case of equation 5.2.6.62 with f(«) = a tanh’’(Az) + 0. 
35. y™ =atanh*(Ay)y, yo. 

This is a special case of equation 5.2.6.57 with f(y) =a tanh“ (Ay). 
36. yy” 
This is a special case of equation 5.2.6.64 with f(a) = a tanh(Az). 


5.2.3-4. Equations with hyperbolic cotangent. 


37, y® = ayy, — aly)” + bcoth(Az) +c. 


LeeLee 


-y,y? = atanh(Ax)y?. 


This is a special case of equation 5.2.6.1 with f(z) = b coth(Ax) +c. 


(5) wa 7 mt 


38. yy +5y, yer, + 10y, yn, = acoth™ (Ax) +b. 
This is a special case of equation 5.2.6.2 with f(x) = acoth™ (Az) + 0. 


39. yy + Syl yl + 10y! yl”, = acoth™ (Ay) + b. 


LLeEL ve aww 


This is a special case of equation 5.2.6.3 with f(y) = acoth™ (Ay) + 0b. 


40. yy® + 6y, yO + 15y! yl! + 10”) = acoth™ (Az). 


LELLE Lee 


This is a special case of equation 5.2.6.6 with f(x) = acoth™ (Az). 


4. y =acoth™(Ay) +b. 
This is a special case of equation 5.2.6.8 with f(y) = acoth™ (Ay) + 0. 


42, y™ =ax™ coth™ (Ay). 
This is a special case of equation 5.2.6.11 with f(y) = acoth”™ (Ay). 


43. yy2?*) = acoth™(Ax) +b. 
This is a special case of equation 5.2.6.17 with f(x) = acoth’’(Az) + b. 


44, Gn) — y+ ay’, —ycothz)*. 


ae 


This is a special case of equation 5.2.6.47 with f(a, wu) = au® and p(x) = sinha. 


© 2003 by Chapman & Hall/CRC 


45. y2*) = ycotha + aly’, —ycothz)*. 


This is a special case of equation 5.2.6.47 with f(a, wu) = au® and y(x) = sinha. 


46. (2n-Dyy2*? + (2n+ Dy yo” = acoth™ (Az) + b. 

This is a special case of equation 5.2.6.62 with f(x) = acoth’’(Az) + 0. 
47. y™ =acoth*(Ay)y,y?. 

This is a special case of equation 5.2.6.57 with f(y) = acoth* (Ay). 
48. yy™ —y' y@) = acoth(Az)y’. 

This is a special case of equation 5.2.6.64 with f(a) = a coth(Az). 


5.2.4. Equations Containing Logarithmic Functions 


5.2.4-1. Equations of the form y“ = f(z, y). 


1. 7 ae =aln’ (by) +c. 

This is a special case of equation 5.2.6.8 with f(y) = aln™ (by) + ¢. 
2 yy??? = aln™ (bz). 

This is a special case of equation 5.2.6.17 with f(x) = a1n’(bz). 
3. ye = y(ar+miny +b). 

This is a special case of equation 5.2.6.25 with f(w) = Inw +. 
4. yo =x "(ay+minz +b). 

This is a special case of equation 5.2.6.26 with f(w) = Inw +. 
5. yo =axz” In™ (by). 

This is a special case of equation 5.2.6.11 with f(y) = aIn™ (by). 
6. go =ax" Iny + (1-n) Ina]. 

This is a special case of equation 5.2.6.13 with f(w) =alnw. 
7. yo =ax”*(ny +kinz). 

This is a special case of equation 5.2.6.15 with f(w) =alnw. 


8. yo =ayx"(mIny+kinz). 


This is a special case of equation 5.2.6.16 with f(w) =alnw. 


2n+1 
9. go” =ax 2 [2Iny+(1-2n)Ing]. 
This is a special case of equation 5.2.6.14 with f(w) = 2alnw. 


n+l 


10. y™ =(az* +e) ? [2ny+(1-n)In(az’ + 0)]. 
This is a special case of equation 5.2.6.22 with b = 0 and f(w) =2Inw. 


11. y® = be*(Iny - az). 
This is a special case of equation 5.2.6.24 with f(w) = blInw. 
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5.2.4-2. Other equations. 


12. y® =ay),my+ bing. 
This is a special case of equation 5.2.6.34 with f(y) =alny and g(x) = binz. 


13, y™=a"y+binz(y!, —ay)*. 


This is a special case of equation 5.2.6.38 with f(a, w) = bw* Inz. 


14. y™=alna (ay! -y)*. 


This is a special case of equation 5.2.6.39 with f(a, w) =aw* Ina. 


15. y™ =alna (xy! -2y)*. 
This is a special case of equation 5.2.6.40 with m = 2 and f(x, w) = aw* Ina. 


16. y®™ sayy", ayy) +blna +c. 


This is a special case of equation 5.2.6.54 with f(z) =bIna+e. 


(n-1) 


17. cy” +ny,  =alnzt+alny. 


This is a special case of equation 5.2.6.59 with f(w) =alnw. 


18. a?y™ + 2nay?? +n(n- Dye =2amnz+alny. 


ae 


This is a special case of equation 5.2.6.61 with f(w) =alnw. 


19. yy™-yly? =ay*Inz. 


This is a special case of equation 5.2.6.64 with f(w) =alnz. 


20. (n-Dyy2*? + 2n+ Dy, ye” = aln™(bx) +e. 
This is a special case of equation 5.2.6.62 with f(x) = aln™ (bx) +c. 


2.0 y™ =aln*(by) yy”. 


This is a special case of equation 5.2.6.57 with f(y) = aIn*(by). 


22. go =ay™y’, In yon: 
This is a special case of equation 5.2.6.73 with f(y) =ay™ and g(w) = Inw. 


5.2.5. Equations Containing Trigonometric Functions 


5.2.5-1. Equations with sine. 


a 


1 oy? sayy! aly) + bsin(Az). 
1°. This is a special case of equation 5.2.6.1 with f(x) = bsin(Ax). Integrating the equation 
twice, we obtain a third-order equation: y!”., = ayy!!,, —a(y!,)° + Cyx + Cy — bA® sin(Az). 


2°. Particular solution: y=— aC sin(Ax) + » cos(Ax)] +C. 


ao 
M(@2C? +2) 


2 yy + Sy, yl + 10y! yy’! , = asin(Az). 
Solution: y? = Cyx* + C327 + Cpa? + Cy + Cy —2ad* cos(Az). 
3 yy + Sy, yl! + 10y yy’ , = asin™ (Ax) +b. 


This is a special case of equation 5.2.6.2 with f(a) =a sin™(Az) + b. 
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(5) we mw 


4.00 yy +5y, yer, + 1l0yy yn, = asin™ (Ay) +b. 
This is a special case of equation 5.2.6.3 with f(y) =a sin™ (Ay) + b. 


5 yy + 6y, yS +4 15y! yl! +10”)? = asin” (Az). 


LELLE Lee 


This is a special case of equation 5.2.6.6 with f(«) =asin™(Az). 


6. y™ =asin™(Ay) + b. 
This is a special case of equation 5.2.6.8 with f(y) = asin™(Ay) + b. 


7. yo =ax” sin™ (Ay). 
This is a special case of equation 5.2.6.11 with f(y) = asin™ (Ay). 


8 yy??? = asin™ (Az) + b. 
This is a special case of equation 5.2.6.17 with f(x) = asin™ (Ax) + b. 


a 


9, Nie = YY pene 7 aly’)? + bsin(Az). 
1°. This is a special case of equation 5.2.6.54 with f(x) = b sin(Ax). Integrating the equation 
two times, we obtain an (n — 2)nd-order equation: y“~” = ayy! — a(y!,)° + Cir + C2 - 
bA~ sin(Az). 


2°. Particular solutions: 


=] n/2 Mr 
y = C sin(Ax) + es if n is even number, 
a 
b 


y= let OF [aC sin(Ax) + (1) > = \n—4 cos(Ax)] +C ifn is odd number. 
10. (2n-Dyy2"*? + (Qn + Dy, ye” = asin™ (Ax) + b. 
This is a special case of equation 5.2.6.62 with f(x) = asin™ (Ax) + b. 


11. y= =a sin’ (Ay)y’, ema 


This is a special case of equation 5.2.6.57 with f(y) =a sin’ (Ay). 


12. yy - y!, yo 7-) — ag sin(Ax)y*. 


This is a special case of equation 5.2.6.64 with f(x) = asin(Az). Integrating yields an 


(n — 1)st-order linear equation: y{"~) = le - 5 cos( Az) Yy. 


5.2.5-2. Equations with cosine. 


13. y® sayy”, — aly) + beos(Az). 
1°. This is a special case of equation 5.2.6.1 with f(x) = bcos(Ax). Integrating the equation 


twice, we obtain a third-order equation: y!”, = ayy’), — a(yl,)° + Cx + Cr — bX? cos(Az). 


2°. Particular solution: y=— [aC cos(Aa) — A sin(Az)| +C. 


b 
M(a2C2 +2) 


a an 


14. yy, + SY ove + 10Y eV ewe = = acos(Ax). 
Solution: y? = Cyx* + C327 + Cpa? + Cyr + Cy + 2aX% sin(Az). 


(5) 


at an 


15. yy oe + Sy; eevee + 10Y 7. Vown = > a cos” (Ax) +6. 
This i is a special case of equation 5.2.6.2 with f(z) = acos™(Az) + b. 
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16. yy + 5y,ye + 10y y", = acos™ (Ay) + b. 


LeeLee ve Jaww 


This is a special case of equation 5.2.6.3 with f(y) =acos™ (Ay) + b. 


17. yy® + 6y/,y> + 15y% ye ee + 10(yh” ? = acos™(Az). 


LELE Lee 


This is a special case of equation 5.2.6.6 with f(z) =acos™(Az). 


18. y® =acos™(Ay) + b. 
This is a special case of equation 5.2.6.8 with f(y) =acos™(Ay) + b. 


19. y™ = ax” cos™ (Ay). 
This is a special case of equation 5.2.6.11 with f(y) = acos™(Ay). 


20. yy2"*? = acos™ (Az) + b. 
This is a special case of equation 5.2.6.17 with f(x) = acos™ (Az) + b. 


a 
LLEL 


2.0 y™ =ayy - aly”) + bcos(Az). 

1°. This is a special case of equation 5.2.6.54 with f(x) =bcos(Ax). Integrating the equation 
two times, we obtain an (n — 2)nd-order equation: y®~ = ayy! — a(yl,)° + Cir + C2 - 
bX~ cos(Az). 

2°. Particular solutions: 


(-1)"?CA" —b 
aCM 
b ntl 
let wO [aC cos(Ax) + (-1) t At sin(Ax)| +C ifn is odd number. 
SEG 


y = Ccos(Ax) + if n is even number, 


y= 


22, n-Dyy2*? + (2n+ Dy) yo” = acos™ (Ax) + b. 
This is a special case of equation 5.2.6.62 with f(x) = acos™ (Az) + b. 


23. y™ =acos*(Ay)y, yo. 


This is a special case of equation 5.2.6.57 with f(y) =a cos*(Ay). 


24.0 yy — yy?) = acos(Ax)y?. 
This is a special case of equation 5.2.6.64 with f(x) = acos(Ax). Integrating yields an 
(n — 1)st-order linear equation: y‘"") = Fe sin(Ax) + Cc] y. 


5.2.5-3. Equations with tangent. 


wt a 


25. y® = OYY pone 7 aly”) + btan(Ax) +c. 
This is a special case of equation 5.2.6.1 with f(«) = 6 tan(Az) +c. 


26. yy> + 5y yer in + l0yy yn, = atan™ (Ax) +b. 


LLLL ae Jonw 
This is a special case of equation 5.2.6.2 with f(z) =a tan™ (Ax) + b. 
27, yy + 5y, yl! + 10y! yy! , = atan™ (Ay) + b. 
This is a special case of equation 5.2.6.3 with f(y) = atan™(Ay) + b. 
28. yy?) + by), yD + ISU, Ue + 10(yy",,)” = a tan” (Ax). 


This is a special case of equation 5.2.6.6 with f(z) = atan™ (Az). 
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29. y™ =atan™(Ay) +b. 
This is a special case of equation 5.2.6.8 with f(y) = atan™ (Ay) + b. 
30. y” = ax” tan™ (Ay). 
This is a special case of equation 5.2.6.11 with f(y) = atan™ (Ay). 
31.0 yy2?*? = atan™(Ax) +b. 
This is a special case of equation 5.2.6.17 with f(z) = a tan™ (Az) + b. 
32, yOM = ("y+ aly! + ytanz)*. 
This is a special case of equation 5.2.6.47 with f(a, w) = au® and p(x) = cos x. 
33. y@r*) = (-1)™""y tanz + aly), + ytanz)*. 
This is a special case of equation 5.2.6.47 with f(a, wu) = au® and p(x) = cos x. 


34. (2n-Dyy?*) + 2n+ Dy ye” = atan™ (Ax) + b. 
This is a special case of equation 5.2.6.62 with f(x) = a tan™ (Az) + b. 


35. y™ =atan*(Ay)y, yo”. 
This is a special case of equation 5.2.6.57 with f(y) =a tan” (Ay). 


36. yy — yy?) = a tan(Az)y’. 
This is a special case of equation 5.2.6.64 with f(x) = a tan(A2). 


5.2.5-4. Equations with cotangent. 


wey nu” i 


37. y® = ayy!” — aly)’ + beot(Ax) +c. 
This is a special case of equation 5.2.6.1 with f(«) = 6b cot(Az) +c. 


38. yy + 5y, yl + 10y! y’” , = acot™ (Az) +b. 


This is a special case of equation 5.2.6.2 with f(z) =acot™ (Ax) + b. 


39, yy + 5y, yl + 10y! yy’! _, = acot”™ (Ay) + b. 


LLEL we aww 


This is a special case of equation 5.2.6.3 with f(y) = acot™ (Ay) + b. 


40. yy® + by, yS + 15y! yl! +100”)? = acot™ (Az). 


LELE Lee 


This is a special case of equation 5.2.6.6 with f(z) = acot’™ (Az). 


4. y™ =acot™(Ay) +b. 
This is a special case of equation 5.2.6.8 with f(y) = acot™ (Ay) + b. 


42, y™ =ax™ cot™(Ay). 
This is a special case of equation 5.2.6.11 with f(y) = acot™ (Ay). 


43. yy??? = acot™(Ax) +b. 
This is a special case of equation 5.2.6.17 with f(x) = acot™(Az) + b. 


44. y2 = (-1)"y+ aly’, - ycotz)*. 


This is a special case of equation 5.2.6.47 with f(z, w) = au® and p(x) = sin x. 
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45. 


46. 


47. 


48. 


yon) = (-1)"y cot x + a(y’, -—ycot zg)”, 


This is a special case of equation 5.2.6.47 with f(a, wu) = au® and p(x) = sin x. 


(2n - Dyy?"*? + (2n + Dy, y?” = acot™ (Az) + b. 
This is a special case of equation 5.2.6.62 with f(x) = acot™(Az) + b. 


yf” = acot*(Ay)y yr. 


This is a special case of equation 5.2.6.57 with f(y) = acot*(Ay). 


yy” - yye = acot(Ar)y”. 


This is a special case of equation 5.2.6.64 with f(x) = acot(Ax). 


5.2.6. Equations Containing Arbitrary Functions 


5.2.6-1. Fifth- and sixth-order equations. 


1. 


5 aw Mm y2 
YS) = YY none ~ Una) + f(a). 
Integrating the equation two times, we obtain a third-order equation: 


mw t 


zx 
Yin = AYY, —Uy,,) + Ca + Cr+ i, («—t)f(t)dt, where 29 is an arbitrary number. 
xo 


YYD +5 Y Yen + OY Yeon = f(x). 
Solution: 


1 x 
y= Can" +C3a*+Cox" + C2 +Cot / (a—t)‘ f(t) dt, where 2o is an arbitrary number. 
x0 


YYD +5 Y Yvon + LOY eve = f(y) 


The substitution w = y? leads to an autonomous equation of the form 5.2.6.8: w%) = 
2f (+./w ) . 

5 

We + OY Vrwen + 30-S)¥ Vere = f(a). 

Integrating the equation three times, we obtain a second-order equation: 


= 3 1 x 
Wart) = Cra? +O 2+Co+> | (a—-t)* f(t) dt, where 29 is an arbitrary number. 
x0 


(5) we mt 


(a + Ws + bY Uecee + CY Vewe = f(x). 
Integrating yields a fourth-order equation: 


(2+ WY cree + (O- D¥eVere + 5! 1-b+ os.) = f f@)de+C. 


YU, + OY, + 15U, Vener t WY sne) = f(@)- 


Solution: y = Cs £C ae + Oye? + Cope? + Cia Co + a foe - ty f@) dt. 


y® = (ax? + ba + cy! f (y(ax? + ba + cy*/?), 


This is a special case of equation 5.2.6.22 with n = 6. 
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5.2.6-2. Equations of the form y“ = f(z, y). 


8. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


ys = fly). 
Autonomous equation. This is a special case of equation 5.2.6.77. 
1°. The substitution w(y) = y/, leads to an (n — 1)st-order equation. 


2°. For even n = 2m, the first integral of the equation is: 


m-1 
DeptyPyer” + Fy” yer] + f fy) dy = 


Furthermore, the order of the obtained equation can be reduced by one by the substitution 
wy) = yr- 


y™ = fly+ar™), m=0,1,...,n-1. 


The substitution w = y+ az™ leads to an autonomous equation of the form 5.2.6.8: 
wo = fw) 
a i 


yo = fly + Ont" + Gn 10"! +...4 ag). 


The substitution w = y+a,2" + Qm—x" |! +---+4a9 leads to an autonomous equation of the 
form 5.2.6.8: w” =a,n!+ f(w). 


gear” Fy): 


The substitution ¢ = In|z| leads to an autonomous equation of the form 5.2.6.77. 


yQ? = 2" f(y/2). 
Homogeneous equation. This is a special case of equation 5.2.6.83. The transformation 
t=Inz, w= y/a leads to an autonomous equation of the form 5.2.6.77. 


gO =a fey). 
The transformation x =t7!, y= t!"w leads to an autonomous equation of the form 5.2.6.8: 
wy? =(-D"f(w). 
2n+1 1-2n 
gece 2 f(a2 a): 
2n-1 
The transformation « =e’, y= a 2 w(t) leads to an autonomous equation of the form 
5.2.6.68, whose order can be reduced by two. 


yy? =a f(ye*) 
This is a special case of equation 5.2.6.86. 


1°. The transformation t = Inz, z = yx* leads to an autonomous equation of the form 
5.2.6.77. 


2°. The transformation z= yx*, w= xy! /y leads to an (n — 1)st-order equation. 
yy? = yx f(a*y™). 


This is a special case of equation 5.2.6.89. The transformation t = «*y™, w = xy!,/y leads 
to an (n — 1)st-order equation. 
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17s. ge) = Fe). 
Integrating yields a 2nth-order equation: 


n-1 
2 EDmyeryer™ + Dy] =2 f f@ae+c, 
=0 


where the notation y© = y is used. 


18. y= f@,y). 
The transformation « = 27!, y = z!-"w(z) leads to an equation of the same form: w?) = 
Clee yet 2h). 


ay 7 ax+by+ec 
19. y™ = (ax + by +0) ™ f(———). 
axzt+ By+7 
1°. For a@ —ba =0, the substitution bw = ax + by +c leads to an autonomous equation of 
the form 5.2.6.8. 


2°. For a — ba # 0, the transformation 
Z=X-X, W=Y-Yo 
where po and yo are the constants which are determined by solving the linear algebraic system 
axot+byp+c=0, aro+PByoty=09, 


leads to a homogeneous equation of the form 5.2.6. 12: 


w™ = RF (<), where F(€)=(a+ be” f( Bros \: 


at BE 


anx+boyt+e 
20. ys? = (are + by +e f(A), 


a3x + bsy + C3 


ay, by Cy 
Let the following condition hold: |a2 62 cJ|=0. 
a3 b3 C3 


For a2b3 — 3b # 0, the transformation 
Z=X-X, W=Y-Yo 
where Zo and yo are the constants determined by the linear algebraic system 
a2%o + bry + C2 =0, a3%0 + b3y9 + C3 =0, 


leads to a homogeneous equation of the form 5.2.6.12: 


w = z'™F(=) » Where F(€)=(a,+ nos (S + bof : 


a3zt b3€ 


21. (ax +b)"(cx + dyy™ = f (3): 


(cx + d)r-1 
: ax+b y : 
The transformation € = In — |, w = — 7 _ Leads to an autonomous equation of 
cx+d (cx +d)" 


the form 5.2.6.77. 
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22. 


23. 


24. 


25. 


26. 


lin 1-n 


y™ = (ax? + bx + oy? f(y(ax? +bx+ cy?) : 


1°. The transformation 
dx : ion 
= | ————,,_ w=yl(ar+brt+c) 2 1 
i ax? + ba+c¢ ut ) (1) 
leads to an autonomous equation with respect to w = w(t), which admits reduction of order 
by the substitution z(w) = w}. 


2°. Let n = 2m be an even integer (m = 1, 2,3, ...). In this case, transformation (1) yields 
an equation of the form 5.2.6.68, whose order can be reduced by two. 
2m-1 
Setting P=azx?+br+c, y=wP 2 and multiplying both sides of the original equation 


142m 1-2 
by w, =P” (Py, ar ie Ply), we obtain 


1-2m 
(Py, sae Phy) yo™ = f(w)wi,. 


Integrating both sides of this equality with respect to x (the left-hand side is integrated by 
parts), we have 


m-2 
Vey wPysr t+ cam! [yer Pyerde= f fwydw+e, — @ 
k=0 
where 
i) 1 
yh = ks — (Pui, + ; = Ply) = Py? + (k-m+ : =) Ply + ak(k-2m)ye? 


beatae that n = 2m). It can be shown that the integrand on the left-hand side of (2) is a 
total differential. Finally, we arrive at the first integral: 


m-2 
yey ee + (k- mt 4) Ply® +ak(k — 2m)y | jn 
k=0 


+(- ie {4 Plyery? a 3 Pye Dy™ + al - myo" yor + 4 tam Aly "| _| 


= | fw)dw +. 


Im 


yO? =yFr f(ylaa? +bx+c) 2 25), 


1°. Setting f(u)= inet ti ae we have equation 5.2.6.22 with the function f, (instead of f). 
2°. fase pana x=2z', y=z'"w(z) leads to an equation of similar form: w = = 
l-n 


(-1)"w Fn ta * f(w(er es 


yo = ext f(ye*”). 
The substitution w(x) = ye~°* leads to an autonomous equation of the form 5.2.6.77. 


y™ = yfler*y™). 


The transformation z = e°*y"™ 


, w(z) = y',/y leads to an (n — 1)st-order equation. 


yO =a fee), 


The transformation z = «™e°, w(z) = y!, leads to an (n — 1)st-order equation. 
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27. 


28. 


29. 


30. 


31. 


32. 


33. 


ee =f(yt ae**) -aXr"e*. 
The substitution w(x) = y + ae*” leads to an autonomous equation of the form 5.2.6.8: 
wy = fw). 


Qn) _ 
1 
The substitution w(a) = y+acoshz leads to an autonomous equation of the form 5.2.6.8: 


we? = fw). 


f(y + acoshz) -acoshz. 


2 
ye = 


The substitution w(x) = y + asinhz leads to an autonomous equation of the form 5.2.6.8: 
we” = fw). 


yore) - 
The substitution w(2) = y +acosh2 leads to an autonomous equation of the form 5.2.6.8: 


went) = fw). 


f(y+asinhz) -asinhz. 


f(y + acosh«) -a sinh x. 


yor) = f(y +asinh x) —acoshz. 


The substitution w(x) = y + asinhz leads to an autonomous equation of the form 5.2.6.8: 
went) = fw). 


y® = f(y +acosx)-acos(x+47n). 


The substitution w(x) = y+acosz leads to an autonomous equation of the form 5.2.6.8: 
wl! = fw). 


y™ = f(y +asinx) —asin(x + $7). 


The substitution w(x) = y+asinz leads to an autonomous equation of the form 5.2.6.8: 
wl = fw). 


5.2.6-3. Equations of the form y“ = f(z, y, y/,). 


34. 


35. 


36. 


37. 


38. 


39. 


yl? = f(y, + g(a). 
Integrating yields an (n — 1)st-order equation: yo" D = Sy) dy+t+ [ow dx+C. 


y = f(a, yi). 
The substitution w(x) = y/, leads to an (n — 1)st-order equation: w°"") = f(z, w). 


y& = f(y, y%,)- 
Autonomous equation. This is a special case of equation 5.2.6.77. 
The substitution w(y) = yi, leads to an (n — 1)st-order equation. 


yf? = yx f(xy’, /y). 
The transformation z= xy!,/y, w= = ay", /y leads to an (n — 2)nd-order equation. 


yf? =a"y + f(x, yi, — ay). 
The substitution w = y/, — ay leads to an (n — 1)st-order equation: 
we) saw? +.---+a"1w = f(z, w). 
yo = f(a, ry’, -y). 
n—2 ! 


The substitution w = xy', — y leads to an (n — 1)st-order equation: dan (=) = f(z, w). 
OPS x 
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40. 


41. 


42. 


43. 


44, 


45. 


46. 


47. 


oF rs f(a, ry’, —my). 
Here, m is a positive integer and n > m+ 1. The substitution w = ry!,— my leads to an 
(n — 1)st-order equation: ¢&"-""-) = f(z,w), where ¢ = w/z. 


ry = f(x, ry, + ay)-(A)ny- 
Here, (a), =a(at+1)...(a+n-1) is the Pochhammer symbol. The substitution w = zy! +ay 
leads to an (n — 1)st-order equation. 


x 


m m 
y™ = f(z, Pmy!,- Py), Pm = S- a,e",. P= S- ayka®', n>m. 
k=0 k=0 


The substitution w = Py}, — P’,y leads to an (n — 1)st-order equation. 


yO = y+ f(a, y!, cosh x - y sinh x). 


The substitution w = y’, cosh x —y sinh leads to an (2n — 1)st-order equation. 


yO? = y+ f(x,y, sinh x — y cosh z). 


The substitution w = y/, sinh x — ycoshz leads to an (2n — 1)st-order equation. 


ye” = (Dy + fla, y,, sina — y cos), 


The substitution w = y/, sinz — ycosz leads to an (2n — 1)st-order equation. 


yer) = (-1)"y + f(a, y., cosx + ysin x). 


The substitution w = y/,cosa+ysinz leads to an (2n — 1)st-order equation. 


Pa 
y+ f(ey',-—y), p = p(x). 
~ ~ 


t 
The substitution w = y/, — Poy leads to an (n — 1)st-order equation. 
p 


5.2.6-4. Equations of the form y™ = f(z, y, y).,.y/,). 


48. 


49. 


50. 


51. 


y™ = f(a, ry’, -—Ys Yorn ds 
This is a special case of equation 5.2.6.78. The substitution w(x) = xy! —y leads to an 
(n — 1)st-order equation. 


y® = f(a, x?y”, —2axy’, + 2y). 
This is a special case of equation 5.2.6.81. The substitution w(x) = xy", —2zy/, +2y leads 
to an (n — 2)nd-order equation. 


yo? =a"y+t f(x,y), — ay). 


The substitution w = y”,, — ay leads to an (2n — 2)nd-order equation: 
wer) 4 awn) +..-4a" w = f(z,w). 


Ye” = UF (Yen Ye): 
This is a special case of equation 5.2.6.52. 
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52. 


53. 


Ye” = Vewt (Yew — Yo) + Y9(YY ew - Yr) 
1°. Particular solution: 
y = C, exp(C3x) + Cy exp(—C32), 


where the constants C, Cy, and C} are related by the constraint 
03" — C3 f(4C1C2C3) — g(4C1C2C3) = 0. 


2°. Particular solution: 


y = Cy cos(C3x) + C) sin(C3x), 


where the constants C, Cy, and C are related by the constraint 


(-1)"C3” + C3 f(-C7C3 — CZC3) — g(-C{C3 — CZC3) = 0. 


a a 
Yow 
ees a »¥, -y— =). 
yh ys 
Particular solution: y=C' exp(C)2)+C3, where C{ is an arbitrary constant and the constants 
C and C’ are related by the constraint Cs = f(Cy, -CrC3). 


5.2.6-5. Equations of the form f(x, y)y& + g(a, y, yy eo? = h(a, yyi,--.y"). 


54. 


55. 


56. 


57. 


58. 


59. 


Ye = YY ne — UY zn) + f(z). 
Integrating the equation two times, we obtain an (n — 2)nd-order equation: 


zr 
yor ?) = = ayy. - aly! +C)2+Cy +f (a —t)f(t)dt, where 2o is an arbitrary number. 
xo 


go” =a’y+ f (a, y” + ay). 
The substitution w = y® + ay leads to an nth-order equation: w” = aw + f(a, w). 


v= Fs). 


Having set u(x) = yr), we obtain a second-order equation wu”, = f(u), whose solution has 
the form: 


- [+e where pu) =+|[C1 +2 [ fw)du| te 


Expressing u in terms of x and integrating the resulting relation n — 2 times, we find y. 
Solution in parametric form: 


- |" du — pe dur pm dug (i dun3 3 Un_2 dun_2 
ape) 9 Jeptuy Je. Gla) Ions G@ins) Jo, Gna) 


ul = Foul”. 
eae yields an (n — 1)st-order autonomous equation of the form 5.2.6.8: 


y= Fly), where F(y)=Cexp [/ fYy) dy}. 


yf” = [f@y, + g@)|yl. 
Integrating yields an (n — 1)st-order equation: yor =Cexp / f(y) dy+ / G(X) dx . 


cy +nyo = f(xy). 
The substitution w(x) = xy leads to an autonomous equation of the form 5.2.6.8: wm” = f(w). 
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60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


yo) = f(w, cyl, + ay). 


The substitution w = xy’, + ay leads to an (n — 1)st-order equation: wr) = f(z, w). 


zy” +(at+n-—l)y, 


aye + 2naye? +n(n- Dye = f(xy). 
The substitution w(x)= xy leads to an autonomous equation of the form 5.2.6.8: ww” = f(w). 


(2n -Dyylr"? + Qn + Dy yl” = f(x). 
Having integrated the equation, we obtain 


n-l 


(2m — Nyy? +2 Dy Myer + Cy yO]? = f f@de+2Cr, 
k=l 
The second integration leads to an (2n — 1)st-order equation: 
n-1 
Yn -1- 2k Py Myer = 20,4 C1 + / (x —t) f(t) dt. 
k=0 re 
The third integration leads to an (2n — 2)nd-order equation: 
n-2 
1 
Sok ae 1)(2n ap& IH1)fy yer?) + ce ais [yo] 2 
k=0 


Ci Cea Cee 5 [@-wTfo dt. 


(Qn -Dyylr*? + Qn+ Dy yl” = fiyy, + g@). 
Integrating yields an (n — 1)st-order equation: 


n-l 


(n= Lyy2” +2 SDM yMy2r + 1 [yr]? =i f(y)dy+ / g(x) dx+C. 
k=1 


yy — ye” = fay’. 
Integrating yields an (n — 1)st-order linear equation: y~) = [/ f(x) dz+ c| y. 


yy = yy? + f@)yyl. 


Integrating yields an (n — 1)st-order linear equation: yo" VeC exp iE f(x) dx| y. 


yy +(F- Dye + fay, tony =9 f= f@, g=g(x). 

This equation is solved by the functions that are solutions of the (n—1)st-order linear equation 
yl) + g(a)y =0. 

[y+ f@ ys? = ly, + fF. @lyl + af (ay, - af, (ay. 

Integrating yields an (n — 1)st-order constant coefficient nonhomogeneous linear equation: 
yo) — Cy =(C —a)f (a). There is also the trivial solution y = 0. 


YS amyl” = fq): 


m=1 


The first integral has the form: 


Yin {St Deere scp" ly oe P\. / f(y) dy = 


where C’ is an arbitrary constant. Furthermore, the order of the obtained equation can be 
reduced by one by the substitution w(y) = y/.. 
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69. y Amx'’y oe = f(y). 
The substitution t = In |z| leads to an autonomous equation of the form 5.2.6.77. 
70. y S- ange = f(x). 


m=0 
Integrating yields a 2nth-order equation: 


m-1 
San {2 Deer ee ey” ye? r}- 2 | fade +C, 


m=0 v=0 


where y stands for y. 


71. 2 a my ry? Qn4+1-m) _ = f(a). 


The first integral has the form: 


n-1 


257 Amy yr) + An [YO] =2 if f(a)dx+C, 
m=0 
m n-1 
where Aj, =U 1)™** a, =AQm—Am1tAm2—--- . If the condition A, =2 D> (-1)" "Ay, 
m=0 
is satisfied, the obiamned equation can be integrated two times more (see, in particular, equation 


5.2.6.62). 


5.2.6-6. Equations of the form y” = f(a,y,y/,,...,y@)). 


72. y= f(y"). 
Having set u(x) = yr, we obtain a first-order equation u/, = f(u). Further, find u from the 


d 
relation z= af car +C. Then the (n — 1)-fold integration yields y. 
U 


Solution in parametric form: 


u du _ ft du, fp dug bag dun. [2 Un_-1 dun-1 
ofa 9 Joy Fay Joy Fu) Sons Fina) Jon ~ Find 


73. yf = fyya(yl”). 
inidaeatine yields an (n — 1)st-order equation: 


f= ai flydy+C, where way, 
gw) 
Furthermore, the order of this equation can be reduced by one by the substitution z(y) = y/.. 


74. yl = [fwy,, + g@ hy”). 
Integrating yields an : — 1)st-order equation: 


75. go = f(a, aaa eh) 


The substitution w(z) = yor 2) leads to a second-order equation: w!!, = f(x, w,w',). 
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5.2.6-7. Equations of the general form F(z, y,y/,,...,y%) =0. 


76. 


77. 


78. 


79. 


80. 


81. 


82. 


83. 


F(a, a oe y”) = 0. 
The equation does not depend on y explicitly. Hence, the substitution w(x) = y!, leads to an 
(n — 1)st-order equation: 

Pte WI ees iw?) =0. 
F(Y, Yos Yow +09 YE) =O. 
Autonomous equation. It does not depend on x explicitly. The substitution w(y) = y/, leads 
to an (n — 1)st-order equation. The derivatives of the original equation and the transformed 
one are related by 


" ! m 200 1y2 -1)\! 
You SWWys Vere WU Way Pw Wy) aes yo = wy” la 
F(a, ry’, -Y; Us ee ae) yo) = 0. 


The substitution w(x) = xy’, — y leads to an (n — 1)st-order equation: 
Flap, Cys2, OO) =0,. where ¢ Sw /e. 
F(x, ty, - 24; Yew Youre +++ Ye) =O. 


The substitution w = xy!,—2y leads to an (n — 1)st-order equation: 
F(a, Tee en Ga Ce) =0, where €=wy,/2. 


F(a, vy’,-my, sisi ec Neen y™) = 0, n>m+1. 


ze 


The substitution w = xy!,— my leads to an (n — 1)st-order equation: 
F(a, 1 oe Ge Cae) =0, where €=w”/z. 


F(a, xy’! -2ay! + 2y, yr, .-- y™) =0. 


een? 


The substitution w(x) = 27y'!,, —2xy!,+2y leads to an (n — 2)nd-order equation: 


ney Coe hg a Gore Co) =0, where €=a7w'. 


x 


m™m 
SGPC ay SRG yl tage), 
k=0 


Here, Ce = are binomial coefficients. 


m! 
ki(m—k)! 


m 
The substitution w(x) = >> (-1)*k! CE gt hye) leads to an (n —m)th-order equation; 
k=0 
the derivatives on the right-hand side are calculated in consecutive manner using the formula 


mtl1) _ »-m,,,! 
yf Jeg Wy: 


¥y = 
F(-, OE) i a ty) 0. 


Homogeneous equation. The transformation t = Inx, w = y/x leads to an autonomous 
equation of the form 5.2.6.77. 
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84. 


85. 


86. 


87. 


88. 


89. 


F( ax +by+c 


axzt+ Byt+7 
1°. For a@ — ba = 0, the substitution bw = ax + by +c leads to an autonomous equation of 
the form 5.2.6.77. 


2°. For a — ba # 0, the transformation 


thy nla by oY) 0 


z£=L£-%XQ, W=Y-YVo, 
where Zo and yo are the constants determined by the linear algebraic system 
ato+byo+c=0, axtot+Byoty=9, 


leads to a homogeneous equation of the form 5.2.6.83: 


(oe We, --e, (at bw /2y12"!w ) =); 
es vy cess (A30 + b3y + cay ty) =0. 
arx + boy +c 
a, bb Cy 
Let the following condition hold: |a, 62, c,|=0. 
a3 63. C3 


For a,b; — ayb, # 0, the transformation 
Z=2-X%, W=y-Yo, 
where Zo and yo are the constants determined by the linear algebraic system 
1,29 + byyo + C1 =0, a2Xo + byyo + Co = 0, 
leads to a homogeneous equation of the form 5.2.6.83: 


a,tbyw/z , ee 
F(a Sues +b ee a Pao 
eee Ww, (a3 + b3w/z) 2" wy 


By ey dang eS, 
Generalized homogeneous equation. The transformation t = Inz, w = x*y leads to an 
autonomous equation of the form 5.2.6.77. 


xy’ xy”! ery” 
F( Me Un) Bi, 
y y y 
Generalized homogeneous equation. The transformation z = xy! /y, w= ry, /y leads to 
an (n — 2)nd-order equation. 


fo Bee re Ures yo” 
Fly, — Y—) > — +) —] = 0. 
Un Un Un Un 


Autonomous equation. Particular solution: y = C exp(C2x) + C3, where C; is an arbitrary 
constant and the constants C’, and C3 are related by F(—C C3, Cp, C3, aera cr) =0. 
F( ty”. TUs Vise eees wu) = 0. 

y ¥y y 
Generalized homogeneous equation. The transformation t = x*y™, z= xy!,/y leads to an 
(n — 1)st-order equation. 
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(n) (n) 

y y 

90. F( = ) y— - i) = 0. 
Ue Ue 

A solution of this equation is any function that satisfies the (n — 1)st-order constant coefficient 

linear equation yo =C)y+C, where the constants C’; and C) are related by the constraint 


F(C,,-C2) = 0. 


yor yo 
91. F( 2 gl ky =e _ erty) = 0, n>k. 
(k) (k) be 
Yn Ye 


A solution of this equation is any function that satisfies the (n — /)th-order linear equation 
yo = Cy + Crr*", where the constants C; and C) are related by F(C1,—C2) = 0. 


92. F(a, y™—-y, yo -—y) =0. 
The substitution w = y/, — y reduces the order of the equation by one. 
93. F(yS?-y,yl? - yy” - yf?) =0. 
The substitution u=y")—y leads to an nth-order autonomous equation F’ (u, u™+u, u®)= 0. 


(2n) 
x 


94. F(a, y” +ay,y -a’y, yo” + ay”) = 0. 


ae 


The substitution u = y + ay leads to an nth-order equation F(x, u, uf — au, u™) =0. 


95, Fler ye ys ey gee ye) =O. 


Equation invariant under “translation—dilatation” transformation. The substitution u = e*”y 
leads to an autonomous equation of the form 5.2.6.77. 


7 ” (n) 
Uo Y y 
96. F(e*y™, ——y a ) =0. 
y y y 
Equation invariant under “translation—dilatation” transformation. The transformation 


z=e%*y™, w=yl,/y leads to an (n — 1)st-order equation. See also Paragraph 0.5.2-7. 


2,/0 n, (n) 


OM se Nas 1 Me) ae a) ea 


Equation invariant under “dilatation—translation” transformation. The transformation 
z=2™e%, w=cxy!. leads to an (n — 1)st-order equation. See also Paragraph 0.5.2-8. 
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Supplements 


S.1. Elementary Functions and Their Properties 


> Throughout Section S.1 it is assumed that n is a positive integer unless otherwise specified. 


S.1.1. Trigonometric Functions 


S.1.1-1. Simplest relations. 


sin? x + cos’ x = 1, tan x cot x = 1, 
sin(—x) = —sinz, cos(—x) = cos 2, 
sin r cosx 
tan x = , cot x = ——, 
COS & sin & 
tan(—x) =—tanz, cot(—x) = —cotz, 
1 1 
1+tan* 2 = —_, 1+cot? z= at 
cos* x sin? x 


S.1.1-2. Relations between trigonometric functions of single argument. 


. I tan x 1 

sin xz =+V1-—cos* ¢ = +-——— . = + ——___.,, 
vV1+tan? « V1+cot? x 

a] 1 cotx 
cos % =+V1-sin* x = t+——— _ = + —__.,, 
vV1+tan? « V1+cot? x 

sin vV1-—cos? x 1 

tan 2 = +—. = + —_—_ = : 
V1 —sin2 x COS & cotx 

V1-sin? 2x cos x 1 


sin x Vl—cosz7 tanx 


lI 
H 


cotrz =+ 


S.1.1-3. Reduction formulas. 


sin(x + nz) = (-1)” sin x, cos(x +n) = (-1)”" cos x, 
2n+1 2n+1 
sin (« a i ) = +(-1)” cos 2, cos (« a = r) =+(-1)” sin x, 
tan(a + n7) = tana, cot(z# + n7) = cotz, 
2n+1 2n+1 
tan (« aE 5) r) =-—cotz, cot (x = 5) r) =-—tanz, 
2 2 
sin (« ab =) a V2 (sin a + cos x), cos (« + =) a V2 (cosa + sin x), 
4 ei 4 2 
1 tanx+1 1 cotz #1 
tan (x + =) ——— cot(a+ *) = ——.. 
4 1+Ftanz 4 1+cotz 
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S.1.1-4. Addition and subtraction of trigonometric functions. 


+ — 
sin + siny = 2sin(“—*) cos(= *). 


2 
sing =2sa([Y) coo 
sin x —siny =2 sin 5 cos 7) 

+ — 
cos. + cosy =2cos(* *) cos(= *). 
2 2 
cos X — COS =~2sin(*) sin(*) 
Y= ) 2 > 
2 ay) 2 2 


sin’ x — sin“ y = cos“ y — cos’ & = sin(a + y) sin(x — y), 
sin? « — cos” y =—cos(a + y) cos(x — y), 
sin(a + sin(y + @ 
neha ee othe Ue 
COS Z COS Y sin z sin y 


acosx+bsinz =r sin(a+y) =rcos(x—w). 


Here, r= Va?+b?, siny=a/r, cosy =b/r, siny =b/r, and cosy =a/r. 


S.1.1-5. Products of trigonometric functions. 


sinz siny = zee —y)—cos(a+ y)], 
COS COS y = $[cos(a — y) + cos(z + y)], 


sinz cosy = Lsin(x —y)+sin(z + y)]. 


S.1.1-6. Powers of trigonometric functions. 


cos’ x = + cos2x +4, sin’ x =—}cos2z+ 4, 
cos? «= 4 cos 3a + 3 cos 2, sin’ x =—4 sin 32+ 3 sina, 
cos’ x = cos 4a + 4 cos 2a + 3, sin’ x = # cos 4a — + cos 2a + 3, 
cos’ 4 = + cosSat+% cos 3a + 2 Zz COS &, sin? x = = sin5z— = 76 sin 3x + 2 z sing, 
-1 
deg 5 Ce 2 k : Cy 
cos’ £ = Fit 5m COS[2(n — kx] + Fin Can 
k=0 
get og cE 2n-2k+1 
co = oa m4 COS[(2n — 2k + 1)2r], 
k=0 
-1 
sin?” x = ie scp™ct cos[2(n — k)a] + | on 
a 22n-1 2n 22n 2n? 
k=0 
nt! > 1 n- kok by Ik 1 
sin aaa ) one1 SIN[(2n — 2k + 1)z]. 
k m! ‘ : ; 
Here, C= MG! are binomial coefficients (0! = 1). 
!(m—k)! 
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S.1.1-7. Addition formulas. 


sin(z + y) = sinzcosy+cos x sin y, 


een tanz + tany 
an(z + y) = ————_—-,, 
a 1+¥tanxtany 


cos(x + y) = cosxcosy ¥ sinzsiny, 


1+ tan z tany 
cot(# + y) = ——————.. 
tanz ttany 


S.1.1-8. Trigonometric functions of multiple arguments. 


cos 2x” = 2cos*x—-1=1-—2sin’ z, 


sin 2” = 2 sinx cos x, 


cos 3x =—3cosx+4cos° z, sin 3a =3sina—4sin’ a, 


cos 4z = 1—8cos* z+ 8cos' z, sin 4a = 4 cos 2 (sin x —2 sin? 2), 


cos5x =5cosxz—20cos?x+16cos°z, sindxz=5sinx—20 sin? « + 16 sin? x, 


_ = Ciel 0 NN cee (tee Ol 
cos(2nz) = 14+5°( 1) == oo 


k=1 


A* sin? Ls 


cos[(2n+1)xz] = cos x { (2k)! 


k=l 
i 2_ 2_ 92 2_ 2.2 
sin(2nx) = 2n cos x sin ot dy ari sin’? 7 ‘ 


sin[(2n+1)2] =Qn+1)4 (2k+1)! 


k=1 
2tanx 3tanz —tan?z 4tane—4 tan? « 
tan 2x7 = mo tans) ee. SS ee 
1—tan 1-3tan* x 1-—6tan* x +tan* x 
S.1.1-9. Trigonometric functions of half argument. 
7x  1-cosz 7x 1+cosz 
sin’ — = ; en cay 
2. 2 2 2 
x sin & 1—cosz x sin & 1+cosa 
tan — = ———— = ———_.,_ cot — = ——_ = —— 
2 1+cosz sin £ 2 l1-cosz sin & 
. 2 tan 1—tan? = 2 tan > 
sinz = ———>,  cosxr= sa «(tana = a 
1+tan* > 1+tan* + 1 —tan* + 
S.1.1-10. Euler and de Moivre formulas. Relationship with hyperbolic functions. 
e¥** = eYM(cosxtisinz), (cose+isinz)” =cos(nx)+isin(nz), i =-1, 


sin@x)=2zsinhz, cos(tz)=coshz, tan(@zx)=iztanhz, cot(zx)=-icothz. 


S.1.1-11. Differentiation formulas. 


dsin x dcosx : 
=cosz =-—sing, = — = 


dx ‘ dx 
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Eh Dae 222 23 1/2) 
cy ey ee 1][Qn+1)-32] ... (Qn+1P-2k 7 neh ah, 


S.1.1-12. Expansion into power series. 


ge 4 6 


x x 
ser loath ar ere (|z| < oo), 
2 2 a! 
ae ae ee (|z| < 00), 
a 2a 1727 
tang =x+—+— : «|< 7/2), 
3° 15.315 elie) 
: 1 « #2 22 ied 
cotz = —- ~- —- —— a| <7). 
x 3 45 945 
S.1.2. Hyperbolic Functions 
S.1.2-1. Definitions. 
zt pt x oe —zL Lo pt x + x 
sinh x = ae cosh z = as tanh xz = see a coth xz = aa 
2 2 e™*+e*% e*—e* 
S.1.2-2. Simplest relations. 
cosh? x — sinh? x = 1, tanh x coths = 1, 
sinh(—x) = — sinh a, cosh(—) = cosh, 
i h 
fee sinh x apa ee x 
cosh x sinh x 
tanh(—x) = —tanhz, coth(—x) =—cothz, 
1 1 
1 —tanh? x = EL coth’ « —1= ——. 
cosh* x sinh* x 


S.1.2-3. Relations between hyperbolic functions of single argument (x 2 0). 
tanh 1 
sinh = V cosh? x —1= aaa ye et) 
Vi-tanh*2  \Vcoth’?s-1 


1 th 
cosh xz = V sinh? x + 1 = ——————=. = ee ey, 
Vi-—-tanh?>x vcoth* 2-1 


sinh x Vv cosh? x — 1 1 


tanh zc = —————————. = ——______ = ; 
s/ sinh? 7 +1 cosh x cothx 
Vv sinh? x +1 cosh x 1 
coth x = ———____ = ——____. = 


sinh x s/eode pe tanh : 
S.1.2-4. Addition formulas. 


sinh(a + y) = sinha coshy + sinh y cosh az, cosh(z + y) = cosha coshy + sinh x sinh y, 
tanh x + tanh y cothz cothy +1 


tanh(a@ + y) = ————————, th(a + y) = 
nee) 1+tanhztanhy cone) 


cothy+cothz © 
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S.1.2-5. Addition and subtraction of hyperbolic functions. 


+ + 
sinh z + sinhy = 2 sinh (=5*) cosh( = 5 *). 
+ a 
cosh x + coshy = 2cosh( =) cosh(“—*), 
+ — 
cosh x —coshy = 2 sinh (= 5 *) sinh (=*), 


sinh? 2 — sinh? y = cosh? # — cosh’ y = sinh(a + y) sinh(# — y), 
sinh’ x + cosh? y = cosh(z + y) cosh(x — y), 
sinh(z + y) sinh(z + y) 


———.,, cothxtcothy=+ 
cosh x cosh y 


tanh x + tanh y = “sinh z sinh y | 


S.1.2-6. Products of hyperbolic functions. 


sinh x sinh y = $[cosh(x +y)—cosh(z — y)], 
cosh x coshy = 3[cosh(x +y)+cosh(# — y)], 
sinh x cosh y = $[sinh(« +y)+sinh(z — y)]. 


S.1.2-7. Powers of hyperbolic functions. 


cosh? x = ; cosh 2” + 5, sinh? x = + cosh 2” — 5, 
cosh? x = ; cosh 3x + 3 cosh z, sinh? x = + sinh 3a — 3 sinh 2, 
cosh? x = z cosh 4a + + cosh 2” + 3, sinh’ x = z cosh 4a — + cosh2a + 3, 


cosh® x = + cosh 5x + = cosh 3x4 + 3 cosh z, sinh? x = x sinh 5a — = sinh 3a + 3 sinh 2, 


n-1 


1 1 
DP | eee k n 
cosh*” x = Final > Cy, cosh[2(n — k)a] + zn Cy 


1 n 
cosh?! a = aan S- C41 cosh[{(2n — 2k + 1)a], 


k=0 
n-1 
1 —1)” 
sinh?” x = SIAL x (-1)*C£, cosh[2(n — k)x] + =) Cy 


er — ; 
sinh?”*! ¢ = ae S“CI* Ch 41 sinh[(2n - 2k + 1a]. 
k=0 


Here, C*, are binomial coefficients. 


S.1.2-8. Hyperbolic functions of multiple arguments. 


cosh 2a = 2 cosh’ x — 1, sinh 2x = 2 sinh x coshz, 
cosh 3x =—3 cosh +4 cosh? x, sinh 3x = 3 sinh x + 4 sinh? g, 
cosh 4x = 1-8 cosh? « + 8 cosh‘ z, sinh 4a = 4 cosh a(sinh x +2 sinh’ 2), 


cosh 5a = 5 cosh x — 20cosh* x + 16 cosh? a, sinhS5xz =5sinhxz+20 sinh? x + 16 sinh? x. 
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[n/2] 


n-1 n ie aaa eerey n-2k-2 
cosh(nz) = 2" cosh” «+ > ae] Cr R22 (cosh x) ; 
[(n-1)/2] 
sinh(nx) = sinh x S- gk OF... (cosh gr. 
k=0 


Here, C*, are binomial coefficients and [A] stands for the integer part of a number A. 


S.1.2-9. Relationship with trigonometric functions. 


sinh(iz)=7sinz, cosh(tx)=cosz, tanh(iw)=ztanz, cothix)=-rcotz, ?=-1. 


S.1.2-10. Differentiation formulas. 


dsinh x h dcoshx inh dtanh x 1 dcothx 1 
=coshz, = sinha, 7 ’ =-——. 
dz dx dz cosh” x dx sinh’ x 


S.1.2-11. Expansion into power series. 


x gg 26 
COS ont ay ep tS (|x| < oo), 
; eo gg a! 
SMR SES ae sr ea (|z| < oo), 
3 Qa 17a? 
tanhz =x > — aE (|x| < 7/2), 
th yee (\a| <n) 
cothy = —+~-—~+——---- x ; 
3. 45 (945 e 


S.1.3. Inverse Trigonometric Functions 


S.1.3-1. Definitions and some properties. 


sin(arcsinz)=2,  cos(arccos £) = 2, 


tan(arctanx) =x, cot(arccotx)= 7. 


Principal values of inverse trigonometric functions are defined by the inequalities: 


Sarcsinz <4, OSarccosr <7 (-l<az<\1), 


<arctanz< 4, O<arccotz <7 (-co < & < cO). 


ae 
Z 

os 
2 
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S.1.3-2. Simplest formulas. 


arcsin(—x) = —arcsin x, arccos(—x) = m7 — arccos x, 


arctan(—2x) = — arctan 2, arccot(—x) = 7 — arccot x, 


setae _ jf v-2n0 if Inn-FSas2nw+5, 
aresin(sin2) =) 5 40m+1)r if Qn+l)n-E<a<nt+lr+F, 
daca esenyS a2 —-2n0 if 2nn<a2<Qn4+\1)z, 
~ )-e4+2(n4+1)r if Qn+)m<2<2(n4+)r, 


arctan(tanz)=x2-—na if na-P<a<ntt+35, 


arccot(cot 7) = x£-—n7 


S.1.3-3. Relations between inverse trigonometric functions. 


arcsin x+arccos % = 7, 


if nt<a<(n4+l1)z. 


arctan z+arccot x = +; 


arccos V 1—x?2 if O<a7<1l, arcsin V 1—x? if O<x<1l, 
—arccos V 1-2? if -l<a2<0, m—arcsinVl—2x2 if -l<2<0, 
x 
inz = & arctan ——— if -l<a<1 = la : 
arcsin x —e » arccos2 seins ose i 
v x 
Vv 1-2? x : 
arccot ———-—x if -l<a#<0; arccot ——— if -l<a<1; 
x V1—22 
ifs at 1 
arcsin ——— for any x, arcsin if c<>0 
1 : 1 
arccos ————__ if «20, m™—arcsin if «<0, 
arctan x = i arccot £ = 
—a¥rccos if «<0, arctan 1 if «>0 
1+? x : 
1 : 1 
arccot — if x >0; mw+arctan — if «<0 
x x 


S.1.3-4. Addition and subtraction of inverse trigonometric functions. 


arcsin x + arcsin y = arcsin(xv/1 — y2 +yV 1-27) 


arccos x + arccos y = tarccos[ay F /(1-a*)(1-y*)| for «+y20, 
+y 


for a ty’ <1, 


arctan © + arctan y = arctan i for zy<1l, 
— ry 
z-y 
arctan x — arctan y = arctan for zy>-l. 
1+2y 
S.1.3-5. Differentiation formulas. 
; 1 1 
— arcsin s = ———.,, — arccos £ = -—————, 
dx V1—2 dx Vv1—-2? 
1 
— arctanz = ———,, — arccotx = — : 
dx 14+ 22 dx 1+22 
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S.1.3-6. Expansion into power series. 


le 1x3@ 1x3x5a27 


GE ee ee ee 1 

sce BREET Uae IY ar aS 2), 
Pe 2 ga! 

fanreae+-—— fps <1 

arctan @ =~ + (lz| < 1), 
1 1 1 

arctan a = — _ (|| > 1). 


— + - ——_ 
2 « 3a 525 
The expansions for arccos x and arccotz can be obtained with the aid of the formulas arccos x = 


7 —arcsinx and arccotz = z — arctan x. 


S.1.4. Inverse Hyperbolic Functions 


S.1.4-1. Relationships with logarithmic functions. 


1. 1+ 
arcsinh x = In(a + w+1), arctanh # = > In i = 
-2£ 
1. 1+ 
arccosh x = In(x + z—1), arccoth x = —In oe, 
2 «a-1 
arcsinh(—x) = —arcsinh x, arctanh(—a) = —arctanh x, 
arccosh(—2) = arccosh x, arccoth(—a) = —arccothz. 
S.1.4-2. Relations between inverse hyperbolic functions. 
x 
arcsinh x = arccosh V x2 + 1 = arctanh ————, 
Vat 
Va22—-1 
arccosh x = arcsinh V x2 — 1 = arctanh eae 
x 
tanh inh —= cs rie 
arctanh x = arcsinh ———— = arccosh ———— = arccoth —. 
Vie Vine z 


S.1.4-3. Addition and subtraction of inverse hyperbolic functions. 


arcsinh x £ arcsinh y = arcsinh (a/1+y2tyV1+27), 
arccosh «x + arccosh y = arccosh [xy + \/(x? — 1)(y?2-1) ] : 
arcsinh x + arccoshy = arcsinh [xy + f(a? + 1)(y? - 1) ] ; 


arty ryt 
arctanh x + arctanh y = arctanh eau arctanh x + arccoth y = arctanh : 
+ xy + 

S.1.4-4. Differentiation formulas. 

d 1 

— arcsinh x = ————., me arccosh x = ‘ 

dx a+) dx x?—1 

d 1 2 d 1 2 

aa arctanh x = 7) (a* <1), re arccoth x = eae (a* > 1). 
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S.1.4-5. Expansion into power series. 


ah 1a? 1x32? 1x3x5 a7 | x} <1) 
arcsinh x = % — — —— + ——— — — ———_—_ } ---_ (|x 
23 2x45 2x4x67 : 
a 2 x! 
tanh =x+—+—+—+4+::: 1). 
arctann & x 3 5 7 (|z| < ) 


0) References for Section 8.1: H. B. Dwight (1961), M. Abramowitz and I. A. Stegun (1964), G. A. Korn and T. M. Korn 
(1968), W. H. Beyer (1991). 


S.2. Special Functions and Their Properties 


> Throughout Section S.2 it is assumed that n is a positive integer unless otherwise specified. 


S.2.1. Some Symbols and Coefficients 


S.2.1-1. Factorials. 


Definitions and some properties: 


O!l=1!=1, n!=1x2x3...(n—1)n, [ee ere 
(Qn)!!=2x4x6...(2n—2)(2n) = 2” nl), 


grt 3 
Qn+IN=1x3x5...2n-NQn+ l= ei (n+5): 
Wa irs 
n!! eee fn = ead. O!l=1. 


S.2.1-2. Binomial coefficients. 


Definition: 
! 
Cera where k=1,...,n, 
= -1)...(a-k+4+1 
ch =(-1yrs Ok _ GOs Viele), where k=1,2,... 


k! k! 
General case: 
b T(a+1) 


— To@+Dra-b+l)’ where [(a@) is the gamma function. 


Properties: 


Cai, ck=0 for k=-1,-2,... or k>n, 


a a—b 

ct = Sots fot, olsct ck, 

an CD" vn 2n-1)!! 

“a= Fan Cae = CD" 

e ely! ee (-1)""! (2n—3)!! 

M2 gen ee Ona ON’ 
C= Cle One Chapee Cm as 

gent Q2n 

Ci/2 = cn/2 = 2 o@)/2, 

nm aCy,” nm T nm 
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S.2.1-3. Pochhammer symbol. 


Definition and some properties (& = 1,2,...): 


(a), =a(at1)...(a+n-1)= Tra) =(-1) eran 
k-1)! 
Ot: Gi ea 
(n-1)! 
_P@-n)_ 1)" . 
Ot Tay. eae where a#1,...,n; 
(Daan! C/2_=227 2M! (3/0), = 22m Gn tt 
n! n! 
MEAN n k n 


S.2.2. Error Functions and Exponential Integral 


8.2.2-1. Error function and complementary error function. 


Definitions: 
erf x = 2 i} : exp(—t’) dt erfex =1-—erfx= z / a exp(—t’) dt 
Vr 0 : Vr x , 


Expansion of erf x into series in powers of x as x — 0: 


oe) 
g2ktl 2 ok g2ktl 


ee ae ae Aen ee et 
ecw 2 1 ROEED ye ”) Oke DE 


Asymptotic expansion of erfex as 7 > oo: 


M-1 1 
1 m (3) an —2M-— 
erfc 2 = ao [on pum + O(|2/* 4) 5. (MA 416255 3. 


S.2.2-2. Exponential integral. 


Definition: 


x et 
Ei(x) = i: Fs dt for «<0, 


OO 


-€ ef x ef 
Ei(z) = lim € — ar | — ar) for x«>0. 
e—>40 a t iS t 


Other integral representations: 


~ esint+tcost 
Bi(-a)=-e | —.—.— dt for x>0, 
0 


+t? 
~° x sint—tcost 
Ei(-x) =e” [ — 7 Ht—s for sx <0, 
0 att 
CO 
Ei(—x) = -« f e*'Intdt for x«>0. 
1 
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Expansion into series in powers of z as x — 0: 


ese k 
x 
C+In(-2) +5 —— if r<0, 
scat my xh! 
i(x) = CO ak 
Crh ae if x2 >0, 


where C = 0.5772... is the Euler constant. 
Asymptotic expansion as % — 00: 


; at (k-1)! n! 
Ei(—x) =e” = —. 
i(-a) =e* S°(-1) opt Rn | Bn< 
k=1 
S.2.2-3. Logarithmic integral. 
Definition: 
” at : ‘ 
— =Ei(Inz) if 0<a<1l, 
: 0 Int 
li(z) = l-e dt © dt 
lim i <+/ — if «>1. 
e—>40 0 Int Le Int 
For small zx, 
li(z) = et 
In(1 /x)" 


Asymptotic expansion as x — 1: 
k 


SS Ink ae 
li(w) = C + In|Ina|+ $5 ——. 
ma Xk! 


S.2.3. Gamma and Beta Functions 


S.2.3-1. Gamma function. 


The gamma function, I(z), is an analytic function of the complex argument z everywhere, except 
for the points z = 0, —-1, -2,... 
For Re z > 0, 


T(z)= | t? et dt. 
0 


For —(n+1)< Rez <-n, where n =0, 1, 2,..., 


ey i) Pe ace a= 
r= [ . > = |e dt. 


Euler formula: 


T(z) = lim ni n* ee 
~ neo 2(Z+1)...(2 +n) pate 2s va e)s 


Simplest properties: 


T(z+l)=2T(), TintD=n!l, Td)=TQ)=1. 
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Symmetry formulas: 


l(2rez) =- T(@)Pd -z)= 


(5 +2)P5-4)= saa 


Multiple argument formulas: 


[(2z) = a T(r (z + =); 
T(3z) = — Tor (2 2 3) r (: + =): 
[(nz) = Qn) bP 2nnet/2 Il Tr (2 % “) 


k=0 
Fractional values of the argument: 


l\_ vt 


zsin(rz)’ sin(7z)’ 


r(5)=va P(n+5) = YZ @n-1)!!, 


nS) 1G-n) core 


2 
Asymptotic expansion (Stirling formula): 
[(2)= V2me*2* V7[1 4 pe) + age + O(2)| 


S.2.3-2. Logarithmic derivative of the gamma function. 


Definition: 
dinI(z) _ T'y(z) 


2 ar aan 


Functional relations: ; 
o(z)- pd +z) = Se 
a(z)-— wd — z) = -7 cot(7z), 
Y@)—B-2) =—meot(n2)— =, 
Ww(F +2) =—(t ~2z) = 7 tan(72z), 
m-1 
w(mz) = Inm+ ~ Yo o(z+ *). 


k=0 
Integral representations (Re z > 0): 


Wz) = i Z [e*-(1+t)*]t 7 dt, 
0 


w(z) =Inzt+ [ [e?--e*y"Je* dt, 
0 


z-1 


ee Fe 
wa=—ce | i dt, 


where C = —wW(1) = 0.5772... is the Euler constant. 
Values for integer argument: 


n-1 
p=-C, wn)y=-C+ ok (n=2,3,...). 


k=1 
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(2n-1)!!" 


(jarg|z < 7). 


S.2.3-3. Beta function. 


Definition: A 
Bia, y) = [ 1 =1)" di, 
0 


where Rex >0 and Rey >0. 
Relationship with the gamma function: 


_ Fare) 
BENS Tey 


S.2.4. Incomplete Gamma and Beta Functions 


S.2.4-1. Incomplete gamma function. 


Definitions (integral representations): 
zx 
y(a, £) = | ete! dt, Rea > 0, 
0 


T(a, x) = i r ett?! dt =T(a)— ya, 2). 


Recurrence formulas: 
yYat1,z2)=ay(a,x)-a%e™, 
T(a+1,2)=al(a,r)+2%e™. 


Asymptotic expansions as x — 0: 


ee. —])rpoatn 
a, 2) = >> 


= ni(atn) : 


T(a, 2) = T(a)- > Gelb acai 


seal gM, 
a: n!(at+n) 


Asymptotic expansions as 2 — 00: 


[(a, z) = 2! ie a se +0(lar™)] (-30 <arga< 3). 


Integral functions related to the gamma function: 
erf 7 = : ( x) erfc ¢ = : inf : x?) Ei(—x) = -[(0, x) 
=, Vi! ) ’ ’ p=, Wi 9 9 9 = ’ ° 


S.2.4-2. Incomplete beta function. 


Definition: " 
Bz(p, q) = | Pasir * di, 
0 
where Rep>0O and Reg > 0. 
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S.2.5. Bessel Functions 


S.2.5-1. Definitions and basic formulas. 


The Bessel function of the first kind, J,,(x), and the Bessel function of the second kind, Y,,(x) (also 
called the Neumann function), are solutions of the Bessel equation 


2 Yyny + ty, + (a —v*)y =0 
and are defined by the formulas: 


Glare" J,(x) cos mv — J_,(x) 
oe = Tey MlGshED sin tv (1) 
The formula for Y,(x) is valid for vy #0,+1,+2,... (the cases vy #0, +1, +2,... are discussed in 
the following). 
The general solution of the Bessel equation has the form Z,(2) = C,J,(a) + CiY,(«) and is 
called the cylindrical function. 
Some relations: 


2VZ,(x) = x[Z)-1(2) + Zp 41 (2), 


1 
© 2,2) = 5 1Zra(a)— Zvi) =4[ 2 Zy(2) - Zrai(a)], 


£ (2210) =2"Z,-1(2), * taZ,(a)| =-2" Zy41(2), 
C dx 


(+=) [x” J) (x)] = DOT ne); Ga [x’ J, (x)] = (-l)"a"™ vin(2), 
v x dx 


J_n(@) = (-1)" Jn (2),  Yn(w) =CD"Yn(@), n=0, 1, 2,... 


S.2.5-2. Bessel functions for vy =+n + 5, where n =0, 1, 2,... 


Po De on fe 2, 
Jy /2(@) = ae sin £, J1/2(@) = ae COs X, 
J3/(X) = 4/ = (- sin — cos.) » J3(2)=4/ = (-=eose- sine). 


[n/2] k 
_ 2 F nn (-1) (n+2k)! 
Joanled= zz (n(°-F) So Gora a 
[(n-1)/2] 


_4\k 
Ce (-1)*(n+2k +1)! \, 


[n/2] a 
=A) z me (-1)*(n + 2k)! 
Jini /2(&) = = {ecos(r4 oe d Qk)l(n — 2k)! Qayek 
[(n-1)/2] (-1)*(n+ M+ 1! 
2 k=0 Qk+D!(n—2k— 1! Qa) 


/ 2 ED 
Yj /2(@) =— a COS @, Y¥12(@) = on sin x, 


Ynsi/2(£) = (-1)" Fy-1/2(2), Yin-1/2(2) = (-1)"Ins1/2(2), 
where [A] is the integer part of anumber A. 


— sin (x + 
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S.2.5-3. Bessel functions for vy =+n, where n =0, 1, 2,... 


Let vy =n bean arbitrary integer. The relations 
Jn (@) = (-1)"In(2), - ¥-n(@) = (-1)"¥n(2) 
are valid. The function J,,(@) is given by the first formula in (1) with v =n, and Y,,(@) can be 


obtained from the second formula in (1) by proceeding to the limit vy — n. For nonnegative n, the 
function Y,,(a) can be represented in the form: 


2 ze 1A (n-k-1)12\r2%@ 1X pay nek (kt 1) tu(n+k+1) 
Me) OS kl (=) ae (5) El(ntky! 


where ~(1) =-C, w(n) =-C + 2 k1, C =0.5772... is the Euler constant, w(x) = [InT(2)]/, is 


the logarithmic derivative of the earnin function. 


S.2.5-4. Wronskians and similar formulas. 


2 2 
Wd), Jv) = ae sin(rv), W(J,,Y,)= a 


2 si 2 
FS v(t) + Lal @)Iya(@) = 5, a)¥o (a) - Joa @¥ (0) =-— 


Here, the notation W(f, 9) = fg! — fig is used. 


S.2.5-5. Integral representations. 


The functions J,(x) and Y,(a) can be represented in the form of definite integrals (for x > 0): 


TJ)(@) = [ cos(z sin 8 — v0) dé — sin rv i exp(—z sinh t — vt) dt, 
0 0 


TY, (x) = / sin(z sin 8 — v9) db — (e” +e! cosmv)e* i dt. 
0 0 


For |y| < 4, x >0, 


(a)= Qa °° sin(xt) dt 
BST m/2p(4 —v) 1 (@- 1ytt/2? 
Qe gv °° cos(at) dt 
Ys = oo 
(2) mPT(s -v) Jy (t2 a 14/2 
For v > -F, 
2(a/2)” ne 
J, (x) = cos(z cost) sin’” tdt (Poisson’s formula). 


mS +v) Jo 
For v=0, x >0, 


Da jl 2° 
Jo(x) = — ‘i sin(x cosh t) dt, Yo(x) =-— / cos(x cosh t) dt. 
W JO m JO 
For integer v =n =0, 1, 2,..., 


1 Tv 
In(@) = — [ cos(nt—asint)dt (Bessel’s formula), 
H JO 
2 a /2 
Jon (@) = — | cos(x sin t) cos(2nt) dt, 
m JO 


2 a /2 
Jons1(@) = = [ sin(x sin ¢) sin[(2n + 1)#] dt 
0 
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S.2.5-6. Asymptotic expansions. 


Asymptotic expansions as |x| — oo: 


ae 2 4a -2vn—3\ [Lo KG SOME OU 
Ma)= = {cos(S 27") paar (Vv, 2m)(22)*" + O(a ) 


_ (40 -2yn 0 = m ~2m-1 ~2M-1 
- sin(=——""*) [een (v,2m+DQax)2"! + O(a] ) i 
m=0 


4 
2, 4x —2v7 - <a 
¥(e) =f = sin (SS) [Lene 2my(Qxy 2" + ower *™)| 
+cos(2—*’" =") | SleD(y, 2m + Qa?" + our] i 


m=0 


5 4 I(¢+v+m) 
sm Au" — 1)(4v? — 37)... [4v? -—(2m-1) ee 
mm m! T(z +v-m) 
For nonnegative inteee n and large z, 


where (v,m) = on 


Ve Jrm(x) = (-1)"(cos x + sin x) + O(a”), 
Ve Jrnis(£) = (-1)"*!(cos x — sin x) + O(a”). 


Asymptotic behavior for large v (Vv — ov): 


ex 2 ex\~ 
Jha) = ae) Y= (s) 
where x is fixed, and 
21/3 1 21/3 1 
JVVv)~ Yiv) 2 - 


32/37 (2/3) vi/3’ 


S.2.5-7. Zeros and orthogonality properties of the Bessel functions. 


Each of the functions J,(#) and Y,(«) has infinitely many real zeros (for real v). All zeros are 
simple, except possibly for the point x = 0. 
The zeros Ym of Jo(x), i.e., the roots of the equation Jo(7m) = 0, are approximately given by: 


31/6 (2/3) vi/3" 


m= 2.443.13(m-1)  (m=1,2,...), 


with a maximum error of 0.2%. 
Let [4= [4m be positive roots of the Bessel function J,(w), where vy >—1 and m=1, 2, 3,... 
Then the set of functions J,,(/1m7/a) is orthogonal on the interval 0 <r <a with weight r: 


" [mt Ler 0 if m#k, 
[ Jo( a ) (A )rdr= {ee [IT Utm)] = 4@2J2,, (fm) if m=k. 


S.2.5-8. Hankel functions (Bessel functions of the third kind). 


The Hankel functions of the first kind and the second kind are related to the Bessel functions by: 


H(z) = F(z) +i¥,@), HP@=J(2)-iY,2), @=-1. 
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Asymptotics for z — 0: 


5 tees 

HO) & = Inz, H(z) ~ -— rz De (Rev > 0), 
5 be 

H'@) ~—SInz, HP@~ = = OF (Rev > 0). 


Asymptotics for |z| > oo: 
/ 2 
1 rs 1 
H(z) ~ ~ exp|i (2-4$0y - 40 )| (-m < arg z<2n), 
/ 2 
H(z) ~ = exp|- i(z-4av—49 )| (20 < argz <7). 
T 


S.2.6. Modified Bessel Functions 


S.2.6-1. Definitions. Basic formulas. 
The modified Bessel functions of the first kind, [,,(”), and the second kind, K(x) (also called the 
Macdonald function), of order v are solutions of the modified Bessel equation 
2,0 


UUs + xy, —(x? +v*)y =0 
and are defined by the formulas: 


(oy eae, 
f 0 ET RLOtEED OO oa 


(see below for K,(x#) with vy =0,1,2,...). 
The modified Bessel functions possess the properties: 
K_,(a)=K,@); In@)=CD"In@), n=0,1,2,... 
2v1,(x) = e LA®)-Tha(@)),  2v.K,(@) = -@Ky-1(2) — Ky41(2)], 


[ 
< d 1 
Gq yD) = sl v2) +Lu(@)), GK @) =~ FT hy1(@) + Kyi @)I. 


S.2.6-2. Modified Bessel functions for v =+n++, where n=0, 1, 2,. 


25> 


| 2 / 2 
Qype) =1/—sinhz, L4/.(x) = 4/ — cosha, 
Ta Ta 
2 i oe 2 1 : 
13/9(a) = ale sinha+coshaz), 1.3/2(«) = al cosh z+ sinh x }, 


sw Cem +h)! ae (n+k)! 
V2nE ale X !(n—k)! Qa)* te os k(n- oS 


(-I)*(n +k)! — (ak)! 
Dn ap®) = == se (c" Dag ce ki (n—k)! Qayk eee > k\(n- WonproaF | 


qT -a« Tw 1 = 
Rei pO 4h ea | Kagpeyo4y (1 + —e , 


o (n+k)! 
Bri /2(@) = Kan-1j2(®) = ae Baa ce! ki(n—k)!Qz)** 


Ini /2(£) = 
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S.2.6-3. Modified Bessel functions for vy =n, where n =0, 1, 2, ... 


If vy =n is a nonnegative integer, then 


K,(2) = (-1)""E,(a) n= + 4 epee) a 
nl@) = nh“ ns 74. a ee 


Laz y\remr (nem lL t+v(mt I) 
Fiat) ~G) 


oo Spies 
mi(n+m)! 7 
om 


where ~(z) is the logarithmic derivative of the gamma function; for n = 0, the first sum is dropped. 


S.2.6-4. Wronskians and similar formulas. 


2 1 
WL, Ly) = ee sin(xv), W(l,, K,)= ore 


_ 2 sin(7Vv) 
T 


1 
L,(®)L-p41(@) — Ly (a) Ip-1(£) = >» L(@) Ky 4i(2) + Lyi (@).Ki(2) = Pu 


where W(f,9) = fg! — fig. 


S.2.6-5. Integral representations. 


The functions [,,(z) and K,(x) can be represented in terms of definite integrals: 


Vv 1 
_ x = _ 42yy-1/2 li 
I, (2) = TPyYT w+ 4) [ exp( at)(1 —t*) dt (x > 0, v> >)» 
K,(a) = [ exp(—2z cosh t) cosh(vt) dt (x > 0), 
0 
K,(2) = = / cos(x sinh t) cosh(vt) dt (x >0, -l<v< 1), 
cos (47) 0 
K, (a) = = / sin(x sinh t) sinh(vt) dt (x >0, -l<v<1). 
sin(7V) 0 


For integer v =n, 


I,(2) = - [ exp(x cos t) cos(nt) dt (n=0,1,2,...), 
0 


Ko(x) = ij Goan a = ‘| ~ — dt  («>0). 


S.2.6-6. Asymptotic expansions as 2% — oo. 


x M 2 2 2 7 ee 
Ba) = aft Sys SA am) 
m=1 


V 202 mi! (8x)™ 
[a 4 M  (4v? - 1)(4v? — 32)... [4v2 -(2m- 1)" 


The terms of the order of O (a 1) are omitted in the braces. 
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S.2.7. Degenerate Hypergeometric Functions 


§.2.7-1. Definitions. The Kummer’s series. 


The degenerate hypergeometric functions ®(a, b;x) and W(a, b; x) are solutions of the degenerate 
hypergeometric equation: 
LY yy + (b-a)yi, — ay = 0. 


In the case b # 0, —1, —2, —3, ..., the function (a,b; 2) can be represented as Kummer’s 


series: 
(a), x* 


®(a, b; x) = 1+5°>———, 
Dx kl 


where (a), = a(a+1)...(a+k—-1), (a)o=1. 
Table 14 (see Subsection 2.1.2) presents some special cases where ® can be expressed in terms 
of simpler functions. 


§.2.7-2. Some transformations and linear relations. 


Kummer transformations: 
P(a,b; x) = e* ®(b—a,b;-x), WV(a,b;2)= owl +a—b,2—b;2). 
Linear relations for ®: 
(b—a)®(a—- 1,6; 2%) + Qa-—6+ x) ®(a, b; x) —aP(a + 1, b; x) = 0, 
b(b— 1) ®(a, b- 1; 2) — b(b- 1+ x) ®(a, b; x) + (b-a)x®(a, b+ 1; 2) =0, 
(a — b+ 1)®(a, b; x) -—a®(a+t 1,5; x) + (6-1) (a, b- 1,2) = 0, 
b®(a, b; x) —bO(a—-1,b; x)-— x O(a,b+1;x7) =0, 
b(a+ x) ®(a, b; x) — (b—a)x®(a, b+ 1; x) -—abO(a+ 1,6; x) =0, 
(a—1+2)®8(a, b; x) + (b6-a)®(a- 1, b; x) — (b- 1) O(a, b- 1; 2) =0. 


Linear relations for WV: 


W(a-1,b;7)-Qa-b+2)V(a, b; 7) + a(a—b+1)V(a+ 1,6; x7) =0, 
(b—a-—1)W(a,b-1;2)-(6-14+ 2)V(a, b; x) + 2V(a,b4+1; x7) =0, 
Wa, b; x) -—aWV(a+1,b;x2)—- V(a, b- 1; 2) =0, 

(b—a)V(a, b; x) -—«#V(a,b4+1;x2)+ V(ia-1,6; x2) =0, 

(a+ x)V(a, b;7)+a(b-—a-1)¥(a4+1,b;2)-—2V(a,b+1;2) =0, 
(a-—1+2)V(a,b;x)-— V(a—-1,b;2)+(a-—ct+1)V¥(a,b-1;2)=0. 


§.2.7-3. Differentiation formulas and Wronskian. 


Differentiation formulas: 


d” On 
Ir ®(a, b; 2) = O, 


Estates esis: P(atn,b+n; 2), 

dx b 

d nm 

da et aT), wa, b; x) =(-1)"(a),V(a+n, b+n; 2). 
er 


Wronskian: 
W(®, V)= Ou! - ou =-——xz “e”. 
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S.2.7-4. Degenerate hypergeometric functions for n =0, 1, 2,... 


_yyn-1 
W(a,n+1;2)= ay Manetiening 
niT(a-n 


CO 


(a); (@—1)! —1)! (a-—n), 2” 
Gat: [Watr)—wd+r)— +ntr)]— ah ae yee 


—n 


where n = 0, 1, 2,... (the last sum is dropped for n = 0), ¢(z) = [InI(z)]! is the logarithmic 
derivative of the gamma function, 


n-1 


w=, pn)y=-C+ ok, 


k=1 


where C = 0.5772... is the Euler constant. 
If 6 <0, then the formula 


U(a,b; 2) = 2! U(a—b +1, 2-b; x) 


is valid for any x. 
For 6 #0, -1, —-2, -3,..., the general solution of the degenerate hypergeometric equation can 
be represented in the form: 
y = C,®(a, b; x) + CV (a, b; x), 


and for b= 0, —1, -2, -3,..., in the form: 


y=a'?[C,(a-b+1, 2-6; x7)+Co,V(a-—b+1, 2-5; calle 


S.2.7-5. Integral representations. 


(a, b; 2) = ae * erty —t)?*!dt (for b>a>0) 
on T(a)P(b-a) Jo : 
U(a,b; x) = a [ err aaa dk (for a>0, « >0), 
T(a@) Jo 


where ['(a) is the gamma function. 


S.2.7-6. Asymptotic expansion as || — oo. 


(a, b; x) = a - zot[ yo Oran lana +e], x>O0, 
n=0 


n! 


T() * (a)K(@—b4 Dn, 
B(a, b,x) = TE ay* B ap ee) +e], z <0, 
= (a),(a—b +1) 
U(a,b; x) =2% oer Gee ee +e], -00 < £ < 00, 


n=0 


where € = O(2-N), 
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S.2.7-7. Whittaker functions. 


The Whittaker functions M;,,,(%) and W;,,,(@) are linearly independent solutions of the Whittaker 
equation: 
Yorn + [-Z 4+ 5k+ (E-w) a7 ]y =0. 
The Whittaker functions are expressed in terms of degenerate hypergeometric functions as: 
Mey (2) = gi2e-a/2g (1 +p—k,14+2p, x), 
Wr (a) = ght /2e-e/2y (4 +u—k,14+2p, e); 


S.2.8. Hypergeometric Functions 


S.2.8-1. Definition. The hypergeometric series. 


The hypergeometric function F(a, 3,y; x) is a solution of the Gaussian hypergeometric equation: 


a(x 1)yy, + (a+ B+ le — yy, + aBy =0. 


For y # 0, -1, -2, -3, ..., the function F(a, 3,7~;x) can be expressed in terms of the 
hypergeometric series: 
(a) (B)x 2* 
F(a, 8,y;2)=1+ 4 ————, (ap =a(at1)...(at+k-1), 
a d (De Fi ' 


which, a fortiori, is convergent for |z| < 1. 
Table 16 (see Subsection 2.1.2) presents some special cases where F' can be expressed in terms 
of simpler functions. 


S.2.8-2. Basic properties. 
The function F' possesses the following properties: 
F(a, 8,732) = F(B, a, 7; 2), 
F(a, B, 732) =(1—2)7 °F Fy, y—B, 7; 2), 
=a x 
F(a, 8, 732)=(-2y*F (a, 7-8, 7: —), 


t—-1 
d” (Q)n(Bn 
Oe = 
If y is not an integer, then the general solution of the hypergeometric equation can be written 
in the form: 


F(atn, B+n, y+n; 2). 


y = C\ F(a, B,y;2)+ Cox" 7 F(a-y+1, B-y+1, 2-7 2). 


S.2.8-3. Integral representations. 


For y > 8 >0, the hypergeometric function can be expressed in terms of a definite integral: 


F(a, 8,32) = ta - 47 P 1 - tay dt, 


rq) a 
PB) T(y-B) Jo 
where I'(3) is the gamma function. 


See M. Abramowitz and I. Stegun (1964) and H. Bateman and A. Erdélyi (1953, Vol. 1) for 
more detailed information about hypergeometric functions. 
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S.2.9. Legendre Functions and Legendre Polynomials 


S.2.9-1. Definitions. Basic formulas. 


The associated Legendre functions P#(z) and Q(z) of the first and the second kind are linearly 
independent solutions of the Legendre equation: 


(1—2*)y"), — zy! + [vw + 1)- 21 - 27) Ty = 0, 


where the parameters v and yp and the variable z can assume arbitrary real or complex values. 
For |1 — z| < 2, the formulas 


Pye) = (221) (a, Leap, |. 


(l-p)\z-1 5) 
opie A(F5q) Be 40 tem 252) 1S) Fe tae to 54) 
Vv se a+ 1 ? ? b, 5) = i : : Lh, 5 
Ao Cee Bz=cil™ Ey Panag 
2Td+v—-p) 5) 
are valid, where F(a, b, c; z) is the hypergeometric series (see Subsection S.2.8). 
For |z| > 1, 
-v-1lTvy_1 _ _ : 
P(g) = EE) pric yap (LAO Deve WAST 
Ji T(-v - p) 5) 5 5 = 
2’T(5 +V) fate pao 


2 gt 2 _y-#/2 BP SE UHEY, ghee i 

etre ee ( Ra ne oP 

po SURO ey ae l+v+p 2v+3 1 
2YIT(v + 3) 2 * 2 * 2 ? x 


Q(z) =e 


The functions P,(z) = P%\(z) and Q,(z)= Q°(z) are called the Legendre functions. 
The modified associated Legendre functions, on the cut z= 2, —1 < x <1, of the real axis, are 
defined by the formulas: 


P#(a) = 4 [et™™ P(x +10) + 2!" PH(a — 10)], 


QE (a) = fer [e-T#™ QU (a + 10) + e2#™ QU (a — 10)]. 


S.2.9-2. Trigonometric expansions. 


For -1 < a < 1, the modified associated Legendre functions can be represented in the form of 
trigonometric series as: 


+1 OO. 
P#(cos6) = — in ays ete sinlOh eve PAAOl, 
2 k=0 : qk 
L@APED:... (Ft MRL ++ We 
Me = Me Me 
QU (cos 0) = x2 Tor) (sin 6) d we Ds cos[((2k+y+ p+ 1)6], 


where 0 <0 <7. 
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S.2.9-3. Some relations. 


ny, Tvtnt+l) on = 
PPe\e Pies P) (z)= Tw-ned) ” (2), n=0, 1224 
= T ee ee beh aye 
pana Ce daw 


For 0<2 <1, 
P#(-2) = P#(x) cos[a(v + w)] — 27 QE (2) sin[r(v + 1), 
QE(-a) =-Q? (a) cos[m(v + ps)] — 37 PH(a) sin[a(v + y)]. 
For -l <2 <1, 


2v+1 + 
a PH (2) - eee ae CS) 
y—-ptl y-ptl 


P# (a) = P# (x) - (Qu + DU - 2?) PH (a). 


Py) = 


Wronskians: 
1 k T(4e")r( se) 
W(P,,.Q))=—.. _ W(P#,Q4) = —, k= 2h 2 
(Py. Qu)= sz. W(PH.QH) = Tae 


For n =0, 1, 2,..., 
PR(a) = (-1)"( - ay? Po), QR(a) =(-D" - 2"? 9, (2) 
v dx 


S.2.9-4. Integral representations. 
For n=0, 1, 2,..., 

Twt+nt+l1) [" 

pee eer!) 

mrwv+l) Jo 

Twt+n+1) 

ib = —1 Se SS 

Wi) = CW ites) 

Note that z# 2, -—1 <x <1, in the latter formula. 


S.2.9-5. Legendre polynomials. 


The Legendre polynomials P,, = P,,(x) and the Legendre functions Q,,(x) are solutions of the 
linear differential equation: 


(z+ cost Vz2-1)” cos(nt) dt, Rez >0, 


Qa [ (z+cost)””(sint)”*! dt, Rev>-l. 
0 


(l—2)y", —2ay!, +n(n+ ly =0. 
The Legendre polynomials P,,(2) and the Legendre functions Q,,(x) are defined by the for- 
mulas: 


P,(2) = 


a re 1 lta Gl 
qn @ DY", Qnl@) = 5 Pale) In —— as m-1(©)Pr—m(2). 


nl2r 


The polynomials P,, = P,,(z) can be calculated recursively using the relations: 


1 2n+1 n 
P(@)=1, P@)=2, P(e)==Ge’-1), ....  Pan(e)= LP (x) — ——Py-1(@). 
2 n+1 n+1 
The first three functions Q,, = Q,,(@) are given by: 
1, l+z va, 1+2 3a°-1, l+ax 3 
==] =—] -1 = 1 - <=". 
Qoa)=5In-—,  Qia)=FIn—- 1, Qala) no Se 
The polynomials P,,(a) have the explicit representation: 
[n/2] 
PiO=2" SE" ClC ae 
m=0 


where [A] is the integer part of anumber A. 
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S.2.9-6. Zeros of the Legendre polynomials and the generating function. 


All zeros of P,,(x) are real and lie on the interval —1 < x < +1; the functions P,,(x) form an 
orthogonal system on the interval -1 < 2 < +1, with 


+1 0 if n#m, 
/ P,(2)P (2) dx = 2 
-1 


ee if n=™. 


The generating function is: 


1 
V1—2sx +s? .. 


S.2.9-7. Associated Legendre functions. 


The associated Legendre functions P7”(x) of order m are defined by the formulas: 


ye P,(x)s" — (\s|< 1). 
n=0 


Pre) = (1-2? Po), n=1,2,3,..., m=0,1,2,... 


It is assumed by definition that P°(x) = P,,(x). 
The functions P?”(x) form an orthogonal system on the interval -1 < « <+1, with 


+1 0 if n F k, 
/ P(x) Pr (a) dz = 2 (n+m)! 
-1 


EE: atk 
mn+i@—m! 


The functions P’”(x) (with m # 0) are orthogonal on the interval —1 < x < +1 with weight 
(1—2”)!, that is, 
0 if n#k, 
= ] 
de eT if n=k. 
m(n-—m)! 


TPT (g) PF) 
-1 (1-2?) 


S.2.10. Parabolic Cylinder Functions 


S.2.10-1. Definitions. Basic formulas. 


The Weber parabolic cylinder function D,(z) is a solution of the linear differential equation: 
yl. + (-42+vt4)y=0, 


where the parameter v and the variable z can assume arbitrary real or complex values. Another 
linearly independent solution of this equation is the function D_,_\(iz); if v is noninteger, then 
D,(—z) can also be taken as a linearly independent solution. 

The parabolic cylinder functions can be expressed in terms of degenerate hypergeometric func- 
tions as: 


1/2 1,2 I'(s) 1 1,2 pT (-3) 1 3.7 20: 
D(z) = 2 exp(—42") | aS 8 (Fg 8) FO 85 5 oe) 
[G-49) res 


For nonnegative integer v = n, we have 


D,(2) = pe exp(-427) An (eZ) n=0, 1, 2,...; 
A(z) = (-1)” exp(z”) ae exp(—z’) ; 


where H,,(z) is the Hermite polynomial of order n. 
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S.2.10-2. Integral representations. 
D(z) = 2/0 exp(427) i tf exp(-4t?) cos (zt — 4m) dt for Rev >-1l, 
0 


1 CO 
D(z) = —— exp(—427) aa exp(—zt— it’) dt for Rev <0. 
I(-v) 0 


S.2.10-3. Asymptotic expansion as |z| — oo. 


N Vv 1 Vv 
oe ee Ce ae _»N- 3 
D,(z) = 2” exp(-427) by CPC e ale Ba 1 +O(\2°*)] for jargz|< ve 
n=0 


where (a)9 = 1, (@Q)n =a(at1)...(a+n-1) for n=1, 2, 3,... 


S.2.11. Orthogonal Polynomials 


All zeros of each of the orthogonal polynomials ?,,,(@) considered in this section are real and simple. 
The zeros of the polynomials ?,,(@) and P,,4)(x) are alternating. 
For Legendre polynomials see Subsections S.2.9-5, $.2.9-6, and S.2.9-7. 


S.2.11-1. Laguerre polynomials and generalized Laguerre polynomials. 


The Laguerre polynomials L,, = L,,(@) satisfy the linear differential equation 
typ, +(1—a)y, +ny =0 


and are defined by the formulas: 


1 qd” —1)” 2, al 2 

Lp(a) = —e* — (xe) = CD [2 peg Ee ‘|. 
n! dz” n! 

The first four polynomials are given by: 


Io=1, Ly=-e+1, Ln=4(a?-4x+2), L3= ¢(-a° +9x? - 18246). 


To calculate L,,(x) for n > 2, one can use the recurrence formulas: 
Ena) = —— [On +1-2)Ln(a)-nLna)]. 
n+l 
The functions L,,(%) form an orthonormal system on the interval 0 < x < oo with weight e~*: 


[ €*Ln(@)Lm (a) de = {9 eas 
0 1 if n=™m. 


The generating function is: 


—s exp(-—) = Yo baton" Is] < 1. 


l-s 1l-s 
The generalized Laguerre polynomials L% = LR(x@) (a > —1) satisfy the linear differential 


equation 
xy. t(at1—a)y!,t+ny =0 
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and are defined by the formulas: 


n 


a 1 a = ae gta e*) n—™m (> a 
L(x) = Pr e€ aa > Cra 
ma 
The first two polynomials have the form: 
Lo = 1, j=atl--z 


To calculate L°(x) for n = 2, one can use the recurrence formulas: 


1 
L*,,(2) = ae | [(Qnt+a+1—a)L°(a2)-(n+a)L°_\(2)]. 


The functions L(x) form an orthogonal system on the interval 0 <x <oo with weight x°%e™: 


oo 0 if n#m, 
jae Leo Lin@da= 7 N@*RtD ae ym 


The generating function is: 


(1—s)-* ' exp(-) = y L(a)s", — [s|<1. 


S.2.11-2. Chebyshev polynomials. 


1°. The Chebyshev polynomials of the first kind T;, = T;,(z) satisfy the linear differential equation 
(1-2 Yt — TY, + ny = 0 


and are defined by the formulas: 


Tn(£) = cos(n arccos ©) = eee V1—22 ae [a - ers] 


(2n)! dx 
Peale (n—-m-1)! 
="5 LO GDL yearn A022): 


where [A] stands for the integer part of a number A. 
The first five polynomials are: 


To=1, Ty=2, Th=20*-1, T3=40°-32, Ty =8a4-827+1. 
The recurrence formulas: 


Tn+i(@) = 2¢T;,(&) — Th-1(£), n 2 2; 
2T(£)Lim(©) = Tram(#) + Inm(@), 1 2M. 


The functions T;,(2) form an orthogonal system on the interval —1 <x <+1, with 


+1 0 if n#m, 
Trlt)Tin(@) 4 _ JS 
a1 Vil-2? 


a if n=m=0. 
The generating function is: 


=D (x)s” — (\s| <1). 


= 
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2°. The Chebyshev polynomials of the second kind U,, = U,,(x) satisfy the linear differential 
equation 
(1—a*)yl!, —3ay!, + n(n +2)y =0 


and are defined by the formulas: 


[7/21 fiona 
=o! iy Ga S010), 


m!(n-—2m)! 


Cay sin[(n + 1) arccos x] 

n(£L) = ———_——_——__ = 
V1l—-2? 

The recurrence formulas: 


Un+i(®) = 20U,() -Una(t), 0 22. 


The generating function is: 


“> U,,(x)s” — (\s| < 1). 


es 


S.2.11-3. Hermite polynomials. 


The Hermite polynomial H,, = H,,(a) satisfies the linear differential equation 
You — 2£Y, + 2ny =0 
and is defined by the formulas: 
2 a eee 

Ai,(«@) = (-1)” exp(x am op(-2’) = py, aaa zy?" (n=0, 1, 2,...), 
where [A] stands for the integer part of a number A. 

The first five polynomials are: 

Ho=1, H,=2, H)=42°-2, H3=8a°-122, Hy =160*- 4827+ 12. 
The recurrence formulas: 
Any (2) = 20, (x) —2nAn_1(2), n22. 
The functions H,,(2) form an orthogonal system on the interval —oo << oo with weight e@: 


if n#m 


/ exp(-2") Hn(x)Hm(2) da = { ean if n=m. 


‘OO 


The Hermite functions w,,(@) are introduced by the formula ~,,(a) = exp (-42° ) An (2), where 
n=0, 1, 2,. 
The senerating function is: 


exp(—s* + 2sz) ) = mar 
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S.2.11-4. Gegenbauer polynomials. 


The Gegenbauer polynomials C')(z) satisfy the linear differential equation 
(a? — 1)y!, + (2a4t lary’, —n(2a+n)jy =0 
and are defined by the formulas: 


TQa+n) T(at+k)TQat+n+k)(x—1)* 


ips ihe ai ACS) Ea ie ee Ne 
Cn @ = Fae proa” Car ncmat 7.778 => k!(@u—k)!2"T(a)P(2a 42k) 


The functions C() form an orthogonal system on the interval —1 < x < +1, with 
if n#m, 


if n=m. 


+1 0 
/ (= 2°) !'?2C(2)CO(x) dx = ml(a+n) 
zh 224-1(a4+n)n!T2(a) 
The generating function is: 


(1-2sr+s?)* = S°CM(a)s" — ((s|< L). 


S.2.11-5. Jacobi polynomials. 


The Jacobi polynomials P°-% = P°-9(z) satisfy the linear differential equation 
(L-2*)y", + [B-a-(at+ 8 +2)2]y, +n(nt+atB+ly=0 


and are defined by the formulas: 


spe? 
Pees 


d”™ 
(l-a)- 2a) —|a- an bays) = ae m CRS (@- I) (a4), 
where CP are binomial coefficients. 


S.2.12. The Weierstrass Function 


S.2.12-1. Definitions. 


The Weierstrass function 9 = £(Z, g2, g3) is defined implicitly by the elliptic integral: 


| Jie 
oS ————— 
co V/4t? — got — 93 


and satisfies the first-order nonlinear differential equation: 


(pL) = 49° -gpo-9. 


S.2.12-2. Some properties. 


Below g(z) stands for ¢(z, 92, 93). 
Properties: 
g'(z1)— 9 aie 
(21) — (22) 
In the vicinity of the point z = 0, the Weierstrass function can be expanded into the series: 


9(Z) = o(-2), (21 + 22) = —9(21) — (22) + — ;|2 


2 
92 2, 934 In 6 39293 8 
(y=+ Be + e+ z+ z+ 
e 20° * 28° ~ 1200° ~ 6160 
© References for Section 8.2: H. Bateman and A. Erdélyi (1953, 1955), M. Abramowitz and I. A. Stegun (1964), 
F. W. J. Olver (1974), A. F. Nikiforov and V. B. Uvarov (1988), N. M. Temme (1996). 
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S.3. Tables of Indefinite Integrals 


> Throughout Section S.3 the integration constant C is omitted for brevity. 


S.3.1. Integrals Containing Rational Functions 


S.3.1-1. Integrals containing a+ bz. 


dx 1 
ecb ee 
eee MOROE 
2. [tovon) dx = n+l)” n#-—l. 


1 
/= = pz (at ba —aln|a + ba). 
atbaz 


2d lyl 
[= = aa | 5 (a+ bay? — 2a(a + bx) +a? In|a + bal J. 


i dx =-—m|2*| 
a(a+ bx) a a | 

dx 1 b atbz 
Jaspal x } 


| = glint oat 


a 
(a+bz)? 02 Te 


2d 1 
| = 5 (or ee 20mta tba - 


2 


ree 


‘i dx _ 1 7 1 nf 

ta+bar)y alat+br) a al 
x dx 1 1 a 

TOs, » pve pees Se tel 

(a+ bx)3 al oe saat 


S.3.1-2. Integrals containing a+z and b+za. 


at2z 
11. i reas dx =x+(a—b)In|b+2I. 


1 b+ 
| z , a#b. Fora=b, see integral 2 with n =—2. 


2 /—as- a n 

. (at+z)(b+z) a-b latz 
x dx = 

(a+az\(b+xz) a—b 


(aln|a+2|—bIn|b +2). 


14 / dx _ 1 ‘ 1 \ ate 
' | Gambia G-abt+s) Gb lbeal 


15 / adx 7 b a In ate 
(ata\(b+aP (a—b\b+2) (a-b? lb+al 
a? dx b2 aa b2 —2ab 
16. ———————— = —_—_ + ——_1 —— In|b ; 
S liaise G=001m Game gaa 
dx 1 1 1 2 at+«£ 
He (at+ay(b+2)  (a—by (Ge as ee ‘3 (a—)3 a b+a } 
18 adxz a 1 ( a “ b ) a+b z ote 
: (a+az)2(b+2)2 (a—b?\at+u bt+ea (a—b) lbt+al 
19 a dz — 1 ( aa ¥ b2 )+ 2ab nf 2*2| 
(at+avr(b+a?  (a-bP\ata b+ea (a—b) |b+al 
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S.3.1-3. Integrals containing a? + x. 


20. ue - 2 arctan = 
a2 2 4a a 
21. = 2 + arctan Z 
oo a ~ Qar(a2+22)  2a3 
22. = a + a8 arctan — a 
assy + = — 402(a2 +22) — 8ak(a2+ By 8a5 ae 
x 42n -1 
Bs es : = 1,28 
a (a2 + — eee + Dr “Ina | (a2 +22)" + ar Pn ene 
adx 1 
adx 1 
D5: Uf oe a 
(a2 + x7)? 2(a? + #7) 
adx 1 
26. ll - . 
(a2 + a2) Aa +p 
adx 1 
21; =— : — 1 ee) eee 
[os (@rey! M@+eyr "?* 
ad 
28. / — = x — aarctan Lae 
e+e a 
a dz x x 
29, | ~~ _=-__* sg = arctan = 
(a2 + x7) 2(a2+27) 2a soa ear 
30. [== a =- Z + a arctan — z 
(a2 +22) ey 4(a2+a2)2 — 8a2(a2 + ey. i 8a3 a 
a dx x 
31. = -——_.____ + — aaa eh eae eA 
/—= (a+ 22)r41 g2yntl 2n(a2+a27)" In J (a2+x7)”" : 
a dx ev a > 2 
mi [- Pi sae 
wo dz aa gl 
z! 
33. [=> @iey % =a Wee el n(a +2 ay. 
wo dx ' aa 
34. = + —_; es Pere 
lw (a2 + a2yr4t an 2(n-1)(a2+47)""! — 2n(a? + x7)” 
35 |= 1 x 
: ree + 2) Sah ae ae 


dx 


i 
36 [== Wa+ a) dad > Bae 


dx 


37. i  —— + 
/ a(a2+27)3 4a2(a2 +22) 


dx 


25: /—=>-- 


1 
1 
1 


ara 
1 


a3 


1 


1 


x 
arctan —. 
a 


x 


ge 


1 


39 "i as =< = = 2 arctan = 
, w(a2+a2)2 atx = 2a*(a2 +22) 20° a 


dx 
Us Yfeaan a 
z i w3(a2 + 27)2 
dx 
41. —_—————_— 
|= 


dx 
ie ‘i w(a2+a2)3 
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2a4x 
1 
aos 


2a%x? 


2a*(a2 + x7) 
x 
4a*(a2 + 27)? 


a®(a2 + £7) 


7% 
8a%(a2 + x?) 


4a*(a2 + x2)2 


qe 


eae ey | eee 
2a*(a2+27) 2a6 a*+x? 


5 x 
= — —__— ——_ arctan —. 


1 
8a’ a 

3 a 
2b +a? 


S.3.1-4. Integrals containing a? — x. 


dx 1 atx 
43, = hh : 
wx 2a la-z 
dx x 1 atx 
44, as = sy tn]. 
=> 2a2(a2-— 2?)  4a3 " a-2x 
45 i dx = x ‘ 32x 4 3 nf 2*2| 
: (a2—2?)3 — 4a2(a2-— 22)? 8a4(a2-2?) 160° la-al 


dx x 2n-1 dx 
46. = + | — _ S162 5 ae 
i, (@—2yl Inae—e)" Ina / (@—mp " 


x dz 1 ar) 


a dz 1 
Se ear 


a dz 1 
49. / (a2 = x2)3 a A(a2 = x2) y 


x dx 1 
i" SF; =1 2 see 
50 / (ey! new? MO 


2 
51. [ane Sn 


a? — x? 2 


a-x 
9 Pe xL i jee 
. (2-22) 2a2-22) 4a la-al 
53 x dx 7 x £ 1 nf S*2) 
(a2—22)3  4(a2—22)2 — 8a2(a2 — x”) i a-x\ 
x dx £ 
4. =~ - i Se De ats 
5 [aS Ineo)" mi}! @-a" "°°? 
x” dx a a > 2 
55. [ 3 --5-Fine x |. 
x dx a? 1 
56. | ee 4 ne? - 2, 
(a2—27)2 2(a2-2?) 2 Blase 
x dx 1 a? 
57. ——_— = - st = 23508: 
[== Wn-Ile—2y | nea’ ™ 


58 a oe in| 
: a(a2—2?2) 2a? | a2- 2x?) 
dx 1 1 x 
2 / x(a2 — x2)? - 2a?(a2 — x?) = 2at in| a* — a } 


sy / dz _ 1 * 1 r 1 , | x | 
, a(a2—22)3— 4a2(a2- 22)? 2a4(a2-2?) ~~ 208 ¥ ae — x? 


§.3.1-5. Integrals containing a? + 2°. 


61 aes = a n ase eae + : arctan cane ae 
: oe 6a a - arta 923 aV/3 
62. [= = x 2 [=> dx 
(a3 + 7. 3a3(a3 + = 3a3 J ata" 
63 / xdx _1 Granta pe See eee 
. a+z3 6a (a+ 2) aV/3 aV/3 
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64 adx _ x 1 / adx 
: (3+232 3a3(a34+23) 30 J a+a3° 


2d 1 
65. /=- =Inja> +23). 


ata 3 

dx 1 oe 

a eee 
[<> 3a3 "ete 

dx 1 1 ii 
| a ee ag Sr ee |. 
Q [== 3a3(a3 +23)  3a® e+e 
68 / dx ae 1 _ 1 adx 

; e(a+a3) ae @ f ata3° 


69 / dx Spaniel 7 x 7 4 i: adx 
: e(ae+a3) aoa 3a%a3+23) 30° J ata" 


S.3.1-6. Integrals containing a? — 2°. 


dx 1 at+ar+z 1 22 +a 
70. —_—, = — In ——__ + —$ arctan 


aa—x3 6a2 (a—2) a2/3 aV/3 


71 / dx Z x : 2 dx 
: (3-23) 3a3(a3-23) 303 J a—23" 


adx 1 a+axn+22 1 2x+a 
72. = — ln ————_ - —— arctan 
a—-x3 6a 


(a-a) aV3 a3 - 
73 / cde x 4 <a. / adx 
. (3-23) 3a3(a38-— 23) 303 J a — 23 


x? dx 1 3 3 


dx 1 xe 
fe Plc Gh 
2 lacss 3a? la — a? 

dx 1 1 ii 
76. = —— + — | |. 
|=» 3a3(a3-— 2x3) 3a® a a x3 


77 / dx Snr bel 27 =| adx 
, e(a—-e) @c @8f a@—23° 


78 / dx ae x % 4 / x dx 
. x(as—23)2 aba = 33a8(a3 — 23) 3a J a — 23" 


§.3.1-7. Integrals containing a* + 2+. 


dx 1 a +arV/2 + x? 1 arv2 


79. $< = — In —___—_ +. ——— arctan ——... 
at+at 43/2 a@-arJ/2+22  2a3V2 ae Ee 
adx 1 x 

80. [= a Faz arctan Zz 
a dz 1 a +anV/2 +2? 1 axV/2 

81. et Et oe atotan 5 - 
a+ 4aV2 at -—arV24+22 2aVv2 ar- 2x 


82. —— 
at-at* 6403) la-2 


ay) 
83. i adx = yin)" +2 } 


dx 1 at+az 1 x 
| | + >; arctan —. 
2a a 


n 
at—-at = 4a? | a? — a? 
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oa 1 + 1 
84. [S-p =) — — arctan =. 
at-a* 4a la-ax! 2a a 


85. [ee else 
a(atbe™) am lat+bsr™ 


S.3.2. Integrals Containing Irrational Functions 


S.3.2-1. Integrals containing gil? 


BOR. Deus. 28 bal/? 
/ Dipe  pe Tp actan —_. 
ede 2a3/2 ara/2 203 ba/2 
ae ae a arctan : 
g'/2 dx gil/2 1 ba/2 
ey ea (a2 + bx) a b2(a2 + 622) - abs oe a 
a/? dx 2¢3/2 3a2x1/2 3a ba!/2 
[a (a2 + b2x)2 7 b2(a2 + 022) (a+r) ane 
bat/2 
/ (a2 + b2x)ax1/2 ~ ab aac 
dax 2 2b ba /2 
(a2 + b2x) 23/2 ~ Gal? GS ee . 
dx gi/2 ba!/2 


1 
(2+b2)al/2  a(a2+b2x) ab eae 


x!/? dx 2 ay. 2a, |atba'/? 
B [= eo es in| ar 
— 2073/2 Qea/2 a3 patba!/2 
: rr a a od reraral 
xi? dx gi/2 1 a+ba'/2 
10. (2 ba bUGeoblny Iabd UlG a pel/2 |" 
(a? — b*x) b-(a*—b*x) = 2ab a— bax 
ade — 3aa'/?-2ba7/? 3a | }atbal/? 
Ms [/ Rae bi@2—ba) 26 0 ar 
1 a+ ba!/2 
Dy oo, 
[== ab |a—bal/2 
13 dx _ 2 b a+ ba!/2 
i (2—bax)es/2— @al/2 “a3 alae } 
4 / dx = gil? é 1 —_— 
: (a2—bx)2a1/2  a(a2-bax) 203d "a — ball? ; 
S.3.2-2. Integrals containing (a + bx)?/?. 
2 
p/2 do = (p+2)/2 
[avon dx aay : 
2 F(atba)y®/2 — a(a+ ba) ”*2/2 
16. [a+ 60? dx = a 
b2 pt+4 pt2 
ia / Da+b2y? de = (a+ ba) P*®)/2 _ 2ala+ bay O? 4 a2(a + ba) ®*2)/2 
, . p+6 p+4 pt+2 
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18. [e@ +a’)!/? dx = 5a? Heyes: as In [x + (a? + ay? | ; 
19. [ow +a’)!/? dx = ze +97)3/2, 
20. [@ + aye? dx = aaa? + g?y/? + aaPa(a? + x?) '/2 + aa! In|x + (a? + ay? |, 


a+ (a? +a?)!/2 | 


1 
21. [ere de= +2)? -ain| ? 


dx 
22. [== xt+(a* +a)'/?), 
Vax2+a2 
adx 
23. mee 
Vax2+a2 


24. [@ 407)3/ dr =a? x(x? +02) '/?, 


S.3.2-4. Integrals containing (x? —a*)!/?. 


1 2 
25: [@ Lege ye dz = saw a ay? = > In|a + (a? - ay |. 
2_ 21/2 Ak 2_ 23/2 
26. u(a* — a") dx = 3(@ aryl; 
1 
21s [@ =)? dx = que - a’)3/? - aaa? sa? + aa! In|x + (a? -a’)'/?). 


1 
28. [pee et? de = 02)'? a arccos| S|, 


dx 
29. [== xt(r*—a’)'/?|, 
Gael | 
adx 
30. eee aay 
</72 = a2 


31. Fe -@)3/? dx =-a? 2(a? - a)”. 


S.3.2-5. Integrals containing (a2 — 2”)!/?. 

1 2 
32. fe — 27)? dx = ~2(a? — 27)'/?2 + we arcsin =: 

2 2 a 

1 
33. EG —2)'/? dr = -z¢ —9)3/?, 
2_ ,2)3/2 1 a 23/2 3 32 21/2 34 tb 

34. (a“ — 2“) dx = 7 x(a — 2°) tee a(a* — x) ree arcsin —. 


a+ (a? —«?)!/2 


1 
35: [pe =P tPde= (2-22)? an 
x x 


36 / a = arcsin Z 
i a = =) = ge 
a dx 
37. SS SG )*, 
fg ae 


38. fe = a yl dz = a z(a? — ay l/?, 


© 2003 by Chapman & Hall/CRC 


S.3.2-6. Reduction formulas. 


The parameters a, b, p, m, and n below can assume arbitrary values, except for those at which 
denominators vanish in successive applications of a formula. Notation: w = ax” + 6. 


1 
m n p = m+1, p m, p-l 
39. fe (ax"” +b)? dx ape (« w tnph | x w dx). 


40. [oma +b)? dx = [=a we +(mt+n+np+ 1) f 2mwr dz}. 


1 
bn(p +1) 


Al. [era +b)? dz = jeniae -a(m+nt+np+ 1) f mur dx. 


1 
b(m + 1) 
1 


42. ™ aa” +b)? dx = —————_—_ 
fe a a(m+np+t 1) 


eee —b(m-n+ 1) fom rw” dx| : 


S.3.3. Integrals Containing Exponential Functions 


1 
1. [ete —e**, 
a 


es) 

8 

® 

2 

FS 

Q 

8 

II 

® 

2 

8 
“——~ 
8 | 
§,| in 
YY 


2 2 
4 pee dx = e* ( a —) 
a a 
1 -1 n! ! 
5. [eter de =e [oar grty MOTD gr... pep pt —2 + (= 1)” —|, 
a a a Ht 
n=1,2 


a =] k dé 
6. / Py(aye** dx=e* S- ( = Tak — P,,(«), where P,,() is an arbitrary polynomial of degree n. 


k=0 


d. 1 
|= = =~ = Inla+be?*|. 
at+beP® a ap 


1 a 
arctan | e?” , / — if ab>0, 
/ da pvab | Vb 


aer® + bee 1 b+ eP*/—ab ; 
—_—— lIn{| ———_—— if ab<0. 
2pv—ab — eP* /—ab 
1 mia beP® — 
Aen a er 


~ wa " Vat ber + Ja 
Va +t bep® 


arctan ———— if a<0O. 


2 
p/-a V-a 


Ne) 
7 
t 
+ |} 2 
|| 8 
d 

3 

8 


S.3.4. Integrals Containing Hyperbolic Functions 


S.3.4-1. Integrals containing cosh 2. 


1. / cosh(a + bx) dx = : sinh(a + bx). 


2. [ ecoshr da = sinha ~ cosh, 
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2 


3. x’ cosha dx = (x* + 2) sinha — 2a cosh a. 
4. x” cosh x dx = (2n)! 2 lai ua sinh x — ati ———. cosh a. 
(2k)! Qk=1! 
ae ght 
5: xz wstsdenan svi |e sinh x — ool az cosh. 


x? cosh « dx = x” sinh x — px?! cosh x + p(p— 1) / x? cosh x dx. 
cosh’ x dx = +a + + sinh 22. 


cosh? x dx = sinhz + + sinh? x 


9. 


a 
Sig) Se ee Se Se (a 


1 Sct sinh[2(n — k)a] 


2n 
cosh"” a dx = Cy, => amt Font 2@=k). * 


n-1 


h[2Qn-2k+lz] , sinh 
| prt! d. = sin 
. [20s pat a Con In—-2k+1 = 2 Cn ty es ae 
11. [cost ede == — sinh x cosh?! 242 f cost > da. 
1 
12. has ax cosh ba dx = Tp (a cosh bx sinh ax — 6 coshaz sinh bx). 
ql = 
a ax 
13. /< ae = arotan(e ie 
FP | de sinha 1 a 2*(n—1)(n—2)...(n—k) 
; cosh?” x  2n—1 | cosh?! = 2n— 3)Qn—-5)...Qn-2k —1) cosh?” 4-1 g, 
n=1, 2, 
is | dz sinha | 1 ag (2n —1)(2n—3)...(2n-2k+1) 
: cosh2”*! x 2n | cosh?” x ma] 2k(n—1)(n-2)...(n—-k) 
_—Dpi 
OD eid ties nm=1,2,... 
Qnj! 
7 sign £ mene b+acoshz eee 
dx _ Vb2 —a2 a+bcoshz : 
10: i: atbcoshz 1 a+6+ Va? —6* tanh(x/2) 


if a2 > b. 


TE n ee 
Vva—b* atb—vVa?—b? tanh(a/2) 
S.3.4-2. Integrals containing sinh 2. 
1 
17. / sinh(a + ba) dx = P cosh(a + bz). 
18. i} x sinh dx = x coshx — sinh x. 


19. Je sinh x dx = (a* +2) cosha — 2 sinh z. 


uy g2k-l 


20. |? sinh x dx = (2n)! DS om Om! cosh x — ao Qk-1! sinha 
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1 


1 


cosh?”-7* 


| 


| 


2k+1 2k 


21. [ae sinh x dz = (2n + 1)! d Fes cosh 7 — ap sinh | : 


22. ie sinh x dx = x? cosha — px? sinh x + p(p— 1) / x?” sinh x da. 
23. | sint? ede = = -Fa nas 1 sinh 2. 


24. / sinh? x dz =—coshz + + cosh? x 


n-1 
1 sinh[2(n — k)a] 
2n n kk = 
25. [ sion a dx = (-1) Com t Fini S (-1)"C; a a 5 CMS Ty Qype 


rl ae Se Pee Sop oe Oshe 
26. [ sion nde = >. 3 1) Cf, ee Ye Ne rma 


| a9) ee ee 
. ere —1 p— 1 : o 
27. sinh? x dx = — sinh?” x cosha — —— | sinh?’ xdz. 
Pp Pp 


(a cosh ax sinh bz — b cosh bz sinh az) : 


1 
28. i sinh ax sinh bx dx = ane) 


dx 1 ax 
29. ae f nS). 
: sinhax a i hes 2; 
40. ae f cosh x - z 
sinh?” = =92n—-1 | sinh?” ¢ ae 
n-1 
RING) SB) 1 
Ti ea A OR, 
yi  @n-DOn—5)...Qn-2k-1) sap, |” 
h 2n-1)(2n-3)...2n-2k+1 1 
a [—S | : Fey ever (2n—2k+1) a 
sinh?”*? x 2n sinh*” x 2*(n-1)(n—-2)...(n-k) sinh?” * & 
Qn-D! . 
+(-1) apt ata n=1, 2, sans 
30 if dx _ 1 if atanh(x/2)—b + Va? + b? 
, a+bsinha = Vo2+ — atanh(2/2)-b- Vaz +2 


33. 


[Se as Bs a Ab-— Ba in 2tanh(a/2)—b + Va? +b? 
a+ bsinhx b bVa+b — atanh(a/2)—b-Va2 +b? 


S.3.4-3. Integrals containing tanhz or cothz. 


34. / tanh x dx = Incoshz. 
35. / tanh’ x dx = x —tanhz. 


36. / tanh? x dz = a} 1 tanh? x + Incoshz. 


 tanh2?-2*41 » 
hs tanh?” «dz =x - ————_— co baa ee 
3 [om Ladx=x 2 ma2k+1” n >) 
shi = (- ECE tanh2”— —2k4+2 _ 
38. [saan *! ¢ dx =Incosha— Yo saa, “Icon yee mal, 2503. 
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1 
39. [saan adx=— i tanh?! 2 + / tanh? x dz. 


40. [comrade = In|sinh 2]. 
41. [ cou? de =~ cothe. 


42. / coth? a dx = -+ coth? a + In |sinh a]. 
®  coth2?-24! » 
43. th?’ ¢dr=2-) —__-, n= 1,2... 
[ POO La In Dk+ IT? ™ 


44 / coth?”*! x dx =In |sinh z|— arene =In |sinh z|— oa cothin We n=1,2 
2ks ee Qn-2k+27° 0° 77 


1 
45. [ cot? xe = - 
D- 


i coth? | x + / coth?? x dz. 


S.3.5. Integrals Containing Logarithmic Functions 


1. [rrarde=etnae~s, 


2 [emear- $2 Inz— qu. 


x? In ag — a?! if p#-1, 


1 
3. [einarde= p+1 (p+ 1)? 
\ 4 In’ az if p=—-l. 


4. [om x) dx = x(Inz) —2x¢Inx +22. 


2: [oon zy dx = ta°(Inx)” = 5a Inv+ qa" 


gPtl 4 QePtl QePtl 

SL Fr, ea ye eS 
6. [ eranay? de = pei Geile ey 

Linde if p=-l. 


7. [ony d= > LDH Dn. on— + nay 5 ae eee 


8. [oo x)! dx = x(Inx)! -q fone dx, q#-1. 


ntl m (-1)* 
n m = = m-k ~ 
9. fe (In x) emer | Da RT t Dm... k+1)dna)'"™", n,m=1,2,... 


1 
10. [rans dz = ——a?"(Inzx)4 — as / z?(Inx)?!dz, p,q#-l. 
ptl pti 


11 [ina +60) dz = =(ax +b) Ina +b) ~2. 
ee Fee 1/2 a 
12. [ima ba)de = 5 (: - =) In(a + bx) — 3($- 5): 
1 ae 1/2 av ae 
2 3 ae 2 
13. ia In(a + bx) dx = = 3 (« Fr) ina by 3 (+ OR +a i 
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Inzdx Ing 1 


14. —— = -—_- + — In —_.. 
(a+ bx) b(a t+ bx) ui ab a+bE 
15 Inz dz ah In az rn 1 4 1 _ x 
(a+bz)3 = 2b(a+ bx)? 2abla+bx) 2a2b) = atba’ 
2 ee : 
—|(Inz-2)Va+be+ Ja ln — if a>O, 
Te Inadz _ x ) “ea Vatbs- Va 
, Vatb 2 Vatb 
aaa 5 [ne —2»Varr ba + 2y=Warctan a if a<0. 
—a 


17. i In(a* + a”) dx = x In(a* +a”) — 24+ 2a arctan(a/a). 
18. / x In(x* +a’) dx = + lee +a’) In(a? +a’) — £ |: 


19. pe In(a* + a’) dx = 42° In(a* +a”) — 30° + 2a? - 20° arctan(x/a)]. 


S.3.6. Integrals Containing Trigonometric Functions 


S.3.6-1. Integrals containing cos (n= 1, 2, ...). 


1. / cos(a+ bx) dx = ss sin(a + bx). 


2: [ cose de = cose +ersinz. 


3. [ Peose de = 2w cose + (a*—2)sina. 
4. fe 2” cos x dz = (2n)! xe ns mes sin x + ae aie cos 7 : 
(2n—2k)! (2n—2k-1)! 
5. jae nee ee 
= (2n—2k+1)! (2n— 2k)! 
6. [ Pcosrae = x? sinz + px” cos x — pip) f 2 cos x da. 


7. [oostnae= 30+ 4sin 22. 


8. [cos adx=sinx— + sin? x. 


n-1 : 
1 1 sin[(2n — 2k)a] 
2n = =f jit —— 
9. [os ede= Fin Cyt + FIn-t 2 Cin Fuk 


le sin[(2n —2k + 1)a] 
10. 2n+1 = k 
0 [os x dx sin 2: Cott eae 


dx cL oT 
ihe =i f ($+7)} 
/= i 2 4 
12. [= = tan. 
cos? x 


13 / ge - se +5 In|tan(> + 7)| 
: cosa 2cosrx 2 2 4/1) 
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dx sin & n—-2 dx 
14. ———— = + —— |] ——, nol. 
cos"2 (n—-1)cos™!x2 n-1 cos” x 


15. [= a dx eS (2n —2k)x sin x — cos x 


cos?” @ (2n —-1)(Q2n—3)...(22n-2k +3) (2n—-2k + 1)(Qn —2k) cos?” 2441 x 
n-1(m _ 1)! 
n= De (a tan x + In|cos z|) : 
in|(b— in}(b+ 
16. cos az cos ba dx - aO— oe] , Salto azxxb. 
esas! arctan (a5) tan(a/2) if az > b, 

oA _ a —b2 Ja —b2 

— 7 1 ne 2 — a? + (ba) tan(x/2) 


if b? > a’. 


Vb rare vb? — a? — (ba) tan(a/2) 


- bsinx a / dx 
a ThesaF “TP bow b?-a2 J at+bcosx 


1 atanz ae > 

Wala | Se if a > br, 

a — cos? x a 7 1 _ Vb* —a*—atanex 
2av b2 — a b?-—a*+atanz 


e°” cos bx dx = e°” ( 
a 


if b& > a?. 


b . a 
Tp sin bx + 3 00s bx ; 


ax 
e** cos’ x dx = 
ar +4 


19. = = ; —_——— arctan ae 
a ST ee Pome es Vath. 


2 : 2 
acos’«+2sinxcosa+— ). 
a 


ax n-1 

e** cos" * & : n(n — 1) « 

23. e*” cos” «dx = — (a cos & +n sin Z) + e* cos”? z da. 
at+n atn 


S.3.6-2. Integrals containing sing (n=1, 2,...). 


1 
24. i. sin(a + bx) dx = oR cos(a + 62). 
22. [ esina de =sinaz —2 cose. 


26. [e sin x dx = 2a sinz — (a? —2) cosa. 


27. / x sin x dx = (3x7 — 6) sinx — (a? — 6x) cos x. 
28. / x” sinx dx = (2n)! [pepe Rasa cos x + se 1y* eee sin “|. 
= (2n —2k)! (2n-—2k-1)! 
29. a sin dx =(2n +1)! ss eae ge cos a +(-1)* poe 7 
(2n-2k+1)! (2n—2k)! 


k=0 


30. fe sin x dx = —a? cosx + px”! sin x — p(p— 1 [a sin x dx. 


31. [sw adx= +a — sin 2a. 
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32. [ esi? adx = 42° — ta sin2a—¢cos 2. 


33. [ sn’ eae =-—cosxt+ + cos® x. 


34, [ sn ede = mes aie 3 1)*Ck, eel 


nr 92n-1 1 Ik 
ml! 
where ce "Ee are binomial coefficients (0! = 1). 
«ntl = ntktick Cos[2n—2k + 1a] 
35. [so Ldx = = yen eto 
36. te = In}tan |. 
sin x 2 
37. a! =-—cotz. 
sin? © 
38 / dx cosa ol f =| 
: singz =. 2sin’ & sl 


39 / dx 3 cos x | dz a 
; sin”z = (n—1)sin™!e2 n-1/ sin”? 2’ , 
l= cdr _ --S (2n—2)(Qn—4)...(2n-2k +2) sinx + (2n —2k)x cos x 


40. RS A ai A A ca em aa 
. (2n—-1)Qn—-3)...Qn—-2k+3) (Qn—-2k+1)(2n—2k) sin2?-24+1 x 


sin2” 


Pee 1)! 
rie (In |sin x| — x cot x) ; 
in[(b- in[(b 
41. [sinax sinbe de = SO a#zxb. 
2 b+atana/2 
FSH arctan if a2 > b’, 
a5 / dx 2 vara Vaz — b2 
, at+bsing — 1 AN vb? -a* +atanaz/2 


| if b? > a2. 


Poe "Gee aae ha taney 


43 i = bcosx rota a i dx 
: (at+bsinz) (a—-b)(atbsinz) @—b J atbsinz’ 


44 / dx 1 ' = tan x 
; = —_ arctan ———___. 
@+bsinrrtx aVa2+b2 
—0 t 
oS ae if a* > b*, 
dx av a2 — b? a 
45. —_-- 

a? — b* sin? & 1 b2-—a? tanz+a 
fy | a | RO Ses 
2av b2 — a b2—a? tanz—a 

46 sin x dx 1 . kcosxz 
: ———_—. = —— arcsin . 
V14+k? sin? x k V1+k2 
inzd 1 
47. — a = -= Inf cos a + V1— sin’ a |. 
1—k? sin? x k 
1+k? k 
48. sine V14+° sie edz =—— V1 + sin’ 2 — arcsin aay 
2 V1+k 


1- 
49. sin & T= sin? a dx =~ V1? sin? a - 


In|k cos x + 1—k? sin? x |. 


© 2003 by Chapman & Hall/CRC 


50. / e** sin bx dx = e*” (> sin bx — 


ax 2 
51. few sin’ x dx = ——— (asin? x -2 sina cos + =). 
a2 +4 a 
art oyn-l | 
92: few sin” x dx = eG sing —ncos x) + isc) ar sin” x da. 
azt+n az+n 
S.3.6-3. Integrals containing sinx and cos. 
+b cos|(a—b)x 
53. [ sinaxcos ba dx = ane = as LD a#xb. 
54 i. ay : t (- t ) 
, ——_—_.—— = — arctan( — tanaz }. 
b2cos*axr+c*sinzar abc b 
dx 1 ctanax +b 
| _A— 
b2cos*ar—c*sinzar abe |ctanax—b 
dx ntm-1 tan2k-2™+1 > 
56. ———_—__— Cc —_— 7 ee ee 
/ cos2” a sin?” x = De nimlDE Ime. 
dr n+m ‘ tan 2k-2m x 
dT: lace Crim Intan al + Y Chom SET n,m=1,2,... 


S.3.6-4. Reduction formulas. 


The parameters p and q below can assume any values, except for those at which the denominators 


on the right-hand side vanish. 


Beene COs ba) . 
a 


sin?! x cos?! « -—1 
58. / sin” x cos! « dx = ———————_ + dai sin? x cos! x dz. 
ptq ptq 
sin?! x cost! « -1 
59. / sin” x cos! «dx = —— <— sin? x cos!” x da. 
Prd Prd 
sin?! x cos! x -1 
60. [ sin? cost nde = = —— TS (sin? 2 - 1.) 
Prd Prq- 
—1)\(q-1 
+ = DGe) sin’? x cost? x da. 
(p+ g)(pt+q-2) 
sin?t! x cost! a +q+2 
61. - sin” x cos! « dx = —————___—_ Uae ReS / sin’*? x cos? x da. 
ptl ptl 
sin?! x cost! a +q+2 
62. / sin” x cos! «dx =— +i —— i sin? x cos!” x da. 
qd qd 
sin?! x cos?! « -1 
63. i sin” x cos! «dx = a — a / sin’? x cos??? x da. 
qd qd 
sin?! x cost! & = 
64. i sin” x cos! «dx = ao aan — sin?*? x cos’? x da. 
Pp Pp 


S.3.6-5. Integrals containing tanz and cotz. 


65. [anede =~Injooset 
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66. / tan? «dx = tanx—<. 
67. / tan? «dx = ; tan’ x + In|cos a]. 


i (-1)* (tan gyal 
68. tan?” ¢ dx = (-1)"x— ——__———__, = ee re 
[oan cae i wy In—2k+1 " 


a =| k t 2n-2k+2 
69. [rae x dx = (-1)"*! In |cos | — d Ce May Dy es 


70. | Rr er (ar + binjacosr + bsina}), 
71. a = GR te005(f1- $ 0052). b>a, b>0. 
72: [ cotede = ins, 
73. [cot ade =—cote~ a. 
74. [cot eae =-4 cot?  — In|sin a]. 
2n-2k+1  ” 


nm (_4)k In-2k-+1 
1D: [cot nde = cares > NEHA Dyas. 
k=l 


(- 1 )F(cot gy)? 2h+2 


76. "+! ¢ dx = (-1)" In|si +5 ———__—_, = 12a ees 
Jo a dz = (-1)" In|sin z| 2 eT EE) n 

1 
77. |r ee (r~ intasinee + bo05 21), 


S.3.7. Integrals Containing Inverse Trigonometric Functions 
1. [ wesin * dx = varcsin — + Va — 2. 
a a 
2 2 
2: | (cresin =) dx = x(aresin =) ~29 +2Ve2— 22 arcsin —. 
a a a 
1 
3. fe arcsin — dx = —(227 — a”) arcsin ae eae VEE 
a 4 a 4 
3 
1 
4. / a? arcsin — da = — arcsin— + (x7 +2a’)V a2 — x2. 
a 3 a 9 
5. [ coos © de =x arccos — —Va2 — 22. 
a a 
2 2 
6. | (2xcc0s =) dx = xr(arccos =) 99 = 9a? a? areca, 
a a a 
1 
oh. fe arccos — dz = —(2x* — a”) arccos fe ae 
a 4 a 4 
x x 1 


£ 
8. je arccos — dx = a arccos — — g@ + 2a*)V a2 — 22. 
a a 


x x a 
9. / arctan — dx = x arctan — — 7 In(a? + x’). 
a a 
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1 
10. fe arctan a dx = (x? + a’) arctan Pies a 
a 2 a 2 
3 2 3 
11. je arctan S dz = <a arctan — — -_ + ee In(a? + x’). 
a 3 a 6 6 


x Lr a 
12. / arccot — dx = x arccot — + 7 In(a? + x’). 
a a 


1 

13. [ earccot a dz = (x? +a’) arccot ca + cad 
a 2 a 2 
a 3 6 6 


© References for Subsection 8.3.3: H. B. Dwight (1961), I. S. Gradshteyn and I. M. Ryzhik (1980), A. P. Prudnikov, 
Yu. A. Brychkov, and O. I. Marichev (1986, 1988). 


3 2 3 
x x ax a 
14. ea arccot — dx = — arccot — + —— —- — In(a? + x’). 
a 
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